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Some properties of asymptotic energy of a class of functionals of
Ginzburg-Landau type endowed with generalized lower-order oscillatory
term in one dimension
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We consider a generalization of the functional of Ginzburg-Landau type studied in the paper A. Raguž: A note on calculation
of asymptotic energy for Ginzburg-Landau functional with externally imposed lower-order oscillatory term in one dimension,
Boll. Un. Mat. Ital. (8)10-B, 1125-1142 (2007), whereby the oscillatory term a(ε−βs) (where a ∈ L1

per(0, 1) and β > 0) is
replaced by a(ρεs) (where limε−→0 ρε = +∞). We describe how the expression for the rescaled asymptotic energy of such
class of functionals depends on the properties of the sequence (ρε).
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1 Introduction

We consider the Ginzburg-Landau functional Iεa,βε
(v) =

∫ 1

0

(
ε2v′′2(s) +W (v′(s)) + a(ε−βεs)v2(s)

)
ds, where W is 2-well

potential with superlinear growth in infinity, W ≥ 0, W (ξ) = 0 iff ξ ∈ {−1, 1}, a ∈ L1
per(0, 1) satisfies a(σ) ≥ α > 0 for

almost every σ ∈ R, and where βε > 0. Functionals like Iεa,βε
are usually considered as 1-dimensional example of competition

between minimization of non-convex energy and higher-order gradient regularization. Such effects are well established in the
literature. The motivation for studying them (apart from purely mathematical reasons) emerges from a need to understand
Ginzburg-Landau or Cahn-Hillard models for phase transitions in physics of solids, macro-molecular chemistry etc. We
upgrade the solution of the problem of calculation of asymptotic energy limε−→0 minv ε

−2/3Iεa,βε
(v). In [2] G. Alberti and

S. Müller obtained results in the case when penalizing lower order term
∫ 1

0
av2 induces no oscillations (i.e., where βε = 0).

We sum up here main steps of their approach. By YM((0, 1);K) we denote the set of all weak-star measurable mappings
ν : (0, 1) −→ P(K), ν(s) = νs, s ∈ (0, 1), (i.e., the set of Young measures on micropatterns), endowed with the usual
weak-star topology (cf. [2], p. 769), where K is the metric space of all Borel measurable mappings x : R −→ [−∞,+∞],
endowed with the metric d defined in [2], p. 806, and P(K) is the set of all probability Borel measures on K. First, we
rewrite ε−2/3Iεa,0(v) as

∫ 1

0
fεs (Rεsv)ds for a suitable choice of fεs , where Rεsv(t) := ε−1/3v(s + ε1/3t). Then we identify

the Γ-limit fα of fεs in the topology of K. In the next step we prove that there holds F εa,0
Γ−−−→Fa,0 on YM((0, 1);K) as

ε −→ 0, where F εa,0, Fa,0 : YM((0, 1);K) −→ [0,+∞] are defined by F εa,0(ν) :=
∫ 1

0
〈νs, fεs 〉ds, if νs = δRε

sv
for some

v ∈ H2
per(0, 1) for a.e. s ∈ (0, 1) (otherwise F εa,0(ν) := +∞), Fa,0(ν) :=

∫ 1

0
〈νs, fs〉ds, if νs ∈ I(K) (where I(K)

denotes the set of all probability translation-invariant Borel measures on K, cf. [2], p. 795 for details) for a.e. s ∈ (0, 1)

(otherwise Fa,0(ν) := +∞). Finally, we minimize Fa,0, getting limε−→0 minv ε
−2/3Iεa,0(v) = E0

∫ 1

0
a1/3(σ)dσ, where

E0(W ) := C0A
2/3
0 (W ), A0(W ) := 2

∫ 1

−1

√
W , C0 := (3/4)2/3. Similar types of perturbations of the functional of Alberti

and Müller were considered in previous papers by the author (cf. [3] and [4]).

2 Main results

The purpose of this note is to provide generalization of results presented in [3]. The results themselves pertain to the asymptotic
analysis for a particular class of Ginzburg-Landau functionals, introduced in [2]. More precisely, for a given sequence of real
numbers (ρε) such that limε−→0 ρε = +∞, we consider the functional v 7→

