ELEMENTARY RESOLUTION OF A FAMILY OF QUARTIC
THUE EQUATIONS OVER FUNCTION FIELDS
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ABSTRACT. We consider and completely solve the parametrized family of
Thue equations
XX -V X+Y)X-AY)+Yi=¢,

where the solutions z,y come from the ring C[T], the parameter A € C[T]
is some non-constant polynomial and 0 # £ € C. It is a function field
analogue of the family solved by Mignotte, Pethé and Roth in the integer
case. A feature of our proof is that we avoid the use of height bounds by
considering a smaller relevant ring for which we can determine the units
more easily. Because of this, the proof is short and the arguments are very
elementary (in particular compared to previous results on parametrized
Thue equations over function fields).

1. INTRODUCTION

Let R be a commutative ring, R* its group of units and F' € R[X,Y] be
a binary irreducible form of degree d > 3. An equation F(X,Y) = m with
m € R* is called a Thue equation since Thue proved in 1909 [13] the finiteness
of solutions x,y € R of such equations for R = Z. Nowadays, it is known how to
solve algorithmically a Thue equation over a ring R that is finitely generated over
Z. The study of Thue equations over function fields started with Gill’s paper
[]. In the next 50 years several authors such as Schmidt [I1], Mason [9] [§]
and Dvornicich and Zannier [I] considered the problem to determine effectively
all solutions of a given Thue equation over some function field. In contrast to
the number field case R is not necessarily finitely generated over Z, so Thue
equations over function fields may have infinitely many solutions. A criterion
for the finiteness of solutions of a given Thue equation was shown by Lettl [7].

Since 1990, when Thomas [12] investigated a parametrized family of cubic
Thue equations with positive discriminant, several families of parametrized Thue
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equations F)\(X,Y) = m have been studied (see a survey [5] for further refer-
ences). Usually, such a family of equations has finitely many families of solutions
depending on the parameter \ and finitely many sporadic solutions for certain
values of . This is however not true in general. It was shown by Lettl in [6]
that a family of Thue equations can have sporadic solutions for infinitely many
values of the parameter A. The first family of Thue equations over a function
field was solved by the first author and Ziegler [2]. In [3] they went a step further
and solved a family where the parameter itself is a polynomial. Further results
were obtained later by Ziegler in [15, [14]. We mention that the problem for
function fields can be viewed as looking for families of solutions parametrized
by polynomials resp. algebraic functions and this point of view is behind Lettl’s
result mentioned above.

In this paper we again consider a family, now with degree d = 4, where the
solutions x,y and the parameter A come from the commutative ring R = C[T]
and the right hand side is a unit in R. In the integer case, this family was
considered and completely solved by Mignotte, Peth and Roth [I0]. We prove:

Theorem 1.1. Let { € C* and A € C[T)\ C. Let
FX,YV)=X(X-Y)X+Y)(X -\Y)+Y*
= X* - AX3Y - X?Y? £ AXY? +Y* € C[T][X, Y]
Then the set of solutions in C[T|xC[T) of the parametric Thue equation F(X,Y)
= £ is given by
S =1{(¢,0),(0,€), (¢, €), (=€, €), (€A, €), (¢, ¢N); ¢ € C©X, ¢ = ¢}

We mention that all the coordinates of the solutions found in Theorem [T
lie in the smaller ring C[A]. This is indeed what one expects in most cases (this
phenomenon is part of the notion “stably solvable”, which has been introduced
by Thomas in [12] for the integer case). An interesting counterexample, however,
was given by Lettl in the paper [6] as we have already mentioned above.

The family of Thue equations that we consider is a family of splitting type
over the ring C[T], i.e., it has the form

X(X —pY) (X —pa1Y)+Yei=¢,
where p; € C[T], fori=1,...,d — 1, and £ € C*. Ziegler [I4] proved that such

equations have only the trivial solutions

C(L 0)7 <(07 1)7 C(pla 1)7 ) C(pd—17 1),
where ¢ = ¢, if some conditions on the degrees of the polynomials p1, ..., pa—1
are satisfied (namely 0 < deg(p1) < --- < deg(pq—1) and 1.031d!(d — 1)(2d —
3)4% 1 deg(pg_2) < deg(pg_1)). For the equation in Theorem those condi-
tions are not satisfied, so beside the trivial solutions we also have a non-trivial
one, namely (—(, () above.
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In order to prove Theorem we partially follow the original ideas of Mason
[9). In Section 2 we give a decomposition of F'(X,Y’), and define the relevant ring
and determine its unit group. The decomposition used differs from the simple
one suggested by Mason’s method, making the relevant ring smaller, and thus
making the calculation of the unit group easier.

