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Γ-convergence for one-dimensional Ginzburg-Landau functional with
generalized Lipschitz penalizing term
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We use the approach developed in the paper G. Alberti, S. Muller: A new approach to variational problems with multiple
scales, Comm. Pure Appl. Math. 54, 761-825 (2001) to obtain Γ-convergence for a class of Ginzburg-Landau function-
als Iε(v), where v = v(s) is appropriate Sobolev function. We generalize results from the paper A. Raguž: Relaxation
of Ginzburg-Landau functional with 1-Lipschitz penalizing term in one dimension by Young measures on micropatterns,
Asymptotic Anal. 41(3,4), 331-361 (2005), where original functional was penalized by 1-Lipschitz function g = g(s). In this
note we prove Γ-convergence when g = g(s, v(s), v′(s)) under suitable growth conditions imposed on g.
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1 Introduction

We consider the problem of calculation of asymptotic energy for the Ginzburg-Landau functional Iεα,g as ε −→ 0, where

Iεα,g(v) :=
∫ 1

0

(
ε2v′′2(s) + W (v′(s)) + α(v(s) + g(s, v(s), v′(s)))2

)
ds, v ∈ H2

per(0, 1), W (ξ) := (ξ2 − 1)2, α > 0,

g : (0, 1)×R2 −→ R is Carathéodory function such that g(s, v(s), v′(s))= g0(s)+g1(s, v(s), v′(s)), where g0 ∈W1,∞(0, 1)
and Lip(g0) < 1. Iεα,g describes a phenomenological model for the situation at an austenite-twinned-martensite interface,
namely the development of microstructure. By an application of the approach of G. Alberti and S. Müller in [1], the results
in the case g1 = 0 are obtained in [2], and we briefly explain the key points in the following lines. By YM((0, 1);K)
we denote the set of all weak-star measurable mappings ν : (0, 1) −→ P(K), ν(s) = νs, s ∈ (0, 1), (i.e., the set of
Young measures on micropatterns), endowed with the usual weak-star topology (cf. [1], p. 769), where K is the metric
space of all Borel measurable mappings x : R −→ [−∞,+∞], endowed with the metric d defined in [1], p. 806, and
P(K) is the set of all probability Borel measures on K. We write x ∈ Ss(I) if x is continuous on open interval I , x
is piecewise affine on I and x′ ∈ {g′0(s) − 1, g′0(s) + 1} almost everywhere on I . First, we rewrite ε−2/3Iεα,g0(v) as∫ 1

0
fεs,r(R

ε
sv)ds for a suitable choice of fεs,r and Rεsv. Then we identify the Γ-limit fs,r of fεs,r in the topology of K for

almost every s ∈ (0, 1). In the next step we prove that there holds F εα,g0
Γ−−−→Fα,g0 on YM((0, 1);K) as ε −→ 0, where

F εα,g0 , Fα,g0 : YM((0, 1);K) −→ [0,+∞] are defined by F εα,g0(ν) :=
∫ 1

0
〈νs, fεs,r〉ds, if νs = δRε

sv
for some v ∈ H2

per(0, 1)
for a.e. s ∈ (0, 1) (otherwise F εα,g0(ν) := +∞), Fα,g0(ν) :=

∫ 1

0
〈νs, fs,r〉ds, if νs ∈ I(K) (where I(K) denotes the

set of all probability translation-invariant Borel measures on K, cf. [1], p. 795 for details) for a.e. s ∈ (0, 1) (otherwise
Fα,g0(ν) := +∞). Finally, we minimize Fα,g0 . In [2] ε-blowups Rεsv(t) := ε−1/3

(
v(s+ ε1/3t) + g0(s) + g′0(s)ε1/3t

)
are

used, so that fεs,r(x) = 1
2r

∫ r
−r

(
ε2/3x′′2(t)+ε−2/3W (x′(t)−g′0(s))+α(x(t)−Rεs(−g0)(t))2

)
dt, if x ∈ H2(−r, r) (otherwise

fεs,r(x) = +∞). Then, by the well-known Modica-Mortola theorem, we have fs,r(x) = A0
2r |Sx

′∩(−r, r)|+α 1
2r

∫ r
−r x

2(t)dt,

if x ∈ Ss(−r, r) (otherwise fs,r(x) = +∞), with A0 := 2
∫ 1

−1

√
W and where |Sx′ ∩ (−r, r)| denotes the number of jumps

of x′ on (−r, r). Consequently, we deduce limε−→0 minw ε−2/3Iεα,g0(w) = Eα,g0,per, where dependence of g′0(s) in the
expression Eα,g0,per can be explicitly retrieved. Generalization to the case when external oscillations are introduced was
considered in [3]. Herein we deal with additional lower order term g1 = g1(s, v(s), v′(s)). We write g1 = g1(s, ξ, η) and
we impose compatibility condition: for every η ∈ R there holds g1(s,−g0(s), η) = 0 (a.e. s ∈ (0, 1)). We consider the
class of functions g1 such that g1(s, ξ, η) = O(|ξ + g0(s)|p) (a.e. s ∈ (0, 1)). We distinguish cases p > 1 (the superlinear
case), p = 1 (the linear case) and 0 < p < 1 (the sublinear case). We always assume that for every ξ ∈ R there holds
supη∈R|g1(s, ξ, η)| < +∞ (a.e. s ∈ (0, 1)).

2 Main results

We define asymptotic energies Eα,g,per := limε−→0 Eεα,g,per, where Eεα,g,per := minv ε−2/3Iεα,g(v). The simplest example of
g1 for which the results below apply is g1(s, ξ, η) = g2(s)|ξ + g0(s)|pg3(η), where p > 0, g2, g3 ∈ L∞(0, 1) ∩ C(0, 1). For
simplicity we consider this particular example in theorems below.
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Theorem 2.1 If p > 1, then there holds F εα,g
Γ−−−→Fα,g0 on YM((0, 1);K) as ε −→ 0 and Eα,g,per = Eα,g0,per.

