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On stability of asymptotic energy for a functional of Ginzburg-Landau
type with ε-dependent weakly-star convergent 1-Lipschitz penalizing
term
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We apply the approach developed in the paper G. Alberti, S. Müller: A new approach to variational problems with multiple
scales, Comm. Pure Appl. Math. 54, 761-825 (2001) to calculate rescaled asymptotic energy associated to certain Ginzburg-
Landau functional in one dimension. We generalize results from the paper A. Raguž: Relaxation of Ginzburg-Landau func-
tional with 1-Lipschitz penalizing term in one dimension by Young measures on micropatterns, Asymptotic Anal. 41(3,4),
331-361 (2005), where original functional was penalized by 1-Lipschitz function g. In this note we consider the case when
such penalizing functions depend on small parameter ε as their derivatives oscillate with period equal to ε to the power of γ
for some γ > 0. We show that there are three distinctive cases of γ which lead to different asymptotic energy.
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1 Introduction

We consider the problem of calculation of asymptotic energy for the Ginzburg-Landau functional Iε
α,g as ε −→ 0, where

Iε
α,g(v) :=

∫ 1

0

(
ε2v′′2(s) + W (v′(s)) + α(v(s) + Gε(s))2

)
ds, v ∈ H2(0, 1), W (ξ) := (ξ2 − 1)2, α > 0, γ > 0, Gε(s) :=∫ s

0
g′(ε−γρ)dρ, s ∈ R, g ∈ W1,∞

per (0, 1), Lip(g) < 1. Iε
α,g describes a phenomenological model for the situation at an

austenite-twinned-martensite interface, namely the development of microstructure. The first rigorous results are obtained by
the approach of G. Alberti and S. Müller in [1]. By Y M((0, 1); K) we denote the set of all weak-star measurable mappings
ν : (0, 1) −→ P(K), ν(s) = νs, s ∈ (0, 1), (i.e., the set of Young measures on micropatterns), endowed with the usual weak-
star topology (cf. [1], p. 769), where K is the metric space of all Borel measurable mappings x : R −→ [−∞, +∞], endowed
with the metric d defined in [1], p. 806, and P(K) is the set of all probability Borel measures on K. We write x ∈ Sg′(s)(I)
(x ∈ Sg′(s)

per (I), resp.) if x is continuous on open interval I , x is piecewise affine on I and x′ ∈ {g′(s) − 1, g′(s) + 1} almost
everywhere on I (if x is extended from I to R by periodicity so that x ∈ Sg′(s)(J) for any interval J , resp.). Key points
of the approach of Alberti and Müller are the following: In the first step, we characterize the class of all Young measures
ν ∈ Y M((0, 1); K) which are generated by sequences of suitably defined ε-blowups Rε

sv
ε of functions vε. Then we rewrite

the rescaled functionals ε−2/3Iε
α,g(v) as

∫ 1

0
fε

s,r(Rε
sv)ds for a suitable choice of fε

s,r . In the third step we identify the Γ-
limit fs,r of fε

s,r in the topology of K for almost every s ∈ (0, 1). In the fourth and the most delicate step we prove that
there holds F ε

α,g
Γ−−−→Fα,g on Y M((0, 1); K) as ε −→ 0, where F ε

α,g, Fα,g : Y M((0, 1); K) −→ [0, +∞] are defined by

F ε
α,g(ν) :=

∫ 1

0
〈νs, f

ε
s,r〉ds, if νs = δRε

sv for some v ∈ H2
per(0, 1) for a.e. s ∈ (0, 1) (otherwise F ε

α,g(ν) := +∞), Fα,g(ν) :=∫ 1

0
〈νs, fs,r〉ds, if νs ∈ I(K) (where I(K) denotes the set of all probability translation-invariant Borel measures on K, cf. [1],

p. 795 for details) for a.e. s ∈ (0, 1) (otherwise Fα,g(ν) := +∞). Finally, we minimize Fα,g . Case γ = 0 was considered by

