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Nanometric thermal fluctuations of weakly
confined biomembranes measured with
microsecond time-resolution

Cornelia Monzel,†ab Daniel Schmidt,cd Udo Seifert,c Ana-Sunčana Smith,de

Rudolf Merkelb and Kheya Sengupta*a

We probe the bending fluctuations of bio-membranes using highly deflated giant unilamellar vesicles

(GUVs) bound to a substrate by a weak potential arising from generic interactions. The substrate is either

homogeneous, with GUVs bound only by the weak potential, or is chemically functionalized with a

micro-pattern of very strong specific binders. In both cases, the weakly adhered membrane is seen to

be confined at a well-defined distance above the surface while it continues to fluctuate strongly. We

quantify the fluctuations of the weakly confined membrane at the substrate proximal surface as well as of

the free membrane at the distal surface of the same GUV. This strategy enables us to probe in detail the

damping of fluctuations in the presence of the substrate, and to independently measure the membrane

tension and the strength of the generic interaction potential. Measurements were done using two

complementary techniques – dynamic optical displacement spectroscopy (DODS, resolution: 20 nm, 10 ms),

and dual wavelength reflection interference contrast microscopy (DW-RICM, resolution: 4 nm, 50 ms). After

accounting for the spatio-temporal resolution of the techniques, an excellent agreement between the two

measurements was obtained. For both weakly confined systems we explore in detail the link between

fluctuations on the one hand and membrane tension and the interaction potential on the other hand.

Introduction

In bio-membranes, spatial fluctuations, also called bending
fluctuations, give rise to repulsive contributions and to inter-
membrane interactions.1–3 The physiological relevance of these
fluctuations is highly debated, for example, in the case of erythro-
cyte membrane fluctuations and their ATP dependence.4–7

Thermally driven membrane fluctuations have been explored
theoretically and experimentally since the 1970s,1,3,8–10 starting
with the pioneering studies by Helfrich1,3 who introduced the
concept of steric repulsion of bilayer membranes calculated
from their bending rigidity. These studies stimulated a com-
prehensive theoretical description of membrane fluctuations,11–16

accounting for the bilayer nature,17,18 membrane tension,19,20 mole-
cular constituents21 as well as the interaction with a substrate.22,23

To verify these concepts experimentally, membrane model systems
were developed comprising solid supported lipid bilayers,
membrane stacks, and giant unilamellar vesicles (GUVs) in a
free,24–26 micropipette aspirated27 or adhered state.28–33 Most of
these experimental studies focused on a precise evaluation of the
membrane physico-chemical properties.34–36 Intriguingly, even
for bending rigidity measurements, small-wavelength scattering
experiments have identified anomalies,36–38 which may be asso-
ciated with the extreme sensitivity of fluctuations to the surrounding
buffer conditions. The use of mixed membranes may of course
introduce micro- or nano-scale phase-separation, which in turn may
impact the measured membrane properties.39

Fluctuations were also used to analyse membrane adhesion
dynamics and equilibrium states. For the latter, an initial bond
density regime of B104 mm�2 was mostly chosen, which largely
exceeds the typical concentration of adhesion molecules on the
cell surface of B10–100 mm�2.40 Adhesion in the limit of dilute
bonds was investigated recently41–43 and gained much attention
as adhesion structures similar to those of cells were observed.44

Still, data for weakly adhering membranes and the initial stages of
adhesion are sparse and their properties are yet to be character-
ized in detail.

In addition, when studying the above models, a challenge
arose whenever membrane properties were to be determined in
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the vicinity of a substrate: herein, membrane fluctuations are
sterically restricted as the thermally excited out-of-plane fluc-
tuations repel the membrane from the hard wall – an inter-
action usually referred to as Helfrich repulsion. Conversely,
biological membranes near a wall may encounter attractive
interactions, which, for the systems discussed herein, comprise
van der Waals interaction and gravity.45 These generic inter-
actions (likewise termed non-specific interactions) give rise to a
total interaction potential of strength g, which has the effect
of rescaling membrane fluctuations.46,47 In the past, several
experimental and data analysis strategies have been developed
to determine the interaction potential V(h). Yet, most of these
strategies are case specific. For example, in the limit of strong
adhesion, the classical contact angle equation by Young–
Dupré48 can be used to determine the lateral membrane tension
and the free energy of adhesion per unit area W, where
W p �V(h).19,30,49–52 Another strategy in the case of ultra weak
gravity dominated confinement is to use the overall shape
deformation of the GUV.52–54 Recently, we used the local
equilibrium shape of the membrane to extract the detailed
form of the interaction potential for the case of a membrane
adhered to micropatterned substrates.55 In the present study,
a general, case-independent strategy is presented where g is
determined from the differences of fluctuations measured in
the vicinity of the substrate and far away from it.

Finally, membrane fluctuations recorded with different
techniques were hitherto difficult to compare since recordings
are biased by the system resolution. Among the techniques
predominately used to probe biomembranes shape fluctuations
are flicker spectroscopy,24,56 X-ray,57,58 and neutron scattering.59,60

Close to a wall, the technique of choice has been reflection
interference contrast microscopy (RICM),28,29,61–63 which is one
of the techniques used in this work. RICM is limited to measure-
ments in the substrate vicinity, due to the need for a reference
beam for microinterferometry. Nevertheless, it is a label-free
imaging technique which, in two wavelength implementation,

probes membrane displacements in the normal direction with
4 nm resolution and with millisecond temporal precision.28,64 The
second technique used in this work is dynamic optical displace-
ment spectroscopy (DODS),7 which is complementary to RICM
and based on a conventional fluorescence correlation spectro-
scopy (FCS) setup.65,66 It records physical displacements of a
fluorescent membrane with 10 ms temporal and 20 nm spatial
resolution. In comparison to camera based techniques like RICM
this is a temporal resolution enhancement by two to three orders
of magnitude. Moreover, DODS can measure at both the top, i.e.,
the distal surface of the GUV and in the vicinity of the substrate,
i.e., the proximal surface. A comparable technique to DODS was
recently introduced,67 which measures bending deformations in
the lateral direction.

In order to compare data recorded using different techniques,
we utilize an advanced theoretical framework which accounts for
the spatio-temporal resolution of the setup.55 This permits the
simultaneous discussion of RICM and DODS data in this work.

