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Selection of minimizers for one-dimensional Ginzburg-Landau
functional with 3-well potential by singular lower-order term

Andrija Raguž1,∗

1 Zagreb School of Economics and Management, Department of Mathematics, Jordanovac 110, 10 000 Zagreb, Croatia

We consider a variant of the Ginzburg-Landau type functional in one dimension with 3-well potential, penalized by lower-
order term which has singularity in one of the zeros of the potential function. Based on the approach developed in the paper
G. Alberti, S. Muller: A new approach to variational problems with multiple scales, Comm. Pure Appl. Math. 54, 761-825
(2001), we obtain Gamma-convergence and provide description of the minimizers as small parameter epsilon tends to zero.
We show that introduction of singular lower-order term results in appropriate selection of the minimizers.
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1 Introduction

We consider the Ginzburg-Landau functional IεA(v) =
∫ 1

0

(
ε2v′′2(s) + W3(v′(s)) + A(v′)v2(s)

)
ds, where W3 is 3-well

potential with superlinear growth in infinity, W3 ≥ 0, W3(ξ) = 0 iff ξ ∈ {−1, 1,∆}, where ∆ /∈ [−1, 1], A is lower-
order term, A(v′) =

∫ 1

0
a(v′(σ))dσ, where a = a(ξ), a : R −→ R satisfies: (1) positivity: a(ξ) ≥ α > 0 for every

ξ ∈ R, (2) continuity: aM ∈ C(R) for every M > 0, with aM (ξ) := min{a(ξ),M}, and (3) singularity: limξ−→ξ0 a(ξ) =
+∞ iff ξ0 = ∆. Functionals like IεA are common as an illustration of development of microstructure (or its mathematical
counterpart). We solve the problem of calculation of asymptotic energy for the functional IεA as ε −→ 0. In [2] G. Alberti
and S. Müller obtained results in the case of 2-well potential W (which satisfies W (ξ) = 0 iff ξ ∈ {−1, 1}) and constant
functional A := α > 0. We sum up here main steps of their approach. By YM((0, 1);K) we denote the set of all weak-star
measurable mappings ν : (0, 1) −→ P(K), ν(s) = νs, s ∈ (0, 1), (i.e., the set of Young measures on micropatterns),
endowed with the usual weak-star topology (cf. [2], p. 769), where K is the metric space of all Borel measurable mappings
x : R −→ [−∞,+∞], endowed with the metric d defined in [2], p. 806, and P(K) is the set of all probability Borel
measures on K. We write x ∈ S(J) (x ∈ Sper(J), resp.) if x is continuous piecewise affine function on open interval J and
x′ ∈ {−1, 1} almost everywhere on J (x is J-periodic and x ∈ S(J0) for every open interval J0 ⊂ R, resp.). First, we rewrite
ε−2/3Iεα(v) as

∫ 1

0
fεα(Rεsv)ds for a suitable choice of fεα, where Rεsv(t) := ε−1/3v(s + ε1/3t). Then we identify the Γ-limit

fα of fεα in the topology of K. In the next step we prove that there holds F εα
Γ−−−→Fα on YM((0, 1);K) as ε −→ 0, where

F εα, Fα : YM((0, 1);K) −→ [0,+∞] are defined by F εα(ν) :=
∫ 1

0
〈νs, fεα〉ds, if νs = δRε

sv
for some v ∈ H2

per(0, 1) for a.e.
s ∈ (0, 1) (otherwise F εα(ν) := +∞), Fα(ν) :=

∫ 1

0
〈νs, fα〉ds, if νs ∈ I(K) (where I(K) denotes the set of all probability

translation-invariant Borel measures on K, cf. [2], p. 795 for details) for a.e. s ∈ (0, 1) (otherwise Fα(ν) := +∞). Finally,
we minimize Fα, getting limε−→0 minv ε

−2/3Iεα(v) = E0α
1/3, where E0 := (3/4)2/3A

2/3
0 (W ), A0(W ) := 2

∫ 1

−1

√
W .

