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ARE BUSINESS CYCLES PHASE TRANSITIONS?

BARI� PISAROVI� Gordana, (CRO), GREBLI�KI
Marijana, (CRO), RAGU� Andrija, (CRO)

Keywords and phrases: Convergence, dynamical system, equilibrium,

minimization, Cahn-Hilliard functional

Mathematics subject classi�cation: Primary 34E15, 34C25, 35M10; Sec-

ondary 49J45

Abstract. In this note we interpret the well-known one-dimensional Cahn-Hilliard
functional as the model for achieving the dynamic equilibrium over large periods of
time in given national economy with known initial aggregate economic parameters. The
economy is viewed as the dynamical system, without strict separation to exogenous
and endogenous variables, but with assumed existence of business cycles (viewed as
"phases" or "states"), which bring both balance and imbalance to the state of the
economy. Our conclusions are based on a number of results obtained by A. Raguº
outside the economic context, which are related to standard analysis of Cahn-Hilliard
functionals in one dimension. Mathematical apparatus used is Gamma convergence
of functionals de�ned on the appropriately chosen space of functions, as well as the
relaxation method in the variational calculus over the space of Young measures. We
prove that under relatively mild assumption on double well potential function and the
optimal pro�le function we can indeed deduce both economic interpretation of the
mentioned model and the desired equilibrium state of the national economy in terms
of balancing the usual economic parameters.



1 Introduction

In the last several decades numerous attempts have been made to bridge the gap
between natural sciences like physics, applied mathematics and corresponding classical
sub-�elds of study (already saturated with rigorous theoretical results) on the one
hand, and modern theoretical economy (which is viewed as a borderline discipline
which includes both social science and natural science methods and terminology) on
the other. Herein we provide a contribution to this e�ort by proposing to interpret
already independently developed model from the physical context in the economic
context. As such, our approach must be classi�ed as an econophysical approach.

2 Preliminaries

In this section we present the summary of our consideration. While a more complex
interplay between various economic parameters is presumed to exist in real-life situ-
ations, we focus on simpli�ed model where aggregated quantities provide su�ciently
good approximation for market behavior. More than that, we extend the usual as-
sumption that minimizing the imbalance leads to balance, i.e., to equilibrium state of
the market. The chief notion in that respect is the notion of �nite-energy sequence
(FE sequence for short) instead of the notion of minimizing sequence, representing
unsuccessful attempts of the market to balance itself, whereby attempts are such that
state of the market is still rather close to the actual equilibrium (with some small error
measured in terms of units of trend). We do not consider extremely bad states of the
market which are very far o�. Our model, which can be best described as variational
formulation of the problem of �nding equilibrium of the economy, assumes that econ-
omy is demand-driven. We propose our model as the model which explains appearance
of the phase-cycling (state-switching). If discrepancy between say, demand and supply,
de�nes the entropy function function t 7→ u(t), its slope −1 (+1, resp.) represents
decline (growth, resp.) of the economy, but can be interpreted in a number of di�erent
ways: for instance, in microeconomic (macroeconomic, resp.) context, slope +1 can be
seen as (aggregate, resp.) surplus of supply, and slope −1 as (aggregate, resp.) surplus
of demand. As is customary in the physical context, we assume that for large values
of t the entropy of the system is small. Since simpli�ed case of slope belonging to a
two-point set {−1, 1} is not feasible in real-life situations, in the end of our paper we
set up more realistic time-paths of entropy function t 7→ u(t).

In the sequel we present mathematical background necessary for our consideration. To
this end, we introduce the notation and precisely describe the objects which will be
used throughout the paper. We conform to the notation of [1] whenever possible. We
work on the unit interval (0, 1) endowed with Lebesgue measure, which is denoted by
λ. The letter s denotes the slow variable in (0, 1), t the fast variable in R, and u, v
are always real functions on R. The letter x stands for (Borel) measurable function of
the fast variable t which is de�ned almost everywhere. The letter C denotes a generic
constant. We also consider a compact metric space (K, d) (the space of patterns), which
is de�ned as follows: K is the set of all measurable mappings x : R −→ [−∞,+∞],
endowed with the metric d de�ned by

