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On asymptotic behavior for 1-dimensional functional of
Ginzburg-Landau type with internally-externally created
oscillations of minimizers
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In this note we provide a kind of generalization of the well-known notion of internally (externally, resp.) created oscillations
of minimizers of non-convex integrands in the calculus of variations. As an example, we consider a class of 1-dimensional
Ginzburg-Landau functionals (the simplest case being considered in the paper G. Alberti, S. Muller: A new approach to
variational problems with multiple scales, Comm. Pure Appl. Math. 54, 761-825 (2001)). We describe asymptotic behavior
leading to multiple small scale separation as parameter epsilon tends to zero.
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1 Introduction

We consider the Ginzburg-Landau functional IεAε(v) =
∫ 1

0

(
ε2v′′2(s)+W (v′(s))+Aε(v

′)v2(s)
)
ds, where v ∈ H2(0, 1), W

is 2-well potential with superlinear growth in infinity, W ≥ 0, W (ξ) = 0 iff ξ ∈ {−1, 1}. Aε is lower-order term, Aε(v′) =∫ 1

0
aε(v

′(σ))dσ, and aε : R −→ R satisfies: (1) positivity: aε(ξ) ≥ α > 0 for every ξ ∈ R, (2) continuity: aε ∈ C(R) ∩
L∞(R) for every ε > 0, and (3) singularity: aε(−1) = ε−2βa0(−1), aε(1) = ε−2γa0(1), where β, γ > 0. Functionals like
IεAε are an example of singularly perturbed non-convex integral functionals where lower-order term triggers increasingly faster
oscillations in the minimizing sequences as ε −→ 0. The scale on which such oscillations develop is not known apriori but it
is induced as an attempt of the minimizers to balance all three terms appearing under the sign of integration. It is therefore said
that such small scale is internally created. In [1] G. Alberti and S. Müller obtained results in the case of constant functional
Aε := α > 0. Analysis therein shows that in the study of asymptotic behavior of Iε, from the phenomenological point of
view, the following effects take place : (1) the minimizers are well-approximated (in the sense of Corollary 3.13 in [1]) by
periodic functions with vanishing period as ε −→ 0, (2) selection of the minimizers does not occur (i.e. underlying geometric
properties shared by all minimizing sequences are also shared by all finite energy sequences), (3) the minimizers have sawtooth
structure (i.e. Dirac masses associated to (vε) generate 1

2δ−1 + 1
2δ1 as ε −→ 0), (4) limε−→0 minv I

ε
α(v) = 0, (5) the

expression for the rescaled asymptotic energy, limε−→0 minv ε
−2/3Iεα(v), is finite and independent of boundary conditions.

The main tool used in obtaining rigorous proof (and also a precise meaning thereof) of the properties (1)-(5) is Young measure
apparatus applied to the functional Iεα re-written in terms of ε-blowups Rεsv(t) := ε−1/3v(s + ε1/3t), combined with the
well-known Modica-Mortola theorem. More precisely, property (5) reads: limε−→0 minv ε

−2/3Iεα(v) = E0α
1/3, where

E0(W ) := (3/4)2/3A
2/3
0 (W ) , A0(W ) := 2

∫ 1

−1

√
W . In [2]- [5] other types of perturbations of the functional Iεα were

considered. In particular, in [4] the case where an interplay of internally created oscillations (of order ε/3) and externally
imposed oscillations (of order εβ , where β > 0) occurs.

2 Results and Conjectures

The purpose of this note is to provide an example of a particular class of Ginzburg-Landau functionals whose minimizers
exhibit oscillations on small scales which can be argued to be both internally and externally created. We distinguish the
following cases: I. 0 < β, γ < 1

3 , the subcritical case; II. β ∈ (0, 1/3) and γ /∈ [0, 1/3) (or vice-versa), the mixed case;
III. β = γ = 1

3 , the critical case; and IV. β, γ > 1
3 , the supercritical case. For simplicity we assume that there holds

a0(−1) = a0(1) = α0 > 0, and also aε(ξ) = O(1)ε−ρa0(ξ) for every ξ /∈ {−1, 1}, where 0 < ρ < min{β, γ} and
a0 ∈ C(R) ∩ L∞(R).

Theorem 2.1 Consider θε := 2/3 − 2δε, where δε := 1
2 logε

(
2

ε−2β+ε−2γ

)
. Then there holds limε−→0 δε = max{β, γ}.

