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Probability



Law of large numbers

It follows from the law of large numbers that the relative
frequency of success in a series of Bernoulli trials will converge 
to the theoretical probability. 

For example, a fair coin toss is a Bernoulli trial. When a fair
coin is tossed once, the theoretical probability that the 
outcome will be heads is equal to 1/2. Therefore, according 
to the law of large numbers, the proportion of heads in a 
"large" number of coin tosses "should be" roughly 1/2. 

According to this, a frequency is a factual property of the real
world that we can measure or estimate.



Probability

is something that we assign to individual events, or that we
calculate from previously assigned probabilities according to the
rules (axioms) of probability theory.

Under the assumption of identical distribution and independence
of the results of individual trials, the rule for translating an
assigned probability into an estimated frequency is Jacob
Bernoulli’s weak law of large numbers.

How do we assign probabilities in statistical mechanics?

Do we, in reality, measure the frequency of the occurrence
of some individual microscopic event in the infinite number of
trials?



Statistical mechanics

When we turn to applications, we try to predict the results of, or
draw inferences from, some experiment that can be repeated
indefinitely under what appears to be identical conditions (i.e. 
on the ensemble of identical systems).

Traditional expositions define the probability as a ‘limiting
frequency in independent repetitions of a random experiment’.

However, the essense of the Gibbs formalism of statistical
mechanics is that no probability is simply a frequency. 

Let’s see how Gibbs formalism follows from the principle of
maximum information entropy, and how it can be justifed without
the use of ensembles nor frequencies.  



Predictive statistical mechanics



Information entropy - measure of uncertainty

Shannon’s (1949) definition of a measure of uncertainty
represented by a probability distribution p1,p2, ..., pn

Shannon proved that it is the only function satisfying:
(1) H is a continuous function of pi.
(2) If all pi are equal, pi = 1/n, the quantity H(1/n, ...,1/n) is a

monotonic increasing function of n.
(3) The composition law for the addition of uncertainties when

mutually exclusive events are grouped into composite events



Principle of maximum information entropy (MaxEnt)

Formulated by E.T. Jaynes (1957) as a general criterion for the
construction of the probability distribution when available
information is not sufficient to uniquely determine it.

It is based on Shannon’s definition of a measure of uncertainty
represented by a probability distribution. 

Maximizing the uncertainty subject to given constraints includes
in the probability distribution only the information represented by
those constraints.

Predictions derived from such a distribution depend only on
the available information and do not depend on arbitrary
assumptions related to missing information.



MaxEnt algorithm

Variable x takes n values {x1, ..., xn} with probabilities {p1, ..., pn}. 
Available data are given by the expectation values of functions
fk(x):

Probability distribution must also satisfy normalization condition

In most cases the available information is far less then sufficient
for the unique determination of probabilities (i.e. m  << n - 1).  

In such cases, probability distribution {p1, ..., pn} is then
determined by applying the MaxEnt principle.



Probability distribution {p1, ..., pn} for which the information
entropy

is maximum subject to given constraints is found by the method
of Lagrange multipliers, i.e. by maximizing the function

λ0 – 1, λk (k=1,2, ...,m) are the Lagrange multipliers.
MaxEnt probability distribution

Partition function



This algorithm was already given by Gibbs (1902).

The rationale of Gibbs method was to was to assign that
probability distribution which, while agreeing with what is known
(the constraints), “gives the least value of the average index of
the probability of phase”, i.e. which maximizes the information
entropy subject to the constraints.

This lead Gibbs to the cannonical ensemble for closed systems
in thermal equilibrium, the grand cannonical ensemble for open
systems, and the ensemble for a system rotating at fixed
angular velocity.    



Properties of MaxEnt formalism

Values of λ(F) = (λ1(F), ...., λm(F)) as the function of expectation
values F = (F1, ...,Fm) can be determined from

Maximum of information entropy subject to given constraints

is the function of F = (F1, ...,Fm), with

Log Z (λ1, ...,λm) and S(F1, ...,Fm) are related by Legendre
transformation. Variances and covariances of fk(x) (k = 1,2, ...,m): 



Interpretation of MaxEnt formalism in statistical physics

Values of fk(xi) associated with xi can represent e.g. energy
eigenvalues Ei or eigenvalues of some other quantities from the
set of compatible quantities.

Physical interpretation of Lagrange multipliers follows from a relation
describing the changes of expectation values of fk(x):

dQk is the generalized heat, and ‚dfk(x)Ú is the generalized work for
the quantity fk(x) (Jaynes, Grandy).
Thereby, the change of the maximum information entropy is



If fk(xi) = Ei for all i, then ‚EÚ = U is the internal energy. 
For a quasistatic change of energy of closed macroscopic
system dS = ldQ. Then,

where dQ is heat, dW is the work done on the system.