d(x1, x2) :=
∞∑
k=1
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where (yk) is a sequence of bounded functions which are dense in L1(R), such that the
support of yk is a subset of (−k, k), with αk := ∥yk∥L1+∥yk∥L∞ . As shown in [1], Lp

loc(R)
embeds continuously in K (cf. [1], Proposition 5.1, Remark 5.2). Meas((0, 1);K) is a
class of all measurable maps from Ω to K, the Banach space C(K) is the space of all
continuous real functions on K, whose dual is, as usual, identi�ed with the space of all
�nite real Borel measures on K, denoted by M(K), by the duality pairing

⟨µ, g⟩ :=
∫
K

gdµ , g ∈ C(K) , µ ∈ M(K) .

M(K) is always endowed with the corresponding weak-star topology. Weak-star topol-
ogy on M(K) is induced by norm ϕ de�ned by

ϕ(ν) :=
∑
i

1

2iαi

⟨ν, gi⟩ , (1)

where the countable family (gi) is dense in C(K), and αi := ∥gi∥L∞ . The set of all
probability Borel measures acting on space K is denoted by P (K). To introduce the
notion of the Young measure in the next subsection, we recall that the Banach space
L1((0, 1);C(K)) is the set of all measurable mappings φ : (0, 1) −→ C(K) which
satisfy

∫ 1

0
|φ(s)|ds < +∞. Dual of such a space is isometrically isomorphic to the

Banach space of all weakly-star measurable mappings ν : (0, 1) −→ M(K) which are
essentially bounded with respect to a one-dimensional Lebesgue measure, equipped
with the obvious norm. The later space will be denoted by L∞

w∗((0, 1);M(K)). The
duality pairing used in this case is

⟨ν, φ⟩ :=
∫ 1

0

⟨νs, φ(s)⟩ds , φ(s) ∈ C(K) .

It is a well-known fact that every bounded set of L∞
w∗((0, 1);M(K)), if endowed with the

weak-star topology, is pre-compact and metrizable. Since the tensor products h ⊗ g,
h ∈ L1(0, 1), g ∈ C(K), span the dense subspace in L1((0, 1);C(K)), it turns out
that the weak-star topology on bounded sets in L∞

w∗((0, 1);M(K)) is induced by the
following norm:

Φ(ν) :=
∑
i,j

1

2i+jαi,j

∫ 1

0

⟨νs, gi⟩hj(s)ds , (2)

where the countable family (gi) is dense in C(K), and (hj) are bounded and dense in
L1(0, 1), with αi,j := ∥gi∥L∞∥hj∥L∞ . For every τ ∈ R Tτ : K −→ K is the functional
translation de�ned by Tτx(t) := x(t− τ), for x ∈ K and t ∈ R. It is not di�cult to see
that the group G of functional translations acts continuously on K (see [1], Proposition
5.3). Similarly, it can be easily checked that an associated group G# := {T#

τ : τ ∈ R}
acts continuously on M(K), where a notation T#

τ µ is reserved for a push-forward
measure of the measure µ according to the map Tτ , and is de�ned by the relation

⟨T#
τ µ, g⟩ := ⟨µ, g ◦ Tτ ⟩ , g ∈ C(K) .

We say that a measure µ is invariant if it is invariant with respect to action of G#,
that is to say, if there holds T#

τ µ = µ for every τ ∈ R. I(K) denotes the class of all



invariant probability measures on K. The orbit of x ∈ K, denoted by O(x) is the set
of all translations of x. If x is periodic, O(x) is compact. Every h-periodic function x
generates the measure ϵx given by

⟨ϵx, g⟩ := −
∫ h

0

g(Tτx)dτ , g ∈ C(K) .