A. Raguž in [2]: ε−2/3Iε
α,g is rewritten in terms of ε-blowups Rε

sv(t) := ε−1/3
(
v(s + ε1/3t) + g(s) + g′(s)ε1/3t

)
, so that

ε−2/3Iε
α,g(v) =

∫ 1

0
fε

s,r(Rε
sv)ds, where fε

s,r(x) := 1
2r

∫ r

−r

(
ε2/3x′′2(t)+ε−2/3W (x′(t)−g′(s))+α(x(t)−Rε

s(−g)(t))2
)
dt,

if x ∈ H2(−r, r) (otherwise fε
s,r(x) := +∞). Then, by the well-known Modica-Mortola theorem, (fε

s,r) Γ-converges to fs,r

on K, where fs,r(x) := A0
2r |Sx′ ∩ [−r, r)| + α 1

2r

∫ r

−r
x2(t)dt, if x ∈ Sg′(s)(−r, r) (otherwise fs,r(x) := +∞), with A0 :=

2
∫ 1

−1

√
W and where |Sx′∩ [−r, r)| denotes the number of jumps of x′ on [−r, r). This choice of ε-blowup yields successful

completion of all steps of the approach. Consequently, we deduce limε−→0 minw∈H2
per(0,1) ε−2/3Iε

α,g(w) = Eα,g,per, where
dependence of g′(s) in the expression Eα,g,per can be explicitly retrieved. Slight generalization was considered in [3]. Herein
we distinguish cases γ ∈ (0, 1/3) (the subcritical case), γ = 1/3 (the critical case) and γ > 1/3 (the supercritical case).

2 Calculation of asymptotic energy

While we have not been able to apply the approach step by step in the case γ > 0, we are able to compute asymptotic
energies Eα,g(γ) := limε−→0 Eε

α,g(γ), Eα,g,per(γ) := limε−→0 Eε
α,g,per(γ), where Eε

α,g(γ) := minw∈H2(0,1) ε−2/3Iε
α,g(w),
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Eε
α,g,per(γ) := minw∈H2

per(0,1) ε−2/3Iε
α,g(w). For M > 0 we set

Iε,�
α,g,M (w) := −

∫ Mεγ

0

(
ε2w′′2(s) + W (w′(s)) + α(w(s) + Gε(s))2

)
ds , w ∈ H2(0, Mεγ) ,

Eε,�
α,g,M (γ) := minw∈H2(0,Mεγ) ε−2/3Iε,�

α,g,M (w), Eε,�
α,g,M,per(γ) := minw∈H2

per(0,Mεγ) ε−2/3Iε,�
α,g,M (w).

Theorem 2.1 If γ ∈ (0, 1/3), there holds Eα,g(γ) = Eα,g,per(γ) = Eα,g,per .

P r o o f. We have lim infε Eε,�
α,g,1(γ)≤ lim infε Eε

α,g(γ)≤ lim supε Eε
α,g,per(γ)≤ lim supε

∫ 1

0
fε

s,r(R
ε,�
s v�)ds, where v ∈

H2
per(0, εγ), v�(s) := ε−γv(εγs), Rε,�

s v�(t) := ε−(1/3−γ)
(
v�(s+ε1/3−γt)+G(s)+g′(s)ε1/3−γt

)
and G(s) :=

∫ s

0
g′(σ)dσ.

Then fε
s,r

Γ−−−→fs,r on K as ε −→ 0, and we continue as in the proof of Theorem 4.17 in [2].

Theorem 2.2 Consider ϕr(x) := A0
r |Sx′∩ [0, r)|+α 1

r

∫ r

0

(
x(s)+

∫ s

0
g′(σ)dσ

)2

ds, if x ∈ S0(0, r) (otherwise ϕr(x) :=
+∞). Then Eα,g(1/3) = Eα,g,per(1/3) = limM−→+∞ minx∈S0(0,M) ϕM (x) = limM−→+∞ minx∈S0

per(0,M) ϕM (x).