The main point is that the Galois group of X* —AX? — X2+ XX +1 over C[T]
is special (i.e. not the full symmetric group) for every choice of A € C[T]\C;
more precisely, the form X*—AX3Y — X?2Y 2+ AXY34+Y* splits into the product
of two quadratic forms over a quadratic extension of the ring C[T]. This last
extension corresponds to a hyperelliptic curve with two points at infinity (at least
if deg(A) > 2), and the curve’s group of units has rank one over the constants.

In Section 3 we finish the proof of Theorem [I.I] Here we avoid the use of
height bounds, hence the whole proof is very elementary.

The special properties of our result are twofold: Firstly, and maybe not so
interestingly (or surprisingly), we completely solve an explicit family of degree
four whereas before (except for the result with arbitrary degrees from [I4]) only
families of degree three have been considered. Secondly, and more importantly,
we use a completely different method by avoiding the use of heights and in-
stead using the special structure of our equation to carry out the proof. This
is in striking contrast to the previous results which all depended on the height
(fundamental) inequality found by Mason (cf. [, 9]).

A remark about the notation: throughout the paper, if A is a ring, then A2
denotes the set {a?; a € A}. Moreover, in the whole paper one can take £ = 1,
which - to simplify the presentation - we shall assume from this point on.

2. DETERMINING THE UNIT GROUP

It is clear that the elements of S are solutions of the equation F(X,Y) = 1.
Observe that F(—X,-Y) = F(X,Y) and F(-Y,X) = F(X,Y). Now let 2,y €
CIT] such that F(z,y) = 1. First suppose that x or y is in C. If y = 0, then
zt =1,50 (z,y) € S. Ify € C*, then x(z —y)(z +y)(z — \y) = 1 —y* €
C. The left hand side is either zero or it has positive degree. Thus y* = 1
and x € {0,+y, Ay}, so (z,y) € S. Suppose that y ¢ C and 2 € C. Then
yly —2)(y+2)(y + z) =1 —2* € C, and deg(y) >0, s0 2* =1 and y = — )\,
hence (z,y) € S. So if z or y is in C, then (z,y) € S. We will show that if
z,y € C[T] and f(z,y) € C*, then z or y is in C, thus proving the theorem.

Let R = C[T], K = C(T), O = R[u] and L = K(u), where u = (A +
VA2 —4)/2. Suppose indirectly that v € K. Using that R is integrally closed
and u? — Au+ 1 = 0, we obtain u € R. Then f = VA2 —4 =2u— )\ € R, so
4= —f2= A+ f) (A= f). Hence A + f € C and therefore A € C, which
is a contradiction. So L = K(u) = K(vVA%2 —4) is a degree 2 extension of K.
Using the equation u? — Au + 1 = 0 we obtain that @ = R @ Ru, and that O is



4 CLEMENS FUCHS, ANA JURASIC, AND ROLAND PAULIN

integral over R. The ring R is integrally closed, so ON K = R and O* N K =
R* = C*. We have u € O%, because vt = (A= VA2 —-4)/2 =X —u € O.
The field extension L/K is a Galois extension of degree 2, with Galois group
Gal(L/K) = {1,0}, where 0(vA2 —4) = —v/A2 —4 and o(u) = u~!. Thus oo
is an automorphism of the ring O, hence o|px is an automorphism of the group
Ox.

In O[X,Y] we have the decomposition

F(X,Y)=(X?—uXY - Y} (X? —u'XY - Y?).

Now z,y € R and F(z,y) € C* = R*, so 2% — y* — xyu € O*. The following
crucial lemma determines the unit group O*.

Lemma 2.1. O* = {cu™; c € C*, n € Z}.

