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SUMMARY
In this work, a 2D finite element (FE) formulation for a multi-layer beam with arbitrary number of layers
with interconnection that allows for mixed-mode delamination is presented. The layers are modelled as linear beams, while interface elements with embedded cohesive-zone model are used for the interconnection.
Because the interface elements are sandwiched between beam FEs and attached to their nodes, the only basic
unknown functions of the system are two components of the displacement vector and a cross-sectional rotation per layer. Damage in the interface is modelled via a bi-linear constitutive law for a single delamination
mode and a mixed-mode damage evolution law. Because in a numerical integration procedure, the damage
occurs only in discrete integration points (i.e. not continuously), the solution procedure experiences sharp
snap backs in the force-displacements diagram. A modified arc-length method is used to solve this problem. The present model is verified against commonly used models, which use 2D plane-strain FEs for the
bulk material. Various numerical examples show that the multi-layer beam model presented gives accurate
results using significantly less degrees of freedom in comparison with standard models from the literature.
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1. INTRODUCTION
Layered structures in many engineering applications as well as in nature provide an extremely
effective means of optimising functional and structural performance of diverse mechanical systems.
Particularly, research and application of layered composite structures in many areas of engineering
has been a topic of undiminished interest in the computational mechanics community over the last
few decades. Composite structures are made of two or more components from different materials
combined in such a way that each of them fulfils the function for which its material characteristics are best suited. Due to this optimised performance of their components, the composite systems
are economical and have a high load-bearing capacity. The mechanical behaviour of these structures largely depends on the type of connection between the layers, which is usually not completely
rigid and allows for interlayer slip or/and uplift. Therefore, a partial interaction has to be taken into
consideration in the mechanical analysis of multi-layered structures.
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Delamination is one of the most prevalent and severe failure modes in layered composite structures, difficult to detect during routine inspections and one which presents some of the biggest safety
challenges that the aerospace industry has faced in the last decades [1].
When initially proposed by Barenblatt [2], cohesive zone models (CZMs) provided a radically
new approach to the phenomenon of crack propagation, fundamentally different from that of Griffith
[3] in that they allowed the fracturing process to be governed by the stress distributed over a finite
region around the crack tip, typically named ‘the process zone’, rather than the stress concentrated
at the crack tip. This model allowed the transfer of stresses over the crack provided it remained sufficiently narrow and could be justified by a variety of physical phenomena taking place in materials
during fracture [4].
Ever since Hillerborg et al. [5] made their first finite element (FE) implementation of the model,
CZMs have continued to generate much interest within the computational mechanics research community reflected by the immense literature in this field published in the last two decades (see e.g.
[6–8] and the references therein).
Obviously, it can be appreciated that to model complex layered structures numerically, along
the lines of the cohesive-zone theory, very sophisticated and computationally intense numerical
procedures are needed, which are often too computationally expensive to be applicable as everyday
design tools in engineering practice.
To bridge the gap between such expensive computational procedures and a desire of the structural analyst to have more effective and engineer-oriented design tools, in this work, a finite element
formulation for a multi-layer beam with interconnection is presented. Here, the processes of crack
occurrence and propagation, damage-type material softening and eventual delamination are modelled using beam-type FEs stemming from Reissner’s beam theory [9] to describe structural layers