Such a measure is the unique invariant probability measure supported on O(x). We
refer to ϵx as to an elementary invariant measure associated to x. By H2

per(0, 1) we
denote a set of all real functions on (0, 1), extended to R by periodicity, which belong
to Sobolev space H2

loc(R). If g : (0, 1) −→ R is a Lipschitz-continuous function satis-
fying Lip(g) < 1. Ss(I) stands for a class of all continuous piecewise a�ne functions
(sawtooth functions) on bounded open interval I with slope {−1+g′(s), 1+g′(s)} only.
Finally, Ss

per(I) denotes a set of all real functions on I extended to R by periodicity
which are of the class Ss(J) for every open interval J .

We are primarily interested in proving a Γ-convergence result for certain functionals
de�ned over the space of Young measures, and in this subsection we outline general
results for Young Measures, relaxation, and continuity properties of mappings extended
from Meas((0, 1);K) to YM((0, 1);K) (cf. De�nitions below). We point out that
proofs, as well as a more detailed list of references, can be found in [1] and [32].

Definition. (Young Measures) A K-valued Young measure on (0, 1) (or Young mea-
sure on micropatterns) is a map ν ∈ L∞

w∗((0, 1);M(K)) such that νs is a probability
measure for almost every s ∈ (0, 1). The set of all Young measures is denoted by
YM((0, 1);K) and it is always endowed with the topology of L∞

w∗((0, 1);M(K)). The
elementary Young measure associated to a measurable map u : (0, 1) −→ K is the
map δu : (0, 1) −→ M(K) given by δu(s) := δu(s), s ∈ (0, 1). We say that a sequence
of measurable maps uk : (0, 1) −→ K generates the Young measure ν, if the corre-
sponding elementary Young measures δuk converges to ν in the weak-star topology of
L∞

w∗((0, 1);M(K)).

Definition. (Relaxation) Let X be a metric space and let F : X −→ [0,+∞]. The
relaxation F of F on X is the lower-semicontinuous envelope of F , that is, the supre-
mum of all lower-semicontinuous functions below F . Alternatively, F is characterized
by the following formula:

F (x) := inf{lim inf
k−→+∞

F (xk) : xk −→ x} .

Definition. (Γ− convergence and continuous convergence) Let X be a metric
space. A sequence of functions F ε : X −→ [0,+∞] Γ-converges to F on X, and we
write F ε Γ−−−→F , if the following is ful�lled:

(i) Lower-bound inequality: For every x ∈ X and a sequence (xε) in X such that
xε −→ x it holds lim infε F

ε(xε) ≥ F (x), and

(ii) Upper-bound inequality: For every y in X there exists a sequence (yε) in X such
that yε −→ y and lim supε F

ε(yε) ≤ F (y).



Functions F ε continuously converge to F on X if F ε(xε) −→ F (x) whenever
xε −→ x, which is written as F ε C−−−→F .

The following property shows that the proper setting for studying asymptotic mini-
mization problems is precisely Γ-convergence setting.

Theorem. (Stability of minima) For every sequence (F ε) such that F ε Γ−−−→F as
ε −→ 0 there holds limε−→0 minF ε = minF .

Theorem. (Fundamental theorem of Young measures) For every sequence of mea-
surable maps uk : (0, 1) −→ K there exists a subsequence (not relabelled) which gen-
erates a Young measure ν, i.e., δuk

∗−−−⇀ν. Moreover, ν has the following properties:

(i) If f : (0, 1)×R −→ R is a Carathéodory function satisfying |f(s, x)| ≤ h(s) for
some h ∈ L1((0, 1)), then

lim
k−→+∞

∫ 1

0

f(s, uk(s))ds =

∫ 1

0

⟨νs, fs⟩ds .

(ii) The maps uk converge in measure to some u : (0, 1) −→ K if and only if ν is an
elementary Young measure associated to u.