Using RICM and DODS we investigate membrane fluctua-
tions in two GUV/substrate based model systems (see Fig. 1). In
the first model system the GUV hovers above a flat homo-
geneous substrate and the substrate proximal membrane is
confined by a weak, generic potential. We call this the ‘‘weakly
confined’’ case. In the second model system, the GUV is
adhered to a chemical pattern exhibiting regions of strong
adhesion and regions of weak, generic adhesion only. Within
weakly adhesive regions, the membrane may fluctuate similarly
to the weakly confined case. We call this the ‘‘structured
adhered’’ case. Both systems represent membranes close to the
adhesion–deadhesion transition,68–70 as indicated by a circular
shape of the GUV hemisphere. We trace membrane fluctuations
over several orders of magnitude in space and time and, extract
the tension, viscosity and the strength of the interaction
potential from measurements at the distal and proximal surface.
We propose an analysis protocol for compensating for finite
resolution in experimental measurements, thus enabling us to

Fig. 1 (a) Sketch of systems investigated for nanometric membrane fluctuations: (I) free, unrestricted motion at the GUV distal side, (II) fluctuations of a
weakly confined membrane near the substrate and (III) fluctuations of a structured adhered membrane. (b) Sketch of the DODS principle: a perpendicular
intensity scan of the confocal detection volume (CDV) across the fluorescent membrane yields the inflection point (IP) of the intensity distribution. At this
point physical displacements of the membrane, Dh, are most sensitively detected as intensity fluctuations, DI. (c) Sketch of the RICM principle: incident
light of wavelength l is reflected at interfaces of different refractive indices ni, i = 1–3, near the substrate. Reflected rays (I1, I2) interfere with an intensity
pattern I(x, t), from which the membrane height above the substrate, h(x, t), is determined.
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compare and combine RICM and DODS data in a meaningful
way. In doing so, we achieve a comprehensive description of two
weakly confined GUV systems. We find that in each case, the
data are consistent with the Helfrich description, while pointing
to an interaction potential that holds the membrane highly
above the substrate.

Experimental
Materials

Lipids. SOPC (1-stearoyl-2-oleoyl-sn-glycero-3-phosphocholine),
DOPE-PEG 2000 (1,2-dioleoyl-sn-glycero-3-phosphoethanolamine-
N-(methoxy(polyethyleneglycol)-2000)) and DOPE-cap-biotin
(1,2-dioleoyl-sn-glycero-3-phosphoethanolamine-N-(cap biotinyl))
were purchased from Avanti Polar Lipids (Alabaster, AL, USA)
and used without further purification. For DODS measurements,
in addition, the fluorescently labelled lipid TRITC-DHPE (N-(6-tetra-
methylrhodaminethiocarbamoyl)-1,2-dihexadecanoyl-sn-glycero-
3-phosphoethanolamine, triethylammonium salt) was purchased
from Invitrogen (Eugene, OR, USA).

Proteins. Neutravidin covalently linked to the fluorescent
label tetramethylrhodamine, henceforth called NAV-TMR,
(Invitrogen) was reconstituted in PBS buffer (140 mM NaCl,
3 mM KCl, 10 mM Na2HPO4, 2 mM KH2PO4, pH 7.2) and
ultracentrifuged at 137 000g and 4 1C for 2 hours to eliminate
protein aggregates. Bovine serum albumin (BSA) and its covalently
linked biotin conjugate (both: Sigma, Saint Louis, MO, USA) were
dissolved in ultrapure water to a final concentration of 0.1 mg mL�1

and mixed in a 1 : 1 w/w ratio (BSA–biotin mix).
Ultrapure water (Milli-Q Gradient A10, Millipore, San Francisco,

CA, USA) was used throughout. Thickness corrected glass cover-
slips (d = 170 � 10 mm, Assistent, Karl Hecht KG, Sondheim,
Germany) were cleaned by the following detergent treatment:
ultrasonication in 2% Hellmanex solution (Hellma, Müllheim,
Germany) for 10 minutes, flushing thoroughly with ultrapure water
and again ultrasonication (2 � 15 minutes) in ultrapure water
followed by repeated flushing with the same.

Substrate preparation

Substrates with patterned receptor distribution were prepared
by the micro-contact printing technique (mCP).71,72 For the
preparation of microstamps see the detailed protocol published
in Monzel et al.28 In brief, polyolefin plastomer (POP) stamps
were obtained by hot embossing the POP onto a silicon wafer
with the desired structure. An inking pad, made from a silicone
elastomer mixed with a crosslinker (Sylgard 184, Dow Corning,
MI, USA), was incubated with 400 ml of the BSA–biotin mix,
subsequently dried and used to ink the POP stamp. The latter
was then pressed onto a cleaned coverslip thereby transferring
the dried protein at the site of the pattern in a controlled
manner. The patterned cover-slips, which served as substrates
for GUV adhesion, were stored dry at 4–8 1C and used within
3 days. Prior to the experiment, the remaining regions of bare
glass were passivated with 5 mg mL�1 BSA for 15 minutes, the
stamped region was functionalized with NAV-TMR by incubation

for 30 minutes at a final concentration of 100 mg mL�1, and the
passivation step with BSA was repeated. Homogeneous sub-
strates for weakly confined GUV were prepared by passivating
the glass with 5 mg mL�1 BSA for 15 minutes. In each case,
excess protein was removed after each binding step by exchanging
the buffer against protein free PBS.

GUV preparation

Giant unilamellar vesicles (GUVs) consisting of SOPC with
2 mol% DOPE–PEG 2000 and 5 mol% DOPE–cap-biotin (plus
TRITC-DHPE at 1 mol% for DODS experiments) were prepared
via electro-swelling in 230 mOsm L�1 sucrose (Sigma) solution.45,73

For experiments, vesicles were immersed in PBS buffer of
400 mOsm L�1 (187 mM NaCl, 4 mM KCl, 13 mM Na2HPO4,
2.7 mM KH2PO4, pH 7.2) in a 1 : 50 dilution. The experimental
chamber was then covered with a glass slide to avoid osmolarity
changes due to evaporation. Measurements were started 30 min
later to ensure full equilibration of the system. All measure-
ments were carried out at room temperature.

