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Abstract. Computational models of the abdominal aortic aneurysm (AAA) growth 
are important because they can broaden our understanding of disease formation and 
development. Additionally, they can be used to analyze the influence of risk factors, 
test different hypotheses about AAA growth, and eventually, predict the rupture risk.  
In this work, a 3D finite element growth and remodeling (G&R) model of AAA is 
presented. The constrained mixture G&R model is implemented into finite element 
analysis program FEAP via subroutines for the user defined material model. In order 
to enforce incompressibility, the Augmented Lagrange method was used. Using this 
model, we can simulate formation and growth of clinically observed aneurysm types, 
i.e. a fusiform and a saccular aneurysm. Starting from the idealized cylindrical 
geometry of a healthy aorta, and by employing spatio-temporal elastin degradation 
functions, the formation of different aneurysms is induced. Modeling and tracking 
changes in the axial, circumferential and radial direction of an aneurysm was enabled 
by 3D hexahedral elements. Different clinically observed aneurysm outcomes (e.g. 
continuous growth, stabilization, rupture, and discontinuous growth) can be achieved 
numerically, depending on production and degradation of constituents in the aortic 
wall (elastin, collagen, and smooth muscle cells). Furthermore,  a method for adding 
additional finite elements of ILT in the aneurysm model was implemented in FEAP to 
simulate thrombus deposition. We also show that ILT mechanically shields the 
aneuryms, and can lead to stabilization of an aneurism that would otherwise rupture. 

1 Introduction 

Abdominal aortic aneurysm (AAA) is a local dilatation of abdominal aorta that is 
mainly caused by an imbalance in production and degradation of extracellular matrix. The 
majority of AAAs harbor intraluminal thrombi (ILTs), which  has biochemomechanically 
active role in growth and remodeling (G&R) of AAA [1]. Hence, it should be considered 
in numerical models of AAA used for predicting aneurysm rupture. The only treatment 
for aneurysm is surgery, and clinical intervention are predominantly based on the 
maximum AAA diameter, expansion rate of the lesion (if available), patient history, and 
certain rupture risk factors (e.g. smoking and female gender). Still, these criteria are not 
always reliable. Therefore, more reliable computational tools to increase understanding 
of the disease and to predict patient-specific AAA outcome are needed. 

Constrained mixture models of growth and remodeling (G&R) have been increasingly 
used in numerical modeling of arterial wall and aortic aneurysms. G&R models can 
describe processes inside the aortic wall and response of the aorta to different mechanical 
(e.g. stress) and chemical (e.g. diffusion of vasoconstrictors and vasodilatators) stimuli. 
Herein, we present implementation of the G&R model into the 3D finite element (FE) 
code. Use of a 3D element enables modeling and tracking changes in all directions, which 
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is very important for analyzing ILT influence. After implementation, the model was 
verified on cases with known semi-analytical solution, and used for analyses of AAAs. 

In [2], Virag et al. showed biochemomechanical influence of ILT on aneurysm 
evolution. However, they used an idealized, axisymmetric, cylindrical geometry. 
Implementation of the ILT material model and its biochemomechanical influence on the 
evolving aneurysm in FE framework will enable us to model and analyze more complex 
thrombus-laden fusiform and saccular aneurysms. In this work we show the first step 
towards that direction, i.e. implementation of a method for adding thrombus in the FE 
model of cylindrical aneurysm.  

2 Material and Methods 

2.1 Growth and Remodeling model of AAA 

Model presented in [3] was used to describe G&R of evolving AAA. The model is 
based on the constraint mixture theory and the theory of evolving configurations to 
describe changes in geometry and structure of aorta. The aortic wall is assumed to 
comprise of isotropic elastin, four collagen fiber families, and circumferentially oriented 
smooth muscle cells (SMC). It is conjectured that elastin is produced only in the prenatal 
period, while collagen and SMC are allowed to turnover continuously.  

2.1.1 Kinetics of AAA 

The turnover of collagen and smooth muscle cells implies that the fibers are constantly 
degraded and produced. Production is defined by production rate km , while degradation 
is described by survival function ( )kq s τ− . Survival function specifies the percentage 
of constituent k produced at past time τ  that remained at current time s. Thus, the current 
mass (s)kM  is calculated as 
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where (0)kM  is initial mass of the constituent, and ( ) ( 0)k kQ s q s= − . The mass 
production rate depends on changes in intramural and wall shear stress from their 
respective homeostatic values, and is computed as  
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In equations (2) kσ  and wτ  is the norm of the current Cauchy stress tensor and the wall 

shear stress, respectively, while kKσ  and k
CK  are gain-type rate parameters. Index “h” 

denotes a homeostatic value of a parameter. The survival function is defined as 
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where k
qK  is the mass removal rate-type parameter which depends on the stress of the 

fiber compared to the homeostatic value. 