If β, γ ∈ [0, 1/3], there holds limε−→0 ε
−θε minv I

ε
Aε

(v) = E0α
1/3
0 . Further, if β, γ ∈ (0, 1/3), then θε ≥ θ0 > 0, and

minimizers of IεAε are well-approximated (in the sense of Remark 4.1 in [3]) by εδε -periodic sawtooth functions as ε −→ 0.
In particular, the expression for the rescaled asymptotic energy is independent of boundary conditions.
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596 Section 14: Applied analysis

P r o o f. By the fundamental theorem of Young measures and property (2) from the previous section it follows that for
every η > 0 there holds limε−→0 λ((0, 1)\Gηε) = 0, where Gηε := {s ∈ (0, 1) : v′ε(s) ∈ (−1− η,−1 + η)∪ (1− η, 1 + η)},.
Thus, we deduce limε−→0

Aε(v
′
ε)

Aε,∞
= 1, where (vε) is arbitrary minimizing sequence and Aε,∞ := 1

2aε(−1) +
1
2aε(1). Then,

quite as in Theorem 3.1 and Theorem 3.2 in [3], we apply re-scaling v?(σ) := ε−δεv(εδεσ) and ε-blowup Rεsv?(t) :=
ε−1/3(1−δε)v?(s+ ε1/3(1−δε)t) eventually obtaining all the aforementioned claims.

The line of reasoning in Theorem 2.1. can be explained as follows: on the one hand, oscillatory scale of order εδε can be
considered internally created scale (since it is not known apriori), and on the other hand externally created (since it is imposed
by the lower-order term containing explicitly given parameters β and γ). Consequently, we can conclude that there is no
selection of scale of order εβ (nor of scale of order εγ), but the new scale of order εδε emerges. While Theorem 2.1. applies
only to the subcritical case, and was derived directly from the analysis in [4], other cases are likely to be substantially more
difficult to study. Herein we only formulate the heuristic expectations with regard to those cases. We expect that proofs of the
following conjectures will have some similarity to proofs in [5].

Conjecture 2.2 If β > 1/3 and γ ∈ (0, 1/3) there holds: (1) the minimizers are well-approximated (in the sense of
Remark 4.1 in [3]) by εγ-periodic functions, (2) selection of the minimizers occurs, (3) breakdown of the sawtooth structure
of minimizers occurs , (4) limε−→0 minv I

ε
Aε

(v) = 0, (5) the expression for the rescaled asymptotic energy is independent of
boundary conditions.

Conjecture 2.3 If β > 1/3 and γ = 1/3 there holds: (1) the minimizers are well-approximated by periodic functions with
vanishing period as ε −→ 0, (2) selection of the minimizers occurs, (3) breakdown of the sawtooth structure of minimizers
occurs, (4) 0 < limε−→0 minv I

ε
Aε

(v) < +∞, (5) the expression for the rescaled asymptotic energy is independent of
boundary conditions.

Conjecture 2.4 If β = γ = 1/3 there holds: (1) the minimizers are well-approximated by periodic functions with vanishing
period as ε −→ 0, (2) selection of the minimizers does not occur, (3) the minimizers have sawtooth structure, (4) 0 <
limε−→0 minv I

ε
Aε

(v) < +∞, (5) the expression for the rescaled asymptotic energy is independent of boundary conditions.

Conjecture 2.5 If β > 1/3 and γ > 1/3 there holds: (1) there are no non-trivial minimizing sequences, (2) selection of
the minimizers does not occur, (3) breakdown of the sawtooth structure of minimizers occurs, (4) limε−→0 minv I

ε
Aε

(v) = 0,
(5) the expression for the rescaled asymptotic energy is not independent of boundary conditions.

3 Conclusion

In the asymptotic analysis of IεAε the features of the oscillatory scale of order εδε , we believe, do not match those of the
presently available types of oscillatory scales, but rather the introduction of a new type of oscillatory scale is required. We
propose that such a scale be called the internally-externally created scale.

Acknowledgements This research would have been impossible without help and encouragement of prof. Stefan Müller. The author
wishes to thank the staff of the Max Planck Institute for Mathematics in the Sciences, Leipzig, for their effort to make his visits in the period
from 2000 until 2006 comfortable.

References
[1] G. Alberti, S. Müller: A new approach to variational problems with multiple scales, Comm. Pure Appl. Math. 54, 761–825 (2001)
[2] A. Raguž: Relaxation of Ginzburg-Landau functional with 1-Lipschitz penalizing term in one dimension by Young measures on mi-

cropatterns, Asymptotic Anal. 41(3,4), 331–361 (2005)
[3] A. Raguž: A note on calculation of asymptotic energy for Ginzburg-Landau functional with externally imposed lower-order oscillatory

term in one dimension, Boll. Un. Mat. Ital. (8)10-B, 1125-1142 (2007)
[4] A. Raguž: A result in asymptotic analysis for the functional of Ginzburg-Landau type with externally imposed multiple small scales in

one dimension, Glas. Mat. Ser. III 44(64), 401-421 (2009)
[5] A. Raguž: Selection of minimizers for one-dimensional Ginzburg-Landau functional with 3-well potential by singular lower-order term,

Proc. Appl. Math. Mech. 11, 689-690 (2011)/DOI: 10.1002/pamm.201110334

c© 2012 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim www.gamm-proceedings.com


