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Gamma-convergence for Ginzburg-Landau functional with degenerate
3-well potential in one dimension
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We consider the Ginzburg-Landau functional in one dimension, endowed with epsilon-dependent 3-well potential which
degenerates as small parameter epsilon tends to zero. By using the approach in G. Alberti, S. Muller: A new approach to
variational problems with multiple scales, Comm. Pure Appl. Math. 54, 761-825 (2001), we obtain Gamma-convergence
as small parameter epsilon tends to zero. We also recover the underlying geometric properties shared by all minimizing
sequences.
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1 Introduction

We consider the Ginzburg-Landau functional IεWε
(v) =

∫ 1

0
(ε2v′′2(s) + Wε(v

′(s)) + a(s)v2(s))ds, where v ∈ H2
per(0, 1),

a ∈ L1
per(0, 1), a(s) ≥ α > 0 for a.e. s ∈ R, Wε is the "degenerate" 3-well potential: Wε grows at least linearly in infinity,

Wε ≥ 0, Wε(ξ) = 0 iff ξ ∈ {∆ε,−1, 1} such that for every ε ∈ (0, ε0] there holds: (a) ∆ε /∈ [−1, 1] (for simplicity we
further assume ∆ε < −1), (b) Aε(−1, 1) :=

∫ 1

−1

√
Wε(ξ)dξ = O(1) (c) A(∆ε,−1) :=

∫ −1

∆ε

√
Wε(ξ)dξ = O(1)ε−γ ,

where O(1) > 0 and γ > 0. We deal with the problem of calculation of the following quantity: Eper := limε−→0 EεWε,per

(the rescaled asymptotic energy associated to IεWε
), where EεWε,per

:= min{ε−2θIεWε
(v) : v ∈ H2

per(0, 1)} and θ ≥ 0 is
some appropriately chosen exponent. Our functional can be regarded as a 3-well variant of the 2-well functional IεW (v) =∫ 1

0
(ε2v′′2(s) + W (v′(s)) + a0(s)v2(s))ds studied in [1] as a prototype for more realistic multi-dimensional models (like

Cahn-Hillard model for microphase separation of diblock copolymer melts), whereby W (ξ) = 0 iff ξ ∈ {−1, 1} and θ := 1
3 .

We apply the method of relaxation over the space of Young measures on micropatterns (denoted by YM((0, 1);K)) applied
by G. Alberti and S. Müller in [1] to IεW , which allowed them to reach the following conclusions: (1) the minimizers of IεW
are well-approximated (in the sense of Corollary 3.13 in [1]) by periodic functions with vanishing period as ε −→ 0, (2)
selection of the minimizers does not occur (i.e. underlying geometric properties shared by all minimizing sequences are also
shared by all finite-energy sequences), (3) the minimizers of IεW have sawtooth structure (i.e. Dirac masses associated to (v′ε)
generate 1

2δ−1 + 1
2δ1 as ε −→ 0), (4) limε−→0 minv I

ε
W (v) = 0, (5) limε−→0 minv ε

−2θIεW (v) is finite and independent
of boundary conditions. More precisely, property (5) reads: limε−→0 minv ε

−2/3IεW (v) = E0(W )
∫ 1

0
a1/3(s)ds, where

E0(W ) := (3/4)2/3A
2/3
0 (W ), A0(W ) := 2

∫ 1

−1

√
W . We adapt their arguments so as to prove or disprove properties (1)-(5)

in the case when W is replaced by Wε. The results in this note are somehow complementary to those in [5]: the selection in
(2) is induced by the potential function Wε rather than by the lower order term. Other types of lower-order perturbations of
Müller’s functional IεW were considered in [2]- [4].

2 Preliminary results

The purpose of this section is to provide prerequisites for the main results. We distinguish the following cases: I. 0 < γ < 2,
the subcritical case; II. γ = 2, the critical case; and III. γ > 2, the supercritical case. We refer to 1, −1 and ∆ε as to "states"
of minimizers (vε) of IεWε

. While there exists finite-energy sequences in the sense of (4), our strategy is to eliminate state
∆ε on the level of finite-energy sequences in the sense of (5). To this end, we set IεW,γ :=

∫ 1

0
(ε2v′′2(s) + ε−γW (v′(s)) +

a(s)v2(s))ds, Eper(γ) := limε−→0 ε
−2θγ min{IεW,γ(v) : v ∈ H2

per(0, 1)}. The results are the following.

Proposition 2.1 If 0 < γ < 2, then there holds Eper(γ) = E0(W )
∫ 1

0
a1/3(s)ds, where θγ = 1/3− γ/6.

P r o o f. We use ε-blowup Rεsv(t) := ε−(1/3−γ/6)v(s+ ε1/3−γ/6t), whereby θγ := 1/3− γ/6 > 0. Thus, as in Theorem
3.4 in [1], it follows ε−2θγ IεW,γ(v) = F εW,γ(δRεv), where δRεv(s) := δRεsv , and F εW,γ

Γ−−−→FW on YM((0, 1);K) as
ε −→ 0. We conclude that minimizers develop small scale oscillations from state −1 to state 1 (and vice-versa) on two
separated small scales: on the relevant scale ε1/3−γ/6 and on the negligible scale ε1−γ/6. In particular, there holds minFW =
Eper(γ).
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372 Section 14: Applied analysis

Proposition 2.2 If γ = 2 there holds θγ = θ = 0. Asymptotic energy is not independent on boundary conditions. The
explicit formula for asymptotic energy is not known.

