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Abstract In this paper we give a parametrization and describe basic results of the
harmonic evolute of a helicoidal surface in Minkowski 3-space. Furthermore, we
analyze some examples and their properties.
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1 Introduction

In this paper we are interested in surfaces associated to a given regular surface.
These surfaces arise, for example, as related to the centers of curvatures of a given
surface, i.e. to the points p1, p2 on a surface normal at the distance of 1

κ1
and of

1
κ2
, where of κ1, of κ2 are the principal radii. The focal sets of surfaces, defined

as the loci of centers of curvatures, are examples of such surfaces. In Euclidean
space, the focal set appears either as having each component a surface (these are
the so-called surface evolutes or focal surfaces), one component a surface and the
other a curve (in the case of canal surfaces, tubes, and rotation surfaces), or each
component a curve (in the case of Dupin’s cyclides). Further example of such
associated surfaces are the α-evolutes, i.e. surfaces defined as the loci of points of
the center of curvature pα of the directions isogonal to the principal direction, that
is, making the constant angle α and having the corresponding normal curvature
(see [5]). The cross-ratio of these points satisfies

(p1, p2; p, pα) = −ctg2α.

For α = 0, π2 , α-surfaces turn to be the focal surfaces or curves of a given surface.
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The harmonic evolute of a surface is its α = π
4 -evolute. It satisfies that

the cross-ratio of the corresponding points is harmonic. Some properties of the
harmonic evolutes have been investigated in [2], and, for the Lorentz-Minkowski
space, in [6]. Furthermore, harmonic evolutes of cmc-surfaces appear connected to
the Bonnet’s theorem: ”If S is a surface of constant Gaussian curvature K = 1

a2

, then there are two surfaces parallel to S which have the constant mean curva-
ture.” These two surfaces form a pair of harmonic evolutes. In other words, for
cmc-surfaces, harmonic evolutes form their Christoffel pairs (see Example 4.2.).
They also form their Darboux transforms, i.e. they are the envelopes of a sphere
congruence consisting of spheres of constant radii 1

2H .

In this paper we are interested in analysing some basic properties of harmonic
evolutes of helicoidal surfaces in Lorentz-Minkowski space and to provide some
examples.

2 Preliminaries

A Minkowski 3-space R3
1 is a real affine space whose underlying vector space R3

is endowed with a pseudo-scalar product defined by

〈x, y〉 = −x1y1 + x2y2 + x3x3,

where x = (x1, x2, x3), y = (y1, y2, y3).

A helicoidal surface in R3
1 is a surface invariant under the one parameter sub-

group of the rigid motions ([1], [4]).

Definition 2.1. The harmonic evolute of a surface S in R3
1 is the locus of points p̄

which are harmonic conjugates of a point p ∈ S with respect to centers of curva-
ture p1, p2 of S

(p1, p2; p, p̄) =
p1p · p2p̄
p2p · p1p̄

= −1.

The harmonic evolute of a surface can be parametrized by ([5], [6])

f̄(u, v) = f(u, v) +
ε

H(u, v)
n(u, v), (1)
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where is ε = 〈n, n〉 ∈ {1,−1}, H(u, v) is the mean curvature and n(u, v) is a
unit surface normal in p.

3 Harmonic evolutes of helicoidal surfaces in R3
1

According to ([1]) we distinguish four types of helicoidal surfaces in R3
1.

The first case

Suppose that the axis of revolution is the z-axis line cosh v sinh v 0
sinh v cosh v 0

0 0 1


and, without loss of generality, we may assume that the curve c(u) is lying in the
yz-plane or in the xz-plane. So, the curve c(u) is parametrized either by

c(u) = (0, f(u), g(u)) or by c(u) = (f(u), 0, g(u))

where f(u) is a positive function of class C1 and g(u) is a function of class C2 on
I = (a, b). Furthermore we assume that c(u) is parametrized by the arc-length.
Then for the first parametrization we have f ′(u)2 + g′(u)2 = 1 and for the second
−f ′(u)2 + g′(u)2 = ε, ε = {1,−1}.

