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On compactness of commutators

1. Introduction

In their seminal paper [11], Joseph John Kohn and Louis Nirenberg introduced pseudodif-
ferential operators as sums of elementary operators on L2 (or the corresponding Sobolev spaces
Hs), which were of the form

Au = F̄(ψF(bu)) ,

where Fu(ξ) = û(ξ) =
∫
e−2πix·ξu(x)dx denotes the Fourier transform, with the inverse F̄v(x) =

v̌(x) =
∫
e2πix·ξv(ξ)dξ. The above elementary operator is a composition Au = AψMbu, with

Mbu = bu. For good enough ψ, the Fourier multiplier operator Aψu := (ψû)∨ is a bounded oper-
ator on Lp, the sufficient conditions being provided by two celebrated results: the Marcinkiewicz
and the Hörmander-Mihlin theorem [10, Chapter 5.2].

However, for p = 2 a simpler result characterises the space of good ψ as L∞ [10, Chapter
2.5]. An exhaustive analysis of continuity of multiplication operator Mb on Sobolev type spaces,
which is also called the Sobolev multiplier, an interested reader can find in [14].

In order to prove that pseudodifferential operators form an algebra (modulo smoothing op-
erators), it was important to know that their commutator

[Aψ,Mb] := AψMb −MbAψ

is an operator of lower order (i.e. that it maps L2 to H1 continuously). In fact, this means that
different quantisations (like Kohn-Nirenberg’s, adjoint or Weyl’s), to a given function (symbol)
associate operators which are equal modulo lower order operators.

A decade later, Heinz Otto Cordes [5] investigated the properties of such commutators, both
in the L2 case, improving the earlier boundedness result of Alberto Pedro Calderón and Rémi
Vaillancourt, as well as in the Lp case, for p ∈ ⟨1,∞⟩. In fact, the Lp result [5, Theorem Cp]
reads:

Theorem 1. Let b ∈ Cb(R
d) = C(Rd)∩L∞(Rd) be such that its continuity modulus tends to

zero at infinity:

(1) lim
|x|→∞

sup
|h|⩽1

∣∣∣b(x+ h)− b(x)
∣∣∣ = 0 ,

while ψ ∈ C2κ(Rd) satisfies the Mihlin condition (2) (see below), then the commutator [Aψ,Mb]
is a compact operator on Lp(Rd), for 1 < p <∞.

Despite their obvious importance, up to our knowledge, there are no substantial extensions
of the Cordes results in more recent literature. While it seems that one cannot say much more
than it was said in [5] regarding the L2-case, it is unclear what are the precise properties of
commutators when the well known Hörmander (3) or Mihlin (2) sufficient conditions (see below)
for Lp-continuity of the Fourier multiplier operator are fulfilled.

In the next section we state and prove our main result, while in the last section we present
a compactness by compensation result as an application. Some related results on commutators
can be found in [16].

2. Lower regularity of b and the Hörmander condition

Let us recall the Hörmander-Mihlin theorem [10, Theorem 2.5.10] (for a recent variant on
mixed-norm Lebesgue spaces v. [2]); first we define κ := [d/2] + 1.

Theorem 2. Let ψ ∈ L∞(Rd) have partial derivatives of order less than or equal to κ. If for
some A > 0

(2) (∀α ∈ Nd
0) |α| ⩽ κ =⇒ |∂αψ(ξ)| ⩽ A|ξ|−|α| ,
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or

(3) (∀r > 0)(∀α ∈ Nd
0) |α| ⩽ κ =⇒

∫
r<|ξ|<2r

|∂αψ(ξ)|2dξ ⩽ A2rd−2|α|,

then for any p ∈ ⟨1,∞⟩ and the associated multiplier operator Aψ there exists a constant Cd
(depending only on dimension d) such that

∥Aψ∥Lp→Lp ⩽ Cdmax{p, 1/(p− 1)}(A+ ∥ψ∥L∞(Rd)).