and interface elements with bi-directional stiffness [10]. Beam elements are more intuitive than
solid elements, and in geometrically linear analysis, Reissner’s theory corresponds to the wellknown Timoshenko theory, which forms a part of every engineering education, and their behaviour
is expected to be more familiar to the analyst. More importantly, they make use of a smaller number
of degrees of freedom eventually reducing the overall computational burden. Finally, beam elements
can be used with very good accuracy for problems such as double cantilever beam (DCB) and peel
tests [11], which are widely used to characterise fracture as discussed earlier.
In spite of all these arguments, research in damage and delamination using beam FEs has been
rather scarce and, to the best of authors’ knowledge, has not addressed the mixed-mode delamination. In particular, Sankar [12] proposed a geometrically linear laminated shear deformable beam
FE divided into two sublaminates connected by ‘damage struts’. Roche and Accorsi [13] developed
a geometrically linear FE for laminated beams based on simplified kinematic assumptions with an
additional nodal degree of freedom, which is activated when the element experiences delamination.
Eijo et al. [14] proposed a beam model for mode II delamination in geometrically linear laminated
beams assuming an isotropic non-linear material behaviour and a piecewise linear (zigzag) displacement functions to introduce the interlayer slip into the displacement field. In the work of Kroflič et
al. [15], geometrically exact two-layer beam FE with uncoupled non-linear laws of interlayer contact in both tangent and normal directions is presented. In a more theoretical vein, the issues of
damage and delamination in continua subject to beam-like kinematic constraints have been investigated very recently by de Morais, who proposed an analytical solution for mode II [16] and mode
I delamination [17] in geometrically linear beams with bilinear cohesive law and by Harvey and
Wang who presented analytical theories for the mixed-mode partitioning [18] of one-dimensional
delamination in laminated composite beams within the context of both Euler and Timoshenko beam
theories [19].
In the present work, we show that modelling delamination using beam FEs, rather than 2D
plane–strain FEs, is an alternative that should be seriously considered.
Copyright © 2015 John Wiley & Sons, Ltd.
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2. PROBLEM DESCRIPTION
2.1. Position of a layer of the composite beam in the material co-ordinate system
An initially straight multi-layer beam of length L in which the layers are allowed to move with
respect to one another depending on the properties of the interconnection is considered. The beam
is composed of n layers and n  1 interconnections. An arbitrary layer is denoted as i, while an
arbitrary interconnection, placed between layers i and i C1, is denoted as ˛ (Figure 1). The height of
an arbitrary layer is constant and denoted as hi and the cross-sectional area is denoted by Ai , where
i 2 Œ1; n. The distance from the bottom of a layer to the layer’s reference axis is denoted as ai .
Layers are made of linear elastic material with Ei and Gi acting as Young’s and shear moduli of
each layer’s material. Each layer has its own material co-ordinate system defined by an orthonormal
triad of vectors E 1;i ; E 2;i ; E 3;i , with axes X1;i ; X2;i ; X3;i . Axes X1;i coincide with reference axes
of each layer, which must be parallel with the layer’s edges but otherwise may be chosen arbitrarily
(they can pass through the corresponding layer but also fall outside of it), that is, E 1 D E 1;i and
X1 D X1;i . Note that this freedom to choose the reference axes arbitrarily does not imply that the
choice made will not affect the final result in a numerical implementation. We will get back to this
point in the numerical section. The cross-sections of the layers have a common vertical principal
axis X2 defined by a base vector E 2 D E 2;i (a condition for a planar deformation). However,
for any chosen point on the beam, the co-ordinate Xi;2 is different for each layer i. Axes X3;i are
mutually parallel but do not necessarily coincide with the horizontal principal axes of the layers’
cross-sections, thus X3 D X3;i and E 3 D E 3;i . The first and the second moment of area of the
cross-section Ai with respect to axis X3;i are defined as
Z
Si D