2.1.2 Stress analysis 

The Cauchy stress tensor of the mixture was calculated as 

 active SMC SMC2
det

TW σ∂
= + ⊗

∂
σ F F m m

F C
, (4) 

where F is the overall deformation gradient, T=C F F  is the right Cauchy-Green tensor 
and activeσ  the active stress contribution by the smooth muscle cells in the direction SMC.m
The overall strain-energy function W  was defined as k

k
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More detailed description of the model, and the specific strain-energy functions 
k

W
of each constituent can be found in [2,3]. 

2.2 Implementation of G&R model in finite elements 

The G&R model was implemented in FE analysis software FEAP [4] using subroutines 
for user defined material model. In order to find equilibrium, it is necessary to define 
Cauchy stress tensor and the tangent moduli tensor in every integration point. To account 
for material incompressibility, Augmented Lagrange method was used. Integral-based 
formulation (e.g. equation 1 and 5) requires storing of variable history of the increments 
to perform the related numerical integration. Therefore, in every time increment and in 
every integration point we store 70 variables (54 variables for kinematics of constituents, 
9 for the total deformation gradient F, 5 for mass production, 1 for current simulation 
time, and 1 for active stretch computation of SMC). Additional 6 variables of Cauchy 
stress, needed for mass calculation, are stored only for the previous increment. Minimal 
number of stored variables is 17, however in that case the rest of the variables need to be 
recomputed in the current increment for all previous increments. Our simulations have 
shown that this leads to significant increase in the process time; computational time is 
roughly increased by a factor two.  

Collagen and SMC fibers have relatively short half-life (70 days) compared to elastin 
(40 years in healthy artery). To additionally reduce the process time, maximal life span of 
fibers was set to 500 days. This means that history variables were stored only for last 500 
days (i.e. 50 increments, for the increment size of 10 days). Integral boundaries for mass 
and stress calculation (in equations 1 and 5) were [ ]0, s  for 500s <  days, and [ ]500,s s−  
for 500s >  days. This did not influence the results, since in homeostasis less than 0,1% 
of fiber mass remains after that time. Yet, the computational time was greatly reduced.  
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Since we have defined maximal life span, history field can have fix size of 3500 (70 
variables × 50 time increments) for one integration point. Fig. 1 illustrates how variables 
are stored in the history field. Each number represents 70 variables of that increment. 
Increment variables are written from the beginning towards the end of the field (case a), 
however when the history field is completely filled (case b), variables from new 
increments are written at the beginning of the field (case c). In that way, variables are 
written in the memory only once, and they remain at the same memory location until they 
are overwritten 50 time increments later. When computing integral variables are read from 
memory location S (start) to location E (end). 

 

 
Figure 1: Schematic representation of history field. Numbers represent ordinal number of 

time increment, while S and E represent start and end of integral. Arrows indicate integration 
direction. 

2.3 Adding ILT elements in finite element model of AAA 

For modeling thrombus deposition, FEAP had to be modified to allow expansion of 
model mesh. When a condition for adding additional finite elements of ILT is reached 
(e.g. expansion of inner radius for more than one ILT element thickness), simulation is 
stopped and subroutine for generating additional elements is run. The subroutine defines 
nodes, element connectivity matrix and boundary conditions for new thrombus finite 
elements. 

New elements are deposited on deformed geometry of the aortic wall and/or existing 
ILT, and at the time of deposition they are in stress-free state with zero displacement. 
When necessary, symmetry boundary conditions are imposed on them, whereas the 
pressure is transferred from the old luminal surface to the new elements. Furthermore, 
nodes of the new elements that are in contact with existing mesh are linked to the 
corresponding nodes of the existing mesh. After expansion of mesh with new elements, 
G&R simulation is resumed. 

2.4 Computational model 

The aortic wall was modeled as a 3 layered structure. Each layer has different ratio of 
structurally important components: elastin, collagen, and smooth muscle cells. Mass 
ratios, as well as value of other parameters are same as in [2]. For modeling healthy aorta 
and fusiform aneurysm we used a portion of a cylinder (as shown on Fig. 2) with imposed 
axisymmetric boundary conditions. On the other hand, half of the cylinder was used for 
modeling growth of saccular aneurysms. Discretization with 50 hexahedral elements in 
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the axial direction and 12 in the radial direction was used for aneurysms. Additionally, for 
saccular aneurysm 16 elements in the radial direction were necessary. In cases when aorta 
stayed cylindrical, only 12 radial elements were used. 

 
Figure 2: Numerical model of cylindrical and fusiform aneurysm. 

3 Results and Discussion 

3.1 Model verification on case of arterial hypertension 

Before application of the model on the more complex analyses, we need to ensure that 
G&R model is correctly implemented into 3D finite elements. The model was firstly 
verified on adaptation of aorta to changes in hemodynamics (i.e. alterations in blood 
pressure and blood flow) for which both expectations from membrane theory and clinical 
observations are known [5]. Fig. 3 shows adaptation of aorta to abrupt and sustained 50% 
increase in blood pressure after initial 100 days of homeostasis.  

 
Figure 3: Evolution of inner diameter and wall thickness of aorta during adaptation to an 

abrupt 50% increase in blood pressure. 