The condition (2) is called the Mihlin condition, while (3) is called the Hörmander condition.
Let us just remark that while Hörmander’s condition is more general than Mihlin’s condition, the
latter is considerably easier to check.

As ψ in Theorem 2 is a bounded function, it is a Fourier multiplier on L2(Rd), so Aψ can
be expressed as a convolution with temperate distribution W := ψ̌ [10, Theorem 2.5.10]. Take

ζ̂ ∈ C∞
c (Rd) such that supp ζ̂ ⊆ K[0; 2] \ K(0; 1/2) =

{
ξ ∈ Rd : 2j−1 ⩽ |ξ| ⩽ 2j+1

}
(the closed

spherical shell, or the annulus for d = 2; the set difference of a closed and open ball around the
origin), and such that ∑

j∈Z
ζ̂(2−jξ) = 1 for ξ ̸= 0 .

This allows us to decompose ψ as a sum of mj := ψζ̂(2−j ·) and define Kj := m̌j . Notice that
the support of mj is contained in

{
ξ ∈ Rd : 2j−1 ⩽ |ξ| ⩽ 2j+1

}
. After applying the Hörmander

condition, first with r = 2j−1, and then r = 2j , it follows that for each α ∈ Nd
0

(4)

∫
Rd

|∂αmj(ξ)|2dξ =

∫
2j−1⩽|ξ|⩽2j+1

|∂αmj(ξ)|2dξ ⩽ C0A
22j(d−2|α|) ,

where constant C0 = 1 + 2−d+2|α| does not depend on j. In [10, pp. 367–9] the following was
proven:
1.

∑m
j=−mKj

∗−−⇀W in S ′ (note that both Kj and
∑m

j=−mKj are functions).

2. There is a constant C̃d > 0 such that the following holds:

sup
j

∫
Rd

|Kj(x)|
(
1 + 2j |x|

)1/4
dx ⩽ C̃dA ,

sup
j

2−j
∫
Rd

|∇Kj(x)|
(
1 + 2j |x|

)1/4
dx ⩽ C̃dA .

In particular, this means that both Kj and
∑m

j=−mKj are in L1(Rd).

3. For each x ∈ Rd, we have
|Kj(x)| ⩽ cd2

jd∥ψ∥L∞(Rd) ,

which shows that
∑

j⩽0 |Kj(x)| is bounded on Rd, independently of x.

Moreover, by the first estimate in point 2, for any δ > 0 and j ⩾ 0 we have(
1 + 2jδ

)1/4 ∫
|x|⩾δ

|Kj(x)|dx ⩽ C̃dA ,

so
∑

j⩾0 |Kj(x)| is summable away from the origin, thus finite almost everywhere. Therefore,∑
j∈ZKj represents a well-defined function K on Rd

∗ := Rd \ {0}, which coincides with the

distribution W = ψ̌. In particular,

m∑
j=−m

Kj −→ K in L1
loc(R

d) .

A natural question is what we can say about commutator C = [Aψ,Mb] if merely the
Hörmander condition is satisfied. The following precise compactness result holds.
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Theorem 3. Let ψ ∈ Cκ(Rd
∗) be bounded and satisfy Hörmander’s condition (3), while

b ∈ Cc(R
d). Then for any un

∗−⇀0 in L∞(Rd), any φ ∈ C∞
c (Rd) and p ∈ ⟨1,∞⟩ one has:

(5) C(φun) −→ 0 in Lploc(R
d) .

Dem. As the strong topology of Lploc(R
d) can be described by seminorms of the form |u|ϕ =

∥ϕu∥Lp(Rd), for ϕ ∈ C∞
c (Rd), the last convergence in the statement can equivalently be expressed

as ϕC(φun) −→ 0 in Lp(Rd), for any ϕ ∈ C∞
c (Rd).