Comparison with the 1st law of thermodynamics

where Se is thermodynamical entropy, indentifies the Lagrange
multiplier l as 

The change of maximum information entropy dS is thus related
to the exact differential of thermodynamic entropy dSe:

where the inverse temperature 1/T is the integrating factor of dQ.



Confirmation follows by introducing λ = 1/(kT) in the MaxEnt
probability distribution:

which is the Gibbs canonical distribution that describes the
closed system of known temperature in equilibrium with the
environment.

Expectation value of energy is then given by

By considering an open system, in analogous manner it follows
that the MaxEnt probability distribution then corresponds
to the Gibbs grand canonical distribution.



The simplest interpretation of Gibbs
formalism



Consider a proposition A(n1, ... nm) which is a function of the
sample numbers ni. The number of outcomes for which A is true
is

where R is the region of the sample space for which A is true,
W is the multinomial coeficient

The greatest term (multiplicity) in the sum over region R is



Then, it is true that

and

where T(n,m) is the number of terms in the sum M(n,A). 

From combinatorial arguments it follows that

As n → ∞



Therefore, as n → ∞, log T(n,m) grows less rapidly than n,

and

The multinomial coeficient W grows so rapidly with n that the
maximum term dominates the total multiplicity M(n,A).

The limit we want is the one in which the sample frequencies
ni/n tend to constant values fi, i.e. the limit of

as n → ∞.



From the Stirling asymptotic aproximation

we find that as n → ∞

and this limit is the information entropy of the frequency
distribution {f1, ..., fm}. So, in such a limit we have that

So, for very large n, the maximum multiplicity Wmax is the one 
that dominates the total multipicity M(n,m) and also maximizes
the information entropy subject to the constraints that define the
region of the sample space for which A is true.     



Therefore, the frequencies fi to be used in the limit of large n 
are the ones that maximize the information entropy H over the
region of the sample space were the proposition A is true.

According to the weak law of large numbers, these
frequencies in the limit of large number of trials (n → ∞) 
correspond to the MaxEnt probabilites pi.

So, what about the frequencies being the factual properties of
the real world, if, as in this example, the corresponding
probabilites actually follow from the principle of maximum
information entropy and therefore, by depending only on the
available information depend on our state of knowledge? 



This example really is a special case of the asymptotic
equipartion theorem of information theory (Shannon).

Application of this theorem to statistical mechanics (Jaynes): 
N is a number of particles in the system. W(ε) is the
volume of the high-probability region of the phase space, 
consisting of all points of the phase space where N-particle
distribution function f(q,p) ≥ C. C is a constant chosen so
that the total probability of finding the system in this region is
1 – ε, where 0 < ε < 1. H is the Gibbs entropy.    
Then, as N →∞ with the intensive parameters held constant,

This limit holds independently of our choice of ε (high-probability
region).



This result relates the Bolzmann S = k log W and Gibbs
definition of entropies in the limit of large number of particles.

Maximization of the information entropy therefore amounts to 
finding the probability distribution that has the largest
high-probability region compatible with the available data
(constraints). 

Therefore, by aplying the maximum information entropy principle
in statistical mechanics one predicts just the macroscopic 
behaviour that can happen in the greatest number of ways
(i.e. microscopic realizations) compatible with the constraints.



An analogous result holds in the quantum statistical mechanics
in which W(ε) is the dimensionality of the high-probability
manifold with total probability 1 – ε, spaned by all eigenvectors
of the density matrix ρ which have probability greater than a 
certain constant C.

The procedure of information entropy maximization subject to 
the constraints given by the available data is thus a method
which is sufficent for the construction of equilibrium and
nonequilibrium N-particle probability distribution (or density
matrix in the quantum case) dependent only on the available
data (Jaynes, Grandy, Robertson, Zubarev, others).



Conclusion



We have seen how the probabilities in statistical mechanics can
not be simply interpreted in the frequentist context. 
Probabilities, at least in the Gibbs formalism of statistical
mechanics, are not simply frequencies of the ensemble of a 
large number of systems. Actually, they are a description of our
information about the individual system.

This is even more true in the case of nonequilibrium systems
and irreversible processes, where justification of the
nonequilibrium ensembles as a physical fact, via equations of
motion and ergodic theorems, is almost useless.

On the other hand, MaxEnt formalism is a logical extension of
Gibbs method to nonequilibrium situations, leading to the
relevant statistical distributions dependent only on the available
information.
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