Data acquisition and analysis
DODS

Previously, we used DODS to quantify membrane fluctuations
in vesicles and cells. Herein, we summarize the basics of DODS
which are relevant for the present study. A detailed description
of the approach is given by Monzel et al.7 The basic idea of this
method is to record intensity variations which originate from
the fluctuation of a fluorescent membrane in a confocal detec-
tion volume (CDV, see Fig. 1b). Such a signature of membrane
fluctuations is known to be visible in diffusion measurements
with FCS,74 but hitherto the focus was on evaluating the
diffusion rather than fluctuations. Quantification of fluctua-
tions, on the other hand, can be achieved with DODS by doping
the membrane with fluorophores in a 1 mol% concentration
range whereby any signal fluctuation related to lipid diffusion
is effectively suppressed. The following strategy then allows for
an efficient detection of physical membrane displacements.
First, an axial scan of the CDV at position hCDV(t) across the
membrane located at the mean position hhi is applied and
the intensity along the way is recorded. The intensity can be
approximated by a Gaussian function (see Fig. 1b)

I hCDVðtÞð Þ ¼ Imax exp �2
hCDVðtÞ � hhif g2

z02

" #
; (1)

where Imax denotes the maximally detected intensity and z0 is
the axial 1/e2 – radius of the CDV.7 In a second step, the
membrane is positioned at the inflection point (IP), of the
CDV, given by I(hIP

CDV) = e�1/2 Imax C 0.61 Imax. Here, the inten-
sity gradient is maximal and, as a consequence, the sensitivity
of fluctuation detection is the highest. This is the point where
membrane displacements are recorded (Fig. 1b).

Fixing the CDV at the position of the IP, intensity fluctua-
tions DI(h(t)) arise from membrane fluctuations Dh(t) �
h(t) � hhi, with the instantaneous membrane position h(t).
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Conversion from DI(h(t)) - Dh(t) is realized via the slope m at
the IP, as measured from the axial intensity scan:7

DI(h(t)) C mDh(t). (2)

In a similar manner, the intensity autocorrelation function
(ACF) is related to the membrane displacement autocorrelation
function (dACF � hDh(t)Dh(0)i) via

ACF � hDIðtÞDIð0ÞihIðtÞi2 ¼ m2

hIðtÞi2 dACF: (3)

Intensity fluctuations are recorded for a specific time interval,
typically 2–3 min, and the ACF is calculated.

DODS data were acquired with a FCS setup described in
detail before:7 a laser scanning microscope (LSM710, Carl
Zeiss, Göttingen, Germany) equipped with an FCS accessory
(Confocor 3, Zeiss) and a 40� water immersion objective
(C-Apochromat, NA 1.2, Zeiss) was used. The sample was
illuminated with a 5 mW HeNe laser (l = 543 nm) and light
was detected with 2 avalanche photodiodes (Perkin Elmer,
Waltham, Ma, USA) for photon detection. The excitation laser
was attenuated to a maximum count Imax of 70–100 kcps, which
was well within the linear range of the detected fluorescence
intensity. Appropriate filter sets were chosen (for the dye used
here: beam splitter 488/543 nm for excitation and 580 nm long
pass filter for emission, Zeiss) and the pinhole size was fixed to
one Airy unit. Under these conditions the axial 1/e2-radius z0

amounts to 1284 � 11 nm (N = 10). Errors reported throughout
are standard deviations and indicated by �. Data acquisition
and realtime autocorrelation were executed via the software
ZEN (version 2008, Zeiss). Before the start of each DODS
measurement, fluorescence and phase contrast images were
acquired to determine the overall shape of the GUV and to
choose the appropriate central position at the proximal or
distal membrane.

RICM

For Dual Wavelength-RICM (DW-RICM)64 an inverted micro-
scope (Axiovert200, Carl Zeiss) was equipped with an oil immer-
sion objective (Antiflex EC Plan-Neofluar Ph3 63x/1.25, Zeiss)
containing a l/4 plate. Light emitted by a metal halogenide
lamp (X-Cite, Exfo, Quebec, Canada) was filtered using a dual-
band interference filter (lg = 546 � 10 nm and lb = 436 �
20 nm). The numerical aperture of illumination was set to 0.54.
In order to achieve maximum contrast the antiflex technique
was applied.75 Two micrographs were recorded simultaneously.
For this purpose, the reflected light was split according to its
wavelength (FT 460 nm, LP 470 nm (Zeiss) and BP 436 � 10 nm
(AHF, Tübingen, Germany)) and focused on two separate digital
CCD cameras where one was triggered by the other (sensicam
qe, PCO, Kehlheim, Germany). Image recording was controlled
by the software OpenBox (version 1.77, Informationssysteme
Schilling, Munich, Germany). 2000 consecutive micrographs
with a frame rate of 20 Hz were recorded. Analysis was
performed considering the interfaces of glass/outer buffer,
outer buffer/membrane and membrane/inner buffer in the
analysis within the square regions of the fluctuating membrane

(for details see Monzel et al.28). Data were analyzed using
self-written routines in Matlab (version 3.0 (R2010b), The
MathWorks, Inc. MA, USA) utilizing the image processing tool-
box and ImageJ (version 1.45s, Rasband, W.S., NIH, Bethesda,
MD, USA).

Knowing the refractive indices and thicknesses of the
different layers and using Fresnel’s equations the detected
intensity I(h) is calculated. The theory of partial coherent light
states that these data follow the intensity-height relation52

IðhÞ ¼ S

2
�D

sinðyÞ
2y

cos 2kn1 h cos2
a
2

� �
� hoff

h i� �
(4)

and a fit with this equation gives the absolute membrane

heights h = h(x, t). y ¼ 2kh sin2
a
2

� �
with the half angle a = 241

of the cone of illumination being used to account for the
illumination numerical aperture. The offset hoff = 35 nm76

and S and D, the sum and difference of the maximal and
minimal intensity, respectively, are determined from the fit.
k = 2p/l is the wave vector and n1 = 1.335 the refractive index of
the outer buffer. The phase ambiguity arising from the cosine
in eqn (4) is lifted using DW-RICM instead of conventional
RICM. Here, two interferograms for wavelengths l = 546 nm
and 436 nm are recorded simultaneously and from the twofold
intensity information a unique height of the object above the
substrate can be derived.64 A detailed description of this procedure
can be found elsewhere.28

Correcting for finite resolution

Since the detected, apparent membrane heights %h(x, t) are
always spatio-temporal averages of the instantaneous height
h(x, t), the detected apparent fluctuations D %h(x, t) and the dACF
hD %h(x, t)D %h(x, 0)i were corrected to account for the resolution of
the setup. In the following we describe the theoretical context
relevant for this work and account for (i) the spatio-temporal
resolution of the setup, (ii) the detection limits of the system,
and (iii) the boundary conditions of the investigated membranes
(see Fig. 1a).

In all cases, the correct form of the dACF is derived starting
from the classical theory for membrane height fluctuations,
which describes the membrane as a two-dimensional sheet
with bending rigidity k and membrane tension s. In the vicinity
of a wall an additional term accounts for the interaction
potential V(h) which in harmonic approximation has a minimum
at h0 and a curvature g. The Hamiltonian is given by

H ¼
ð
S
dx

k
2
r2h
� �2þs

2
ðrhÞ2 þ g

2
h� h0ð Þ2

h i
(5)

where h = h(x), with x � (x, y) the lateral position on the
membrane, and h0 � hh(x)i in equilibrium. Far from the sub-
strate at the distal membrane g � 0.