Following the discussion before the theorem, let us first notice that A− :=
∑−1

j=−∞Kj is a

bounded function on Rd by estimate in point 3 above, and is therefore also locally summable.

The operator defined by A−u := A− ∗ u =
(
Â− û

)∨
is a bounded Fourier multiplier operator on

L2(Rd). One just needs to notice that

Â− =

−1∑
j=−∞

K̂j =

−1∑
j=−∞

mj =

−1∑
j=−∞

ψ ζ̂(2−j ·) .

Since the right hand side is bounded by a bounded function ψ, we conclude that Â− is a bounded
function as well. Now we can define C− := [A−,Mb]. For fixed x ∈ Rd we have that

C−(φun)(x) =

∫
Rd

(b(y)− b(x))A−(x− y)(φun)(y)dy −→ 0 .

Indeed, A−(x − .) is summable over the compact suppφ, the L1 norm depending only on L∞

norm of A− and the volume of suppφ, b is bounded, and the convergence of integrals follows from
the weak-∗ convergence of un. The above argument gives us also the bound

|C−(φun)(x)| ⩽ c1 ,

independent of x and n.
After multiplication by ϕ ∈ C∞

c (Rd), ϕC−(φun) is compactly supported in x and bounded,
thus in any Lp space, while an application of the Lebesgue dominated convergence theorem gives
us that ∫

Rd

∣∣ϕC−(φun)
∣∣p dx −→ 0 .

Similarly, for a fixed δ > 0, A+
δ :=

∑∞
j=0KjχRd\K[0;δ] (with χS denoting the characteristic

function of set S) is a summable function, and by the Riemann-Lebesgue lemma Â+
δ is bounded.

For a fixed x ∈ Rd we get

C+
δ (φun)(x) =

∫
|x−y|⩾δ

(b(y)− b(x))A+
δ (x− y)(φun)(y)dy −→ 0 .

Furthermore, the same arguments as above show that C+
δ (φun)(x) is bounded independently of

x and n (the bound depends, of course, on δ).
After multiplication by ϕ ∈ C∞

c (Rd), ϕC+
δ (φun) is compactly supported in x and bounded,

thus in any Lp space, while an application of the Lebesgue dominated convergence theorem gives
the convergence to zero.

In a similar manner as we have just done, one can check that the same results are valid for
the operator C+

m,δ which corresponds to A+
m,δ =

∑m
j=0KjχRd\K[0;δ].

Finally, set Am,δ :=
∑m

j=0KjχK[0,δ]. From previous considerations, it follows that Am,δ −→
K−A−−A+

δ in L1
loc(R

d
∗). Since Âm,δ is a bounded function on Rd

∗ (just notice that Kj restricted
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to a bounded set belongs to L1), the corresponding Fourier multiplier operator Am,δ := Am,δ∗ is
bounded on L2(Rd).

Next we shall obtain the bounds for Am,δ, with some differences in the proof depending
whether d is odd or even. For odd d, we have d− 2κ = −1, and by using the Hölder inequality,
we get∫

K[0,δ]
|y||Kj(y)|dy =

∫
K[0,δ]

|y|1−κ|y|κ|Kj(y)|dy

⩽
(∫

K[0,δ]
|y|2−2κdy

)1/2(∫
K[0,δ]

|y|2κ|Kj(y)|2dy

)1/2

⩽ C

(∫ δ

0
r2−2κ+d−1dr

)1/2 (
2j(d−2κ)

)1/2
= C

(
2j
)−1/2

δ1/2.

In the third line, we rewrote the first integral in the polar coordinates and for the second integral
we used Plancherel’s theorem and estimate (4).

For even d, d− 2κ = −2 and after applying the generalised Hölder inequality we have:

∫
K[0,δ]

|y||Kj(y)|dy ⩽
√∫

K[0,δ]
|y|3−2κdy 4

√∫
K[0,δ]

|y|2κ−2|Kj(y)|2dy 4

√∫
K[0,δ]

|y|2κ|Kj(y)|2dy

⩽ C

(∫ δ

0
r3−2κ+d−1dr

)1/2 (
2j(d−2κ+2)

)1/4 (
2j(d−2κ)

)1/4
= C

(
2j
)−1/2

δ1/2.