P r o o f. In this case there is no small scale separation. We use the well-known theorem of L. Modica and S. Mortola to
obtain IεW,2(v)

Γ−−−→fW on L1(0, 1) as ε −→ 0, where fW (v) := A0(W )|Sv′ ∩ (0, 1)| +
∫ 1

0
a(s)v2(s)ds if v is piecewise

affine continuous on (0, 1) with slope ±1 (i.e., v is sawtooth function), and fW (v) := +∞, otherwise (where |Sv′ ∩ (0, 1)|
stands for the number of discontinuities of v′ on (0, 1)). There is no oscillation on any scale which vanishes as ε −→ 0.
Oscillations are allowed to occur on the scale of order O(1).

The supercritical case is more intricate:
Proposition 2.3 If γ > 2, asymptotic energy is not independent on boundary conditions. More precisely, there holds

limε−→0 minH2(0,1) I
ε
a,γ =

∫ 1/2

−1/2
a(σ − 1/2)σ2dσ, limε−→0 minH2

per(0,1) I
ε
a,γ = +∞.

P r o o f. In this case the problem is no longer a typical singular perturbation problem with ε close to zero. We only sketch
the argument. In the spirit of aforementioned classical result of L. Modica and S. Mortola, we use the arithmetic-geometric
means inequality to obtain the lower bound

IεW,γ(v) ≥ 2ε1−γ/2
∫ 1

0

√
W (v′(s))|v′′(s)|ds+

∫ 1

0

a(s)v2(s)ds .

In the case of free-boundary conditions we have minH2(0,1) I
ε
a,γ = O(1), θ = 0, minimizers are affine and have zero-

average (i.e., v(s) = ±s ∓ 1
2 ). Thus, there is no oscillation at all, and there is no non-trivial minimizing sequences. In

the case of periodic boundary conditions, for v ∈ H2
per(0, 1) we use "the inverse" ε-blowup Rεsv(t) := ε−θv(s + εθt)

with θ := θγ := 1/3 − γ/6 < 0, whereby it follows limε−→0 minH2
per(0,1) I

ε
a,γ = +∞. Hence there are no periodic

minimizers.

3 Conclusions

Now we state our main results concerning asymptotic behavior of IεWε
as ε −→ 0.

Theorem 3.1 If γ > 0 and v ∈ H2
per(0, 1), there holds ε−2/3IεWε

(v) = F εWε
(δRεv) and F εWε

Γ−−−→FW on YM((0, 1);K)

as ε −→ 0, whereRεsv(t) := ε−1/3v(s+ε1/3t) and whereW is the 2-well potential such thatA0(W ) = limε−→0Aε(−1, 1).
Further, minimizers of IεWε

are well-approximated (in the sense of Corollary 3.13 in [1]) by ε1/3-periodic sawtooth functions
as ε −→ 0.

P r o o f. By assumptions (a), (b) and (c), apriori estimate for periodic minimizers (vε) reads: for every δ > 0 there exists
ε0 = ε0(δ) > 0 such that for every ε ∈ (0, ε0] there holds

|ε−2/3IεWε
(vε)− c∆ε,±1ε

−γ − c±1 − ε−2/3

∫ 1

0

a(s)v2
ε(s)ds| ≤ δ ,

where c∆ε,±1 (c±1, resp.) is proportional to the number of transitions from state ∆ε to state ±1 (from state −1 to state 1,
resp.) or vice-versa. By Proposition 2.1, 2.2 and 2.3 the minimizers exhibit sawtooth oscillations while transiting from state
−1 to state 1 or vice-versa. For sufficiently small ε > 0 state ∆ε is never achieved and can be excluded from the consideration
altogether. Our analysis shows that introduction of degenerate 3-well potential results in oscillating behavior of the minimizers
exactly as in the corresponding 2-well problem. We conclude that for every γ > 0 IεWε

has properties (1)-(5), with θ := 1/3

and Eper = E0(W )
∫ 1

0
a1/3(s)ds.

Acknowledgements This research would have been impossible without help and encouragement of prof. Stefan Müller. The author
wishes to thank the staff of the Max Planck Institute for Mathematics in the Sciences, Leipzig, for their effort to make his visits in the period
from 2000 until 2006 comfortable.

References
[1] G. Alberti, S. Müller: A new approach to variational problems with multiple scales, Comm. Pure Appl. Math. 54, 761–825 (2001)
[2] A. Raguž: Relaxation of Ginzburg-Landau functional with 1-Lipschitz penalizing term in one dimension by Young measures on mi-

cropatterns, Asymptotic Anal. 41(3,4), 331–361 (2005)
[3] A. Raguž: A note on calculation of asymptotic energy for Ginzburg-Landau functional with externally imposed lower-order oscillatory

term in one dimension, Boll. Un. Mat. Ital. (8)10-B, 1125-1142 (2007)
[4] A. Raguž: A result in asymptotic analysis for the functional of Ginzburg-Landau type with externally imposed multiple small scales in

one dimension, Glas. Mat. Ser. III 44(64), 401-421 (2009)
[5] A. Raguž: Selection of minimizers for one-dimensional Ginzburg-Landau functional with 3-well potential by singular lower-order term,

Proc. Appl. Math. Mech. 11, 689-690 (2011)/DOI: 10.1002/pamm.201110334

c© 2013 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim www.gamm-proceedings.com