3 Formulation of the problem

We include a brief review of traditional rudimentary macroeconomic equilibrium mod-
els. The common feature of these models is an a priori assumption that equilibrium is
achieved at times when certain quantities obtain corresponding optimal values. First,
we mention the so-called static linear market equilibrium model. As such, this model
assumes that D = D(p) (S = S(p), resp.), a given aggregate demand (supply, resp.),
is a�ne function in independent variable p, where p is price of a single (or aggre-
gate) product. Then equilibrium occurs when S = D, which results in single optimal
value of the price. Dynamic variant of this model include more realistic assumption
that price itself depends on time variable t, so that p = p(t), and D = D(t, p(t)),
S = S(t, p(t)). Classical dynamic equilibrium models include balancing of higher-
order derivatives of p(t), so that the equilibrium equation can be stated in the form
of lower-order ordinary di�erential equation, endowed with suitable initial conditions.
According to coe�cients in such equation, the market can, with respect to time-path
of aggregated price, behave as oscillatory stable (cf. Figure 1), oscillatory unstable
(with steady or increasing amplitude of oscillations (cf. Figure 2 and Figure 3)), de-
creasingly stable (cf. Figure 4) or explosively increasing unstable market (cf. Figure
5). Such model is known as the model of the market equilibrium with price expecta-
tion. In its simplest form, this model assumes that t 7→ D(t, ξ) (t 7→ S(t, ξ), resp.) is
constant for every ξ ∈ R, and that QD(t) := D(p(t)) = α − βp(t) + mp′(t) + np′′(t)
(QS(t) := S(p(t)) = −γ + δp(t) + ηp′(t) + θp′′(t), resp.), where m,n, η, θ are constants
(the so-called speculative elements) and where α, β, γ, δ are positive constants. Then
the equilibrium equation S−D = 0 reads (θ−n)p′′(t)+(η−m)p′(t)+(δ+β)p(t) = γ+α.
Usually it is written in the form p′′(t)+a1p

′(t)+a2p(t) = b, where a1 := η−m
θ−n

, a2 = δ+β
θ−n

and γ+α
θ−n

. We choose w and n in such a way that θ ≈ 0, n ≈ 0, ε := θ − n > 0,
ε ≈ 0. That is to say, trend coe�cients θ and n are small, and overall impact of trend



p′′(t) on equilibrium is rather small in comparison to impact of in�ation p′(t) and price
time-path t 7→ p(t). This is reasonable, since trend a�ects equilibrium in a signi�cant
way only over small intervals on time.

Fig. 1.

Fig. 2.

Fig. 3.

In classical economic literature, the noise picked up by trends is �ltered out by applying
suitable computational algorithms, such as Kalman's �ltering algorithm etc. This is
the reason why we assume that ε ≈ 0: we are only interested in behavior of the optimal



Fig. 4.

Fig. 5.

price p(t) "in the mean" over some �nite time interval, but not so much at particular
times t. Thus, we smooth out excessive time-paths by letting ε tend to zero.

Obviously the models above assume absence of probability aspects in economic dynam-
ics, and also perfect availability of data for sampling. We do not consider situations
where these two assumptions fail. Therefore, we take the view that economic dynam-
ics is as predictable as any mechanical dynamical system, which places our method of
modeling diametrally opposite to behavioral economy. We assume that consumers are
perfectly rational, and that aggregate demand (supply, resp.) is perfectly elastic with
respect to price p and time t. This, from certain viewpoint, makes our economy an ideal
economy, where no outside disturbances (like, for instance, government intervention,
external shocks...) a�ect behavior of "players" (consumers, suppliers...) in economic
exchange.

Even in the case of oscillatory behavior, the classical model does not take into account
recti�ability of the graph of solution u as a criterion for quality of state of the market.
In papers [25] and [26] (and references therein), the authors incorporated such criterion
in order to describe di�erent oscillatory behaviors which in our context can provide a
�ner insight into market dynamics.

Our goal is to provide an explanation of appearance of business cycles as an inherent
property of the closed national economy, starting from generic rudimentary model from



physics, known as Cahn-Hilliard model, which we eventually upgrade while attempting
to describe more precisely the behavior of economic balance/imbalance over some �nite
time-interval. In other words, we attempt to model business cycles as phase transitions.
Rather than assuming that equilibrium is necessarily achieved (and possibly preserved
as a favored state of the market), we start from the assumption that equilibrium con-
ditions occur relatively rare (if ever), which results in increasing unsuccessful attempts
of the market to balance itself, which, in turn, provides economic dynamics.

