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Abstract

The aim of this paper is that spectral determinants are objects that can be e�ectively used as a performance prediction tool for the

modern parallel processing systems. In the aim to con®rm this we give the matrix representation of the linear evolution operator of the

certain class of parallel processing systems. An explicit polynomial expression of the corresponding spectral determinant has been

established and eigenvalues were computed. Derived eigenvalues were validated against the results of the simulation. The strong

agreement between computed results and those obtained through the simulation has been found. Ó 2000 Elsevier Science Ltd. All

rights reserved.

1. Introduction

There are numerous investigators who tried to describe analytically the behaviour of the parallel pro-
cessing systems. One of the earliest models, based on the modelling of the shared memory access with
binomial distribution, was proposed in [32]. Soon after numerous investigators began to describe the be-
haviour of the parallel processing system with Markovian chains. In [4] the Markovian model of the
parallel processing system where all processors access shared resources over crossbar network was pro-
posed. This model was expanded by other authors in [24,25], for the description of the systems where
processors access shared resources (input/output devices, memories, etc.) over the high-speed intercon-
nection bus.

The common limitation of the proposed models was that the future behaviour of the system depends
only on the present state, and not on the previous states. An attempt to overcome this limitation has led to
the development of the models based on the queuing theory [1,3,5]. From that approach a method of
operational analysis has aroused [11]. The logical functioning of the certain computing system can be
represented with marked graph. Such marked graphs are today known under the name Petri nets. Petri [28]
has developed and applied his networks for the analysis of the logical functions of the computing systems.
In 1974 Ramchandani has introduced time dimension in Petri nets, and with this the possibility of the
analysis of the functioning of the certain system in a time domain. As a consequence, a performance
analysis of parallel systems with the Petri nets became possible [29]. In Petri nets time can be represented
with time intervals, and that leads to the deterministic models [15], or with the accidental events with the
certain frequency of appearance, and then the resulting models are stochastic in nature [27,26].

Petri nets are appropriate tools for the analysis and synthesis of parallel systems with relatively small
number of processors. However, already for the moderate number of processes these nets become very
bulky and complex. Just to improve synoptic of the graphs, higher order Petri nets are developed, from
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which the most frequently referenced are the coloured Petri nets [19]. Moreover, the technique of the hi-
erarchical approach to the problem is utilised, in which the single group of the states is trying to replace
with one equivalent state, [17,36]. There are di�culties of the stochastic approach that generally can be
characterised with the di�culty of the identi®cation of the distribution functions that represent corre-
sponding variables in the system, exponential explosion of the number of states in Markovian chains and
Petri nets, as well as inability to achieve closed solution.

The exceptions are few closed solutions obtained with the queuing theory [1]. These limitations have led
some authors to the deterministic approach to the whole problem. The deterministic methods are based on
the analysis of the corresponding time diagrams (i.e. instruction execution rate, throughput of the system,
etc.) that can be observed during execution of the parallel algorithms on a given parallel computer ar-
chitecture. In [34,35] this method was applied to the certain classes of parallel systems. But, because of the
high degree of complexity of these diagrams, the method is not general enough to be easily applicable to the
other parallel structures [33]. Other authors have developed deterministic models, for example in [6], where
the method of the ``lost cycles'' has been applied. In [20] an approach to the deterministic analysis of
communication systems has been done taking into account the latency of the communication links, and an
application of the model to the certain computer structure is exhibited. In spite of the great recognition of
the Petri nets, as well as the development of other methods for modelling parallel systems, a deterministic
method is needed, that can utilise well-developed mathematical tools, and will be easily applicable in the
performance analysis of parallel processing systems.

2. On the deterministic chaos in parallel processing systems

According to the widely used de®nition a deterministic system is one for which its present state is fully
determined with its past. Opposite to the deterministic, a stochastic system is only partially determined with
its past, because of the exterior in¯uences. Dynamic deterministic systems with the behaviour so complex
that they cannot be observed are often presented to us as stochastic systems.