If we additionally assume that b ∈ C1
c(R

d), then for fixed x ∈ Rd we have that

Cm,δ(φun)(x) =

∫
K[x,δ]

(b(y)− b(x))Am,δ(x− y)(φun)(y)dy

=

∫
K[x,δ]

|y − x|Am,δ(x− y)
b(y)− b(x)

|y − x|
(φun)(y)dy

⩽ ∥∇b∥L∞(Rd)∥φ∥L∞(Rd)∥un∥L∞(Rd)

∫
K[x,δ]

|y − x|Am,δ(y − x)dy

⩽ ∥∇b∥L∞(Rd)∥φ∥L∞(Rd)

(
sup
n

∥un∥L∞(Rd)

)
C0δ

1/2,

uniformly in x,m and n. In the second step we have used the fact that b ∈ C1
c(R

d); in the last
step we have used one of the preceding two estimates (depending on the parity of d). Let us briefly
comment that constant C0 does not depend on m,n and δ, since geometric series

∑
j(1/

√
2)j is

convergent, with sum equal to 2 +
√
2.

After multiplication by a test function ϕ, taking the power p and integrating in x, we obtain
that ∥ϕCm,δ(φun)∥Lp(Rd) is of order δ independently of m and n.

In order to finish, we shall have to use some tools from measure theory. To this end, define
operator C̃m = C− + C+

m,δ + Cm,δ. Then for every fixed u ∈ L2(Rd), C̃m(u) → C(u) almost
everywhere. Indeed, using the definition of a commutator and Plancherel’s theorem, we obtain
the following bound

∥C̃m(u)− C(u)∥L2(Rd) = ∥(C− + C+
m,δ + Cm,δ)(u)− C(u)∥L2(Rd)

⩽
∥∥∥(Â− + Â+

m,δ + Âm,δ − ψ
)
b̂u
∥∥∥
L2(Rd)

+ ∥b∥L∞(Rd)

∥∥∥(Â− + Â+
m,δ + Âm,δ − ψ

)
û
∥∥∥
L2(Rd)

.
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In the above application of the Plancherel theorem, we have implicitly extended ψ ∈ Cκ(Rd
∗) by

0 to a function in L∞(Rd), without changing the values of integrals.
Before we proceed, let us notice that

Â− + Â+
m,δ + Âm,δ − ψ =

(
A− +A+

m,δ +Am,δ − ψ̌
)∧

=

 −1∑
j=−∞

Kj +

m∑
j=0

Kj |Rd\K[0;δ] +

m∑
j=0

Kj |K[0;δ] − ψ̌

∧

=
(
−
∑
j>m

m̌j

)∧
= −

∑
j>m

ψζ̂(·/2j) ,

where we have used the equality Kj = m̌j and the decomposition of ψ from the discussion

before the statement of the theorem. Remembering that the support of ζ̂(·/2j) is contained in{
ξ ∈ Rd : 2j−1 ⩽ |ξ| ⩽ 2j+1

}
, we get the following∥∥∥(Â− + Â+

m,δ + Âm,δ − ψ
)
û
∥∥∥2
L2(Rd)

=

∫
Rd

∣∣∣ ∑
j>m

ψ(ξ)ζ̂(ξ/2j)û(ξ)
∣∣∣2dξ

⩽∥ψ∥2L∞(Rd)

∫
|ξ|>2m

|û(ξ)|2dξ −→ 0 as m→ 0 .