The true dACF without finite resolution effects is given by14

hDhðx; 0ÞDhðx; tÞi ¼ kBT

ð2pÞ2
ð
dq

e�GðqÞt

kq3 þ sqþ g=q
: (6)
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At t � 0 the dACF yields the root mean square fluctuation

amplitude c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dhðx; 0Þ2h i

p
. The coefficient G(q) accounts for

the hydrodynamic damping and relaxation of membrane fluc-
tuations. At the distal membrane it takes the well known form
G(q) = (kq4 +sq2)/(4Zq).14 For the proximal membrane G(q) is
somewhat enhanced55,77

GðqÞ ¼
kq4 þ sq2 þ g
� �

4Zq

�
2 sinh2ðqhÞ � ðqhÞ2
� �

sinh2ðqhÞ � ðqhÞ2 þ sinhðqhÞ coshðqhÞ þ ðqhÞ:

(7)

The bending rigidity for SOPC lipid membranes, used through-
out here, is k = 20kBT.78 The viscosity Z, is calculated as the
arithmetic mean of the viscosity of the inner GUV buffer and
outer buffer (see Appendix 1).

DODS. In the case of DODS the detection system is an
avalanche photodiode which counts the photons originating
from the fluorophores within the CDV. The CDV in turn has
an intrinsic intensity distribution and only the integral value
of intensities in the cross-section between the CDV and
membrane are detected. Consequently, the true membrane
fluctuations Dh(x, t) are smeared out to the apparent fluctua-
tions D %h(x, t), and these emerge from a convolution of the
lateral point spread function P(x) = 2/(po2) exp(�2x2/o2) at h(x, t)
and the fluctuations Dh(x, t). Note that, due to measurements at
the IP the lateral 1/e2-radius o0 of the point spread function P(x)
increases to79

o2 ¼ o0
2 1þ

l2 hIPCDV � hhi
� �2
p2n12o0

4

 !
:

n1 is the refractive index of the bulk medium and l the
wavelength of the excitation light. For our measurement con-
ditions o0 = 281 � 7 nm (N = 10; standard deviation error). With
these considerations and integrating over x, the dACF in case of
DODS reads

D�hð0ÞD�hðtÞ
� �

DODS ¼
ðW
0

ðW
0

dt1
0
dt2

0

W2
D�h t1

0
� �

D�h tþ t2
0

� �D E
DODS

¼ kBT

2p

ð1
qmin

dq
qe�GðqÞt

kq4 þ sq2 þ g
e�

1
4
o2q2cWðqÞ;

(8)

where the averaged time component is given by

cWðqÞ ¼
e�GðqÞW � 1þ GðqÞW

G2ðqÞW2 :

In comparison to the classical expression, the spatial averaging
due to finite resolution only contributes an additional factor
fDODS(q) = exp(�o2q2/4) see eqn (8). This factor dampens the
detection of high modes at the upper integral limit qmax = N. At
low frequencies the accessible modes are limited due to the
finite size of the vesicle, i.e., the wavelength spanning the whole

vesicle qmin ¼
ffiffiffi
3
p

=R (see Appendix 2). Note that in the limit of k
dominated fluctuations kq2

c s, and in the limit of s dominated

fluctuations kq2 { s. s is typically of the order of 0.01–1 mJ m�2

and kq2 runs from B10�5–1 mJ m�2. Above the latter value the
integrand is highly damped, wherefore small q values dominate
the integral and s 4 kq2 holds for the majority of investigated
objects. Thus, in our case DODS is most sensitive to s. A similar
argument can be used to explain the sensitivity for g.

Using eqn (8), the theoretical shape of the dACF in case of
DODS was calculated for typical system parameters and the
results are illustrated in Fig. 2. The shape of the dACF is
strongly influenced by changes in s and somewhat less in g,
while k and Z have only little effect on the amplitude and
relaxation of the function, respectively.

RICM. In case of RICM, true fluctuations are blurred to the
apparent fluctuations in a similar manner. The camera based
detection results in spatial averaging of the intensity over the,
ideally resolution matched, pixel size A. The camera exposure
time W restricts the detected frequencies to values o1/(2W).
Consequently, the apparent heights %h(x, t) follow

�hðx; tÞ ¼
ðW
0

dt 0

W

ð
A

dx0

A
h xþ x0; tþ t 0ð Þ: (9)

The apparent autocorrelation function emerges – similar to
DODS – from a convolution of the true correlations (using
eqn (6)) with the effects of the spatio-temporal averaging55

D�hðx; 0ÞD�hðx; tÞ
� �

RICM ¼ kBT

ð2pÞ2
ð
dq

e�GðqÞt

kq4 þ sq2 þ g
fRICMðqÞcWðqÞ;

(10)

where fRICM(q) is a function of the spatial component

fRICMðqÞ ¼
ðð

A

dx1
0
dx2

0

A2
e�iq x1

0 �x2
0� �
: (11)

cW(q) accounts for the temporal averaging as given before.
The effect of finite resolution on the apparent mean square

fluctuations hD %h2i and their dependence on s are illustrated in
Fig. 3. For RICM compared to DODS hD %h2i increases by more
than a factor of 5 (see Fig. 3a). Thus, accounting for finite

Fig. 2 Theoretical dACF variation with membrane/system parameters
(eqn (8)): (a) membrane tension s, (b) bending rigidity k, (c) interaction potential
strength g, and (d) effective viscosity Z. Default values are s = 0.5 mJ m�2,
g = 0.1 MJ m�4, k = 10kBT, Z = 1.0 mPa s.
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resolution enables us to correctly rescale the measured fluctua-
tions, and permits quantitative comparison between different
techniques.

Throughout, for both DODS and RICM, we correct the apparent

fluctuations
ffiffiffiffiffiffiffiffiffiffiffiffiffi
D�h2
� �q

and correlation functions hD%h(0)D%h(t)i to the

instantaneous fluctuations c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Dh2h i

p
and correlation functions

hDh(0)Dh(t)i. Unless otherwise stated, all reported values are
already corrected.

Results and discussion
Weakly confined membranes

In the experiment GUVs sedimented and hovered over the
substrate, which was passivated to prevent strong attraction.
The proximal membrane within the vesicle substrate contact
zone was on average flat. Still, the membrane was highly
fluctuating, indicating that it was confined in a generic
potential. For measurements, vesicles with radii Z10 mm were
chosen to ensure membrane flatness within the detection
volume.‡ When the vesicle has equilibrated to ambient condi-
tions and no lateral drift on the timescales of the measurement
(C5 min) was detectable, the CDV was adjusted such that the
membrane was vertically positioned at the IP before intensity
fluctuations were recorded (see Fig. 4a).

