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Abstract

The Harmonic Balance method applied to fully nonlinear, viscous, temporally
periodic free surface flows is presented in this paper. The Harmonic Balance
approach is used to project a transient periodic two phase flow into multiple
coupled steady–state problems discretising the periodic time interval. The
numerical framework is based on Finite Volume method for Computational
Fluid Dynamics in the open–source software foamextend. The disability of
the Harmonic Balance method to simulate flows with zero or close to zero
mean velocity is overcome by coupling the Harmonic Balance steady–state
equations implicitly, presenting a novelty in the field. Von Neumann stability
analysis is performed for the governing Harmonic Balance equations to math-
ematically prove that zero mean velocity can be simulated using the proposed
implicit coupling. The method is validated and verified on a periodic free
surface flow over a ramp and regular surface wave propagation with current,
both including grid convergence studies and spectral resolution sensitivity
studies. All results are compared to fully transient computations. A detailed
study is performed for wave propagation without current, confirming that
convergence of free surface elevation can be achieved without mean velocity.
The approach proved accurate and applicable for twophase flows, opening a
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new research field.

Keywords: Periodic, Free Surface Flows, CFD, Harmonic Balance, Naval
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1. Introduction

This work presents the development, implementation and validation of
the time–spectral method for simulating fully nonlinear, viscous, temporally
periodic, large scale two phase flows, based on an existing two phase nu-
merical model developed within a Finite Volume (FV) Computational Fluid
Dynamics (CFD) software foam–extend [1]. The method is specifically in-
tended for general two–phase flows where the boundary conditions have a
temporally periodic nature with low or zero mean velocity, resulting in a pe-
riodic flow field in the domain of interest. Such flows are often encountered
in problems regarding surface waves which are important in the field of naval,
offshore and ocean hydrodynamics.

The frequency domain methods are very common in the naval hydrody-
namics, but mainly within the potential flow approach. The simplest ex-
ample is the evaluation of the linear transfer functions (so called Response
Amplitude Operator, RAO) which is the basic ingredient of the linear spec-
tral analysis which allows for very quick assessment of the floating body
response for any particular sea conditions. The main drawback of the fre-
quency domain approach, within the potential flow assumptions, is associ-
ated with the difficulties related to the inclusion of the different nonlinear
effects. Indeed, within the classical approach the resulting boundary value
problems for higher order velocity potentials quickly become very complex
leading to many numerical difficulties (e.g. see Ferrant et al. [2], Malenica
and Molin [3]). Consequently, the common practice within the potential flow
approach is to resolve up to the second order in frequency domain and ap-
ply the fully nonlinear time domain approach for highly nonlinear problems.
However, it is well known that the potential flow approach has very lim-
ited use for fully nonlinear wave body interactions because of the difficulties
associated with the proper treatment of the complex free surface boundary
conditions. That is why there is still no efficient fully nonlinear wave body
interaction solver based on potential flow theory which has been proposed in
the literature. Only some relatively simple nonlinear wave body interaction
problems, such as one discussed in Ferrant et al. [2], were efficiently solved
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within the potential flow approach. Viscous CFD methods are an obvious
alternative, since they offer reliable results, as shown in numerous validation
publications [4, 5, 6, 7, 8]. Consequently, in the recent years a number of
publications dealing with the application of viscous CFD on the problems
of wave induced motions and loads in naval hydrodynamics have emerged
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 22].

Time domain simulations prevail when it comes to viscous naval hydro-
dynamic CFD calculations. However, in the field of turbomachinery, spectral
CFD methods present an active area of research. Nonlinear harmonic method
applied to Navier–Stokes equations was first presented by He and Ning [23]
for simulating unsteady viscous flow around turbomachinery blades. The
nonlinear harmonic method, also called Harmonic Balance (HB), takes ad-
vantage of the temporally periodic nature of the flow with a known dominant
frequency of oscillation by transforming a transient problem into a number
of coupled steady state problems. The main drawback of simulating peri-
odic flows with viscous CFD using transient time–marching techniques is
the requirement for large number of simulated periods before reaching fully
developed periodical flow [24, 5, 25, 26]. HB alleviates this problem, while
additionally accelerating the calculation by considering steady state problems
which are generally faster to perform. The advantages of HB were soon rec-
ognized in the CFD community, resulting in a large number of publications
mostly related to turbomachinery applications. Maple et al. [27] developed
an adaptive HB method where the number of resolved harmonics is varied
in the domain depending on the required spectral resolution, applied to a
supersonic/subsonic diverging nozzle. McMullen and Jameson [28] investi-
gated the acceleration techniques for solving the coupled set of steady state
problems, where they reported 8–19 times acceleration in terms of computa-
tional time comparing with the transient code. Ekici et al. [29] used Euler
equations based HB method to simulate helicopter rotor blade flow, while
Guédeney et al. [30] extended the method for turbomachinery flows with
multiple frequencies in order to capture rotor–stator interaction effects.

Apart from being easier and faster to calculate, steady state equations
provide the ability of automatic optimisation. In case of HB method, ob-
jectives for optimisation can be related to periodic quantities. Huang [31]
used HB method in conjunction with discrete adjoint optimisation method
to optimise turbomachinery blades. In the field of naval hydrodynamics,
minimisation of added wave resistance or ship motion could be achieved.

To the authors’ knowledge, no attempt has been made to develop a HB
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method for nonlinear, two–phase, viscous and turbulent free surface flows
with low or zero mean flow velocity. In this work HB method is employed
for the calculation of periodic free surface flows, where implicit coupling
of steady–state equations is performed by solving the equations in a block
matrix form. Implicit coupling enables running simulations at large reduced
frequency numbers [32], which is the stability criteria stemming from the von
Neumann stability analysis of the HB equations. In practice, this enables low
and zero mean flow velocities, and coarser spatial grids. The implicit cou-
pling presents a novelty with respect to existing publications regarding the
HB method. The development is based on the previously performed imple-
mentation by Cvijetić et al. [33], where single–phase, explicit HB method is
described for turbomachinery applications.

The targeted practical applications of the presented HB method are as-
sociated with the evaluation of the transfer functions of ship’s response in
waves at different orders of approximation (linear, quadratic, higher order
etc.) and for assessing added resistance in waves. These transfer functions
are then used in combination with the body operating conditions to derive
the long term design values (e.g. see Journée and Massie [34]). Even though
the real sea state is irregular and composed of very large number of indi-
vidual waves with different amplitude and frequencies, design methods exist
which are based on the use of the so called equivalent regular design waves
[35]. Hence, having the efficient numerical tool for the evaluation of the wave
body interactions in regular waves can be very useful in practice.