Basically, these are nonlinear dynamic systems in which relatively small local perturbations can lead to
the global and large changes in the whole system. We often say that these systems are chaotic and that
deterministic, i.e. ordered chaos is present in them. Word chaos can lead us to delusion. In fact these systems
are nonlinear dynamical systems whose evolution can be mathematically expressed, but the ®nal result of
that evolution is very uncertain because of the small uncertainty in the speci®cation of the initial state. For
the term chaos we can thank [22], where it was introduced. It was shown in [2] that many complex systems
tend to position themselves in the state between chaos and order, where the magnitude of the disturbances
follows exponential law, greater disturbances less frequent than smaller. On the basis of that idea in [21] a
general thesis was proposed that a complex system tends to position and stay on the edge of the chaos, a
narrow domain between frozen constancy and chaotic turbulence.

That relatively small local perturbations can spread through the whole computing system is a fact al-
ready well known among computer scientists and engineers community. A numerous local variations can
propagate system-wide and dramatically change the behaviour of the whole system. For example, the single
user sending database query that exclusively locks important database tables can lead a whole computer
system to the state where hundred or even thousands of users cannot normally proceed with their activities.
The single fault of some crucial components, i.e. bus arbiter, can dramatically lower the throughput of the
parallel processing system, and in some cases the whole system can be brought down. Only one erroneous
line of the program code, in the computer jargon known as a bug, can cause the unpredictable behaviour of
the complex operating system with millions of lines, and this can very often lead to the system disaster.

Relatively small variations in the number of processors can cause the large variations in the overall
throughput of the parallel processing system, as will be shown later in Section 5, where some cases are
simulated and analytically validated. Modern computing systems are so complex structures that strictly
deterministic counting of all possible outcomes becomes near impossible task. On the other side, stochastic
approach to the analysis of such a system re¯ects not so rare our inability to set and solve equations that
describe the behaviour of these systems. Some other approach is needed, and indeed, ``chaotic'' approach
has already found its application in the analysis of computer systems. Thus the phenomenon of chaos in
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cellular automata is investigated in [13]. An approach to the analysis of cellular automata utilising de-
composability characteristic of the chaotic systems can be found in [14]. This approach most picturesque
depicts in fractals [23]. An importance of such approach to the problem is double sided. On one side it
makes the treatment of the complex systems as they are, in the nonlinear fashion. On the other side new
strategies of the load balancing are developed [18] that make parallel systems a complex adaptive structures.
An analysis of such a system with classical stochastic and deterministic techniques becomes very compli-
cated and hard.

Neural networks are another important area of modern computer science that chaos theory has deeply
in¯uenced. A chaotic system in general, and the chaos exhibited in the brain, often alternates in a seemingly
random way between various areas of the phase-space. These areas, known as chaotic attractors, are often
called ``wings'' because an early model used in the discovery of chaos theory (the Lorenz attractor) had two
such areas that when graphically represented resembled butter¯y wings. The way the brain uses chaos to
ensure continual access to previously learned patterns is to develop these wings for di�erent learned inputs.
According to researchers [12], the background chaotic activity enables the system to jump rapidly into one
of these wings when presented with the appropriate input. Attempts to take advantage of chaos in arti®cial
neural systems to reproduce bene®ts like those that Freeman and others have speculated are produced by
chaos in the brain have met with some success. It was found in [30] that by adding chaos to a Hop®eld-type
net (an arti®cial neural system with both feed-forward and feed-back connections) it could be made to only
recognise certain classes of inputs and not form patterns for others, thus engaging in selective learning.
Additionally, there is a special kind of neural networks called ¯uid neural networks (FNN), de®ned as
neural nets of mobile elements with random activation. The critical properties of these nets were analysed in
[31], showing the existence of a critical boundary in the parameter space where maximum information
transfer occurs. In this sense, this boundary is in fact an example of the edge of chaos [21].

If the laws that determine the dynamic of the certain system are known, then its dynamic in the de®ned
region of the space±time can be described with the magnitude called evolution operator. It is shown in [9]
that for the discrete phase-space regions where the piecewise linear approximation of a dynamic is possible,
evolution operators reduce to transfer operators that can be described with ®nite matrices. The questions
that naturally arise are:

How to construct the transfer operator for a certain computing system?
Is there any physical meaning of the eigenvalues that are hidden in these operators?
How to compute these eigenvalues?
We have tried to give an answer for the ®rst question in Section 4, where the construction of the transfer

operator for the certain class of parallel processing systems is given. The second question is probably the
hardest one. In a theory of nonlinear dynamic systems with chaotic behaviour we come most frequently to
the statement that eigenvalues of various operators represent certain average values that are globally valid,
i.e. in the whole system. Thus the greatest eigenvalue of the transition matrix represents the topological
entropy of the system. In this work we decided to take a following approach: to compute all eigenvalues,
and then to compare them with already known results from the simulation in [33]. We give the answer on
the third question in Section 5, by expanding spectral determinant and computing roots of its characteristic
polynomial. We left more subtle methods as [8] for some later investigation. Before we look up in listed
section for, at least, partial answers on these questions, let us establish a model of parallel computing
system that will serve as an object on which our premises can be tested.