First, we measured fluctuations at the distal surface of the
GUV using DODS. Data were collected from the centre of the
distal membrane of the vesicle. From these data the dACF was
calculated using eqn (3). Fluctuation amplitudes were determined
from the intercept of the dACF (i.e., its value at t � 10�5 s),
yielding an average value of cDODS

distal = 67� 19 nm (N = 20; standard
deviation error). Values of cdistal C 100 nm are expected for GUVs
that are freely fluctuating far from any surface. However, due to
the lack of suitable techniques these were so far only measured
using flicker spectroscopy at a spatio-temporal resolution of 30 Hz
and 30 nm.24,56,80,81

Next, DODS data were collected at the proximal membrane
of the vesicle. Here, membrane fluctuations are damped due to

the presence of the substrate and consequently the average
amplitude reduced to cDODS

proximal = 29 � 10 nm (N = 17). This
value can be compared to previous studies on weakly adhering
vesicles, where amplitudes of 9 to 34 nm were detected
using RICM (here we corrected the reported values to account
for the spatio-temporal averaging inherent to RICM).29,30,42

Note that in this study GUVs were prepared in such a way
that they had higher osmotic deflation (osmotic difference:
170 mOsm L�1) as compared to the studies cited here
(20–100 mOsm L�1).

Measurements at both distal and proximal surfaces of the
same vesicle enable the direct assessment of the influence of
the substrate on the fluctuation amplitude. Since the membrane
tension is the same everywhere in the vesicle, changes in
membrane fluctuation near the substrate directly reflect the
changes due to the membrane–substrate interaction. Fig. 4b
illustrates the attenuation of fluctuations from the distal to the
proximal membrane, which on average amounts to �2.3.

Fig. 3 (a) Calculated effect of temporal resolution W on fluctuation
amplitude hD %h2i for a weakly confined GUV at typical parameters s =
0.5 mJ m�2, g = 4 MJ m�4 and h0 = 600 nm (black line). Vertical lines
indicate DODS and RICM temporal resolution, dashed line denotes infinite
resolution. (b) hD %h2i calculated as a function of membrane tension s, for
the spatio-temporal resolution of RICM and DODS.

Fig. 4 GUV confined by a weak generic potential. (a) Sketch of the
system. Colored boxes indicate measurement positions at distal (blue)
and proximal (green) surfaces. (b) Relation between fluctuation amplitudes
c at the distal and the proximal surface of each vesicle. Fluctuations at the
distal surface are on average enhanced by a factor �2.3 (solid line). (c) Typical
dACFs. s is obtained from a single parameter fit to the dACF at the distal
surface (blue). A two parameter fit for s and Z (grey) is plotted for comparison.
g and h0 are determined from a fit of the dACF at the proximal surface (green).
Residuals remain mostly below the resolution limit (grey bar).

‡ For vesicle radii Z10 mm the spherical membrane shape deviates by less than
0.3 nm from a plane within the CDV.
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From the measurement at the distal membrane, and assuming
a bending rigidity of k = 20kBT,78 the membrane tension can be
uniquely determined based on the mean square fluctuation
amplitude (eqn (8) with t and g � 0). Alternatively, it can be
determined from the full ACF. Its decay is given by the classical
expression for the damping coefficient G(q), where in addition to
s, the buffer viscosity Z is used as a fit parameter. The resulting fit
shows convincing agreement with data and for correlation
times t 4 10�4 s the residuals remain below the resolution
limit (see Fig. 4c).

The membrane tension was found to be between 0.2–1.4 mJ m�2

and the average value of the viscosity was Z = 1.2 � 0.6 mPa s
(N = 20; standard deviation error). The latter accords with the
expected value of Z = 1.2 mPa s, which is the arithmetic mean of
the outer buffer viscosity Z = 1.0 mPa s and the viscosity of the
sucrose solution inside the vesicle Z = 1.4 mPa s (see Appendix 2).
The same viscosity was also measured using FCS by Cha et al.82

in a similar model system.
Having established that the viscosity is indeed as expected,

we fixed its value to Z = 1.2 mPa s and performed a one
parameter fit with the tension as the only free parameter.
Correspondence between data and the one-parameter fit
remained high (see residuals in Fig. 4c) and changes in
membrane tension values between two-parameter fit (s = 0.52 �
0.39 mJ m�2) and one-parameter fit (0.51 � 0.37 mJ m�2) were
negligibly small. This analysis demonstrates the robustness of the
determination of s using this technique. Note that the observed
variation in s resulted from real tension variations between
different GUVs. To test the influence of measurement uncertainty
we undertook repeated DODS measurements on the same vesicle
(Table 1). Performing one parameter fits the membrane tension
was determined to an accuracy of �0.035 mJ m�2.

Absolute tension values are in excellent agreement with
results estimated from other fluctuation dominated systems,
e.g., unbound GUVs analyzed with flicker spectroscopy24,56 and
neutron scattering83 or weakly adhered vesicles analyzed using
RICM30,84 where tensions were of the order of B0.1 mJ m�2. In
more tightly adhered or micropipette aspirated GUVs membrane
tensions are considerably larger and of the order of B1 mJ m�2

and B1 mJ m�2, respectively.29,67

The dACFs of the proximal membrane were fitted using
eqn (7) and (8), with fitting parameters g and h0, the latter being
the equilibrium height above the substrate. s was fixed to the
value determined from the one-parameter fit at the distal side
of the same vesicle. A typical example is depicted in Fig. 4c. The
fit yielded high correspondence with data and residuals
remained below the resolution limit for t 4 10�4 s, as before.
Hence, this is the first time that s and g could be independently
measured in direct experiments.

The interaction potential strength g was between 0.7–20 �
106 J m�4 and h0 between 150 and 654 nm. For the latter, the
higher variation in the case of DODS arises from the limited
sensitivity of this technique for h0. The absolute values of g were
consistent with previously reported results for similar systems
as measured with RICM.29,30,85

Structured adhered vesicles

GUVs were allowed to sediment and interact with the substrates
bearing the adhesive grid patterns. They adhered to the sub-
strate in a way that part of the proximal membrane became
tightly bound while square-shaped patches (4 � 4 mm2)
remained free to fluctuate (see Fig. 5a). The selective pinning
of the membrane to the substrate yields substantial control
over absolute membrane heights and renders the system parti-
cularly amenable for RICM analyses. In our previous study we
investigated similar systems with DW-RICM and demonstrated
that the lipids on the membrane are free to diffuse across the
adhered regions.45 Therefore, the membrane within each
square is expected to reach an equilibrium state.