Proof. Let U = {cu™; ¢ € C*, n € Z}. Clearly U C O*. Suppose indirectly
that there is a § € O* \ U. We can write § = a + bu for some a,b € R. If a = 0,
then 6 = bu € O*, hence b € O* N R = R* = C*, so § € U, contradiction.
Therefore a # 0. If b=0, then § =a € O*NR = R* = C* C U, contradiction.
So b # 0. Then deg(a),deg(b) € Z>o. We can choose a § € O* \ U such that
deg(b) is minimal. Note that § € 0%, so 0(0) = a+bu=! = a + b(A —u) =
(a+bX) —bu € OF, hence

00(0) = (a + bu)(a+bu') = a® + Xab + b> € O* N K = C*.
Using
(a+bu)u™ =b+a(X—u)=(b+Xa) —auc O\ U
and
(a+bu)u=au+bAu—1)=—=b+ (a+ X)u € O\ U,

we obtain deg(a) > deg(b) and deg(a + Ab) > deg(b). If deg(a) > deg(b) or
deg(a + \b) > deg(b), then deg(a(a + \b)) > deg(b?) > 0, so

0 = deg(a® 4+ Aab + b*) = deg(a(a + \b) + b?) = deg(a(a + \b)) > 0,

contradiction. Thus deg(a) = deg(b) = deg(a + Ab). Then deg(a® + ab + b*) =
2dega + deg A > 0, so the term a? + ab\ + b2 cannot belong to C*. So indeed
0*=U. O

Remark 1. Observe that the ring O corresponds to the ring of regular functions
on the hyperelliptic curve S? = \(T')? — 4 (at least if deg(\) > 2 since, usually,
only under this assumption is the curve called hyperelliptic), which has two
places at infinity; the divisor of w is supported at these places. The original
equation is reduced to the equation z? — uxy — y?> = cu™, where v € O is
an explicitly given rational function on the hyperelliptic curve (namely u =
(MT) 4+ S)/2), to be solved in z,y € C[T].
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Remark 2. We could further decompose F(X,Y) as
F(X,Y)= (X —a1Y)(X — V) (X — a3Y)(X — auY),

where o, . .., ay are elements of a fixed algebraic closure K of K. So if F(x,y) €
C* for some z,y € R, then © — aqy € R[a1]*. Then one would proceed by
determining the structure of the unit group R[o;]*. However this is probably
more difficult to calculate than O* = Ru]*, because K(u)/K is a degree 2
Galois extension, while K(«;)/K is a degree 4 non-Galois extension.

3. FINISHING THE PROOF OF THEOREM [L.1]

Using Lemma we get that 22 — y? — xyu = cu™ for some ¢ € C* and
m € Z. After multiplying z,y by a nonzero scalar, we may assume that ¢ = 1.
Following Mason’s approach, one could try to get an upper bound for |m| using
height bounds. Then one could check the finitely many remaining cases one by
one. Here instead we only do the second step, but for a general m, which allows
us to omit the height bounds.

For every n € Z there are unique A,, B, € R such that v" = A, + Bju.
Then 22 — y? = A,, and vy = —B,,. So 2%y? = B2 and

m
22 +192)? = (22 —y?)? +42%y? = A%, +4B2 = (A,, +2iB,,) (A, — 2iB,,) € R%.
m m

If n € Z, then u" ! = (A, + Byu)u = Apu+ B,(Au—1) = —B,, + (A, + ABy)u,
so Ap+1 = —By,, and B,y = A, + AB,. In matrix notation A, and B,, satisfy
therefore the following recurrence relation:

Apyr Y _ (0 -1 An
(m2)-(0 ) ()

The characteristic roots are precisely given by uw,u~!. Now clearly, A, and
B,, are polynomials in \. We introduce the sequences (Up,)nez and (V;,)nez in
Z|X], defined by the following recursion: Uy = 1, V5 =0, and U,,41 = —V,, and
Vig1 = Up+ XV, for every n € Z. Furthermore, let G,, = U, +2iV,, € C[X] and
G, = U, —2iV,, € C[X] for every n € Z. Then A,, = U,()\) and B,, = V,,()\) for
every n € Z, hence (U2, + 4V2)(\) = (GnG.)(A) € R2. The following lemma
is very useful in this situation.

Lemma 3.1. Let f € C[X]\ {0} and A € C[T]\ C. If deg(f) is even and
f(A) € C(T)?, then f € C[X]2.