P r o o f. We rewrite ε−2/3Iεα,g as
∫ 1

0
ψεs(R

ε
sv)ds, where ψεs,r(x) := 1

2r

∫ r
−r

(
ε2/3x′′2(t) + ε−2/3W (x′(t) − g′0(s)) +

α(x(t) − eεs(t, x(t)))2
)
dt, if x ∈ H2(−r, r) (otherwise ψεs,r(x) := +∞), and eεs(t, x(t)) = Rεs(−g0)(t) + ε−1/3g1(s +

ε1/3t, ε1/3x(t) − g0(s) − g′0(s)ε1/3t, x′(t) − g′0(s)). By our assumptions we have eεs(t, x(t)) −→ 0 as ε −→ 0 for every
t ∈ R and almost every s ∈ (0, 1). Then ψεs,r

Γ−−−→fs,r on K as ε −→ 0, and the claim follows by Theorem 4.17 in [2].

While Γ-convergence result is not available in the case p = 1, we are able to compute asymptotic energies:
Theorem 2.2 If p = 1, then Eα,g,per = Eα∞,g0,per, where α∞(s) = 1

2α(1 + g2(s)g3(−1))2 + 1
2α(1 + g2(s)g3(1))2.

P r o o f. To begin with, we use suitable approximation of functions g0 and g2 by piecewise affine functions (gn0 ) and
piecewise constant functions (gn2 ) as in [2] and [4]. First we consider the case when functions gn0 are affine and gn2 are constant.

Then the basic idea is to compare asymptotic energies of functionals Iεα,gn
and Iε,Mα,gn

, where Iε,Mα,gn
(v) := −

∫Mε1/3

0

(
ε2v′′2(s) +

W (v′(s))+α(v(s)+gn(v(s), v′(s)))2
)
ds and gn(ξ, η) := gn0 +gn2 (ξ+gn0 )pg3(η). Once we have recovered asymptotic energy

for every M > 0 (which follows by Theorem 3.3 in [3] and Theorem 4.17 in [2]), we can pass to the limit as M −→ +∞,
getting the asymptotic energy for Iεα,gn

. Then, quite in the same way as in [4], we use integration by parts to extended our
results to the case of piecewise affine functions gn0 and piecewise constant functions gn2 . Finally, we can complete the proof as
n −→ +∞ by the dominated convergence theorem.

For 0 < p < 1, we define Epα,g,per := limε−→0 Eε,pα,g,per, where Eε,pα,g,per := minv ε−2p/(2p+1)Iεα,g(v). Further, we introduce

where Eε,(p)α,g0,per := minv ε−2p/(2p+1)Iε,pα,g0(v) and Iε,pα,g(v) :=
∫ 1

0

(
ε2v′′2(s) + W (v′(s)) + α|v(s) + g0(s)|2p

)
ds. Now, by

such well-chosen rescaling, we can obtain Γ-convergence result.

Theorem 2.3 If 0 < p < 1, we have Eα,g,per = +∞ and Epα,g,per = E(p)
α∞,g0,per.

P r o o f. We use ε-blowupRε,ps v(t) := ε−p/(2p+1)
(
v(s+εp/(2p+1)t)+g0(s)+g′0(s)εp/(2p+1)t

)
. In effect, ψεs,r

Γ−−−→ψs,r
on K as ε −→ 0, where ψs,r(x) := A0

2r |Sx
′ ∩ [−r, r)| + α∞(s) 1

2r

∫ r
−r |x|

2p(t)dt, if x ∈ Ss(−r, r) (otherwise ψs,r(x) :=
+∞). By the same argument as in Theorem 3.4 in [1] we have Ψε

α,g
Γ−−−→Ψα∞,g0 on YM((0, 1);K) as ε −→ 0, where

Ψε
α,g(ν) :=

∫ 1

0
〈νs, ψεs,r〉ds, if νs = δRε,p

s v for some v ∈ H2
per(0, 1) for a.e. s ∈ (0, 1) (otherwise Ψε

α,g(ν) := +∞),
Ψα∞,g0(ν) :=

∫ 1

0
〈νs, ψs,r〉ds, if νs ∈ I(K) for a.e. s ∈ (0, 1) (otherwise Ψα∞,g0(ν) := +∞). In particular, it follows that

the asymptotic energy associated to ε−2/3Iεα,g equals +∞.

3 Ending remarks

(1) The asymptotic energy is independent of boundary conditions, i.e., minimization of Iεα,g over v ∈ H2(0, 1) leads to the
same asymptotic energy as in the case when v ∈ H2

per(0, 1).

(2) In Theorem 2.1 p-growth assumption can be replaced by the assumption ∂g±1
∂ξ (s,−g0(s)) = 0, where g+

1 (s, ξ) :=
supη∈Rg1(s, ξ, η) and g−1 (s, ξ) := infη∈Rg1(s, ξ, η) (a.e. s ∈ (0, 1)). If g1 = g1(s, ξ) compatibility condition can
be replaced by assumption s 7→ g1(s,−g0(s)) ∈ H2(0, 1).

(3) We have not been able to compute asymptotic energy when p = ∞, i.e., g ∈ W1,∞((0, 1) × R2), but we conjecture
that there holds limε−→0 Eεα,g,per = Eα,g∞,per, where g∞(s) = g0(s) + 1

2g1(s, 0,−1) + 1
2g1(s, 0, 1) and Lip(g1) ≤

Lip(g0) < 1.
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