The helicoidal surface S can be parametrized either as

f(u, v) =

 cosh v sinh v 0
sinh v cosh v 0

0 0 1

 0
f(u)
g(u)

 +

 0
0
cv


so

f(u, v) = {f(u) sinh v, f(u) cosh v, g(u) + cv}, f(u) > 0, c ∈ R+ (2)

or as

f(u, v) =

 cosh v sinh v 0
sinh v cosh v 0

0 0 1

 f(u)
0

g(u)

 +

 0
0
cv
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so

f(u, v) = {f(u) cosh v, f(u) sinh v, g(u) + cv}, f(u) > 0, c ∈ R+. (3)

We call these surfaces the helicoidal surfaces of type I (Eq. (2)) or II (Eq. (3)),
respectively.

The harmonic evolute a helicoidal surface type I is given by

f̄(u, v) =

 cosh v sinh v 0
sinh v cosh v 0

0 0 1




− ε cf ′(u)

H(u)W (u)

f(u)(1 +
εg′(u)

H(u)W (u)
)

g(u)− εf(u)f ′(u)

H(u)W (u)

 +

 0
0
cv



where W (u)2=−c2f ′(u)2+f(u)2, ε = {1, −1} and H(u) is the mean curvature.
Therefore, the harmonic evolute of S is again a helicoidal surface.

The harmonic evolute a helicoidal surface type II is given by

f̄(u, v) =

 cosh v sinh v 0
sinh v cosh v 0

0 0 1




f(u)(1 +
εg′(u)

H(u)W (u)
)

− ε cf ′(u)

H(u)W (u)

g(u) +
εf(u)f ′(u)

H(u)W (u)

 +

 0
0
cv



where W (u)2=c2f ′(u)2−εf(u)2, ε = {1, −1} and H(u) is the mean curvature.
Therefore, the harmonic evolute of S is again a helicoidal surface.

The second case

Suppose that the axis of revolution is the x-axis line 1 0 0
0 cosv −sinv
0 sinv cosv
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and without loss of generality wemay assume that the curve c(u) is lying in the xy-
plane. So, the curve c(u) is parametrized by c(u) = (g(u), f(u), 0) where f(u) is
a positive function of classC1 and g(u) is a function of classC2 on I = (a, b). Fur-
thermore certain c(u) can be parametrized by the arc-length,−g′(u)2+f ′(u)2 = ε,
ε = {1,−1}.

The helicoidal surface S can be parametrized as

f(u, v) =

 1 0 0
0 cos v − sin v
0 sin v cos v

 g(u)
f(u)

0

 +

 cv
0
0


so

f(u, v) = {g(u) + cv, f(u) cos v, f(u) sin v}, f(u) > 0 c ∈ R+.

We call this a helicoidal surface of type III.

The harmonic evolute a helicoidal surface type III is given by

f̄(u, v) =

 1 0 0
0 cos v − sin v
0 sin v cos v




g(u)− εf(u)f ′(u)

H(u)W (u)

f(u)(1− εg′(u)

H(u)W (u)
)

− ε cf ′(u)

H(u)W (u)

 +

 cv
0
0



whereW (u)2 = −εf(u)2 + c2f ′(u)2, ε = {1,−1} andH(u) is the mean curva-
ture. Therefore, the harmonic evolute of S is again a helicoidal surface.

The third case

Suppose that the axis of revolution is the line of the plane xy spanned by the vec-
tor
(1, 1, 0). Since the surface S is non-degenerate, we can assume without loss of
generality, that the curve c(u) lies in the xy-plane and its parametrization is given
by c(u) = (f(u), g(u), 0), u ∈ I where f(u) and g(u) are functions on I, such
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that f(u) 6= g(u), for each u ∈ I . Furthermore certain c(u) can be parametrized
by the arc-length, −f ′(u)2 + g′(u)2 = ε, ε = {1,−1}.