This paper is organised as follows: first the mathematical model is pre-
sented, comprising the governing equations in the SWENSE (Spectral Wave
Explicit Navier–Stokes Equations) decomposed form as described by Vukčević
et al. [36] and the HB treatment of the time derivative term. Next, an
overview of the numerical method is given including the implicit coupling of
the HB source term, followed by brief notes on implementation of the Ghost
Fluid Method (GFM) in foam–extend [37]. In order to assess the new model,
two validation test cases are presented: a two–phase periodic flow over a
ramp and regular wave propagation with uniform current. Additionally, the
implicit method is compared to explicitly coupled HB method for the wave
propagation case with current. Next, a stability study is performed on a wave
propagation case without current. Finally, concluding remarks are given.
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2. Mathematical model

In this section, a brief overview of the mathematical model describing
two–phase, nonlinear and viscous flow is given, presenting the governing
equations in the SWENSE [36, 38, 39] decomposed form, and briefly out-
lining the formulation of dynamic pressure and density jump at the interface
using the GFM [40, 37]. Furthermore, a description of governing equations
in the time–spectral HB form is given.

2.1. Governing equations

Two–phase, incompressible, viscous flow is governed by the momentum
conservation equation, mass conservation equation and an interface captur-
ing equation in the appropriate form. The equations below are given in
the SWENSE decomposed form [36], where an arbitrary field q is written
as q = qI + qP . Index I denotes the incident component, typically corre-
sponding to a solution obtained by potential flow, while index P denotes
the perturbation component being solved for via equation set. The incident
terms are treated explicitly, as they are assumed to be known at each time
instant. Formally, this decomposition is arbitrary, but it is assumed that
the incident field provides a good estimate of the final nonlinear solution,
i.e. that the component qI is smaller than qP . Reader is directed to [37] for
detailed derivation of the following equation set.

For incompressible flow the conservation of mass reads:

∇•uP = −∇•uI , (1)

where u denotes the velocity field. Although the potential flow solution
is formally divergence free, ∇•uI = 0, mapping this field to a discretised
volume mesh generally introduces continuity errors [36] which are resolved
in Eqn. (1).

The SWENSE decomposed momentum equation reads:

∂(uP )

∂t
+∇•(uuP )−∇•(νeff∇uP ) =

− ∂(uI)

∂t
−∇•(uuI) +∇•(νeff∇uI)−

1

ρ
∇pd +∇u•∇νeff ,

(2)

where νeff stands for effective kinematic viscosity including the turbulent
viscosity, ρ is the density which has a discontinuity at the interface, while pd
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stands for dynamic pressure: pd = p− ρg•x, where p denotes total pressure,
g represents constant gravitational acceleration, and x is the radii vector.
The velocity in the last term on the right hand side is not decomposed since
it is treated explicitly. More details regarding decomposition of the pressure
term are given in [36].

In this study, Level Set (LS) method derived from the Phase Field (PF)
equation [41, 42] is used for interface capturing due to its suitability for
SWENSE decomposition [36], since signed distance function is unbounded.
The decomposed LS equation reads:

∂ψP
∂t

+∇•(cψP )− ψP∇•c− b∇• (∇ψP ) =

− ∂ψI
∂t
−∇•(cψI) + ψI∇•c + b∇• (∇ψI) + b

√
2

ε
tanh

(
ψ

ε
√

2

)
,

(3)

where ψ denotes the LS field decomposed into incident ψI and perturbed
component ψP , while b and ε stand for numerical parameters: diffusion co-
efficient and width parameter, respectively. c is the modified convective
velocity defined as:

c = u + b

√
2

ε
tanh

(
ψ

ε
√

2

)
∇ψ + bκ

∇ψ
|∇ψ|

, (4)

where κ denotes the mean interface curvature. For additional details the
reader is referred to [36].

2.2. Harmonic Balance method

In this section the time–spectral form of HB transformation is applied to
all governing equations. Only a brief overview of the HB method is given
here, while for detailed derivation of the implemented model the reader is
referred to [33]. Using HB method, the transient equations are transformed
into a set of steady state equations coupled via source term that represents
the time derivative terms in the spectral domain. The HB method is based on
the assumption of temporally periodic flow, where each variable is expanded
into a Fourier series with a finite number of harmonics N :

q(t,x) = Q0 +
N∑
l=1

QSl
sin(lωt) +QCl

cos(lωt) , (5)
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where q(t,x) represents a general field variable in time, while Q denotes the
Fourier coefficient of the variable in frequency domain, ω is the known base
frequency of q, and indices Sl and Cl denote the sine and cosine Fourier
coefficient, respectively. In time domain, the standard transport equation
for general variable q can be written as:

∂q

∂t
+ R = 0 , (6)

where R stands for convection, diffusion and source/sink terms. Note that
R = f(q(t,x)), however it is considered here as one term for the sake of
clarity. R is also expanded into Fourier series, analogous to Eqn. (5). In-
serting the Fourier expansion of q and R into Eqn. (6) and equating the
corresponding trigonometric terms yields:

ωAQ+R = 0 , (7)

where A presents the (2N + 1) × (2N + 1) coefficient matrix, while Q and
R are vectors containing 2N + 1 Fourier coefficients of q and R, respectively.
The Fourier series expansion, Eqn. (5), can be regarded as a discrete Fourier
transform, which can be viewed as a matrix multiplication: Q = E q, where
q presents a vector of discrete time values of q(t,x). Thus, Eqn. (7) can be
written in terms of time domain variables as:

ωAE q + E R = 0 , (8)

which is simplified by multiplying by E−1 from the left, yielding a time–
spectral form:

ωE−1AE q + R = 0. (9)

Eqn. (9) presents a set of quasi steady–state equations coupled by the off–
diagonal elements of the matrix E−1AE. Hence, comparing Eqn. (9) and
Eqn. (6) indicates that the time derivative term is replaced by a source term
which can be written as:

S (q) = ωE−1AE q,

Sl (q) = − 2ω

2N + 1

(
2N∑
k=1

Pk−lqtk

)
, l = 1 . . . 2N + 1 ,

(10)
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where S (q) stands for the HB temporal coupling source vector, Sl being the
l–th element, while tk stands for the k–th discrete time instant. P denotes a
constant periodic coupling matrix defined as:

Pr =
N∑
m=1

r sin(rmω∆t) , for r = −N . . .N , (11)

where ∆t = T/(2N+1), T being the base period of oscillation, corresponding
to ω.

To summarize, the Harmonic Balance method transforms one transient
problem into a set of 2N + 1 quasi steady–state problems, each describing
one equidistantly spaced time instant of period T . The steady equations are
coupled through the source term, defined by Eqn. (10). Convection, diffusion
and source terms from the transient equation remain unchanged. For more
details on the HB method the reader is referred to [43], while the detailed
derivation with implementation in foam–extend can be found in [33]. In the
following text the governing equations described in section 2.1 are rewritten
in the HB form.

2.2.1. Conservation of mass and momentum equations

In case of incompressible flow, the conservation of mass, Eqn. (1), has no
rate–of–change term and hence remains unchanged. This results in 2N + 1
mass conservation equations which are mutually independent:

∇•uP,l = −∇•uI,l , l = 1 . . . 2N + 1 . (12)

The momentum equation, Eqn. (2), has two time–derivative terms in the
SWENSE decomposed form; hence two HB source terms are introduced:

Sl (uP ) +∇•(uluPl
)−∇•(νeffl∇uPl

) =

−Sl (uI)−∇•(uluIl) +∇•(νeffl∇uIl)−
1

ρl
∇pdl +∇ul•∇νeffl ,

l = 1 . . . 2N + 1 .