DODS measurements were performed at the distal, and the
fluctuating parts of the proximal membrane. Fig. 5b illustrates

Table 1 Tension s (in mJ m�2) for two exemplary GUVs, (GUV1 and GUV2)
and for repeated DODS measurements M1, M2 and M3 of the same vesicle

M1 M2 M3

s of GUV1 0.41 0.46 0.48
s of GUV2 0.36 0.32 0.37

Fig. 5 Structured adhered GUV. (a) Sketch of the system (left), the phase
contrast image of the vesicle (middle) and the RICM image of the vesicle–
substrate contact zone (right). Colored boxes indicate measurement
positions at the vesicle distal side and within fluctuation areas at the
proximal side. Scale bar 10 mm. (b) Typical dACFs. s is obtained from a
single parameter fit to the dACF at the vesicle distal side (blue). g and h0 are
determined from a fit to the dACF at the proximal side (purple). Residuals
remain mostly below the resolution limit (grey area).
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a typical example of dACF measurements, along with the single-
parameter fit for s at the distal membrane and the simulta-
neous fit for g and h0 at the proximal membrane. Both fits
yielded high correspondence with data and residuals remain-
ing below the resolution limit for correlation times t 4 3 �
10�5 s (grey area in Fig. 5b). The fluctuation amplitude at
the distal membrane amounts to cDODS

distal = 82 � 23 nm (N = 16)
and is enhanced by a factor �2.7 compared to their amplitudes
measured at the proximal membrane. This is a similar enhance-
ment as obtained for the weakly confined system. Parameters
cproximal, s, g, and h0 as obtained from the fits are explicitly given
in Tables 2 and 3, and discussed as follows.

For the structured adhered system RICM measurements
at the proximal membrane were performed and compared to
DODS data utilizing the theory accounting for finite resolution
(see Fig. 3a). Results of both measurements are given in
Table 2. Note that DODS is more suited for the determination
of cproximal whereas RICM yields better results for h0. Both of
these values, cDODS

proximal and hRICM
0 , are slightly higher than their

values obtained using other techniques but assessing the
deviation via the Wilcoxon rank sum test yielded no statistical
difference between data sets (significance level p = 0.27 for
cproximal, and p = 0.23 for h0).

The standard deviation given in Table 2 represents the true
distribution of fluctuation amplitudes GUVs exhibit. It cannot
be solely attributed to measurement inaccuracy. This is different
in the case of h0 measured using DODS. Here, the large standard
deviation compared to DW-RICM results from the lower sensi-
tivity of DODS for h0. Thus, for optimal results h0 should be
determined via RICM and s via DODS measurements. So far
we could not perform DODS and DW-RICM on the same setup
and the same GUV, wherefore in the following we compare the
average values over several GUVs.

Previous work on confined adhesion to substrate patterns
used vesicles that were tenser than ours and reported fluctua-
tion amplitudes of cproximal = 9–37 nm29,30 (corrected for finite
resolution) as well as equilibrium heights of h0 = 31–49 nm.29

Clearly, the differences to the present work arise from different
membrane tension.

In the following text we present the results for the weakly
confined and structured adhered system and compare them to

theory (see Fig. 6). The fluctuations hDh2idistal (�c2) as a function
of membrane tension s are very close to the theoretical curve
described by eqn (8) for g = 0 (Fig. 6a). For the fluctuations at the
proximal position as a function of the potential strength g, we
find convincing agreement between experimental and theoretical
data for both adhesion types (Fig. 6b). Here we used the averaged
membrane tension, in the weakly confined (swc) and structured
adhered (ssa) case, though the membrane tension of individual
vesicles could differ by more than 50%.

For all vesicles observed, Fig. 6a and b show that only part
of the decay of the function is probed whereas the plateau
region cannot be probed under the experimental conditions
used (see insets of Fig. 6). Moreover, all parameters describing
the vesicle membrane behaviour near the substrate, i.e., cproximal,

Table 2 DODS and RICM results: average and standard deviation of
fluctuation amplitude, cproximal, and membrane height, h0 (N = 14 for
DODS and RICM data)

Technique cproximal [nm] h0 [nm]

DODS 31 � 12 402 � 252
RICM 26 � 21 538 � 56

Table 3 Comparison of weakly confined and structured adhered systems: mean and standard deviation obtained using DODS (N = 17 for the weakly
confined system, N = 14 for the struc. adh. system, unless otherwise stated)

System cdistal [nm] cproximal [nm] h0 [nm] s [mJ m�2] g [MJ m�4]

Weakly confined 67 � 19 (N = 20) 29 � 10 605 � 428 0.51 � 0.37 4 � 5
Struc. adh. 82 � 23 (N = 16) 31 � 12 402 � 252 0.35 � 0.25 4 � 3

Fig. 6 Relation between fluctuation amplitude and membrane/system
parameters: (a) cdistal

2 (�hDh2idistal) vs. s for weakly confined (green) and
structured adhered values (purple). Data follow the theory, eqn (8).
(b) cproximal

2 (�hDh2iproximal) vs. g for weakly confined (wc, green) and
structured adhered values (sa, purple). Data follow the theory for average
swc and ssa, respectively. The insets show the same theoretical fluctuation
amplitude for the full parameter range, partially inaccessible to experi-
ments. The grey shaded area illustrates the experimentally accessed
parameter range.
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g, and h0, exhibit similar values in both systems (see Table 3). This
indicates that the presence of the substrate influences membrane
fluctuations to a similar extent and that even in the structured
adhered system the membrane is equilibrated since lipid mole-
cules are free to diffuse over the adhered regions of the vesicle
membrane.45 In fact, as the substrate preparation within the
square fluctuation regions of the structured adhered GUV and
the weakly confined GUV was identical, the membrane should
encounter similar membrane–substrate interaction if the influ-
ence of the pinned membrane sides is negligibly small – and
this is observed indeed.

Moreover, in the structured adhered case it appears that the
vesicle does not spread further on the patterned substrate. This
behaviour is different from previous studies on GUVs adhering
strongly to homogeneous substrates – as noticeable by the
suppression of fluctuations within the adhesion zone and
tension increase.52,84 On homogeneous substrates fluctuations
bring a new membrane area into contact with the substrate and
cause growth of the adhesion zone. In the present case the non-
adhesive square areas on the substrate are so large that
fluctuations cannot reach to the other side to establish new
contacts. Further adhesion is only possible along the adhesive
grid, but this involves an increase in bending and vesicle
deformation which does not occur. Thus, in the energetics of
this system the energy costs due to bending exceed the gain in
enthalpy arising from bond formation (and tension, for higher
order deformations).