Thus, we have shown that C̃m(u) −→ C(u) in L2(Rd), which implies convergence almost every-
where on a subsequence (which we do not relabel). Using this result, for any compact set K ⊆ Rd

and q ∈ ⟨1,∞⟩, we get∫
K
|C(u)|qdx = lim

m

∫
K
|C̃m(u)|qdx = lim sup

m

∫
K
|C̃m(u)|qdx

⩽ lim sup
m

∫
K
|(C− + C+

m,δ + Cm,δ)(u)|qdx

⩽ 3q lim sup
m

∫
K

(
|C−(u)|q + |C+

m,δ(u)|
q + |Cm,δ(u)|q

)
dx

⩽ 3q
(∫

K
|C−(u)|qdx+

∫
K
|C+
δ (u)|

qdx+ lim sup
m

∫
K
|Cm,δ(u)|qdx

)
,

where we have used Fatou’s lemma for the middle integral.
Now we have set up almost everything to conclude the proof. We shall show that for arbitrary

ε > 0, we can find n0 = n0(ε) such that for every n ⩾ n0 it holds ∥ϕC(φun)∥qLq(Rd)
⩽ ε. Indeed,

take an arbitrary ε > 0 and define

δ =

(
ε

3q+1C0∥φ∥L∞(Rd)∥ϕ∥L∞(Rd)∥∇b∥L∞(Rd) supn ∥un∥Lq(Rd)

)2

.

Using the convergence results obtained in the first part of the proof, there is an n1 = n1(ε) such
that n ⩾ n1 implies

∫
Rd |ϕC−(φun)|qdx ⩽ ε/3q+1, and there is n2 = n2(δ(ε)) such that n ⩾ n2

implies
∫
Rd |ϕC+

δ (φun)|
qdx ⩽ ε/3q+1. From the bound on Cm,δ(φun)(x) and the special form of

δ, we get the following bound for every m and n∫
Rd

|ϕCm,δ(φun)|qdx ⩽ ε/3q+1 .

Now we conclude that for every n ⩾ max{n1, n2}, we get ∥ϕC(φun)∥qLq(Rd)
⩽ ε.

It still remains to be shown that we can use b ∈ Cc(R
d). First, approximate such a function

b by a sequence bn ∈ C1
c(R

d) in the topology of space Cc(R
d). The corresponding sequence of

commutators Ĉn := [Aψ,Mbn ] converges in the operator norm towards C, and by the preceding

result, each Ĉn satisfies condition (5).
Q.E.D.
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Remark 1. Actually, the statement of Theorem 3 holds also for the sequences (un) that are
bounded in Lq(Rd), for q > p and b ∈ Lr(Rd) for 1

p +
1
q +

1
r < 1. Indeed, we can approximate the

function b by a sequence of bounded compactly supported functions (bm) and the sequence (un)
by the truncated sequence

Tm(un) =
{
un |un| < m
0 otherwise.

It is not difficult to see that for every s < q, it holds [13]

(6) lim
m

sup
n∈N

∥Tm(un)− un∥Ls(Rd) = 0.

Then, due to boundedness of the multiplier operator Aψ, we have:

∥ϕC(φun)∥Lp(Rd) ⩽ ∥ϕ(b− bm)A(φun)− ϕA(φ(b− bm)un)∥Lp(Rd)

+ ∥ϕbmA(φTm(un))− ϕA(φbmTm(un))∥Lp(Rd)

+ ∥ϕ(b− bm)A(φ(un − Tm(un)))− ϕA(φbm(un − Tm(un)))∥Lp(Rd) .

Taking first lim sup
n→∞

and then m→ ∞, after using (6) and the boundedness of Aψ, we conclude

lim
n

∥ϕC(φun)∥Lp(Rd) = 0.

Finally, it is of interest to know whether we can relax further the regularity of function b
appearing in the previous theorem. Actually, we have the following lemma.

Lemma 1. Let (un) be a bounded, uniformly compactly supported sequence in L∞(Rd),
converging to 0 in the sense of distributions. Assume that a bounded ψ ∈ Cκ(Rd

∗) satisfies
conditions (1) and (3).