The helicoidal surface S can be parametrized as

f(u, v) =


1 +

v2

2
−v

2

2
v

v2

2
1− v2

2
v

v −v 1


 f(u)

g(u)
0

 +

 cv
cv
0


that is

f(u, v) = {(1+
v2

2
)f(u)−v

2

2
g(u)+v c,

v2

2
f(u)+(1−v

2

2
)g(u)+v c, (f(u)−g(u))v}.

We call this a helicoidal surface of type IV.

The harmonic evolute a helicoidal surface of type IV is given by

f̄(u, v) =


1 +

v2

2
−v

2

2
v

v2

2
1− v2

2
v

v −v 1




f(u) +
ε(−g′(u)f(u) + g′(u)g(u))

H(u)W (u)

g(u) +
ε(−f ′(u)f(u) + f ′(u)g(u))

H(u)W (u)
c ε(f ′(u)− g′(u))

H(u)W (u)

+

 cv
cv
0



whereW (u)2 = (f(u)+g(u))2−ε2(v(f(u)−g(u))+c)2, ε = {1,−1} andH(u)
is the mean curvature. Therefore, the harmonic evolute of S is again a helicoidal
surface.

Summing up the previous, we have conclusion.

Theorem 3.1. The harmonic evolute of a helicoidal surface is a coaxial helicoidal
surface.
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Harmonic evolutes are closely related to surfaces with constant mean curvature
(H = const. 6= 0), the so-called cmc-surfaces. Surfaces with constant mean
curvature are the only surfaces paralles to their harmonic evolutes (at the directed
distance

1

H
). The harmonic evolute of a cmc-surface is exactly the parallel cmc-

surface from Bonnet’s theorem ([6]) (see Example 4.2. ).

4 Examples

Example 4.1. We consider the timelike helicoidal surface parametrized by ([1])

f(u, v) = (c2 +

∫
|B|
√
c2 − u2

|u|
√
u2 −B2

du+ cv, u cos v, u sin v), c ∈ R+, c1, c2 ∈ R

(4)
whereB(u) = 2

∫
u H(u)du+ c1 andH(u) =

1

4u
and its harmonic evolute (see

Figure 1)

Figure 1. Timelike helicoidal surface (4) (coloured red) and its harmonic evolute
(coloured green)
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Example 4.2. In this example, we consider a timelike cmc-surface. We take the
timelike helicoidal surface parametrized by ([3])

f(u, v) = (u, uv,−uv
2

2
+ v), u > 0, v ∈ R (5)

with mean curvature H = −1, and Gaussian curvature K = 1.

Figure 2. Helicoidal surface (5) (coloured cyan) and its harmonic evolute
(coloured yellow)

Example 4.3. In this example, we consider a Dini surface in Minkowski space
parametrized by ([7])

f(u, v) = (eu sin θ cosh v, eu sin θ sinh v, sin θ

∫ u

0

√
e2θ − 1 dθ−u cos θ), u > 0.

(6)
Gaussian curvature of Dini surfaces is constant, K = 1.
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Figure 3. Dini surface (6) (coloured red) and its harmonic evolute (coloured
yellow)

Interestingly, the harmonic evolute in Euclidean space is always a surface, ex-
cept for minimal surfaces when it degenerates to a point at infinity, or for spheres
when it degenerates to a point. However, in Minkowski space a harmonic evolute
can also appear as a curve ([6]). That happens for timelike surfaces with H 6= 0
and identical principal curvatures but a non-diagonalizable shape operator. The
next example provides such a case.

Example 4.4. A ruled helicoidal surfaces given by a parametrization

f(u, v) = (hv + u, u cos v, u sin v) h > 0 (7)

is a timelike surface with H 6= 0 and identical principal curvatures but a non-
diagonalizable shape operator. Its harmonic evolute degenetares to a curve (a
helix).
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Figure 4. Helicoidal surface (6) and its harmonic evolute (a helix)
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