(13)

Note that each quasi steady–state equation has corresponding density ρl and
effective kinematic viscosity νeffl fields. It is emphasised here that, although
the two HB source terms in Eqn. (13) could be combined into a single term
since they are linear operators, this is not performed in order to allow implicit
treatment of the source term for the perturbation velocity field uP , while
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explicitly accounting for the HB source term of the incident velocity field uI .
As stated earlier, convection, diffusion and source terms from the original
momentum equation, Eqn. (2), remain unchanged apart from the fact that
they are solved for the corresponding velocity field ul.

2.2.2. Level Set transport equation

The LS equation, Eqn. (3), is transformed in a similar manner as the
momentum equation:

Sl (ψPl
) +∇•(clψPl

)− ψPl
∇•cl − b∇• (∇ψPl

) =

− Sl (ψIl)−∇•(clψIl) + ψIl∇•cl + b∇• (∇ψIl) + b

√
2

ε
tanh

(
ψl

ε
√

2

)
.

(14)

Similar to Eqn. (13), the HB source term is separated for the incident and
perturbation parts of the solution to enable implicit treatment of the pertur-
bation source coupling.

3. Numerical model

In this section an overview of the numerical model is presented, with
detailed remarks on the implicit coupling of the HB source term, and a brief
description of the implicit treatment of the dynamic pressure and density
discontinuities at the free surface using the GFM [40]. In addition, notes on
the FV discretisation used in this study are given [44].

3.1. Implicit coupling of HB source terms

In the present model, the source coupling between the quasi steady–state
equations is performed implicitly in a block matrix. For details on the block
matrix, see [45]. Each diagonal entry of the block matrix is a matrix of size
(2N + 1) × (2N + 1), containing the diagonal coefficients of all steady state
equations, and their coupling in the off–diagonal coefficients. The entries
of the solution and source vectors are 2N + 1 vectors. Note that velocity,
pressure and surface capturing equation are still solved in a segregated man-
ner, while only the coupling arising from HB method is resolved in a block
matrix. In order to show the benefits of implicit coupling, the von Neumann
stability analysis is performed on a one–dimensional convection problem in
the HB form:

∂q

∂τ
= −S(q)− u

∂q

∂x
, (15)
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where ∂q/∂τ presents the quasi–temporal term which is introduced to facili-
tate marching towards the steady–state solution, while u denotes the vector
field of velocities at individual discrete time instants. For the sake of anal-
ysis we shell here depart from the formulation of HB method used in this
work [33], and adhere to the more general form with the complex Fourier se-
ries [32]. Instead of truncating the Fourier series to the real part (Eqn. (5)),
the complete complex Fourier series is used, producing an imaginary unit in
the temporal derivative. Hence, Eqn. (15) assumes the following form:

∂q

∂τ
= −iωE−1AE q − u

∂q

∂x
, (16)

where i denotes the imaginary unit, i =
√
−1. In order to examine an

individual equation in the stability analysis, Eqn. (16) has to be written in a
decoupled manner. In order to diagonalize Eqn. (16), expression q = E−1Q
is used, and the equation is multiplied by E from the left. Furthermore,
velocity is linearised as u = UI + δu, and only first order convection term is
retained. U represents the mean convective velocity, I is the identity vector,
and δu is the perturbation of velocity. Eqn. (16) takes the following form:

∂Q

∂τ
= −iωAQ− U

∂Q

∂x
. (17)

Note that Q represents the transformed variable in frequency domain. Since
matrix A can easily be written as a diagonal matrix [33], the system of
equations described by Eqn. (17) is decoupled. Hence, each l–th equation
can be observed independently:

∂Ql

∂τ
= −iωlQl − U

∂Ql

∂x
. (18)

For the sake of brevity, the first order upwind scheme is used for discreti-
sation of the convection term, while the first order accurate Euler scheme is
used for the discretisation of the quasi–temporal term. Implicit treatment
is assumed for the convection, since it is used throughout this work. First,
explicit coupling of the HB source term will be examined, followed by the
analysis of the implicit approach. Superscript n denotes the new time step
value, while o denotes the old time step value.

For explicit coupling of HB source term, the discretised form of Eqn. (18)
states:

Qn
l,p −Qo

l,p

∆τ
= −iωlQo

l,p − U
Qn
l,p −Qn

l,p−1

∆x
, (19)
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where p stands for the p–th grid point, i.e. cell centre. In the von Neumann
analysis, Fourier transform is used to present the distribution of the variable
in space:

Ql,p =
Nc∑

q=−Nc

Vl,qe
ipqπ/Nc , p = 1 . . . Nc , (20)

where Nc stands for the total number of cells (grid points) and Vl,q is the
vector of q–th Fourier amplitudes. For the system to be stable, the magnitude
of the amplification factor G = V n

l,q/V
o
l,q must always be smaller than one for

every q. Since this condition has to be valid for each Fourier coefficient, index
q is excluded from this point on, and an arbitrary Fourier coefficient is used:

Ql,p = Vle
ipα , (21)

where α represents a general phase angle. Substituting Eqn. (21) into Eqn. (19)
yields:

V n
l e

ipα − V o
l e

ipα

∆τ
= −iωlV o

l e
ipα − U V

n
l e

ipα − V n
l e

i(p−1)α

∆x
. (22)

By simplifying Eqn. (22) the amplification factor is obtained:∣∣∣∣V n
l

V o
l

∣∣∣∣ =
|1− i∆τωl|∣∣1 + U∆τ

∆x
(1− e−iα)

∣∣ , (23)

which can be written in a more suitable form by introducing the Courant–
Friedrichs–Lewy number Co = U∆τ/∆x:∣∣∣∣V n

l

V o
l

∣∣∣∣ =

∣∣1− iCo∆xωl
U

∣∣
|1 + Co (1− e−iα)|

. (24)

From Eqn. (24) it follows that the solution is conditionally stable. By ob-
serving the numerator, the solution is less stable (the magnitude of the am-
plification factor increases) for high base frequencies, coarse grid (large ∆x)
and small convective velocity. The convective velocity poses a serious limit
for practical applications, since the mean velocity cannot be small or zero.
Furthermore, the stability deteriorates for larger number of harmonics, which
can limit the spectral resolution of the simulation.