The vessel initially expands due to a sudden increase in loading. Nevertheless, in time, 
G&R process and related increase in mass production thicken the aortic wall to restore 
homeostatic values of intramural and wall shear stress, and returns the diameter to almost 
initial value. For homeostatic thickness of 1.2 mm, based on membrane theory, the wall 

 5 



thickness should increase 50%, i.e. to the value of 1.8 mm. The result from FE analysis 
match that expectation. 

3.2 Mesh convergence analysis 

Furthermore, mesh convergence analysis was performed to determine minimal number 
of elements needed to obtain the correct solution. Analysis showed that number of 
elements in the radial direction has greater influence on stresses, and minimal effect on 
the displacements. For the one layered aortic wall model, 4 radial elements proved to 
calculate displacements correctly, while for the three layered aortic wall model 12 
elements in the radial direction are needed. 

3.3 Aneurysm growth analysis 

Following implementation verification, the model was used for simulating abdominal 
aortic aneurysm growth. Spatio-temporal degradation of elastin (similar to [6]) was used 
as an insult for initialization of the formation and growth of axially symmetric and non-
symmetric aneurysms. Fig. 4 shows two representative cases of abdominal aneurysms, 
fusiform aneurysm (i.e. axially symmetric, Fig. 4 a) and saccular aneurysm (Fig. 4 b). One 
of the most important features, buckling of saccular aneurysm, can be observed. This 
bending is consequence of the non-symmetric elastin degradation and high axial stresses, 
and it is typical for the real AAAs [7]. 

Depending on the fiber production, i.e. on parameters CK  and Kσ  (see eq. 2), different 
aneurysm growth outcomes (i.e. exponential growth, linear growth, and stabilization) can 
be achieved. Fig. 5 shows outcomes of fusiform aneurysm growth for different 
combinations of CK  and Kσ  parameters. Larger value of CK  or Kσ  parameter lead to 
higher mass production (modeled by eq. 2), and consequently to lower expansion rate.  

 

 
Figure 4:  Geometry of the developed axisymmetric (fusiform) (a) and asymmetric (saccular) (b) 

aneurysm at the time of likely rupture. Initial geometry was a straight cylinder (c). 
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Figure 5: Evolution of inner diameter of fusiform aneurysm for different values of  

CK  and Kσ  parameters. 

3.4 Adding ILT to the model 

Next step towards more realistic modeling of AAA is an addition of the intraluminal 
thrombus and its influence on the aortic wall. Before inclusion of ILT within more 
complex geometries of fusiform and saccular aneurysm we have first modeled thrombus-
laden cylindrical “aneurysm” with known semi-analytical solution from [2]. Method 
described in section 2.3 was used to add ILT elements within FE aneurysm model, under 
the assumption that luminal area is constant. Fig. 6 shows radial displacement and radial 
stress for cylindrical model of thrombus-laden aneurysm. The oldest thrombus layers (red) 
are attached to the wall and have largest displacement, while newly deposited layers (blue) 
have displacement close to zero. Obtained results are in the agreement with the existing 
semi-analytical results.  
 

 
Figure 6:  Radial displacement (a) and radial stress (b) of thrombus-laden cylindrical 

“aneurysm”. 
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Fig. 7 (a) shows distribution of the radial stress in the radial direction. It can be noticed 
that softer thrombus (11<x<21 mm) bears much less load compared to the stiffer aortic 
wall. Nevertheless, the radial stress decreases in radial direction inside thrombus and that 
suggest that thrombus bears some load. Similar results were shown in [2], and load bearing 
capabilities of ILT were also experimentally confirmed in [8]. In Fig. 7 (b) it is shown 
that thrombus stiffness has great influence on the aneurysm expansion, and that stiff 
thrombi can lead to aneurysm stabilization. 

 
Figure 7:  Radial distribution of radial stress for thrombus-laden cylindrical “aneurysm (a), 

and evolution of inner wall radius of thrombus-laden cylindrical “aneurysm” for different ILT 
stiffness (b). 

4 Concluding remarks 

In order to model influence of intraluminal thrombus on aneurysm, first we need 
accurate, reliable and stable G&R model of aortic wall. Such a model was successfully 
implemented in 3D finite element analysis program FEAP, and verified on cases for which 
semi-analytical solutions and clinical expectations are known. The model further serves 
as foundation on which ILT model is added. Method for deposition of new thrombus 
elements in finite element model of aneurysm was developed and implemented in FEAP. 
Thrombus elements are added to the luminal surface whose cross-sectional area is 
considered to be constant through time. Results have shown that ILT can have significant 
mechanical influence on growth of AAA. Nevertheless, biochemical influence was 
neglected, and ILT was modeled with simple elastic material model. In future work it is 
necessary to implement complete biochemical and mechanical model of ILT in FEAP. 
Additionally for adding ILT in fusiform and saccular aneurysm we can use fluid-solid-
growth (FSG) model described in [9]. FSG model describes non-continuous deposition of 
ILT depending on the time averaged wall shear stress.  
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