Z
X2;i dA;

Ai

Ii D

.X2;i /2 dA:

(1)

Ai

The height and the width of an interconnection are denoted as s˛ and b˛ , respectively. Thus, it is
assumed that the interconnections have rectangular cross-sections, while the layer’s cross-sections
are arbitrary but with a common principal axis X2 .

2.2. Position of a layer of the composite beam in the spatial co-ordinate system
The reference axes of all layers in the initial undeformed state are defined by the unit vector t 01 ,
which closes an angle with respect to the axis defined by the base vector e 1 of the spatial coordinate system (Figure 2).
The position of a material point in the layer i; T .X1 ; X2;i /, in the undeformed initial configuration
is defined by the vector
x 0;i .X1 ; X2;i / D r 0;i .X1 / C X2;i t 02 ;

(2)

Figure 1. Position of a segment of a multi-layer beam with interface in the material co-ordinate system.
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Figure 2. Position of a layer of the composite beam in undeformed and in deformed state (R.A. reference axis).

where r 0;i .X1 / is the position of the intersection of the plane of the cross-section containing the
point T and the reference axis of the layer i in the undeformed state. Vector t 0j is defined as

t 0j D ƒ0 e j D

cos
sin

 sin
cos


ej ;

(3)

where j D 1; 2. During the deformation of the beam, the cross-sections of the layers remain planar
but not necessarily orthogonal to their reference axes (Timoshenko beam theory with the Bernoulli
hypothesis). The material base vector E 3 remains orthogonal to the plane spanned by the spatial
base e 1 ; e 2 . Orientation of the cross-section of each layer in the deformed state is defined by the
base vectors



cos  sin
cos i  sin i
ej D
t i;j D
sin i cos i
sin
cos


(4)
cos. C i /  sin. C i /
D
e j D ƒi e j ;
sin. C i / cos. C i /
where index i denotes a layer and j D 1; 2. Rotation of the cross-section of each layer, denoted as
i , is entirely dependent on X1 , thus i D i .X1 /. For the geometrically linear case (sin i  i
and cos i  1), ƒi becomes


1 i
ƒi D
ƒ0 :
(5)
i 1
The position of a material point T in the deformed state from Figure 2 can be expressed as
x i .X1 ; X2;i / D r i .X1 / C X2;i t i;2 .X1 /;

(6)

where r i .X1 / is the position of the intersection of the plane of the cross-section containing the point
T and the reference axis of layer i in the deformed state. The displacement between the undeformed
and the deformed state is defined for each layer with respect to its reference axis, thus
r i .X1 / D r 0;i .X1 / C ui .X1 /;

(7)

where ui .X1 / is the vector of displacement of the layer’s reference axis.
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3. GOVERNING EQUATIONS
Governing equations of the model consist of assembly equations, which define how the layers and
the interconnections are assembled into a multi-layer beam and the kinematic, constitutive and equilibrium relations for the layers as well as for the interconnection. The derivation of the governing
equations is explained in detail in the following sections.
3.1. Assembly equations
Undeformed and deformed state of a segment of the multi-layer beam is shown in Figure 3.
The following relationships between the displacements of the layers can be deduced
from Figure 3:
uT;˛ D ui C1 C .t 02  t i C1;2 /ai C1 ;
(8)
uB;˛ D ui C .t i;2  t 02 /.hi  ai /;

(9)

where ui and ui C1 denote the displacements of the reference axes of the layers lying above and
below the interconnection ˛, while uT;˛ and uB;˛ denote the displacements of the top and the
bottom of the interconnection ˛. According to Figure 3, vector ´˛ (a directed stretched thickness of
interconnection ˛) can be expressed using (8) and (9) as
´˛ D s˛ t 02 C uT;˛  uB;˛ D
(10)
D ui C1  ui C ai C1 .t 02  t i C1;2 / C .hi  ai /.t 02  t i;2 / C s˛ t 02 :
3.2. Governing equations for layers
3.2.1. Kinematic equations. Non-linear kinematic equations according to Reissner’s beam theory
[9] read
² ³


i
D ƒTi r 0i  E 1 D ƒTi t 01 C u0i  E 1 ;
(11)
i D
i
(12)
i D i0 ;
where i ; i ; i are the axial, shear and rotational strain (infinitesimal change of the cross-sectional
rotation) at the reference axis of layer i, respectively. These quantities are functions of only X1 and
the differentiation with respect to X1 is denoted as ./0 . For the geometrically linear case (sin i  i
and cos i  1) expression (11) reduces to


(13)
 i D ƒT0 u0i  i t 02 ;
showing that, in this case, Reissner’s beam theory coincides with Timoshenko’s.

Figure 3. Undeformed and deformed state of a multi-layer beam with interconnection segment.
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3.2.2. Constitutive equations. The axial strain of a fibre at the distance X2;i from the reference axis
of the layer i is computed as
"i D "i .X1 ; X2;i / D i .X1 /  X2;i i .X1 /;

(14)

and, from here, the normal stress for a linear elastic material follows as
i D i .X1 ; X2;i / D Ei "i .X1 ; X2;i /;

(15)

where Ei is Young’s modulus of the material of layer i. From (14) and (15), it is obvious that the
distribution of normal stresses over the layer’s height is linear. The stress resultants read
Z
Ni D i dA;
(16)
Ai

Ti D Gi ki Ai i ;

(17)

Z
Mi D 

X2;i i dA;

(18)