A direct overview of system parameters obtained in the
weakly confined and structured adhered case is given in
Table 3. Fluctuation amplitudes at the distal membrane yielded
a difference of 20% with slightly larger amplitudes for struc-
tured adhered membranes; however, a Wilcoxon rank sum test
clarifies the change as not statistically significant (significance
level p = 0.12). The same holds for the membrane tension
( p = 0.15), but here values for structured adhered membranes
were slightly reduced.

Since within fluctuation regions the membrane exhibits the
same equilibrium state as in the weakly confined case, the only
difference between both systems is the formation of membrane
bonds and suppressed fluctuations within adhered regions.28

Here, the membrane is flattened and not free to explore all
bending modes. Consequently, the membrane excess area
within bound regions is smaller than within regions of the free
membrane. It is indeed unevenly distributed already between
the distal and proximal sides of the GUV as our observation
of B2.5� enhanced fluctuations at the distal GUV side demon-
strates. In this sense the surface excess area is a fundamentally
different quantity compared to the membrane tension, which
assumes the same value all over the equilibrated fluid lipid
membrane. In addition, the vesicle on the structured adhered
substrate does not spread, wherefore it maintains its initial
surface excess area. Upon adhesion the part of the surface excess
area originating from the adhered zone must be redistributed
within the GUV and may be shifted from the substrate contact
zone to the vesicle hemisphere. We estimated this potential
effect on fluctuation amplitudes on the distal side. For a typical

vesicle of 15 mm radius, pinned over 67% of the area within the
contact zone and by approximating fluctuations as paraboloid
dents with 67 nm amplitude (see Table 3, weakly confined case),
their flattening upon adhesion should result in a maximal
increase of surface excess area in the vesicle hemisphere by
17%. This larger effective surface area would change the lower
integral limit in eqn (8) resulting in fluctuation amplitudes of
81 nm. While such a slight enhancement of fluctuation in the
GUV hemisphere upon adhesion is, in principle, possible, the
estimated change is yet small enough to lie within the statistical
spread of measured amplitudes (67 � 19 nm for the weakly
confined and 82 � 23 nm for the structured adhered GUV). In
the present case no significant effect is detectable, but changes
in the fluctuation amplitude at the GUV distal site may be
probed in more detail with a model system of larger adhesive
area and with slowed adhesion kinetics. An interesting extension
of our work to further characterize weakly adhering membranes
concerns a systematic change of the ratio of non-adhesive/
adhesive areas on the substrate.

Comparison

Here we have quantified the fluctuation of membranes con-
fined in a weak generic potential using DODS which was cross-
checked using RICM wherever possible. When a membrane is
close to another surface, fluctuations contribute to the inter-
action potential. At the same time, fluctuations are a means
to measure material properties of the membrane as well as
the interaction potential itself.16,30,36,85 Hitherto, RICM was the
tool of choice for measuring the interaction potential since
other techniques, such as flicker spectroscopy, do not give
access to the membrane fluctuations near a surface.25,34,86

However, the tensions inferred from RICM measurements are
usually over-estimated because of the limited resolution in time
and in the lateral spatial direction.29,52 Furthermore, working
solely with fluctuations at the substrate proximal surface, the
tension and the potential needs to be determined together in
a self-consistent manner.23,87

DODS7 enabled us to measure at the upper surface of a
vesicle to determine the tension independently of the potential,
and then use this value to determine the strength of the
potential from data gathered at the lower surface of the same
vesicle. A key step towards establishing the validity of DODS
was its cross-comparison with RICM. This became possible by
accounting theoretically for the finite resolution of the two
techniques.55 We also showed that since our system is in
the tension dominated regime, the measurements are highly
sensitive to changes in tension, but are not robust against
changes in the bending rigidity. For this reason we are not
sensitive to complications arising from recent suggestions that
the bending rigidity may be different, for example, with small
changes in buffer composition.36–38 Since small changes are
not expected to impact our results, the value available in the
literature was used throughout.

In the past, most studies investigated model systems with
high ligand numbers, and consequently a state of firm adhesion
and tense membrane.30,84,85,88 Weak or structured adhesion was
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much less studied. Theoretical work predicts interesting
phenomena, for example, geometrically structured/rough sub-
strates result in a decrease of the substrate’s attractiveness
compared to homogeneous adhesive surfaces and lead to a
drop in adhesion energy.89,90

We addressed this gap by analysing membrane fluctuations
in two different systems – structured adhered or weakly bound,
where GUVs were either partially adhered or confined solely by a
generic interaction with a substrate. We worked with highly
deflated GUVs and therefore, in both cases, the tension primarily
acts to reduce thermally-driven membrane undulations. In both
cases, the tension was determined to be about sB 0.5 mJ m�2, the
strength of the interaction potential to be g B 4 MJ m�4 – values
that are reasonable in light of prior studies.24,29,30,42,80,81,84,85 The
measured viscosity matched very well with theoretical predictions
(see Appendix 1). Similar values for all the measured quantities in
the two systems show that in the partially adhered system, though
the membrane is selectively bound to the substrate, the non-
adhered part of the membrane behaves like its weakly confined
counterpart. We can conclude that at least when the tension is
low, non-adhered parts of a partly adhered cell or vesicle can be
treated independently of the adhered parts.

We found that both our systems are well-described within the
Helfrich framework, which then allowed us to measure the strength
of the effective interaction potential. In earlier work we showed that
this potential is highly non-linear,91 and that with decreasing
membrane tension, effected via osmotic deflation of GUVs, the
minimum of the potential gets further from the substrate and
the shape gets broader.45 Here we explored the highly deflated
case where the membrane is held at the considerable height
of B540 nm, while fluctuating with an amplitude of only 30 nm.
These numbers – as well as those reported before – for the
membrane height and fluctuation amplitude are difficult to
reconcile with the classical idea of extracting the effective
potential from a superposition of relevant individual contribution,
which typically include gravity, van der Waal’s and Helfrich poten-
tials.29,30,52 We conclude that the physical origin of the effective
potential in eqn (5), is still to be fully understood. However, with the
fine description offered by us here and elsewhere,55 the measured
potential can be used as such as a basis for further studies.

Conclusions

Two weakly adhered model systems were studied using the
techniques DW-RICM and DODS, and the results obtained
largely validated the current consensus on membrane dynamics.
Let us consider each relevant parameter: at the relatively long
wavelengths probed here, the dissipation is expected to come
from the viscous damping in the buffer and not from internal
membrane friction. Indeed, this is reflected in our experimen-
tally measured values. The membrane tension, s, is measured
independently of other parameters and is in the expected range.
For the bending rigidity the value available in the literature has
been used, since our system is in the tension dominated regime
and as such is not sensitive to small changes in this parameter.