∫ 1

0

(
ε2v′′2(s) + W (v′(s)) + a(ρεs)v

2(s)
)
ds,

where v ∈ H2
per(0, 1). For convenience, we rewrite ρε as ρε = ε−βε , i.e., βε = − lnρε

lnε , thereby establishing the connection
with the analysis in [3], where a particular case βε = β > 0 was considered. That is to say, in [3] we dealt with explicitly given
single externally imposed oscillatory scale, while in this note we deal with the multitude of externally imposed oscillatory
scales. Condition which ensures small-scale oscillation induced by the lower-order penalizing term reads limε−→0 βεlnε =
−∞ and it is always assumed in the following consideration. We set Eεa,per(βε) := minv∈H2

per(0,1) ε
−2/3Iεa,βε

(v).
Typically, Γ-convergence as ε −→ 0 is deployed in order to calculate (rescaled) asymptotic energy as ε −→ 0 of family

of functionals parametrized by ε. We recall (cf. [3]) that in the case βε = β > 0 we distinguish three (sub)cases: β > 1
3
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754 Section 14: Applied analysis

(the supercritical case), β = 1/3 (the critical case) and β ∈ (0, 1/3) (the subcritical case). Herein we pursue in the same
spirit, but we mainly focus on calculation of rescaled asymptotic energy, rather then obtaining actual Γ-convergence in each
corresponding case. More precisely, we consider a two-step asymptotic problem: first we pass to the limit as ε −→ 0 , and
then we pass to the limit as derived parameter L (see definition in Theorem 2.3 below) converges to the appropriate limit point.
This small modification of the approach yields an expression for asymptotic energy which preserves more information than
Ea,per(β) := limε−→0 Eεa,per(β), and it is therefore more suitable in our context.

Theorem 2.1 Suppose that there holds limε−→0(1/3 − βε)lnε = +∞ (in particular, such condition is satisfied if there
holds lim infε−→0 βε > 1/3). Then we have F εa,βε

Γ−−−→Fa,0 on YM((0, 1);K) as ε −→ 0, where a :=
∫ 1

0
a(σ)dσ, and,

consequently, limε−→0 Eεa,per(βε) = E0a
1/3.

P r o o f. The proof is carried out similarly as in Theorem 3.5 in [3], with some adaptation in the application of the Riemann-
Lebesgue lemma.

Theorem 2.2 Suppose that there holds limε−→0(1/3 − βε)lnε = −∞ (in particular, such condition is satisfied if there
holds lim supε−→0 βε < 1/3). Then we have limε−→0 Eεa,per(βε) = E0

∫ 1

0
a1/3(σ)dσ.

P r o o f. The claim is a direct consequence of Theorem 3.1 and Theorem 3.2 in [3].

In the remaining case, we end up considering the hierarchy of limits.
Theorem 2.3 Suppose that there holds L := limε−→0(1/3 − βε)lnε ∈ (−∞,+∞). Then we can write F0(a, L) :=

limε−→0 Eεa,per(βε), where limA0−→0A
−2/3
0 F0(a, L) ∈ (0,+∞) and limA0−→+∞A

−2/3
0 F0(a, L) ∈ (0,+∞). Besides, if

L = 0 (in particular, such condition is satisfied if there holds βε = 1/3), we are able to compute the following quantities:
limA0−→0A

−2/3
0 F0(a, 0) = C0a1/3 and limA0−→+∞A

−2/3
0 F0(a, 0) ∈ (0,+∞) = C0a

1/3.

P r o o f. Conclusions follow by Theorem 3.4 and Corollary 3.1 in [3].

Finally, we note that, if L does not exist, the value limε−→0 Eεa,per(βε) may not exist. We conclude that it is natural
to describe asymptotic energy in terms of parameter L := limε−→0(1/3 − βε)lnε. Thus it is justified to refer to the case
L = +∞ (L = −∞, resp.) as to the supercritical (the subcritical, resp.) case. Further, we can call the case L = 0 "strongly
critical", while the case L ∈ R\{0} might be called "weakly critical". Hence, we define ψa,per(L) := limε−→0 Eεa,per(βε)
and we analyze the mapping L 7→ ψa,per(L). By theorems 2.1-2.3 we have ψa,per(−∞) = E0

∫ 1

0
a1/3(σ)dσ, ψa,per(+∞) =

E0a
1/3. Moreover, ψa,per has the following continuity properties:

(i) If βε −→ β ∈ [0,+∞) fast enough, i.e., there holds limε−→0(β − βε)lnε = 0, it follows

ψa,per(L) = limε−→0 Eεa,per(βε) = Ea,per(β),

(ii) If limn−→+∞ Ln = L, then limn−→+∞ ψa,per(Ln) = ψa,per(L), where Ln, L ∈ R,

(iii) limL−→±∞ ψa,per(L) = ψa,per(±∞).

Therefore we obtain an upgraded description of the asymptotic energy in terms of the mapping L 7→ ψa,per(L) (which is
continuous), and more suitable one for graphic depiction at that (having in mind that the mapping β 7→ Ea,per(β) is piecewise
constant, cf. [3], p. 1127).
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