Proof. Note that C[T] is a unique factorization domain such that C[T]* = C* C
C[T)?. So C[T|NC(T)? = C[T)?, and element of C[T]\{0} is in C(T)? if and only
if every prime factor has even multiplicity in it. We can multiply f by a scalar, so
we may assume that f is monic. Then we have a factorization f(X) = H;Zl (X—
7v;)™, where 1,...,7, are pairwise distinct complex numbers, and m1,...,m,
are positive integers such that 22:1 m; = deg(f) is even. Let s be the number
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of j’s such that m; is odd. Then 0 < s < r and s is even. Suppose indirectly that
s # 0. Then s > 2. After reindexing the zeros, we may assume that mq, ..., ms
are odd and mgy1,...,m, are even. From f(A) = [[;_; (A — ;)™ € C[T)? we
obtain Hj:1()‘ — ;) € C[T)% If j # j/, then A —~; and A\ — ;s are coprime
(because their difference is in C*). So A —~; € C[T? for every j € {1,...,s}.
Since s > 2, we get that A — v, = h? and A — 42 = h3 for some hy, hy € C[T].
Then (hl — h2)<h1 + hg) = h% — h% =Y —M € (CX, so hy = hy € C*. Hence
hi,he € C and therefore A = v + h% € C, contradiction. So s = 0, hence
f e ClX]?. O

One can easily show by induction that deg(V,,) = |n| —1ifn #0,s0 V,, 20
for n # 0. Using this and Uy = 1 # 0, we get that G,,, G,, # 0 and deg(G,,) =
deg(G,,) for every n € Z, hence U2 + 4V? = G,,G,, # 0 and deg(U2 + 4V;2) =
2deg(G,). Then G,,,Gp, = U2 + 4V2 € C[X])? by Lemma From the
recursion it is clear that ged(U,, V;,) = ged(Uy1, Vat1) in C[X] for every n € Z,
hence ged(U,,V,,) = ged(Up, Vo) = 1. Then ged(G,p, G,) = 1 too in C[X],
because U,, = %(Gn +Gp) and V,, = i(Gn —Gh). So G, G, € C[X)2

The sequences (Up)nez, (Vi)nez, (Gn)nez satisfy the following recursions:
Un+2 = XUn+1 — Un, Vn+2 = XVn+1 — Vn, Gn+2 = XGn+1 — Gn Let

then Hy =1, Hy = 2, and Hy, 42 = XHp 41+ H, for every n € Z. So H,, € Z[X]
for every n € Z, and H,, € C[X]?.
Here is a table of U, V,, and H,, for small values of n.

n_| -3 \ —2 | -1 Jof1| 2 | 3

U, X3 -2X XZ-1 X 10 -1 -X
V., -X%2+1 -X -1 01 X X?2-1
H,| —-X34+2X2-2X+2 | X?2—-2X+1|-X+2[1[2]2X+1|2X2+X+2

One can easily show that H,, € C[X]?> NZ[X] implies that H,, = Ch? for some
C € Z\{0} and h € Z[X]. We will show that m € {—2,0,1}. Suppose indirectly
that m ¢ {—2,0,1}. If n > 2, then deg(H,) = n — 1, and the coefficient of
X"=2in H, is 1. If n < 0, then deg(H,) = —n, and the leading coefficient
of H, is (=1)". So H, is primitive for every n € Z \ {1}. We have assumed
that m # 1, so H,, = Ch? is primitive, hence C = £1. If m > 2, then the
leading coefficient of H,, = +h? is 2, which is impossible, since v/£2 ¢ Z. Since
H_ 1 =—-X+2¢ C[X]? we have m # —1. So m < —3. Then deg(H,,) = —m,
so m must be even. Then H,, = Ch? is monic, so C' = 1. One can easily show
by induction that H_,,(1) = (=1)"*1F,_5 for every n > 2, where F; denotes
the [th Fibonacci number. Note that F; > 0 for [ > 0, and —m — 2 > 0, hence
h(1)? = H,,(1) = —F_,,_2 < 0, contradiction. So indeed m € {-2,0,1}.

If m € {0,1}, then zy = —V,,(A\) € C, so z or y is in C. If m = —2, then
22 —y? =U_2(N\) = A2 —1land 2y = —V_5(\) = A\. Then 2? —y? = 22y? — 1, so
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(2 +1)(y?> —1) = 0, hence z or y is in C. So we have proved that if F(x,y) = 0,
then x or y is in C, and therefore (z,y) € S.
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