We mention that our choice of model prescribes a very di�erent role to double-well
function W in comparison with the usual models which aim to predict recessive state of
the economy. Then latter models usually rely on a study time-path of demand (supply,
resp.) of a given product, whereby graphic depiction of tends and long-term behaviors
is considered to be telling enough for making appropriate conclusions. Typical types
of market behavior with recession classi�ed according to shape of time-paths are: V -
shaped (cf. Figure 6), U -shaped (cf. Figure 7), W -shaped (cf. Figure 8), and L-shaped
recession (cf. Figure 9), where without loss of generality we can assume that the lowest
quantity of demand equals zero.

Fig. 6.

Fig. 7.

In our model the role of function W is quite di�erent, and it does not mean W -shaped
recession. For us the function W is a parameter which is built into the model, and it
describes the shape of wells (or states) of the economy. The situation when economy



Fig. 8.

Fig. 9.

is in decline is represented by −1 well, and when it is in ascension is represented by
+1 well. The fact that acceleration is very near zero "in the mean" regardless of
initial conditions can be best understood as �atness property of economic dynamics:
while economic dynamics is assumed to be elastic, aggregate coe�cient of elasticity is
non-elastic at most points in time t. We believe that this matches both intuition and
observation: it takes time to switch from one phase to another, and compelling factor in
switching regime is acceleration, where the impact of acceleration is measured in units
of small parameter ε (the mean �eld parameter in physics, which here is interpreted
as the weight in which of acceleration a�ects the balancing of the market). Then it
makes sense to consider only small values of ε > 0, which is mathematically expresses
as limiting behavior of the market as ε −→ 0. The case ε = 0 does not allow for
transition layers to develop and therefore does not makes much sense: it assumes that
switching is immediate and that phases can be ideally �at since in such a case we
do not take into consideration the e�ect of the trend. Trend, however, is crucial in
determining the dynamics of the market, in the absence of the trend the market will
be to steady. This is expressly the reason why we can desired information only after
taking the limit as ε −→ 0, whereas we do not consider the model if ε is equal to zero.



4 Assumptions

W is a non-negative empirical function, W (ξ) = 0 ⇐⇒ ∈ Z, where Z is a simple set of
roots (it can be �nite or in�nite, but without cluster points). For simplicity we assume
that Z = {−1, 1}. Leoni's results in [17] shows that Z can be chosen in a more general
way as well. We introduce a function of entropy/imbalance u, u(t) = |QS(t)−QD(t)|,
where QS(t) (QD(t)) is the quantity of supply (demand) of certain goods/workforce
(e.g. with the perfectly elastic supply and the perfectly elastic demand) at the moment
t. The result will be the long-term market equilibrium (the constitutive assumption
of the market e�ciency): limt→∞ u(t) = 0. We strengthen assumptions on time-path
of u by imposing

∫∞
0

|u(t)|dt < +∞. Speed constraint u′ (we refer to u′ as to phase
function or state function of u) is

∫∞
0

W (u′(t))dt → 0, which means that the stock
accretion/ unemployment is 'dictated' by factors such as demographic conditions, eco-
nomic structure, consumer preferences, etc. Intuitively, u′(t) ≃ Z, which results in
�atness of accretion. In that state, the accretion is able to oscillate rather signi�cantly,
but not uncontrollably, and still changes relatively slowly (using mathematical term:
u is a function of bounded variation, meaning that it cannot function as the Brownian
motion or the Wiener process). This particular premise is easier to uphold in macroe-
conomic, rather than microeconomic context. The counterexample of its validation in
the macroeconomic context may be the state of economy during the change of political
regimes.

Roughly speaking, we distinguish three cases in terms of of behavior of W at in�nity,
each treated separately:

• limξ−→±∞ W (ξ) = +∞,

• +∞ > lim supξ−→±∞W (ξ) ≥ lim infξ−→±∞W (ξ) > 0,

• limξ−→±∞ W (ξ) = 0.

Typical assumption on W which is widely used in the literature is that W is continuous
function with superlinear growth at in�nity, i.e., the Tartar-Fonseca condition holds
(cf. [12] and [18]): there exists c1 > 0 such that W (ξ) ≥ c1|ξ| for every ξ ∈ R such
that |ξ| >> 1. The publication of Leoni's results in [17] provided the framework in
which general W can be considered, and therefore applied to economic context. We
conjecture that theory can be extended to the case of W with discontinuities.