P r o o f. It is not difficult to see that there holds

lim inf
ε−→0

Eε
α,g(1/3) ≥ sup

M>0

M


M� lim inf
ε−→0

Eε,�
α,g,M (1/3) ≥ sup

M>0

M


M� min
x∈S0(0,M)

ϕM (x) ,

lim sup
ε−→0

Eε
α,g,per(1/3) ≤ inf

M>0
lim sup

ε−→0
Eε,�

α,g,M,per(1/3) ≤ inf
M>0

min
x∈S0

per(0,M)
ϕM (x) .

Theorem 2.3 If γ > 1/3, there holds Eα,g(γ) = Eα,g,per(γ) = Eα,0,per = E0α
1/3, where E0 := (3/4)2/3A

2/3
0 .

P r o o f. We use ε-blowup Rε
sv(t) := ε−1/3

(
v(s + ε1/3t) + Gε(s) + g′ε1/3τ

)
, where g′ :=

∫ 1

0
g′(σ)dσ = 0. Then we

have ε−2/3Iε
α,g(v) =

∫ 1

0
ψε

s(Rε
sv)ds, where ψε

s,r(x) := 1
2r

∫ r

−r

(
ε2/3x′′2(t)+ε−2/3W (x′(t))+α(x(t)−Rε

s(−Gε)(t))2
)
dt,

if x ∈ H2(−r, r) (otherwise ψε
s,r(x) := +∞), and Rε

s(−Gε)(t) = ε−1/3
∫ s+ε1/3t

s
g′(ε−γσ)dσ. Assumption γ > 1/3 gives

Rε
s(−Gε)(t) − g′t −→ 0 as ε −→ 0 for almost every t ∈ R and s ∈ R. In effect, ψε

s,r
Γ−−−→ψs,r on K as ε −→ 0, where

ψs,r(x) := A0
2r |Sx′ ∩ [−r, r)| + α 1

2r

∫ r

−r
x2(t)dt, if x ∈ S0(−r, r) (otherwise ψs,r(x) := +∞). By the same argument as in

Theorem 3.4 in [1] we have Ψε
α,g

Γ−−−→Ψα,0 on Y M((0, 1); K) as ε −→ 0, where Ψε
α,g(ν) :=

∫ 1

0
〈νs, ψ

ε
s,r〉ds, if νs = δRε

sv

for some v ∈ H2
per(0, 1) for a.e. s ∈ (0, 1) (otherwise Ψε

α,g(ν) := +∞), Ψα,0(ν) :=
∫ 1

0
〈νs, ψs,r〉ds, if νs ∈ I(K) for a.e.

s ∈ (0, 1) (otherwise Ψα,0(ν) := +∞). It follows that in the supercritical case Eα,g(γ) is independent of g and it is actually
equal to the asymptotic energy associated to ε−2/3Iε

α,0.

3 Conclusion

There is no stability with respect to weak-star convergence, due to the competition of internally created and externally imposed
small scales. The frequency of oscillation in Gε influences the expression for asymptotic energy in an essential way. When
the period of Gε is larger (smaller, resp.) than the period of internally created oscillation (which is of order ε1/3), the
external oscillation is negligible (the external oscillation is not negligible and such oscillatory terms can be replaced with the
corresponding weak-star limit without changing the limit problem, resp.). In the critical case the "locking" of scales occurs,
and the limit Eα,g,per(1/3) depends on g′ in a new and nontrivial way. Then it is difficult to compute exact asymptotic energy
in terms of g′ and A0. However, similarly as above, introduction of A0-blowup (A−1

0 -blowup, resp.) defined by RA0
s x(t) :=

A
−1/3
0 x(s + A

1/3
0 t) (R

A−1
0

s x(t) := A
1/3
0 x(s + A

−1/3
0 t), resp.) leads to asymptotic formula limA0−→0 A

−2/3
0 Eα,g,per(1/

3) = limA0−→0 A
−2/3
0 Eα,g,per (limA0−→+∞ A

−2/3
0 Eα,g,per(1/3) = limA0−→+∞ A

−2/3
0 Eα,0,per = (3/4)2/3α1/3, resp.).
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