3. The test bed for the proposed performance analysis method

The general schema of the parallel processing system is shown in Fig. 1.
In this work we shall take under investigation a special class of parallel processing systems called

Symmetrical Multiprocessor System that will serve as a test bed for the idea about using spectral deter-
minants as a performance-meters of parallel processing systems. In this architecture nodes are processors
with some amount of local memory and there is a large amount of main memory accessible from all nodes
via high-speed interconnection single bus. This architecture is appropriate for the relatively small number of
processing nodes. The practical limit of this number is up to 64 nodes. The main reason for this is the
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inability of the bus to serve more than one request concurrently, which for the higher number of nodes, and
due to the collision on the bus, considerably degrades overall system throughput. Bus arbitration takes
place according to the time precedence FIFO scheme (®rst in, ®rst out). That means while the certain node
is accessing shared resources, all other nodes have to wait until this node ®nishes reading and/or writing
data from it. The exceptions are the cases where two or more nodes concurrently access bus. Then, by the
de®nition, node with the highest order number N will have the lowest priority, and node with the lowest
order number 1 will have the highest priority on the bus. Because of the inability to concurrently access
shared resources by more than one node, a waiting time is generated. Let the characteristics of parallel
algorithms that run on this system be:

All data are kept in shared and local memories; thus disc and I/O subsystems have no impact on overall
system performance.
For any iteration some amount of the processing time takes place in local registers and memories, fol-
lowed by an access to the shared resources, i.e. high-speed interconnection bus and shared memory.
Before any new iteration nodes will mutually synchronise, or run the next iteration immediately. In ac-
cordance to this, algorithms can be divided into synchronous and asynchronous classes, respectively.
All iterations are equal.
The workload is evenly distributed among nodes, thus balanced-load case is supposed.

It seems that the given constraints impose the large limitations on applicable real algorithms. In fact there
exist number of problems, especially in the scienti®c computation, where corresponding parallel algorithms
exhibit exactly the characteristics previously de®ned. The duration of the single iteration on a single node
system is:

Tc � Tp � Ta; �3:1�
where Tp represents time that node spends in local processing (data processing in registers and local
memory), and Ta is the common memory access time. Because the cycle time Tc is the same for any iteration,
we shall further on refer to it as a period Tc. On the system with N nodes the duration of the single iteration
is:

Fig. 1. General schema of the parallel processing system represents a hierarchical structure that consists of N processing nodes and M

shared resources. Each processing node can be in turn a parallel processing system. Shared resources may represent random access

memories, mass-storage subsystems, input/output devices, specialised processing units, etc. The communication among processing

nodes and between them and shared resources takes place over interconnection network.
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tc � tp � tw � ta: �3:2�
The factors tp and ta have exactly the same meaning as Tp and Ta in (3.1), but for parallel algorithm. Factor
tw represents waiting time generated due to the synchronisation among nodes and the collision on the bus
and shared memory. Because the time tc is the same for any iteration, we shall further on refer to it as a
period tc. In order to visualise the events in the observed system, and on the given architectural and al-
gorithmic constraints, we now construct the corresponding Petri net as shown in Fig. 2:

Because the workload is equally distributed among all nodes, the following holds:

tp1 � tp2 � � � � � tpN � tp; �3:3a�
tw1 � tw2 � � � � � twN � tw; �3:3b�
ta1 � ta2 � � � � � taN � ta; �3:3c�
ts1 � ts2 � � � � � tsN � ts: �3:3d�

The next step is to calculate transition times in Petri net. Processing and accessing times are:

tp � Tp

fp�N� ; �3:4�

ta � Ta

fa�N� : �3:5�

The values in the denominators on the right-hand side of Eqs. (3.4) and (3.5) represent decomposition
functions, and they determine how the processing and accessing times are distributed among N nodes. For
the synchronous case, certain node makes request for the interconnection bus. If no other node has re-
quested it before, it runs immediately memory access, otherwise it waits other node(s) to ®nish their access.
After doing its own access, node starts the new iteration immediately if it was the last node requesting bus.
Otherwise, it waits for the rest of nodes to ®nish their memory accesses. Then, all nodes synchronously
execute the next iteration. Thus, the time each node spends waiting will be:

tw�sync� � �N ÿ 1�ta: �3:6�
For the asynchronous case, node starts the new iteration immediately after it has ®nished shared memory
access. In that case, it will be no waiting time if the sum of all accessing times ta is less than period tc

tw�async� � 0: �3:7�

Fig. 2. The places in Petri net are circles representing the states of the processing nodes as follows: P: local program execution, W:

waiting for the shared resources, A: shared memory access, S: synchronization between processing nodes. Tokens are the black dots

within P places, and the transitions of tokens between states are directed lines and arcs with a ®nite time life tp; tw; ta and ts, representing

processing, waiting, accessing and synchronization times, respectively. Inhibitory arcs are drawn as directed arcs from A to W and S

places, and they suppress the moving of certain tokens until other tokens leave places that are origins of these arcs.
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Otherwise, the waiting time for each node will be generated

tw�async� � �N ÿ 1�ta ÿ tp: �3:8�
This can be expressed with the function max that receives two numbers on input, and gives greater number
on output.

tw�async� � max�0; �N ÿ 1�ta ÿ tp�: �3:9�
Let us further introduce that

Tp � XTa: �3:10�
First, we replace Tp in (3.4) with the right-hand side of Eq. (3.10). Then, we replace ta and tp in (3.6) and
(3.9) with right-hand sides of Eqs. (3.4) and (3.5), respectively.

Now, the waiting times for the synchronous and asynchronous cases become

tw�sync� � �N ÿ 1�Ta

fa�N� ; �3:11�

tw�async� � max 0;
N ÿ 1� �Ta

fa�N�
�

ÿ XTa

fp�N�
�
: �3:12�

If we introduce the synchronisation factor S that has value 1 if algorithm is synchronous, or 0, if asyn-
chronous, waiting time will be:

tw � S
�N ÿ 1�Ta

fa�N� � �1ÿ S�max 0;
�N ÿ 1�Ta

fa�N�
�

ÿ XTa

fp�N�
�
: �3:13�

By substituting right-hand side values in (3.2) with those from (3.4), (3.5) and (3.13) and using (3.10), we
obtain the analytical expression for the period tc

tc � XTa

fp�N� �
Ta

fa�N� � S
�N ÿ 1�Ta

fa�N� � �1ÿ S�max 0;
�N ÿ 1�Ta

fa�N�
�

ÿ XTa

fp�N�
�
: �3:14�

One measure for the performance of parallel processing system is a speedup factor, de®ned as a ratio of
times needed to solve a certain algorithm on a single processing system and its parallel equivalent on a
parallel processing system. According to this de®nition the speedup factor for our case will be:

SP � Tc

tc

: �3:15�

4. Nonlinear system dynamic and its spectrum

The dynamic of a certain system can be presented in a phase space, a set in which each point can be
characterised with its co-ordinates. For example, in a given Petri net (Fig. 2), tokens become points in this
phase space, and moving of tokens is replaced with evolution rule f t that de®nes where points move after
time t. The trajectories of points are parameterised with time t. If we take that t is an integer number t 2 Z,
time becomes discrete and we have an iterated map. Pair �M ; f �, in which M represents phase space, and
f : M ! M is an iterated map, is called dynamic system. The dimension of the observed system is equal to
the number of points and we shall refer to points x 2 M as xi, where i � 1; 2; 3; . . . ;N . Because the dynamic
is deterministic, it su�ces to mark the beginning of the points with ni and represent the moving of points
along trajectories in a phase space with xi�t� � f t�ni�, where ni � xi�0� . If we represent sets of points xi and
ni with vectors x and n, the moving of the points is

x�t� � F t�n�: �4:1�
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The magnitude F t is called evolution operator [9], and we say that it translates vector n into vector x. The
evolution operator will be a linear operator, see for example [16], if

x�t� � F tn: �4:2�
A linear evolution operator for the maps is called the transfer operator [7,9].