In Figure 10-Figure 17 below it is seen how distinguishable shape of "wells" around
points (±1, 0) a�ect the amount of "energy" needed to switch from one phase to an-
other. Variability of internal consumption dictates the pace of switching regime.

In Figure 15-Figure 17 below we depict the case when we allow W to have unremovable
discontinuity at one point, say point zero.

In Figure 18-Figure 24 we depict how bad FE sequences of ε−1Iε0 can get if we aban-
don Tartar-Fonseca assumption on W . The economic interpretation of such behavior
would be that, apart from the preferred normal ±1 states of the economy, the approx-
imate equilibrium can be attained with rapid oscillations of the entropy function with
increasing slope as ε −→ 0. In Figure 21-Figure 24 we depict the shape of vε for FE



Fig. 10. The case of asymmetric W with linear growth at ±∞.

Fig. 11. The case of asymmetric W with sub-linear growth at ±∞.

Fig. 12. The case of symmetric W with polynomial growth at ±∞,
typical example being W (ξ) = (ξ2 − 1)2.



Fig. 13. The case of asymmetric W which vanishes at ±∞, typical
example being W (ξ) ≈ 1

|ξ|q for large values of |ξ|, where q > 0.

Fig. 14. The case of asymmetric W which vanishes at −∞, but
which grows at least quadratically at +∞.

Fig. 15.



Fig. 16.

Fig. 17.

sequence (vε) of ε−1Iε0 in the case W (ξ) ≈ 1
|ξ|q for large values of |ξ|, with q > 2. Lay-

ers denoted by the letter "B", marked in gray, represent slopes which tend to ±∞ as
ε −→ 0. Subintervals denoted by the letter "A" represent slopes approximately equal
to ±1 as ε −→ 0. In such situations the economy is unbalanced, even though some
kind of equilibrium can be reached.



Fig. 18. The shape of v′ε for FE sequence (vε) of ε−1Iε0 in the case
W (ξ) ≈ 1

|ξ|q for large values of |ξ|, with q > 2. Here there holds
limε−→0 Mε = +∞, limε−→0∆ε = 0.

5 Model

We de�ne the functional of the market imbalance

I0(u) :=

∫ ∞

0

(
W (u′(t)) + |u(t)|

)
dt,

and set up the optimization problem:

I0(u) → min

trying to determine an optimal time path t → u(t). The time-path in such a case,
however, does not tell much: minimizing sequences are zig-zag functions (or sawtooth
functions) with slope (near to)±1, with very few other underlying geometric properties.
By introducing the second derivative u′′ (the trend of imbalance), we can obtain the
additional state description. In the �rst variant of the model we assume that trend
has a signi�cant impact on equilibrium: I11 (u) =

∫∞
0

(
u′′(t)2 + W (u′(t)) + |u(t)|2

)
dt

The problem I11 (u) → min is also called 'the in�nite horizon problem' and is a well-
known, not easily solved, problem in economic modeling and variational calculus (cf.



Fig. 19. The shape of vε for FE sequence (vε) of ε−1Iε0 in the case
W (ξ) ≈ 1

|ξ|q for large values of |ξ|, with q > 2. Here there holds
limε−→0 Nε = +∞, limε−→0 cε = 1/2.

Fig. 20. The shape of vε for FE sequence (vε) of ε−1Iε0 in the case
W (ξ) ≈ 1

|ξ|q for negative ξ and for large values of |ξ|, with q > 2.
Here there holds limξ−→+∞ W (ξ) = O(1).

for instance the work of A. Leizarowitz and V. J. Mizel in 1989 presented in paper [19])
In the second variant of the model we assume that trend a�ects the equilibrium to a
certain but small degree: Iεa(u) =

∫∞
0

(
ϵ2u′′(t)2 +W (u′(t)) + a|u(t)|2

)
dt, where a > 0

and ϵ ≈ 0. The problem Iϵa(u) → min when ϵ → 0 is also called 'singular perturbation



Fig. 21.