Then for any s > 1, each b ∈ Ls(Rd) satisfies, for any 1 < r < s,

lim
n→∞

∥bAψ(un)−Aψ(bun)∥Lr(Rd) = 0 .

Dem. The difference between the conditions of this lemma and those in Tartar’s First com-
mutation lemma [19, Lemma 1.7] is in the regularity of function b. Namely, Tartar assumed
that b ∈ C0(R

d) and thus the result is restricted to the L2 setting. However, we have better
assumptions on sequence (un) (in our case, it belongs to Lp(Rd) for every p ⩾ 1).

Indeed, let (bm) be a sequence of smooth functions with compact support such that ∥bm −
b∥Ls(Rd) → 0 as m→ ∞. Then it holds

∥bAψ(un)−Aψ(bun)∥Lr(Rd) ⩽ ∥bAψ(un)− bmAψ(un)∥Lr(Rd)

+ ∥bmAψ(un)−Aψ(bmun)∥Lr(Rd) + ∥Aψ(bmun)−Aψ(bun)∥Lr(Rd).

The middle term on the right-hand side tends to zero as n→ ∞ according to the classical result
of Krasnosel’skij [12], after taking into account Theorem 1 and the Hörmander-Mihlin theorem.
Estimating the other terms on the right-hand side above by the Hölder inequality and using the
Hörmander-Mihlin theorem, we get

lim
n→∞

∥bAψ(un)−Aψ(bun)∥Lr(Rd) ⩽ C∥bm − b∥Ls(Rd) .

Letting m→ ∞, we conclude the proof.

Q.E.D.
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Remark 2. We could have used ψ satisfying conditions (1) and the Marcienkiewicz condition
to get the same result.

The conclusion of Lemma 1 remains valid even if b ∈ L∞(Rd). Indeed, denote by K ⊆ Rd a
compact set containing the supports of all un, and by Ω ⊆ Rd an open bounded set containing
K. To show compactness of the commutator in Lr(Rd), for some 1 < r < ∞, choose r < q < ∞
and approximate b by test functions in Lq(Ω). The rest of the proof goes along the same lines as
in the proof of Lemma 1.

A worthy observation is that this result allows us to consider commutators when b is a
characteristic function of a measurable set. This observation proved useful in [8].

3. A generalisation of compactness by compensation to the Lp − Lq setting

Having the commutation lemma given in Theorem 3, we can formulate an appropriate notion
of H-distributions [4], an Lp − Lq generalisation of H-measures (a variant construction of H-
distributions was recently furnished in [1]). H-measures were introduced independently by Luc
Tartar [19] and Patrick Gérard [9] (for other generalisations of H-measures still in the L2 setting
cf. [3, 7, 18]).

As the first step, we need to introduce a suitable function space (recall that κ = [d/2] + 1):

Md =
{
ψ ∈ Cκ0(R

d) : ψ satisfies (3)
}
,

of Cκ functions which, together with their derivatives up to order κ, vanish at infinity. Then we
fix the vector of functions

π = (π1, . . . , πd) ∈ (Md)
d

and denote by P the closure of the range of π, which is a bounded set (as π can be extended to
a continuous function on the one-point compactification of Rd).

Corollary 1. Take p > 1, a bounded sequence (un) in Lp(Rd), and let (vn) be a bounded
sequence of uniformly compactly supported functions in L∞(Rd) weakly ∗ converging to 0. Then,
after passing to a subsequence (if necessary), for any 1 < p̄ < p there exists a continuous bilinear
functional B on the Banach space Lp̄

′
(Rd)⊗Cκ(P) such that for every φ ∈ Lp̄

′
(Rd) and ψ ∈ Cκ(P)

it holds

(7) B(φ,ψ) = lim
n→∞

∫
Rd

φ(x)un(x)(Aψ◦πvn)(x)dx ,

where Aψ◦π is the (Fourier) multiplier operator on Rd associated to ψ ◦ π.
The bound on functional B is equal to CuCv Cd,q, where Cu is the Lp-bound of the sequence

(un), Cv the Lq-bound of the sequence (vn) where
1
p +

1
p̄′ +

1
q = 1, while Cd,q is the constant from

(3) (depending also on π).