If we suppose that our points are the Kronecker delta functions, the time evolution of a certain point d�t�
in interval Dt will be described with d�t ÿ Dt�, where Dt are already established values tp; tw and ta describing
times necessary to move tokens from one state to another. Because the dimension of the vectors x and n is
N , the dimension of the transfer operator underlying observed parallel processing system will be N 2.
Further on, we shall make the following transformation of the time co-ordinates in Petri net: t! eÿt. We
carry out this transformation to be able, after ®nal expansion of the spectral determinant, to express co-
e�cients of the spectral polynomial with the functions of period tc. According to this, the elements of the
corresponding matrix of the transfer operator will be eÿtp , eÿtw , eÿta and 0, dependent if the particular token
trajectory is P ! W ; W ! A; A! P or singular, i.e. token remains in the same place. On the basis of the
previous considerations, we now construct a corresponding matrix of the transfer operator

A �

0 0 � � 0 eÿtp 0 � � 0 0 0 � � 0
0 0 � � 0 0 eÿtp � � 0 0 0 � � 0
� � � � � � � � � � � � � �
0 0 � � 0 0 0 � � eÿtp 0 0 � � 0
0 0 � � 0 0 0 � � 0 eÿtw 0 � � 0
0 0 � � 0 0 0 � � 0 0 eÿtw � � 0
� � � � � � � � � � � � � �
� � � � � � � � � � � � � �
0 0 � � 0 0 0 � � 0 0 0 � � eÿtw

eÿta 0 � � 0 0 0 � � 0 0 0 � � 0
0 eÿta � � 0 0 0 � � 0 0 0 � � 0
� � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
0 0 � � eÿta 0 0 � � 0 0 0 � � 0

����������������������������

����������������������������

:

The eigenvalues of a certain matrix A, as shown for example in [10], can be computed from the following
equation:

det jAÿ kEj � 0: �4:3�
Determinant in (4.3) is called characteristic determinant of the matrix A, and Eq. (4.3) is called the
characteristic equation of the matrix A. Expanded, characteristic equation (4.3) looks like

kn ÿ r1k
nÿ1 � r2k

nÿ2 ÿ � � � � �ÿ1�nÿ1rnÿ1k� �ÿ1�nrn � 0: �4:4�
Polynomial of the left-hand side of (4.4) is called characteristic polynomial of the matrix A.

Eq. (4.4) is the algebraic equation with the degree n in k and it has at least one real or complex root. Let
k1;2 ; . . . ; km �m6 n� be di�erent roots of Eq. (4.4). These roots are eigenvalues (or characteristic numbers)
of the matrix A, and a set of all eigenvalues is called the spectrum of matrix A. The spectral determinant [9]
of the matrix A is de®ned as

S � det jE ÿ kAj: �4:5�
To ®nd out its eigenvalues, one has to solve the equation

det jE ÿ kAj � 0; �4:6�
or in the expanded form

kn ÿ l1k
nÿ1 � l2k

nÿ2 ÿ � � � � �ÿ1�nÿ1lnÿ1k� �ÿ1�nln � 0: �4:7�
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Roots of the polynomial on the left-hand side of (4.7) satisfy identical conditions as these in (4.4), and
further on we shall refer to them as the spectrum of matrix A.

We begin a spectral analysis of the proposed parallel processing system by establishing its spectral de-
terminant S on the basis of (4.5)

S �

1 0 � � 0 ÿkeÿtp 0 � � 0 0 0 � � 0
0 1 � � 0 0 ÿkeÿtp � � 0 0 0 � � 0
� � � � � � � � � � � � � �
0 0 � � 1 0 0 � � ÿkeÿtp 0 0 � � 0
0 0 � � 0 1 0 � � 0 ÿkeÿtw 0 � � 0
0 0 � � 0 0 1 � � 0 0 ÿkeÿtw � � 0
� � � � � � � � � � � � � �
� � � � � � � � � � � � � �
0 0 � � 0 0 0 � � 1 0 0 � � ÿkeÿtw

ÿkeÿta 0 � � 0 0 0 � � 0 1 0 � � 0
0 ÿkeÿta � � 0 0 0 � � 0 0 1 � � 0
� � � � � � � � � � � � � �
� � � � � � � � � � � � � �
0 0 � � ÿkeÿta 0 0 � � 0 0 0 � � 1