Ai

where Ni ; Ti ; Mi are the axial force, shear force and bending moment with respect to the reference
axis of layer i, respectively. Gi is the shear modulus of material of layer i and ki is the shear
correction coefficient [20]. Combining relations (14–18), we finally obtain
8
9 2
38 9
²
³
² ³
Ei Ai
0
Ei Si < "i =
< Ni =
Ni
i
4
5
Ti
0
Gi ki Ai
0
i ; or
D
D Ci
;
Mi
i
:M ;
:
;
Ei Si
0
Ei Ii
i
i

(19)

where N Ti D hNi Ti iT ; i T D h"i i iT ; Si and Ii are the first and the second moment of area of the
cross-section of layer i and C i is the constitutive matrix of layer i.
3.2.3. Equilibrium equations. Equilibrium equations are derived from the principle of virtual
work as:

ViL



Viint



Viext

ZL
. i  N i C  i Mi / dX1 

D
0

ZL 


ui  f i C  i wi dX1

0

(20)

 ui .0/  F i;0   i .0/Wi;0  ui .L/  F i;L   i .L/Wi;L ;
where ViL is the virtual work of the layer i composed of the virtual work of internal forces Viint
and the virtual work of external forces Viext acting on layer i.  i and  i denote the virtual strains,
while ui and  i denote the virtual displacements and rotations, which are all functions of X1 . The
distributed external forces and moments over the beam’s length are denoted as f i and wi , while the
corresponding point loads concentrated on the beam ends are denoted as F i;j and Wi;j ; j D 0; L.
According to (13) and (12), for a geometrically linear problem, the virtual strains become
²

i
i

³


D

ƒT0 0
0T 1

 "

d
dX1

t 02

0T

d
dX1

#²

ui
i

³!
D L.Dpi /;

(21)

and expression (20) can be written as
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ViL

²
³
²
³
³
³
²
²
ZL 
F i;0
F i;L
T fi
T
T
T T Ni
.Dp i / L
 pi
dX1  pi .0/
 pi .L/
:
D
Mi
wi
Wi;0
Wi;L
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(22)

0

The resulting expression is non-linear in terms of the basic unknown functions (ui and i ) and
cannot be solved in a closed form. Following the standard FE approach, the shape of virtual (test)
functions (ui and  i ) is chosen in advance assuming that for a finite number of nodes N; the virtual
displacements and rotations are known at the nodes (ui;j and  i;j ; j 2 ¹1; N º) and interpolated
between them as
³ X
²
N
N
ui;j
: X
D
pi D
‰ j .X1 /
‰ j .X1 /p i;j ;
 i;j
j D1

(23)

j D1

where ‰ j is the matrix of interpolation functions of dimensions 3  3. Further,
9
8
9
8
p 1;j >
p1 >
ˆ
ˆ
>
ˆ
>
ˆ
ˆ
ˆ
N
= 
< p2;j >
=
< p2 >
X

:
pi D ıi1 I ıi 2 I : : : ıi n I
‰j
D ıi1 I ıi 2 I : : : ıi n I
D
::
::
ˆ
>
ˆ
:
>
ˆ
>
ˆ : >
j D1
>
>
;
:̂
;
:̂
pn
pn;j
D

N
X


ıi1 ‰ j ıi 2 ‰ j : : : ıi n ‰ j pG;j D

j D1

N
X

(24)

P i;j pG;j ;

j D1

˝
˛T
where p G;j D p1;j p2;j : : : ; pn;j is the nodal global vector of virtual unknown functions and
ıij is the Kronecker delta defined as
²
1 if i D j;
ıij D
(25)
0 otherwise:
Now, expression (22) becomes
8 L
²
³ ²
³
N
<Z  
X
T
Ni
fi
ViL D
DP i;j LT

dX1 
pTG;j
Mi
wi
:
j D1
0
9
³
³= X
²
²
N
F i;0
F i;L
T
T
 P i;j .L/
P i;j .0/
pTG;j g L
D
i;j ;
Wi;0
Wi;L ;