Fig. 22.

problem' for a non-convex integrand W , and is connected to the so-called problem of
non-attainment of extrema in the calculus of variation. It is considered a 'relaxation' of
the problem of the �rst type. Key observation in both cases is that the non-convexity
of W function generates oscillations in minimizer u. In the sequel we state the main
conclusions of mathematical Ginzburg-Landau theory, associated to the functional Iε1 .
Leoni observed in [17] that, even if Z is countable (with no cluster points), in the case
of functional Iε0 , without loss of generality we can assume that Z is a �nite set, the fact
corresponding to macroeconomic intuition: in the case of closed economy there will
be a �nite set of optimal states/phases. First results regarding asymptotic behavior
of functionals Iε0 as ε −→ 0 (see below) in terms of Γ-convergence were obtained by
L. Modica and S. Mortola in the 1970's (cf. [20]): since we are interested primarily
in minimization as ε −→ 0, the proper notion of convergence of such functionals is
exactly Γ-convergence, a notion introduced by De Giorgi in 1970's. In the following,
for the sake of simplicity, we consider integration over �nite time-interval, such as the



Fig. 23.

Fig. 24.

unit interval, whereby

Iεa(u) =

∫ 1

0

(
ϵ2u′′(s)2 +W (u′(s)) + a|u(s)|2

)
ds ,

where a > 0 is strictly positive constant (or, more generally, strictly positive integrable
function). This is not loss of generality, since, for instance, in the macroeconomic
context, we can assume that time is measured in years, decades or centuries. The �rst
results for the functional Iεa were presented by G. Alberti and S. Müller in 2001 in [1].
It can be shown that there holds:

• limε−→0minv I
ε
a(v) = 0, 0 < limε−→0 minv ε

−2/3Iεa(v) < +∞,



• limε−→0minv I
ε
0(v) = 0, 0 < limε−→0 minv ε

−1Iε0(v) < +∞,

• infv I
0
a(v) = 0, where in�mum is not attained.

Such asymptotic behavior suggests that it is reasonable to introduce the generalization
of the notion of minimizer, namely, the notion of FE sequence: a sequence (vε) is said to
be FE sequence of (ε−2/3Iεa) (ε

−1Iε0 , resp.) if there holds lim supε−→0 ε
−2/3Iεa(vε) < +∞

(lim supε−→0 ε
−1Iε0(vε) < +∞, resp.).

Typical FE sequence of (ε−2/3Iεa) under Tartar-Fonseca assumption on W behaves as
depicted in Figure 25: derivative takes consecutive values ≈ ±1 on intervals of order
ε1/3, with the exception of transition layers of order ε at the end of each such interval.

Fig. 25. Two-scale structure of s 7→ v′ε(s) for ε ≈ 0.

Main steps in the approach of Alberti and Müller are the following:

Step 1. Characterize the class of all Young measures ν ∈ YM((0, 1);K) which are gen-
erated by sequences of ε-blowups of functions vε.

Step 2. Rewrite the rescaled functionals ε−2/3Iεa(v) as
∫ 1

0
f ε
s (R

ε
sv)ds for a suitable choice

of Rε
sv and f ε

s .

Step 3. Identify the Γ-limit fs of f ε
s in the topology of K for almost every s ∈ (0, 1).

Step 4. Identify the Γ-limit of naturally de�ned relaxed functionals on the space YM((0, 1);K).

Step 5. Determine the minimizer for the relaxed functional in the limit and prove its
uniqueness.

6 Advanced model variants

One possible generalization of the model above is to consider the transition from ef-
�cient to ine�cient market, where the source of the market dynamics is precisely in
its imbalance. Consequently, the assumption

∫∞
0

|QS(t) − QD(t)| → 0 is replaced by



the assumption
∫∞
0

|u(t) − g(t)| → 0, where t → g(t) is an exogenous function, such
as the external shock function, which can, for instance, describe the seasonal variation
as is the case with Croatian national economy (heavily dependent on tourism), the
oscillations of currency, etc.