����������������������������

����������������������������

:

Expansion of spectral determinants for the systems with 1, 2 and 3 nodes produces the following poly-
nomials:

k�1� � ÿeÿtck3 � 1; �4:8�
k�2� � eÿ2tck6 ÿ 2eÿtck3 � 1; �4:9�
k�3� � ÿeÿ3tck9 � 3eÿ2tck6 ÿ 3eÿtck3 � 1: �4:10�

By mathematically inducing, we can suppose the following spectral polynomial of the degree N:

k�N� � k0 �
XNÿ1

n�1

�ÿ1�nNeÿntck:3n � �ÿ1�N eÿNtck3N : �4:11�

In (4.11) N equals the total number of nodes and tc is the duration of a single period and it equals
tp � tw � ta. With the substitution k3 � y and by equalling right-hand side of (4.11) with zero, we obtain the
®nal equation

1�
XNÿ1

n�1

�ÿ1�nNeÿntc yn � �ÿ1�N eÿNtc yN � 0: �4:12�

5. Analytical results and their evaluation

Roots of the polynomial in (4.12) were computed using Scilab math package. The input values for N
were varied in the range from 1 to 25, with X taking values 10 and 35. Considered were asynchronous
(S� 0) and synchronous (S� 1) mode, and for decomposition functions the following three pairs have been
taken:

�fp�N� � N ; fa�N� �
����
N
p
�; �fp�N� � N ; fa�N� � 1�; �fp�N� � N ; fa�N� � N�:

For each computed polynomial root yn, the corresponding eigenvalue kn was computed as

kn � ����
yn

3
p

: �5:1�
We recall now Eq. (3.15), and our basic idea was that eigenvalues of spectral determinants are the repre-
sentations of Tc and tc cycle times. If this is true, the following equation will hold true:
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SP � ln�ks�k k
ln�kn�k k : �5:2�

In (5.2), and because of the transformation t! eÿt already explained in Section 4, inverse transformation
eÿt ! t should be done, therefore ln representing natural logarithm in nominator and denominator. Fur-
ther on, and according to the Peron±Frobenius theorem for the transfer operators, all eigenvalues are
complex numbers, except minimal y1 and maximal yN eigenvalue. Therefore, double brackets k k denoting
length or norm of eigenvalues. ks represents the computed eigenvalue for the single node system, while kn

represents one of the eigenvalues from the range k1±kN that eventually will satisfy Eq. (5.2).
In order to ®nd out if such an eigenvalue exists, computed eigenvalues ks and kn served as input values of

(5.2). It was found that with one and only one eigenvalue kn, namely kNÿ1, that represents ®rst eigenvalue
behind greatest for the parallel system, speedup computed from (5.2) always agrees with the simulated
results from [33], and that this agreement is very strong. Because of that, (5.2) can be rewritten as

SP � ln�ks�k k
ln�kNÿ1�k k : �5:3�

Further on, the spectra obtained in that way completely satisfy Peron±Frobenius theorem for transfer
operators, which claims that minimal and maximal eigenvalues (thus computed as y1 and yN ) are real
numbers, and all other are complex numbers. It was observed that by increasing value Ta the precision of
computed eigenvalues increases, but on the other side, convergence problem of the polynomial roots ap-
pears. We suppose that the cause for this lies in Scilab. For the decomposition �N ;N� polynomial roots
were computed with Ta � 2, while for two other decompositions �N ; 1� and �N ; ����

N
p � computational process

Fig. 3. Speedup values for the decomposition �N ; ����
N
p �. The speedup for the asynchronous cases with X � 10 and 35 increases ap-

proximately linearly with the number of nodes. The small change in the number of nodes brings that growth to decline.

Fig. 4. Speedup values for the decomposition �N ; 1�. The in¯uence of the nonlinearity is best expressed in the asynchronous case with

X � 35, where speedup curve changes it orientation and values dramatically.
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initially started with Ta � 1, and on the convergence problem this value has been changed to Ta � 0:1. The
only signi®cant discrepancy with the results of the simulation was identi®ed in the asynchronous case with
decomposition �N ;N� and X � 35, and the cause is Eq. (3.8), ®rst referenced in [34]. It was already
identi®ed in [33] that this equation does not work well for the case mentioned. On the ®gures that follow,
(Figs. 3±5), analytical and simulation results for speedup are plotted against the number of processing
nodes. In Appendix A, the same results are given, but in tabular form (Tables 1±3). However, in both cases

Fig. 5. Speedup values for the decomposition �N ;N�. The speedup increases very stable for all cases except for the asynchronous one

with X � 10, where the saturation can be observed.