(26)

j D1

where g L
i;j it the nodal vector of residual forces for the layer i, which will be later introduced to the
global equilibrium equation of the multi-layer beam with interconnection.
3.3. Governing equations for the interconnection
Interface finite elements by Alfano and Crisfield [10] with embedded CZM are adopted in the
present multi-layer beam model. The interface is a zero-thickness .s˛ D 0/ layer with a non-linear
constitutive law allowing for delamination in modes I and II including a mixed-mode delamination. Thus, depending on the conditions on the interface, the connection between layers can be
linear-elastic, and after the softening of the interconnection material, a complete damage may occur.
3.3.1. Kinematic equations. For a zero-thickness interconnection ˛, from Figure 3, the vector of
relative displacements between the upper and the lower edge of the interconnection follows as ´˛ D
uT;˛  uB;˛ , from where the vector of the local relative displacements is defined as
Copyright © 2015 John Wiley & Sons, Ltd.
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²
d˛ D

d1;˛
d2;˛

³
D ƒ˛ ´˛ D ƒ˛ .uT;˛  uB;˛ /;

(27)

where d1;˛ and d2;˛ are relative displacements of the interconnection in tangential and normal direction, respectively, while ƒ˛ is an orientation that has to be defined based on the orientations ƒi and
ƒi C1 . In a geometrically linear setting, ƒ˛ D ƒ0 and d ˛ D ƒ0 .uT;˛  uB;˛ /, but in a geometrically non-linear setting, ƒ˛ depends on the definition of the normal and tangential directions (with
corresponding delamination modes I and II), which is non-unique due to large displacements and
rotations. Following the idea in [15], these directions may be defined by an algorithmic orientation
Q˛ taken to be somewhere between C i and C i C1 , that is,
Q˛ D .

C i / C .1  /.

C i C1 / D

C i C .1  /i C1 ;

(28)

where  represents the weight with a value between 0 and 1, giving

ƒ˛ D


cos Q˛  sin Q˛
:
sin Q˛ cos Q˛

(29)

By selecting  D 0:5, the mean angle between layers i and i C 1 is obtained as Q˛ D C .i C
i C1 /=2. In the present work, the emphasis will be placed on implementation of the materially nonlinear damage constitutive law enabling delamination, and the previously mentioned geometrically
non-linear aspects of the formulation will not be implemented.
3.3.2. Constitutive equations. A cohesive-zone model, embedded in the interface FEs by Alfano
and Crisfield [10], is used in the present work and shown in Figure 4 for an arbitrary interconnection
˛. According to (27), index 1 is associated with tangential delamination (mode II), while for normal
delamination (mode I), index 2 is used.
The current state of damage is expressed using a parameter that combines delamination in both
modes as
0



ˇ˛ . / D

jd1;˛ . 0 /j
d01;˛



C

hd2;˛ . 0 /i
d02;˛

 
1

 1;

(30)

where d01;˛ and d02;˛ are the relative displacements at the interconnection ˛ corresponding to
the start of the softening process in modes II and I (directions 1 and 2), respectively, 0 is the
pseudo-time variable and hi is the McCauley bracket [10]. In the present, work D 2 is used.
Expression (30) determines the current state of delamination for single-mode (d1;˛ or d2;˛ equals
zero) as well as for the coupled, mixed-mode delamination, where the overall damage at the
interconnection is affected by both modes. Damage of the interconnection is irreversible; thus,
for a pseudo-time parameter , the maximum rate of delamination in the pseudo-time history is
expressed as

Figure 4. Constitutive law for the interconnection: (a) mode II (direction 1) i and (b) mode I (direction 2).
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ˇ ˛ . / D max
ˇ˛ . 0 /:
0

775
(31)

06 6

˛T
˝
The tractions at the interconnection !˛ D !˛;1 !˛;2 are calculated according to the following
constitutive law:
²
if ˇ ˛ 6 0;
S ˛d˛
!˛ D
(32)
ŒI  G ˛  S ˛ d ˛ if ˇ ˛ > 0;
where

!0i;˛
S1;˛ 0
; Si;˛ D
;
0 S2;˛
d0i;˛
´
μ
dci;˛
ˇ˛
D min 1;
dci;˛  d0i;˛ 1 C ˇ ˛


S˛ D
gi;˛


G˛ D


0
g1;˛
;
0 hsgn.d2;˛ /ig2;˛
(33)

i D 1; 2:

The constant !0i;˛ represents the contact traction at the interconnection ˛ corresponding to the start
of the softening process in direction i, while dco;˛ represents the relative displacement corresponding to the total damage of the interconnection ˛ in direction i. The case ˇ ˛ 6 0 corresponds to the
linear-elastic behaviour of the interconnection, while ˇ ˛ > 0 indicates the ongoing delamination
and damage process at the interconnection. Parameter gi;˛ 2 h0; 1 indicates the degree of the damage, where gi;˛ D 1 means that total damage of the interconnection has occurred and the connection
between layers is completely lost (total delamination - !˛ D 0).
3.3.3. Equilibrium equations. Equilibrium equations for the interconnection are again derived from
the principle of virtual work as
V˛C

ZL
D b˛

d ˛  !˛ dX1 ;

(34)

0

V˛C

where
denotes the virtual work of internal forces of the interconnection ˛. According to (27),
virtual relative displacements of the interconnection in a geometrically linear setting become


d ˛ D ƒ0 ui C1  ui C  i C1 ai C1 t 01 C  i .hi  ai /t 01 D ƒ0 B ˛ pC;˛ ;
(35)
where

B ˛ D I t 01 .hi  ai / I t 01 ai C1 ;

²
pC;˛ D

³
pi
;
p i C1

i D ˛:

(36)

Note that for a geometrically non-linear case, expression (35) changes because ƒ˛ in (27) is not
constant but depends on i and i C1 . Expression (34) can be now written as
V˛C

ZL
D b˛

p TC;˛ B T˛ ƒT0 !˛ dX1 :

(37)

0

Because expression (37) is non-linear in terms of the basic unknown function, the virtual functions
are interpolated and according to (24), the following expression is obtained
²
pC;˛ D

pi
pi C1

³


N 
N
X
: X P i;j
pG;j D
R ˛;j pG;j ;
D
P i C1;j
j D1

(38)

j D1

which transforms expression (37) into
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V˛C

D

N
X

pTG;j b˛

j D1

ZL

R Tj;˛ B T˛ ƒT0 !˛ dX1 D

N
X

pTG;j g C
˛;j ;

(39)

j D1

0

where g C
˛;j is the nodal vector of residual forces for the interconnection ˛, which will be later
introduced to the global equilibrium equation of the multi-layer beam with interconnection.
4. SOLUTION PROCEDURE
To solve the system of governing equations for the multi-layer beam with interconnection, the vector
of residual forces and the tangent stiffness matrix have to be determined. The problem is then solved
numerically, which is explained in detail in the following sections.
4.1. Vector of residual forces and tangent stiffness matrix
Total virtual work for the multi-layer beam analysed is composed by the virtual work of n layers
(26) and the virtual work of n  1 interconnections (39), and it can be written as
n
N
n
X
X
X
 L
 L
p TG;j
Vi C .1  ıi n /ViC D
g i;j C .1  ıi n /g C
i;j :

V TOT D

i D1

j D1

(40)

i D1

Note that the same counter i is used for the n layers and the n  1 interconnections, where ˛ D i
and ıi n is defined in (25). Because the total virtual work for the multi-layer beam must equal zero
.V TOT D 0/ and the choice of the test parameters pG;j is arbitrary, it follows that
gj D

n
X


C
int
ext
gL
i;j C .1  ıi n /g i;j D q j  q j D 0;

(41)

i D1

where g j is the nodal vector of residual forces for the multi-layer beam, which is composed of the
ext
nodal vector of internal forces q int
j and the nodal vector of external forces q j defined as
q int
j

q ext
j

0 L
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C P Ti;j .L/
:
D
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(42)

By linearising the nodal vector of residual forces (41), the nodal tangent stiffness matrix can be
obtained, and, because the unknown function are contained only in the nodal vector of internal
forces g j D q ijnt . The unknown functions are contained in N i and Mi , which are linearised as
²

Ni
Mi

³

²
D Ci

i
i

³

where L and D are given in (21) and
which is linearised as

²
D Ci
pi D

˝

ƒT0



ui

u0i  i t 02
i0
i

!i D U i d i D U i ƒ 0 B i

˛T

³
D C i L.D pi /;

(43)

and in the vector of contact tractions !i ,

N
X

R i;k pG;k ;