In case of implicit HB source coupling, the discretised form of Eqn. (15)
reads:

Qn
l,p −Qo

l,p

∆τ
= −iωlQn

l,p − U
Qn
l,p −Qn

l,p−1

∆x
, (25)
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from which, by analogy with Eqn. (22), Eqn. (23) and Eqn. (24), follows:∣∣∣∣V n
l

V o
l

∣∣∣∣ =
|1|∣∣1 + iCo∆xωl

U
+ Co (1− e−iα)

∣∣ . (26)

Hence, the implicit HB source term coupling leads to an unconditionally
stable solution. Furthermore, Eqn. (26) implies the opposite of Eqn. (24).
Here, the stability increases with coarser spatial grid, higher base frequency,
smaller velocity and larger number of harmonics. Hence, implicit coupling
enables stable simulations with low computational demands, and more im-
portantly, it enables simulating flows with low mean velocity. This is crucial
for naval hydrodynamic applications, since surface wave related problems of-
ten have close to zero or zero mean velocity. It should be noted that the
von Neumann stability is performed on a linearised equation set, where the
convective velocity does not change from time–step to time–step. Hence, it
gives a limited but valuable insight into the stability behaviour of the ap-
proach. In this paper it will be shown that not all observations arising from
the stability analysis hold entirely, however the general difference between
the implicit and explicit approach are well predicted.

The discretised quasi steady–state equations are solved in a single block
system to allow implicit coupling of the HB source term. Four block ma-
trices are assembled: one for each component of the vectorial momentum
equation, Eqn. (13), and one for the level set equation, Eqn. (14). The mass
conservation equation, Eqn. (1), is not solved in a block system since it does
not contain coupling terms between the quasi steady–state equations. In ad-
dition to these equations, a general two–equation turbulence model can be
used with explicit or implicit coupling of the HB source term.

Given the steady–state nature of the method, procedure based on SIM-
PLE algorithm is used. The solution algorithm is organised as follows:

while SIMPLE not converged do
• Solve the block system of equations for each component of the mo-
mentum equation, Eqn. (13);
• Solve the pressure equation, Eqn. (1), for every discrete time instant;
• Correct the velocity field explicitly;
• Solve the block system of scalar equations for the LS equation
Eqn. (14);

end while
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3.2. Notes on the Ghost Fluid Method

The GFM implicitly accounts for the discontinuity of the pressure gradi-
ent and density at the free surface by satisfying the kinematic and dynamic
free surface boundary conditions. The kinematic free surface boundary con-
dition states that the velocity is continuous across the interface while the
dynamic boundary condition requires the stresses at the interface to be in
equilibrium. Stress at the free surface is usually divided into normal and
tangential parts, where the normal part is mainly due to pressure, while the
tangential originates from viscous stresses. The GFM used in this work [37]
takes into account the jump in pressure gradient due to density jump, while
neglecting the surface tension effects. The tangential stress is approximated
using linearly interpolated kinematic viscosity at the interface. This assump-
tion is considered justified for large scale free surface flows [40] considered in
this work. Reader is referred to Vukčević [37] for the detailed derivation of
GFM within arbitrary polyhedral FV framework.

Since the pressure field is not decomposed via SWENSE, nor affected
with the HB approach, there is no need for special treatment of the jump
conditions in the present model.

3.3. Finite Volume discretisation

Second order accurate FV method is used for spatial discretisation of
the governing equations, Eqn. (12), Eqn. (13) and Eqn. (14), with arbitrary
polyhedral cell support [46]. In the transient simulations, implicit Euler
scheme is used for the temporal derivative terms. In the momentum equa-
tion, Eqn. (13), implicit upwind scheme with deferred second order correction
is used to discretise the convection term. Second order scheme with explicit
limited non–orthogonal correction is used for the discretisation of the diffu-
sion term and the pressure equation [44].

3.4. Relaxation zones

Same as in the transient simulations, the wave reflection can occur in HB
quasi steady–state simulations as well. The reflected waves would pollute
the results since they are periodic with a base frequency corresponding to
the incident wave. To prevent reflection of free surface waves against the
domain boundaries the perturbed components of velocity and level set fields
are artificially damped towards the boundaries. The gradual diminishing of
the perturbed components is performed in the relaxation zones which are
described by Vukčević et al. [36] and Jasak et al. [47].
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4. Verification and validation

Detailed verification and validation is performed on two test cases: a
periodic flow over a ramp and a regular wave propagation with uniform cur-
rent. The validation is performed by comparing the HB results to transient
simulation results. Transient simulation results obtained using the present
numerical framework are considered referent since they have been thoroughly
verified and validated in numerous publications [4, 5, 48, 6, 47]. Verification
is performed by conducting a grid refinement study. Uncertainties are as-
sessed following Stern et al. [49] and Roache [50]. Additionally, a spectral
resolution sensitivity study is performed by changing the number of resolved
harmonics N . Next, comparison with the explicit HB method is shown for
the wave propagation case, confirming the stability analysis. Finally, com-
parison of computational time between HB and transient method is shown.
To determine the type of convergence, the discriminating ratio is calculated
based on a specified refinement ratio R of at least three solutions [51]:

R =
εfm
εmc

=
Sf − Sm
Sm − Sc

, (27)

where S denotes the solution obtained with the fine f , medium m or coarse
c resolution. The final solutions are determined as the average of converged
solution in the last two hundreds of nonlinear iterations. Uncertainty assess-
ment procedure depends on the convergence type, which is established using
the discriminating ratio R [51]:

• Monotone convergence (MC) for 0 < R < 1; uncertainty is assessed
using the achieved order of convergence p:

U = Fs
|εfm|
Rp − 1

, (28)

where Fs = 1.5 denotes the safety factor used throughout this study.
Achieved order of convergence p is determined by Richardson extrapo-
lation:

p =
ln(εfm/εmc)

lnR
. (29)

• Oscillatory convergence (OC) for R < 0 and |R| < 1; following Stern
et al. [49] the uncertainty is calculated as:

U = Fs0.5|SU − SL| , (30)

14



where SU denotes the maximum value of the result while SL stands for
the minimum value among the three solutions.

• Monotone divergence (MD) for R > 1, and oscillatory divergence (OD)
for R < 0 and |R| > 1 although uncertainty cannot be determined for
divergence, Simonsen et al. [52] suggest expressing uncertainty as the
maximum deviation multiplied with the safety factor:

U = Fs|SU − SL| . (31)

In the spectral convergence study, iterative uncertainty is also presented to
asses the stability of convergence with respect to the resolved number of
harmonics. The iterative uncertainty is determined as the largest amplitude
of oscillation of the converged solution [49]:

UI = 0.5 |SUC − SLC | , (32)

where SUC and SLC present the lowest and highest value of the converged
solution in the same simulation.

For both test cases, grid convergence study is performed with the refine-
ment ratio r = 2, where two harmonics are used for the grid refinement study.
In order to investigate the sensitivity of the result on the resolved number of
harmonics, results using 1 to 8 harmonics are presented and compared with
transient simulation result.