Table 1

Speedup values for the decomposition �N ; ����
N
p �a

No. SYNC ASYNC

X � 10 X � 35 X � 10 X � 35

Comp Sim Comp Sim Comp Sim Comp Sim

1 1.000 1.000 1.000 1.000

2 1.715 1.903 1.927 1.977

3 2.171 2.687 2.814 2.940

4 2.352 3.326 3.375 3.855

5 2.597 2.601 3.898 3.902 4.495 4.481 4.714 4.829

6 2.636 4.331 4.323 5.733

7 2.700 4.708 4.158 6.694

8 2.679 4.987 3.836 7.576

9 2.493 5.090 3.540 7.972

10 2.560 2.646 5.335 5.417 3.295 3.494 9.083 9.401

11 2.492 5.436 3.095 9.704

12 2.426 5.503 2.931 9.592

13 2.444 5.637 2.927 9.579

14 2.436 5.763 2.795 9.147

15 2.376 2.432 5.740 5.848 2.821 2.868 9.232 9.402

16 2.319 5.735 2.659 8.702

17 2.214 5.642 2.491 8.154

18 2.165 5.617 2.412 7.896

19 2.246 5.796 2.515 8.232

20 2.211 2.219 5.552 5.853 2.458 2.485 8.044 8.202

21 2.174 5.761 2.400 7.856

22 2.137 5.554 2.344 7.671

23 2.103 5.698 2.294 7.506

24 2.069 5.535 2.244 7.345

25 2.037 2.037 5.625 5.625 2.200 2.217 7.200 7.232

a The computational process initially started with Ta � 1, and on the convergence problem this value has been changed to Ta � 0:1. The

computed speedup values that exhibited convergence problems are marked underlined.
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abbreviation comp denotes results derived analytically, while abbreviation sim denotes simulation results
from [33].

6. Conclusion

In this work we have investigated the possibility of using spectral determinants to the performance
evaluation of a certain class of parallel processing systems. We have established a transfer operator for the
symmetric multiprocessor system class and we have computed eigenvalues of the corresponding spectral
determinant.

Establishing explicit expression for the underlying spectral polynomial and computing its roots with
Scilab math engine carried out the computational process.

Analytical results obtained in that way show the excellent correlation with the existing results of the
simulation. It is the second greatest eigenvalue of the spectral determinant that has been proven to be a
representation of the average computational period that one node in the observed parallel processing
system exposes. For now, we do not know why exactly this eigenvalue gives nearly accurate average value
of the period in the observed system. The possible directions of the further investigation are:

To see if a method ®ts to the performance evaluation of the parallel processing systems where the in-
terconnection network is other than a single-bus network, e.g. omega network, crossbar switch, hypercube,
etc.

The computational e�ort for the spectral determinant expansion for the large number of nodes is high. It
is worthy to ®nd out if some advanced expansion methods are applicable, like a periodic orbit theory [8], in
the analysis of such systems. The transfer operator is in fact a generalisation of the transition matrix, i.e. it