(44)

kD1
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where
Ui D

8
<

S i if ˇ i 6 0;
.I
/

G
i  S i if ˇ i > 0 and ˇi < ˇ i ;
:
T
I  G i  J i d i vi S i if ˇ i > 0 and ˇi D ˇ i ;
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Ji D

vTi D

˝
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1
d1;i



jd1;i j
d01;i

˛T



0

1;i

pn;k

2;i

1
d2;i

;

j;i

;

(46)

dcj;i
sgn.1  gj;i /
; j D 1; 2;
dcj;i  d0j;i .1 C ˇ i /C1

D

hd2;i i
d02;i

(45)

(47)



:

(48)

The linearised nodal vector of residual forces finally becomes
gj D

N
X

K j;k pG;k ;

(49)

kD1

where
n Z
X
 T
H i;j C i H i;k C .1  ıi n /bi Ti;j U i i;k dX1
D
L

K j;k

(50)

i D1 0



is nodal tangent stiffness matrix with H i;l D L DP i;l and i;l D ƒ0 B i R i;l . The globalvector
of residual forces g D ¹g j º according to (41) and (42), global tangent stiffness matrix K D K j;k
according to (50) and global vector of increments of the unknown functions p D ¹ pG;k º are
assembled using the standard FE assembly procedure [21] to solve the following system:
p D K 1 g:

(51)

For integration in (42) and (50), Gauss quadrature with N  1 integration points is used for the
beam parts (layers), and Simpson’s rule with N C1 integration points is used for the interconnection
parts. It has been shown in [22] that, for linear elements, the application of Gauss quadrature results
in coupling between the degrees of freedom of different node sets, which causes oscillation of the
traction profile for high values of the traction gradients. With a Newton–Cotes integration rule (like
Simpson’s rule), this effect disappears.
4.2. Solution algorithm
The algorithm presented has been implemented within the computer package Wolfram Mathematica. Because the governing equations of the problem are non-linear in terms of the basic unknown
functions, the solution of the problem is obtained iteratively using the Newton–Raphson solution
procedure. For each FE and each interconnection, the relative displacements are calculated, and
then at each integration point of the interconnection, the current stage of delamination is determined
(linear-elastic behaviour, softening, unloading and reloading with a reduced stiffness or total damage). The total loss of adherence at an integration point will lead to very sharp snap-backs in the
load-displacement diagram [10, 23], which is a behaviour that cannot be captured neither with standard load-control or displacement-control methods in the Newton–Rapshon solution procedure nor
with the standard arc-length procedure [24]. In the present work, the modified arc-length method
proposed by Hellweg and Crisfield [25] is used. The reasoning behind this idea, its relationship
to the standard cylindrical arc-length method [24], and a detailed exposition of the algorithm are
given in [26].
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5. NUMERICAL EXAMPLES
In this section, the presented model is tested for mode I, mode II and mixed-mode delamination.
5.1. Mode I delamination example
This example is the standard test for mode I delamination known as the DCB test. The specimen
[10] is shown in Figure 5 with the corresponding geometrical properties (the width of the beam is
20 mm), boundary conditions and the loading, which cause the notch to open vertically and then
propagate to the left-hand side of the beam as the interconnection (the region between the clamped
end and the beginning of the notch) delaminates in pure mode I.
In the original example [10], orthotropic material data are given, with two Young’s moduli,
one shear modulus and two Poisson’s coefficients, which for the beam constitutive model (19) is
reduced only to Ei D 135:3 GPa, Gi D 5:2 GPa, (the beam is modelled as two-layered, i.e.
i D 1; 2). For the interconnection (index ˛ is omitted because there is only one interconnection) critical energy release rate Gcj D 0:28 N/mm, d0j D 107 mm and !0j D 57 MPa,
j D 1; 2. From these values, the penalty stiffness parameters are computed according to (33) as
Sj D !0j =d0j D 5:7  108 N/mm3 , while the relative displacement at which complete delamination
occurs is dcj D 2Gcj =t0j D 9:825  103 mm. The notch is modelled as a zero-strength interconnection. The beam and the interconnection are divided in FEs of equal length. Thus, for 100 beam
FEs, 70 interconnection FEs with the above mentioned properties are embedded, and this number
has been doubled three times until the finest mesh of 800 beam FEs and 560 interconnection FEs

Figure 5. Test specimen for the double cantilever beam test.