Dem. We have

(8)
|B(φ,ψ)| ⩽ lim

n→∞

∫
Rd

∣∣∣φ(x)un(x)(Aψ◦πvn)(x)
∣∣∣ dx

⩽ lim sup
n→∞

∥φ∥Lp̄′ (Rd)∥un∥Lp(Rd)Cd,q∥ψ∥Cκ(P)∥vn∥Lq(Rd) ,

which furnishes the proof. Note that the assumption of uniformly compact support of vn was
used only for the Lq bound.

Q.E.D.

Actually, much more is valid: we can extend the bilinear functional B from Corollary 1 to a
functional on Lp̄

′
(Rd; Cκ(P)). For this we recall the following theorem from [15].
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Theorem 4. Let B be a (complex valued) continuous bilinear functional on Lp(Rd)⊗E, where
E is a separable Banach space and 1 < p <∞. Then B can be extended as a continuous functional
on Lp(Rd;E) if and only if there exists a (nonnegative) function b ∈ Lp

′
(Rd) which dominates

the operator representation B̃ : E → Lp
′
(Rd) of B (i.e. (∀φ ∈ Lp(Rd)) ⟨B̃ψ, φ⟩ = B(φ,ψ)), in

the following sense

(9) (∀ψ ∈ E) |B̃ψ(x)| ⩽ b(x)∥ψ∥E (a.e. x ∈ Rd) .

The proof of the following Corollary follows the main steps of the proof of [15, Proposition
6], so we shall omit it here. Nevertheless, we would like to stress that in this proof the strength
of Theorem 3 is used.

Corollary 2. The bilinear functional B defined in Corollary 1 can be extended by continuity
to a functional on Lp̄

′
(Rd; Cκ(P)). The bound of the extension is equal to the bound of the

bilinear functional B, which is CuCv Cd,p′ .

Remark 3. With Lemma 1 in hand, we can simplify one technical step in the proof of Corollary
2. Namely, in the proof given in [15], we regularised characteristic functions χ, while now we can
avoid this step. In fact, we made an oversight in [15], since the regularisation argument gives an
additional factor 2p

′
in the bound. However, the bound on B given in [15] is still correct, but it

requires Lemma 1, which was not known at the time of its writing. The authors would like to
thank Marko Erceg for pointing this oversight to us.

Remark 4. It is important to notice that if (un) is bounded in Lp(Rd) for p > 2, then the
extended functional B̃ from previous Corollary is actually defined on Lp̄

′
(Rd; C(P)), i.e. it belongs

to Lp̄w∗(Rd;M(P)) ⊆ M(Rd×P) [6]. We shall call it the generalised H-measure corresponding to
the pair of sequences (un) and (vn). Moreover, if we take 1 < p̄ = p/2 < p, we can take vn = un
and recover the standard H-measures introduced by Tartar in [19]. In particular, for a Cr valued
sequence (un) weakly converging to zero in Lp(Rd;Cr), we can construct a Hermitian matrix of
generalised H-measures µ.

Finally, note that the entire space Rd in the theorems given above can be replaced by an
open set Ω ⊆ Rd. In such a case, it is enough to extend the functions from Ω by zero to the
whole of Rd, and reduce it to that case.

Let us now prove a general variant of compactness by compensation. To this end, we take
p > 2 and consider the following sequence of distributions defined on a bounded open set Ω ⊆ Rd:

(10)
d∑

k=1

Aπk

(
Akun

)
= fn → f in L2

loc(Ω) ,

where Ak are continuous l × r matrix functions, while un and fn, f are r, respectively l, vector
functions.