4.1. Periodic free surface flow over a ramp

Two–phase inviscid flow over a ramp, Fig. 1, is simulated using a peri-
odic inlet velocity resulting in nonlinear periodically oscillating free surface.
Particulars of the geometry can be seen on Fig. 2. The two phases are water
with ρ = 1000 kg/m3 and air with ρ = 1.2 kg/m3, while the kinematic vis-
cosity is set to zero for both phases, making the present GFM exact for this
simulation, since there are no tangential stresses at the free surface. Incident
velocity is constant in all quasi steady-state simulations, uI = [6, 0, 0] m/s,
while calm free surface is imposed at h = 1 m, as shown in Fig. 1, where the
arrows indicate the incident velocity field. No relaxation zones are used in
this test case. The domain is 9 m long and 2 m high. At t = 0, the per-
turbation velocity uP , level set ψP , and dynamic pressure field pd are set to
zero. Oscillating velocity inlet boundary condition is imposed by prescribing
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the perturbation uP component values that describe a sinusoidal oscillation
in time:

uP,inlet(t) = uA sin(ωt) , (33)

where uA = [1, 0, 0] m/s is the amplitude of the oscillation, resulting in total
inlet velocity u oscillating between [5, 0, 0] and [7, 0, 0] m/s. The frequency
of oscillation is set to ω = π rad/s, yielding the period of oscillation T = 2
s. Since the inviscid flow is considered, slip boundary conditions for velocity
are used at the bottom and top boundaries, while zero gradient is used at
the outlet. For dynamic pressure, zero gradient boundary condition is used
at the bottom, inlet and outlet boundary, while fixed value is set at the top
boundary. For perturbation level set, fixed value is set to zero at the inlet
boundary, while incident level set define the calm water initial condition.
Zero gradient is set on the outlet, bottom and top boundary.

Fig. 1: Incident velocity field with the LS field corresponding to calm free surface (pre-
sented using α volume fraction for clarity).

Final free surface position

U

g

4m 1m 4m
x

y

h2

Initial free surface position

0.2m

h1

Fig. 2: Geometry of the ramp test case.
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4.1.1. Reference transient simulation

Transient simulation is performed using a grid with 13 000 cells, with a
periodic inlet velocity boundary condition corresponding to Eqn. (33). In
order to ensure periodic convergence, 20 periods are simulated. Zeroth, ηa,0,
and first, ηa,1, order harmonic amplitudes of free surface elevation are ob-
tained with Fast Fourier Transform (FFT) of the wave elevation signal in
time, which is measured 0.5 m from the outlet boundary. Moving window is
used for the input of the FFT where the width of the window corresponds to
the period T . Successive moving window FFT’s are used to determine the
periodic convergence of the zeroth and first order harmonic amplitudes.

Fig. 3 presents the time series of the free surface elevation, while the
corresponding periodic convergence obtained using the moving window FFT
is shown in Fig. 4, where the convergence of zeroth, first and second order
can be seen with respect to number of simulated periods. The convergence is
achieved after approximately 5 wave periods, i.e. 10 s of simulated time. The
converged zeroth, first and second order free surface elevation amplitudes are
shown in Table 1, and will be used for comparison with the HB simulation.

0 10 20 30 40

Time, s

1

1.1

1.2

1.3

1.4

1.5

η
, 
m

Fig. 3: Time signal of the free surface elevation in the transient ramp simulation.
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Fig. 4: Periodic convergence of zeroth, first, and second order harmonic amplitudes of free
surface elevation ηa,i in the ramp transient simulation.

Table 1: Periodically converged results for zeroth, first and second harmonic amplitudes
of the free surface elevation for the ramp test case.

Order, i Elevation amplitudes, ηa,i, m
0 1.2695
1 0.1561
2 0.0403

4.1.2. Grid refinement study

The grid refinement study for the HB approach presented in this work
is performed using three grids with 3 250, 13 000 and 52 000 cells, yielding
refinement ratio r = 2. Since two harmonics are used, the grid uncertainty
is assessed for the zeroth, first and second orders of the free surface elevation
near the outlet boundary. Fig. 5 sequentially shows the dynamic pressure in
converged HB and transient simulations corresponding to the time instants
T/5, 2T/5, 3T/5, 4T/5 and T ; note that the period T is discretised using 5
time instants since two harmonics are used (see Eqn. (10)). The location of

18



the interface can be recognized by the sharp dynamic pressure jump obtained
by the GFM. In all three simulations 3 000 iterations are performed to ensure
convergence, as shown in Fig. 6, where convergence of zeroth, first and second
order harmonic amplitudes of the surface elevation ηa is presented for all three
grids. Note that the convergence is faster for coarser grids as indicated by
the stability analysis (see Eqn. (26)).

The results of the grid convergence study are summarised in Table 2,
where type of convergence, achieved order of accuracy and grid uncertainty
in percentages is shown for zeroth, first and second order. All three harmonics
exhibit monotone convergence with uncertainties below 0.1% for zeroth and
first order, and below 2% for the second order. The higher uncertainty of
the second order is expected, since it is most likely to contain the truncation
error caused by the finite Fourier series and it has a relatively small absolute
value: approximately 10% of the first order amplitude. The achieved order of
accuracy ranging from 1.75 to 2.9 shows that the convergence is not perfect,
however second order accuracy of the FV method is generally achieved in the
HB approach.

Table 2: Grid convergence results for the periodic ramp test case.

Order Convergence type p UG, %
0 MC 1.750 0.085
1 MC 2.860 0.083
2 MC 2.099 1.930

4.1.3. Spectral resolution sensitivity study

In order to establish the sensitivity of the result with respect to resolved
number of harmonics, results with 1, 3, 5, 6 and 7 harmonics are presented.
As was the case in the grid convergence study, 3 000 iterations are performed
to ensure convergence. Convergence of the zeroth, first and second order
harmonic amplitudes of surface elevation ηa is shown on Fig. 7 for 2, 4 and
8 harmonics. Although it is predicted in the stability analysis, improvement
of convergence is not observed with increasing the number of harmonics in
this case.

Fig. 8 shows the solution of the zeroth, first and second order harmonic
amplitudes with respect to the resolved number of harmonics. Although ac-
curate results can be obtained with 4 harmonics, the convergence is reached
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(a) HB, t = T/5 (b) Transient, t = T/5

(c) HB, t = 2T/5 (d) Transient, t = 2T/5

(e) HB, t = 3T/5 (f) Transient, t = 3T/5

(g) HB, t = 4T/5 (h) Transient, t = 4T/5

(i) HB, t = T (j) Transient, t = T

Fig. 5: Converged dynamic pressure obtained with HB for the ramp test case at different
time instants throughout the period compared to the transient solution.
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Fig. 6: Convergence of zeroth, first and second surface elevation harmonic amplitudes for
all three grids.

after 7 harmonics, indicating that this case requires large spectral resolution.
For the second order harmonic amplitude, small change in result is observed
between 7 and 8 harmonics as well.

Table 3 shows the results of the zeroth ηa,0, first ηa,1, and second ηa,2 har-
monic of the surface elevation for different spectral resolutions (i.e. number
of harmonics) and relative difference with respect to transient simulation.
The relative difference ε = (St − Shb) /St between HB and transient simula-
tion results is given in percentages, where St denotes the transient solution,
while Shb denotes the harmonic balance solution. ε0, ε1 and ε2 denote the
relative difference of the zeroth, first and second order harmonic amplitudes
of the free surface elevation, respectively. The relative difference of the zeroth
order amplitude with the transient simulation is -1.64 % with one resolved
harmonic, reducing to approximately −0.2% with the increase of resolved
harmonics. The relative difference for the first order exhibits larger depen-
dence on the number of resolved harmonics reducing from 15% with one
harmonic to 2.1% with eight resolved harmonics. For the second order, the
trend with increasing number of harmonics crosses the transient result and
converges to around 15% difference.
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Fig. 7: Convergence of zeroth, first and second surface elevation harmonic amplitudes in
the ramp test case for 2, 4, and 8 harmonics.