In [3], [4] and [5] other types of perturbations for the functional with 2-well potential were considered.

2 Main results

The purpose of this note is to provide results in the asymptotic analysis for a particular class of Ginzburg-Landau function-
als, similar, but of different type and more general than those considered in [2]. Previously considered Ginzburg-Landau
functionals, endowed with 2-well potential W , are now replaced by those endowed with 3-well potential W3. It is under-
stood that our consideration here is merely the starting point for further study of effects induced by singular terms within
the framework of the approach in [2]. We refer to case ∆ /∈ [−1, 1] as to regular singular case, since singularity can be
"removed" altogether, as the results below show. We expect that assumption ∆ /∈ [−1, 1] is not necessary, in the sense that
cases ∆ ∈ (−1, 1) (intermediate singular case) and ∆ = −1 (full singular case) can be solved, with some modifications, by
the approach of Alberti and Müller. We conjecture that in the intermediate singular case there holds EA,per = E0A

1/3
∞ , where

A∞ := 1
2A(−1)+ 1

2A(1), while in the full singular case there holds EA,per = E ·A1/3(1), for some suitably defined constant
E > 0 which depends only on the potential function. Here we turn our attention only to the regular singular case. We are able
to interpret lower-order singular term A(v′) as a perturbation of W3. In doing so, we eliminate ∆ as a zero-point of W3, and
then we apply machinery in [2]. Our results are also based on repetition of many arguments in [1]. We define asymptotic en-
ergy EA,per := limε−→0 minv ε

−2/3IεA(v) and we set A0(W3) := 2
∫ 1

−1

√
W3. We recall that (xε) is said to be a finite-energy
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690 Section 14: Applied analysis

sequence (or, shortly, FE-sequence) of family of functionals (ψε) if there holds lim supε ψ
ε(xε) < +∞. As in [2], calculation

shows that there holds ε−2/3IεA(v) =
∫ 1

0
fεA(xεs)ds, with xεs(t) = ε−1/3v(s + ε1/3t), where functionals fεA are defined by

fεA(x) := gε(x) + hεA(x), gε(x) := 1
2r

∫ r
−r

(
ε2/3x′′2(t) + ε−2/3W3(x′(t))

)
, if x ∈ H2(−r, r) (otherwise gε(x) := +∞),

and hεA(xs) := A(x(·))
1
2r

∫ r
−r x

2
s(t)dt, A(x(·)) :=

∫ 1

0
1
2r

∫ r
−r a(x′σ(t))dtdσ, i.e., hεA(x) = Ã(x) 1

2r

∫ r
−r x

2(t)dt, Ã(x) =∫ 1

0
1
2r

∫ r
−r a(x′(t))dtdσ. In the following we do not distinguish sequences from its subsequences.

Theorem 2.1 There holds fεA
Γ−−−→fÃ on K as ε −→ 0, where fÃ(x) := A0(W3)

2r |Sx′ ∩ (−r, r)|+ Ã(x) 1
2r

∫ r
−r x

2(t)dt,
if x ∈ S(−r, r) (otherwise fÃ(x) := +∞), and where |Sx′ ∩ (−r, r)| denotes the number of jumps of x′ on (−r, r).

P r o o f. Underlying property of FE-sequences (xε) of (gε) reads δx′ε
∗−−−⇀θ−1δ−1 + θ1δ1 + θ∆δ∆ in YM((−r, r);R)

as ε −→ 0, where θ−1 + θ1 + θ∆ = 1, θj ∈ [0, 1], j = −1, 1,∆. By the same arguments as in [1], p. 9-12, we recover
lim infε g

ε(xε) ≥ A−1,1

2r |Sx
′
−1,1∩(−r, r)|+A1,∆

2r |Sx
′
1,∆∩(−r, r)|+A−1,∆

2r |Sx
′
−1,∆∩(−r, r)|, whereAa,b = 2

∫ b
a

√
W3(ξ)dξ,

|Sx′a,b∩(−r, r)| is number of jump points t of x′ such that x′(t−) = a and x′(t+) = b (or vice versa), with the understanding
that a < b and a, b ∈ {−1, 1,∆}. There also holds: every cluster point x∞ of such sequence (xε) satisfies x′∞(t) ∈
{−1, 1,∆} for a.e. t ∈ (−r, r) and x∞ is continuous piecewise affine function. On the other hand, every FE-sequence (xε) of
(hεA) satisfies xε