In the case when πk(ξ) =
ξk
|ξ| , by applying A|ξ| to (10) we get the classical compactness by

compensation condition (see [17, 20, 18, 15]), i.e. (10) can be rewritten as

d∑
k=1

∂k

(
Akun

)
= gn → g in H−1

loc(Ω) .

We have the following theorem.

Theorem 5. Let q(x,λ) = Q(x)λ · λ, where Q is a hermitian r × r matrix function, with
entries in Lq(Ω) (where 1/q + 2/p = 1). Define the characteristic set

Λ(x) =

{
λ ∈ Cr : (∃p ∈ P)

d∑
k=1

pkA
k(x)λ = 0 (a.e. x ∈ Ω)

}
,
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and assume that q is nonnegative on Λ(x), for almost every x ∈ Ω.

If un −⇀ u in Lp(Ω;Cr), such that

q(·, un)⇀ v in D′(Ω),

then q(·, u) ⩽ v.

Dem. By Remark 4, we can pass to a subsequence and define an H-measure µ corresponding to
that subsequence of un − u, which will also be a generalised H-measure, i.e. µ ∈ Lp̄w∗(Rd;M(P)).
For simplicity, let us assume that u = 0 (the case where u ̸= 0 then follows easily as in [18, p. 57]).

Due to the Hermitian character of H-measures, µ can be expressed (by the Radon-Nikodým
theorem) as Htrµ, where trµ is a positive Radon measure, while H is a measurable function with
values in nonnegative Hermitian matrices.

Next, we derive the localisation principle, by multiplying (10) by Aψ◦π(Φun) and integrating
over Rd, where ψ ∈ Cκ(P) and Φ ∈ Cc(Ω;Ml×r). We also take a smooth real cutoff function ϕ,
with compact support in Ω, equal to 1 on the support of Φ. Multiplying Φ by ϕ does not change
the value of the expression on the left-hand side, while we can, by using Theorem 1, commute
the multiplication and multipliers, and place ϕ next to Ak. Then we can pass to the limit and
get an expression involving the generalised H-measure:

lim
n

d∑
k=1

∫
Rd

Aπk

(
Akun

)
· Aψ◦π(ϕΦun) dx = lim

n

d∑
k=1

∫
Rd

Aπk

(
ϕAkun

)
· Aψ◦π(Φun) dx

= lim
n

d∑
k=1

∫
Rd

πk(ξ)F(ϕAkun)(ξ) · (ψ ◦ π)(ξ)Φ̂un(ξ) dξ

= lim
n

d∑
k=1

∫
Rd

(ψ̄ ◦ π)πkF(ϕAkun) · Φ̂un dξ

=

∫
Ω×P

ϕ(x)Φ∗(x)ψ̄(p)P(x,p) ·H(x,p) d(trµ) ,

which can be rewritten as (due to arbitrariness of ψ and Φ)

P(x,p)H(x,p)trµ = 0 ,

where P(x,p) =
∑d

k=1 pkA
k(x). From the positivity of trµ, we conclude that the range of H

is contained in the kernel of P, trµ-almost everywhere, thus also in Λ(x), which is also true for
R :=

√
H.

Taking an arbitrary real ζ ∈ Cc(Ω) we have (for details cf. [18, (3.12)])

lim
n

∫
Ω
ζ(x)2q(x, un(x))dx =

∫
Ω×P

ζ(x)2
r∑
i=1

q(x,Rei)d(trµ) ,

as Q · H =
∑r

i=1Q(Rei) · (Rei), where (ei) is the canonical basis for Cr. By the positivity
condition, we can conclude

0 ⩽ lim
n

∫
Ω
ζ(x)2q(x, un(x))dx,

which leads to q(·, 0) ⩽ v.

Q.E.D.

Remark 5. According to Remark 7, as sequence (un) is bounded in Lp(Ω;Cr), the coefficients
Ak can be even discontinuous, i.e. only in Lq, for 1/q + 2/p = 1.
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