Table 3: Zeroth, first and second order harmonic amplitudes of the free surface elevation
in the ramp test case obtained for different spectral resolutions.

No. Harmonics ηa,0, m ηa,1, m ηa,2, m ε0 , % ε1, % ε2, %
1 1.29035 0.179472 N/A -1.6 -15.0 N/A
2 1.28485 0.186762 0.029416 -1.2 -19.6 26.8
3 1.26487 0.175538 0.042680 0.4 -12.5 -6.2
4 1.27065 0.163556 0.042165 -0.1 -4.8 -4.9
5 1.27084 0.164377 0.044321 -0.1 -5.3 -10.3
6 1.27240 0.161346 0.046610 -0.2 -3.4 -15.9
7 1.27210 0.159447 0.045405 -0.2 -2.1 -12.9
8 1.27218 0.159308 0.046045 -0.2 -2.1 -14.5

4.2. Regular wave propagation with current

Viscous 2D simulations of regular wave propagation with uniform current
are performed as a second test case. A mildly steep wave is used with T = 4 s
and H = 0.3 m, with a current of 4 m/s aligned with direction of wave propa-
gation, resulting in wave length λ = 43.6 m and wave steepness ka = 0.0216.
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Fig. 8: Convergence of zeroth, first and second surface elevation harmonics with respect
to the number of resolved harmonics in the ramp test case.

The domain is four wave lengths long with half wave length relaxation zones
at the inlet and outlet boundaries, leaving three wave lengths of unaffected
computation domain. Surface elevation is measured in the middle of domain,
at x = 87.2 m. Water depth is set to 6 m, while the top boundary is set 1 m
above the mean free surface level. Unlike the ramp test case, free surface and
velocity are initialised using the nonlinear stream function wave theory [53]
solution at given time instances. Thus, the initial condition for free surface
elevation and velocity field should be very close to the final solution. Initial
condition for t = T is presented in Fig. 9, where the magnitude of the initial
velocity field is shown, along with clearly visible position of the free surface.
The perturbation components of velocity uP and level set ψP , as well as
dynamic pressure, are initialised to zero.

4.2.1. Reference transient simulation

Transient simulation is performed using the fine grid with 36 540 cells
from the grid refinement study of HB method below. 400 time–steps per
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Fig. 9: Initial condition in the HB simulation for the wave propagation test case for t = T .

wave period are used, while 50 wave periods have been simulated to ensure
periodic convergence. Zeroth, first and second order harmonic amplitudes of
the free surface elevation ηa are obtained using the moving window FFT, as
described in the previous test case.

Fig. 10 shows the time signal of the free surface elevation, while Fig. 11
shows the periodic convergence of zeroth, first and second order harmonic
amplitudes of the free surface obtained using moving window FFT on suc-
cessive wave periods, where it can be seen that acceptable convergence is
obtained. The converged values of zeroth, first and second harmonic am-
plitudes are given in Table 4, which are later used to validate the present
approach by comparing the same grid refinement level.

Table 4: Zeroth ηa,0, first ηa,1 and second ηa,2 harmonic free surface elevation amplitudes
from the wave propagation transient simulation.

Order, i ηa,i, m
0 0.00129
1 0.15260
2 0.00644

4.2.2. Grid refinement study

Constant grid refinement ratio r = 2 is used, therefore the three used
grids have 2 284, 9 135 and 36 540 cells. The number of cells per wave height
is 15, 30 and 60, respectively. Same as in the ramp test case, zeroth, first and
second order harmonic amplitudes of the free surface elevation are considered.
Fig. 12 shows the converged solution corresponding to t = T as an example,
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Fig. 10: Time signal of the free surface elevation in the transient wave propagation simu-
lation.

where dynamic pressure pd is shown. 5 000 time–steps are performed in
all cases to ensure convergence. Fig. 13 shows convergence of zeroth, first
and second order using different grids, where it can be seen that all items
converge.

Grid uncertainties are presented in Table 5 with the type of convergence
and assessed order of accuracy p. Note that grid uncertainties are presented
in absolute values rather than in percentages since the zeroth order harmonic
amplitude is close to zero. All items exhibited monotone convergence, with
the order of accuracy of 1.6 for the first and 2.1 for the second order harmonic.
The zeroth order has a very low order of accuracy which could indicate that
the refinement study is not within the asymptotic range for the zeroth order.
The uncertainty for the first order is 1.29% in respect to the fine grid solution,
while the second order exhibited 7.74% uncertainty.

4.2.3. Spectral resolution sensitivity study

Same as in the ramp test case, spectral resolution sensitivity study is per-
formed using 1 to 8 harmonics on the fine grid with comparison to transient
results. Following the grid convergence study, 5 000 time–steps are performed
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Fig. 11: Periodic convergence of zeroth, first and second order harmonic amplitudes of
free surface elevation ηa,i in the wave propagation transient simulation.

Fig. 12: Converged solution of the wave propagation test case for t = T .

to ensure convergence, which is shown on Fig. 14 for the zeroth, first and
second order harmonic amplitudes of the free surface elevation ηa,i using 2, 4,
and 8 resolved harmonics. It can be observed that increasing the number of
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Fig. 13: Convergence of zeroth, first and second surface elevation harmonic amplitudes in
wave propagation case for all three grids.

Table 5: Grid convergence results for the wave propagation test case.

Order, i Convergence type p UG, m
0 MC 0.283 0.0039
1 MC 1.603 0.0020
2 MC 2.116 0.0005

harmonics accelerates and enhances the convergence of both zeroth and first
order amplitudes, which is in accordance with the stability analysis presented
in section 3.1.

The zeroth, first and second order harmonic amplitudes of free surface
elevation with respect to number of harmonics are shown in Fig. 15, where
it can be seen that zeroth and first order converge rapidly with the increase
of resolved harmonics. It can be concluded that 2 harmonics will give satis-
factory results when simulating waves with small steepness. For the second
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order, the convergence is not as pronounced. However, for all harmonics the
second order solution is within 0.00578 and 0.00606, which corresponds to
an uncertainty interval of 4.6%. For solutions obtained using four or more
harmonics the uncertainty interval is 1.7%, which is acceptable for second
harmonic of linear wave that has a small amplitude.