L2

−−−⇀0 or lim supε Ã(xε) < +∞. Now we conclude that every FE-sequence (xε) of (fεA) is FE-sequence
for both (gε) and (hεA), and so for such (xε) by the fundamental theorem of Young measures it follows lim infε h

ε
A(xε) ≥

ÃM 1
2r

∫ r
−r x

2
∞(t)dt, where x∞ 6= 0 and ÃM := θ−1a

M (−1) + θ1a
M (1) + θ∆a

M (∆). As we let M −→ +∞, by the
singularity property of a we conclude that there holds θ∆ = 0, which means that |Sx′−1,∆ ∩ (−r, r)| = |Sx′1,∆ ∩ (−r, r)| = 0

and so x∞ ∈ S(−r, r). In effect, we have proved the lower bound lim infε f
ε
A(xε) ≥ fÃ(x∞) (with A0(W3) = A−1,1),

provided that xε
K−−−→x∞ as ε −→ 0. Upper bound can be completed as in [1], p. 12, since we can find 1-Lipschitz FE-

sequences (xε) which converge to any given x∞ ∈ S(−r, r) and fulfills the upper bound in K, namely lim supε f
ε
A(xε) ≤

fÃ(x∞). Indeed, if we set AM (v′) :=
∫ 1

0
aM (v′(σ))dσ, then for every M ∈ [1,∆) there exists ε0(M) > 0 such that for

every ε ∈ (0, ε0(M)] there holds ÃM (xε) = Ã(xε), and so consideration is reduced to the case of continuous perturbation by
lower-order term ÃM (xε), for which we can easily pass to the limit as ε −→ 0.

We define fA∞ : K −→ [0,+∞] by fA∞(x) := A0(W3)
2r |Sx′ ∩ (−r, r)|+ A∞

1
2r

∫ r
−r x

2(t)dt, if x ∈ S(−r, r) (otherwise
fA∞(x) := +∞). Now we are able to obtain our main Γ-convergence result

Theorem 2.2 There holds F εA
Γ−−−→FA∞ on YM((0, 1);K) as ε −→ 0, where F εA (FA∞ , resp.) is generated by fεA

(fA∞ , resp.) as in the previous section.

P r o o f. We consider FE-sequence (vε) of (IεA) and ε-blowups xεs(t) = ε−1/3vε(s+ ε1/3t). By the fundamental theorem
of Young measures there holds limεA

M (xε(·)) = AM∞ , since an adaptation of the reasoning in Theorem 2.1 gives θ−1 = θ1 =

1/2. We then pass to the limit as M −→ +∞, so that the lower bound in YM((0, 1);K) becomes a mere consequence
of Theorem 2.12. in [2], p. 774. The upper bound basically follows from the fact that for every h > 0 and every x ∈
Sper(0, h) there exists (by Theorem 3.4 in [2], p. 785-792) 1-Lipschitz sequence (vε) which satisfies both δRεvε

∗−−−⇀εx in
YM((0, 1);K) as ε −→ 0 (εx ∈ I(K) being the unique invariant probability measure generated by x in the sense of Haar)
and the upper bound in YM((0, 1);K). The full argument is carried out as in Theorem 2.1.

Consequently, we have the conclusion:

Corollary 2.3 There holds EA,per = E0(W3)A
1/3
∞ , whereE0(W3) := (3/4)2/3A

2/3
0 (W3). Furthermore, every minimizing

sequence (vε) of family of functionals (IεA) satisfies δRεvε
∗−−−⇀εx in YM((0, 1);K) as ε −→ 0, where x ∈ Sper(0, h) has

two corners and zero-average on [0, h), with h :=
(

48A0(W3)
A∞

)1/3

.
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