Our major contribution here has been to shed light on the generic
interaction between the substrate and the membrane. The potential
is a major player in determining the dynamics of the eventual
specific adhesion of the membrane to the substrate, and to our
knowledge, this is the first time that the strength of the potential, g,
was measured from fluctuations, but independently of the tension.
Such measurement was realized utilizing the two complementary
techniques of DODS – which features high temporal resolution and
enabled the decoupling of s and g – and RICM – which features
high accuracy in membrane–substrate distance measurements.

In the context of specific ligand–receptor mediated adhe-
sion, the interaction potential plays a dual role – it contributes
to defining the membrane–surface distance and its strength,
given by the curvature at the minimum, dictates the extent of
stochastic exploration by the membrane, ultimately enabling the
nucleation of an adhesive patch that may grow.52 Fluctuations of
weakly adhered systems may be used to probe specific interactions,
assessing the change with adhesion bond density,32,42,43 for hetero-
geneous bond distribution,92 or during osmolarity changes.45 Other
potential applications include exploring on-off dynamics of bonds,
and weakly confined vesicles subjected to thermal gradients or
external shear.

Appendix 1: effective viscosity for a
planar membrane surrounded by two
different fluids

The fluctuations of a membrane decay due to the dissipation of
energy in the surrounding fluids. In this paragraph, we will
calculate the damping coefficients of a membrane surrounded
by two different fluids following Seifert.77 The membrane is
described by the Helfrich Hamiltonian, eqn (5) in the main text.
The coordinate system is such that the membrane is on average
in the xy plane (z = 0) with z perpendicular to the membrane
plane. Imposing translational invariance, we reduce the calcu-
lation to two dimensions (x and z, without loss of generality).
The viscosity of the fluids above and below the membrane are
denoted by Z+ and Z�, respectively (see Fig. 7). Stokes equations
for the hydrodynamics of the fluids around the membrane are

r�vi = 0 (12)

Zir2vi = rpi, (13)

Fig. 7 Sketch of the system introducing the parameters with a membrane
at the average position z = 0.
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with i = sgn(z). Thereby, vi is the velocity field vi� (vi
x(x, z),vi

z(x, z))
of the fluids and pi is the pressure field pi = pi(x, z).

The ansatz for the z-component of v imposing a planar
incoming wave is given by

v�z = [C� + D�qz]e8qzeiqx�G(q)t (14)

with constraints v(z - �N) = 0. Using eqn (12), we find the
x-component of the velocity field v�x . Moreover, the velocity field
has to be continuous at z = 0 and the in-plane divergence of vx

has to vanish at z = 0, i.e., @xvx(x, z = 0) = 0. All together, we find
after some algebra C� = �D�. Now, we calculate the pressure
field p�(x, z) with eqn (13) and finally use force balance at z = 0,

�Tþzzjz¼0 þ T�zzjz¼0 ¼ �
dH

dhqjz¼0
(15)

with the liquid-stress-tensor T�kl = �p�dkl + Z�(@kv�l + @lv
�
k ).

Combining the results for the pressure fields and the velocity
fields, we finally resolve the damping coefficients

GðqÞ ¼ kq3 þ sq
2 Zþ þ Z�ð Þ �

kq3 þ sq
4Zeff

; (16)

with Zeff� (Z+ + Z�)/2. Thus, the effective viscosity for a membrane
surrounded by different fluids is given by the arithmetic mean of
both viscosities.

Appendix 2: spectral boundaries for a
quasi-planar membrane

Over the years, the membrane was described in various approx-
imations. A first approximation was the quasi-spherical geometry
for the vesicle shape and, for adhesion to a flat substrate, a quasi-
planar membrane was considered. Both representations provide
fluctuation amplitudes from theoretical modelling. Here, we will
compare both fluctuation amplitudes, in the quasi-spherical and
in the quasi-planar geometry, and consequently determine the
spectral boundaries in the planar geometry.

In quasi-planar geometry, the fluctuation amplitude for a
membrane far away from the substrate (i.e., without the inter-
action potential term) is known to be

Dh2
� �

¼ kBT

2p

ðqmax

qmin

dq
1

kq3 þ sq
: (17)

Therefore, the upper integration limit is given by qmax = 2p/d
with d being the size of a lipid. The lower integration limit is
not known in detail; however, it is of the order of 1/R, where R
is the radius of the vesicle.

In the following we will derive a more accurate estimate for
qmin. In quasi-spherical geometry, we expand the membrane
shape

R(O, t) = R(1 + u(O, t)), (18)

around its mean spherical shape with radius R and fluctuations
u(O,t) at the angle O. Following the calculation shown in Milner
and Safran,13 the fluctuation amplitude hu2i in quasi-spherical

geometry is given by

u2
� �

¼ R2
Xlmax

l¼2
ulmj j2

D E2l þ 1

4p
; (19)

with

ulmj j2
D E

¼ kBT

ðl þ 2Þðl � 1Þ kðl þ 1Þl þ sR2½ �: (20)

Therefore, the maximal order of spherical harmonics lmax is the
order R/d.

The limits for s - 0 are found in both geometries as

Dh2
� �

s!0
’ kBT

4pk
1

q0min

� �2; (21)

u2
� �

s!0
’ kBT

4pk
R2

3
: (22)

The relative errors due to various approximations is below 1%
for qmax 4 10qmin in eqn (21) and below 1% for lmax Z 17 in
eqn (22). Finally, from this we find the correct lower integration
limit for the fluctuation amplitude in quasi-planar geometry as

q0min ¼
ffiffiffi
3
p

R
: (23)

Including membrane tension, the lower integration limit qmin

is found numerically from eqn (17) and (18) and we show qmin

in Fig. 8 for typical values of a vesicle (k = 2, 20, 200kBT, and
R = 10 mm). We find qmin to remain close to q0

min for a broad
range of membrane tensions. However, for typical membrane
tensions of a vesicle we determine qmin C 0.81q0

min. Only for
large membrane tensions, s c k/d2 C 0.1 J m�2, which are far
beyond the lysis tension of biomembranes, we find prominent
deviations from q0

min which saturate at qmin C 5.09q0
min for s-N.
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Fig. 8 Lower integration limit qmin as a function of the membrane tension s.
The vesicle radius was kept constant at R = 10 mm while the grey shaded area
illustrates the experimentally accessible parameter range.
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