Results obtained with 1, 2, 3, 4, 5, 6, 7 and 8 resolved harmonics are pre-
sented in Table 6 with corresponding differences with the transient solution.
The solution is taken as average over the last one hundred iterations, where
the iterative uncertainty remains below 1% for all items. With increasing
the number of harmonics, the iterative uncertainty reduces, as indicated in
Fig. 14. Difference for the zeroth order amplitude is given as absolute value
instead of relative due to a close to zero absolute values of the zeroth order
amplitude. Differences between the HB simulation and the transient simu-
lation are very small, below 1% for the first order in all cases. As opposed
to the ramp test case, it is evident that here the higher order harmonic am-
plitudes have minor influence, since the differences for the first order do not
decrease with the increasing number of resolved harmonics, i.e. one resolved
harmonic is sufficient, as expected for a linear wave (ka = 0.0216). This is
also true for the second order, where the difference stays below 10% except
with three harmonics. Note that, since truncation of the Fourier series is
always present in HB, the HB solution can never be exactly the same as the
transient solution due to the truncation error.

Table 6: Zeroth, first and second order harmonic amplitudes of the free surface elevation
compared to the transient result. Note: ηa,0 has close to zero values, hence ε0 is given as
absolute difference.

No. Harmonics ηa,0, m ηa,1, m ηa,2, m ε0, m ε1, % ε2, %
1 0.001898 0.1531 N/A -0.0006 -0.328 N/A
2 0.000302 0.1520 0.0061 0.0010 0.393 5.7
3 0.000411 0.1519 0.0058 0.0009 0.459 10.2
4 0.000394 0.1518 0.0059 0.0009 0.524 8.1
5 0.000352 0.1517 0.0059 0.0009 0.590 8.4
6 0.000438 0.1517 0.0058 0.0009 0.590 9.7
7 0.000337 0.1516 0.0059 0.0010 0.655 8.5
8 0.000332 0.1516 0.0059 0.0010 0.655 7.9
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Fig. 14: Convergence of zeroth, first and second surface elevation harmonic amplitudes in
wave propagation cases for 2, 4 and 8 harmonics.

4.2.4. Comparison of computational time

In this section computational time is compared between the transient and
HB simulations. Table 7 shows the computational time needed for simulation
on the fine grid level, for both HB and transient approach. TCPU stands for
computational time, while TCPU, c stands for the computational time elapsed
until convergence. For the transient simulation, the solution is considered
converged after 10 periods, at which point first and second order harmonic
amplitudes converged, while zeroth order still experiences oscillations. How-
ever, the oscillations of the zeroth order are relatively small and the mean
value does not change considerably, see Fig. 11. HB simulations are con-
sidered converged after 3 000 iterations, after which zeroth, first and second
order harmonic amplitudes converged, see Fig. 14.

HB simulations take more computational time to converge, even with
only one resolved harmonic. Hence, the savings in time is not exhibited for
the case of wave propagation. Savings in computational time reported in re-
lated publications (e.g. [28]) is not reproduced here due to more numerically
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Fig. 15: Convergence of zeroth, first and second order harmonic amplitudes of the surface
elevation with respect to the number of resolved harmonics in the wave propagation case.

expensive implicit coupling of HB equations. Solving a system using block
matrices demands more computational time due to more time consuming
numerical inversion of resulting block matrix.

5. Comparison with explicit HB source coupling

In order to confirm that implicit coupling is necessary for surface waves–
related problems, explicit HB approach is used to simulate the regular wave
described in section 4.2, where two and three harmonics and three grid re-
finements are used.

Fig. 16 shows the convergence of the first order surface elevation harmonic
amplitudes with three grid resolutions used in section 4.2.2, where explicit
coupling between HB steady state simulations is used. As the stability study
indicated, refining the grid enhances the convergence for explicit coupling.
Notwithstanding, all of the simulations eventually diverged, regardless of the
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Table 7: Comparison of computational time between HB and transient simulations.

No. Harmonics TCPU , s TCPU/TCPU, t TCPU, c, s TCPU, c/TCPU, t
1 4453 0.6 2718 1.8
2 7300 1.0 4900 3.3
3 9510 1.3 5969 4.1
4 11212 1.5 8394 5.7
5 15741 2.2 9217 6.3
6 18901 2.6 12219 8.3
7 21675 3.0 15135 10.3
8 24358 3.4 17923 12.2

Transient, TCPU, t 7260 1.0 1470 1.0

number of harmonics and grid refinement. Similar behaviour is exhibited for
other harmonics, which are not shown for brevity.
Fig. 17 shows the convergence comparison between simulations where two
and three harmonics have been used. As indicated by the stability analy-
sis, increasing number of harmonics deteriorates the convergence for explicit
coupling.
Presented results obtained using explicit coupling of HB source terms confirm
that implicit coupling is necessary for marine hydrodynamic applications of
HB method. Even at moderate current of 4 m/s, explicit coupling fails to
converge.
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Fig. 16: Convergence of first harmonic of surface elevation for all three grids using explicit
HB coupling.
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Fig. 17: Convergence comparison of the first harmonic of surface elevation with two and
three resolved harmonics using explicit HB coupling.
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6. Regular wave propagation without current

In this section the main assumption behind the reasoning for implicit cou-
pling of HB source terms is tested. Regular wave propagation simulations
are performed with no current, i.e. zero mean flow velocity, which cannot be
performed using the explicit approach. A test matrix with all combinations
of grid resolutions and number of resolved harmonics is conducted in order
to investigate the stability limits of the approach. Hence, simulations using
three grids are conducted with 1 to 8 resolved harmonics, i.e. 24 simula-
tions altogether. Same regular wave characteristics are used as in the above
studies. It is shown that with zero mean velocity, the method has more dif-
ficulties to converge, and requires larger spectral resolution compared to the
simulations with current.

For each grid level a separate table is given showing zeroth, first and sec-
ond order harmonic amplitudes of the free surface elevation. The results are
given in Table 8, Table 9 and Table 10. Iterative uncertainty is given as a
convergence indicator, calculated according to Eqn. (32), where the last 1 000
iterations are considered. 10 000 iterations are performed in each simulation
to ensure convergence. The dashed line in the tables divides the converged
and diverged simulations, where the later are above the line.

On the coarse grid level, the simulation where one harmonic was used
failed to converge, as can be seen in Table 8 from the unrealistic values of
zeroth and first harmonic amplitudes, and from high iterative uncertainties.
Increasing the number of harmonics reduces the iterative uncertainty, which
is expected according to the stability analysis. First order harmonic am-
plitude shows convergence with increasing number of harmonics, while the
zeroth order oscillates. Second order harmonic converges with increasing
harmonics, except for the case where 7 harmonics are used, which should be
investigated further.

Refining the grid deteriorates the convergence; on the medium grid at
least four harmonics are needed to obtain a stable result, where large itera-
tive uncertainties are exhibited for the zeroth and second order amplitudes.
With the fine grid, 6 harmonics are required for convergence, while 7 and
8 produce acceptably low numerical uncertainties for first order amplitude.
As expected, refining the grid requires higher spectral resolution in order to
ensure convergence, which is in accordance with the stability analysis. How-
ever, the stability analysis showed that at zero mean velocity the method
should be unconditionally stable, which is not the case. Instead, the tests
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presented in this section show that the method is conditionally stable. As
stated before, the von Neumann stability analysis is performed by introduc-
ing assumptions for linearisation of governing equations, thus giving limited
insight into the stability of the actual method. Nonetheless, it is proven here
that implicit coupling enables simulations with zero mean velocity.