The following result (also valid in the case g = 0) was proved by A. Raguº in [32].

Theorem. (Main Γ-convergence result) Let us suppose that Ω := (0, 1) and that
the functions g : Ω −→ R and W : R −→ [0,+∞) satisfy

g ∈ C1(Ω), |g′(s)| < 1 (a.e. s ∈ Ω) (or g ∈ W 1,∞(Ω), Lip(g) < 1) , (3)
W ∈ C(R) , (4)

W (ξ) = 0 if and only if ξ ∈ {±1} , (5)
W (ξ) ≥ C|ξ| if |ξ| > R for some R > 0 and C > 0 . (6)

Consider the functional Iε : H2
per(Ω) −→ R

Iε(v) :=

∫
Ω

(
ε2v′′2(s) +W (v′(s)) + a(v(s) + g(s))2

)
ds .

Set ε-blowups as:

Rε
sv(t) := ε−1/3

(
v(s+ ε1/3t) + g(s) + g′(s)ε1/3t

)
.

Let us de�ne the functionals F ε
g , Fg : YM(Ω;K) −→ [0,+∞] by

F ε
g (ν) :=

{ ∫
Ω
⟨νs, f ε

s ⟩ds, if ν = δRεv for some v ∈ H2
per(Ω)

+∞, otherwise ,
(7)

Fg(ν) :=

{ ∫
Ω
⟨νs, fs⟩ds, if νs ∈ I(K) for a.e. s ∈ Ω

+∞, otherwise . (8)

Then there holds F ε
g

Γ−−−→Fg. Moreover, ε-blowups of minimizers (vε), Rεvε, generate,
as ε −→ 0, Young measure ν ∈ YM(Ω;K), νs = ϵy∗s , s ∈ Ω, which is the unique
minimizer for the functional Fg, where for any admissible h > 0 and b := g′(s) ∈ (−1, 1)
yh,b is a function in the class Ss

per(0, h) (depicted in Figure 18) de�ned by

yh,b(t) :=

{
(−1 + b)t− h

4
(1− b2), if t ∈ [−h

2
(1 + b), 0]

(1 + b)t− h
4
(1− b2), if t ∈ [0, h

2
(1− b)).

and where y∗s = yh∗(s),g′(s) for some unique h∗(s) > 0 (which depends on a, W and
g′(s)).

All previously discussed variants are so-called local models (the interaction between
integrands is local in time). In reality, one should also include 'non-local' integrand
members, that is, those depending on their own average value both globally and in
the past, such as GDP. One of those examples is the subject of the paper [42], where
a = a(s) is replaced by A = A(s, v, v′). The problem of minimization of the functional
endowed with local lower-order term a = a(s, v(s), v′(s)) is solved in [43].

If we allow the optimal states Z to be variable in time, that is if Z = Z(t) and W (ξ) is
replaced by W (t, ξ), we can expect non-local e�ect in the process of minimization even



yh,b

h- h+

Fig. 26. The asymmetric sawtooth function t 7→ yh,b(t) for b = 2/3
and h = 1; h− = −h

2
(1 + b), h+ = h

2
(1− b).

Fig. 27. Approximate zig-zag pattern of the minimizer (vε) with
several di�erent slopes in the case of W = W (t, ξ).

with the initial local formulation of the equilibrium model. This work is in progress.
Figure 27 shows approximate structure of the minimizers in this case, where we assume
that t 7→ W (t, ξ) is piecewise constant function. The central �aw of the model: this
is a deterministic/mechanical model which lacks the stochastic features of empirical
data and presumes data to be 'perfectly available for sampling'. The attempts to
involve probabilistic components in the integrand function were made by N. Dirr and
E. Orlandi in 2010 (cf. [23]), using the application of martingale central limit theorem
(it is a complex theory still in its early developmental stage). Even more realistic would
be to introduce a recurrence relation between times t ∈ [0, s) and t ∈ (s, 1] (for a given
s ∈ (0, 1)) and/or some additional probabilistic term in terms of variable t, but analysis
of such situations is beyond the scope of this paper.
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