Table 2

Speedup values for the decomposition �N ; 1�a

No. SYNC ASYNC

X � 10 X � 35 X � 10 X � 35

Comp Sim Comp Sim Comp Sim Comp Sim

1 1.000 1.000 1.000 1.000

2 1.571 1.846 1.833 1.946

3 1.737 2.454 2.539 2.842

4 1.661 2.809 2.620 3.661

5 1.571 1.571 3.000 3.000 2.084 2.203 4.500 4.488

6 1.429 3.037 1.821 5.242

7 1.305 3.000 1.571 5.143

8 1.190 2.907 1.373 4.492

9 1.084 2.788 1.220 3.984

10 0.995 1.000 2.658 2.667 1.094 1.107 3.580 3.609

11 0.918 2.528 0.993 3.251

12 0.852 2.384 0.910 2.978

13 0.796 2.293 0.843 2.760

14 0.747 2.180 0.720 2.357

15 0.690 0.702 2.059 2.077 0.702 0.739 2.297 2.414

16 0.659 1.901 0.653 2.137

17 0.571 1.745 0.587 1.921

18 0.541 1.665 0.554 1.814

19 0.544 1.721 0.558 1.826

20 0.536 0.536 1.654 1.655 0.549 0.554 1.798 1.814

21 0.512 1.588 0.524 1.714

22 0.490 1.525 0.500 1.635

23 0.469 1.468 0.478 1.565

24 0.450 1.413 0.458 1.499

25 0.433 0.433 1.364 1.364 0.440 0.444 1.440 1.452

a The computational process initially started with Ta � 1, and on the convergence problem this value has been changed to Ta � 0:1. In

the table computed speedup values that exhibited convergence problems are marked underlined.
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is a transition matrix where the transitions among states take place not immediately, but within a ®nite time
intervals. The greatest eigenvalue of the transition matrix is topological entropy, and it is interesting to ®nd
out if correlation exists between topological entropy and performance, for the various topologies of parallel
systems. At least, the possibility of optimisation for the transition matrices and transfer operators regarding
maximal throughput of certain parallel processing system classes should be the ultimate goal of the re-
searcher using the methods of the nonlinear dynamic in the area of the performance evaluation of parallel
processing systems.

Appendix A. Scilab program for the computation of the spectral determinants eigenvalue

function [R]� tracem(S,X,N) // gets eigenvalues of the spectral determinant
u� ®le(`open',`nchaosncoe�',`unknown')
fpN�N //processor-time decomposition function
faN�N //memory-time decomposition function
D� 3 //subdimension
Ta� 2 //may increase for more exact results, but convergence problems!
tc� (X/fpN+1/faN+S*(N-1)/faN)*Ta+(1-S)*max(0,((N-1)/faN-X/fpN)*Ta) //cycle time
c0� 1 //zero polynomial coe�cient
write(u,c0)
for n� 1:(N-1) //1 to N-1 polynomial coe�cients
cn� (-1)n̂*N*exp(-n*tc)
write(u,cn)
end

Table 3

Speedup values for the decomposition �N ;N�a

No. SYNC ASYNC

X � 10 X � 35 X � 10 X � 35

Comp Sim Comp Sim Comp Sim Comp Sim

1 1.000 1.000 1.000 1.000

2 1.833 1.946 2.000 2.000

3 2.538 2.842 3.000 3.000

4 3.092 3.684 3.897 3.990

5 3.667 3.667 4.500 4.500 5.000 4.991 5.000 4.736

6 4.091 5.262 5.897 5.990

7 4.529 6.000 7.000 7.000

8 4.862 6.691 7.886 7.989

9 4.871 7.338 8.543 8.823

10 5.313 5.550 7.944 8.000 8.993 9.959 9.891 8.889

11 5.465 8.510 9.273 10.796

12 5.582 9.039 10.885 11.666

13 5.956 9.651 9.720 12.768

14 6.045 10.279 9.391 13.984

15 6.369 6.661 10.702 10.893 10.728 11.139 14.739 12.631

16 6.438 11.142 9.723 15.577

17 6.202 11.396 10.791 15.929

18 6.775 11.763 10.952 16.610

19 7.160 12.642 10.834 18.307

20 7.322 7.333 13.085 13.091 10.962 11.009 19.978 15.824

21 7.452 13.500 11.000 21.000

22 7.552 13.889 10.969 21.977

23 7.667 14.276 11.000 23.000

24 7.756 14.638 10.974 23.975

25 7.857 7.857 15.000 15.000 11.000 11.027 25.000 18.750

a The computation was carried out with Ta � 2.
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cN� (-1)N̂*exp(-N*tc)//leading polynomial coe�cient
write(u,cN)
®le(`rewind',u)
C� read(u,(N+1),1)
®le(`close',u)
p� poly(C,`y',`coe�') //®nd polynomial..
L� roots(p) //and compute its roots
for i� 1:N
W(i)� (L(i))^(1/D)//compute eigenvalues of the transfer operator...
Z(i)�)log(W(i)) //and get their negative natural logarithm
R(i)� polar(Z(i)) //That's all folks!
end //. . .or is that trace?
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