In order to quantify the stability conditions, reduced frequency Ω is in-
troduced:

Ω =
∆xωN

U
, (34)

which appears in the denominator of Eqn. (26). Ω can be calculated for every
cell in the FV domain, in which case U represents the local velocity in the
cell centre. Larger Ω means better stability, meaning that the minimum of Ω
in the computational domain presents a stability criterion. Note that the Co
number is not considered here, since it ranged from 0.2 to 1.2, having minor
influence on the change of stability between the grid levels. This is confirmed
since refining the grid increases the Co, which should enhance the stability
of the simulation. However, increasing the grid resolution deteriorates the
convergence, leading to a conclusion that reduced frequency is dominant.
Table 11 shows the minimum reduced frequency Ωmin for simulations with
every combination of grid resolution and number of harmonics, as well as
convergence status which is indicated for clarity. C stands for ”converged”
and D stands for ”diverged”. The same data is presented graphically in
Fig. 18. The relation between Ωmin and convergence is consistent: there is
no overlapping interval of Ωmin where both convergence and divergence is
exhibited, rendering Ωmin a good measure of stability. Minimal Ωmin which
yielded a converged solution is 0.241, while the maximum that failed to
converge equals to 0.162. Hence, the stability limit is somewhere in between
these two values.

7. Conclusion

A viscous, spectral, fully nonlinear numerical method for two–phase flow
simulations is presented in this paper. The method is based on the Har-
monic Balance approach applied to an existing transient, viscous, two–phase
numerical method. The disability of the HB method to simulate flows with
zero or close to zero mean flow velocities is overcome by coupling the HB
equations implicitly.
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Table 8: Convergence of harmonic amplitudes of the free surface elevation for the wave
propagation case without current, coarse grid.

No. Harmonics ηa,0, m ηa,1, m ηa,2, m U0, % U1, % U2, %
1 2.49E+12 8.69E+12 N/A 839.39 386.45 N/A
2 0.002250 0.1400 0.014006 2.80 0.62 4.82
3 0.000464 0.1323 0.014357 0.07 0.01 0.05
4 0.002751 0.1314 0.013379 0.04 0.01 0.36
5 0.001197 0.1307 0.012224 0.03 0.02 0.27
6 -0.000905 0.1304 0.012657 0.02 0.01 0.49
7 0.000259 0.1305 0.008926 0.46 0.01 0.66
8 -0.000404 0.1305 0.012073 0.11 0.01 0.12

Table 9: Convergence of harmonic amplitudes of the free surface elevation for the wave
propagation case without current, medium grid.

No. Harmonics ηa,0, m ηa,1, m ηa,2, m U0, % U1, % U2, %
1 -0.004951 0.1211 N/A -1098.9 43.52 N/A
2 -2.5E+13 7.3E+13 8.2E+13 -324.66 191.39 247.87
3 3.0E+12 2.8E+13 2.9E+13 1833.40 255.73 244.83
4 0.001528 0.1562 0.003339 44.44 0.64 75.41
5 0.000988 0.1543 0.006011 2.70 0.24 2.64
6 0.001289 0.1536 0.004920 1.59 0.12 1.66
7 0.001759 0.1539 0.005415 2.68 0.18 5.95
8 0.001179 0.1548 0.005927 1.98 0.05 1.68

Benefits of implicit coupling are proved mathematically using von Neu-
mann stability analysis, which showed that implicit coupling provides un-
conditional stability with respect to the number of resolved harmonics, grid
resolution and mean flow velocity. Verification and validation is performed
on two test cases where grid refinement studies and spectral resolution sensi-
tivity studies have been carried out. The results are compared to a referent
transient simulation for validation. Verification study showed monotone grid
convergence for all items with low grid uncertainties, while the order of ac-
curacy ranges from 1.6 to 2.86. The results agree well with the transient
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Table 10: Convergence of harmonic amplitudes of the free surface elevation for the wave
propagation case without current, fine grid.

No. Harmonics ηa,0, m ηa,1, m ηa,2, m U0, % U1, % U2, %
1 -0.000991 0.1012 N/A -9480.45 89.21 N/A
2 8.7E+11 1.7E+12 1.7E+12 1932.95 1932.95 1932.95
3 -1.8E+12 4.4E+12 4.0E+12 -2719.88 1679.14 1780.45
4 -0.002122 0.1548 0.014131 -301.01 4.84 105.60
5 4.8E+11 9.6E+11 9.6E+11 2096.56 2096.56 2096.56
6 0.002367 0.1554 0.007308 16.43 0.77 57.54
7 0.002468 0.1563 0.007212 19.90 0.53 28.50
8 0.002440 0.1547 0.005809 1.06 0.44 5.58

Table 11: Minimum reduced frequency for wave propagation case without current.

No. Harmonics Ωmin and convergence status
Coarse grid Medium grid Fine grid

1 0.049 D 0.020 D 0.008 D
2 0.330 C 0.036 D 0.016 D
3 0.550 C 0.105 D 0.029 D
4 0.710 C 0.332 C 0.065 D
5 0.883 C 0.421 C 0.162 D
6 1.071 C 0.504 C 0.241 C
7 1.250 C 0.589 C 0.288 C
8 1.423 C 0.675 C 0.329 C

simulation, with the majority of items having the relative difference below
1%. Comparing the computational time of HB method with the transient
simulation revealed that HB simulations require more time to converge, which
is contrary to the findings shown in previous publications. Larger computa-
tional time is caused by implicit coupling of HB equations using block matrix,
which is necessary for naval hydrodynamic applications. Next the inadequacy
of explicit HB coupling approach for low mean velocity is demonstrated on
a wave propagation test case with current.

To test the hypothesis that zero mean velocities can be simulated using
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Fig. 18: Minimum reduced frequency for wave propagation case without current.

implicit HB coupling, detailed study is performed for wave propagation with-
out current. Number of resolved harmonics are varied as well as grid resolu-
tion confirming that the stability enhances with increasing spectral resolution
and decreasing grid resolution, which is predicted by the von Neumann sta-
bility analysis. However, it is shown that the method is conditionally stable,
contrary to the prediction of the stability analysis. Nonetheless, the method
proved to be applicable for wave propagation with zero mean flow, rendering
the approach feasible for naval hydrodynamic applications.

The present model proved to be applicable in the field of naval hydrody-
namics, and generally for periodic, viscous, nonlinear, large scale two–phase
flows. Acceptable accuracy can be achieved in the comparison with the tran-
sient approach, while attaining the stationary character of equations. The
ability to transform a periodic transient flow into steady state opens a pos-
sibility for automatic optimisation of hull geometry with respect to wave–
related objectives, such as added wave resistance or ship motion. This is a
new opportunity which will be investigated in the future. The next step is
to perform realistic simulations where wave–hull interaction will be involved,
including wave–induced ship motion.
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