Figure 6. Double cantilever beam test results for various finite element meshes.
Copyright © 2015 John Wiley & Sons, Ltd.
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has been obtained. Linear two-noded multi-layer beam FEs are used in this example. A single Gauss
point is used for the integration of the beam bulk, while the three-point Simpson’s rule is used for the
integration of the interconnection. The results of the analysis for various FE meshes are presented in
Figure 6, where the relation between the applied force and the vertical displacement at the free end
has been shown. The total number of degrees of freedom is 606 for the 100-element mesh, 1206 for
the 200-element mesh, 2406 for the 400-element mesh and 4806 for the 800-element mesh.
The liner-elastic part of behaviour of the system can be clearly observed in Figure 6. However,
significantly before the peak of the diagram, a certain amount of softening occurs, indicating that
the damage process has already started, which can be distinguished graphically in Figure 6 as a
deviation of the solutions using interface elements with respect to the analytical solution where this
softening does not occur (see [26] for details). The peak is reached when the interconnection at the
first integration point (the one nearest to the notch) is completely lost (total damage). As the crack
propagates from the notch to the clamped end, a decrease in overall stiffness of the system can be
observed, which after a specific point (F  22 N and v.L/  9 mm), stabilises meaning that the
interconnection is almost completely damaged, and the stiffness of the system approximately equals
the stiffness of the completely separated beam layers, which is given by the analytical solution (see
[26] for details). In Figure 6, it can be clearly noticed that for a 100 multi-layer beam elements (with
70 interconnections), the number of sharp snap backs corresponds to the number of completely
damaged interconnections within elements, which is 67 (not all the interconnections are completely
damaged at the end of the test). The same behaviour can be noticed also for the finer meshes, but
in these cases, the amplitudes of the instabilities become reduced with an increase in number of the
FEs as the nodes and integration points are getting closer.
A closer look at the peak of the diagram is shown in Figure 7, where it can be observed that for all
meshes, a certain amount of oscillations around the exact solution is obtained, but the phenomenon
is reduced by increasing the number of integration points through an increased number of FEs. This
phenomenon is mentioned earlier and is caused by the discretisation in numerical integration, which
is obviously mesh dependent. The sensitivity of the results with respect to the mesh used discussed
in [10] is, therefore, also visible in the present model.
Comparing the results from Figures 6 and 7 to those from Figure 14, in [10], it shows that the
present 200-element results are comparable to the 4  200-element results in [10], while the reference results in [10] using a rectangular mesh of 4  400 quadrilateral eight-node plane-strain (Q8)
elements and 280 six-node interface elements (INT6) results in 12, 820 degrees of freedom, which
gives accuracy somewhere between those of the present 400-element and 800-element meshes.

Figure 7. Mesh dependence of the double cantilever beam test results for various finite element meshes.
Copyright © 2015 John Wiley & Sons, Ltd.
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Table I. Total number of degrees of freedom for a multi-layer beam
model and a 2D Q4 plane-strain element model for various meshes.
No. of rows/columns of elements

100

200

400

800

1+1 (multi-layer beam)
1+1 (Q4)
2+2 (Q4)
4+4 (Q4)

606
808
1212
2020

1206
1608
2412
4020

2406
3208
4812
8020

4806
6408
9612
16, 020

Using significantly less degrees of freedom, the beam model thus gives satisfactory accuracy even
for such a demanding value of the penalty-stiffness parameter (see [10] for a detailed sensitivity
analysis of the original plane-strain formulation). Figure 6 shows that both the reference solution [10] and the multi-layer beam solutions using finer meshes show very good agreement with
the analytical solution (see [26] for more details). Using the FE formulation proposed in [10],
the results of this DCB test are also presented in [27] using different meshes with quadrilateral four-node and eight-node plane-strain elements in conjunction with four-node and six-node
interface elements (Q4-INT4 and Q8-INT6). An additional comparison is shown in Figure 7,
where it can be clearly noticed that a mesh with 8  800 Q4 elements in conjunction with 560
INT4 elements (resulting in 16, 020 degrees of freedom) [27] gives the results that are better
than the results of the multi-layer beam model with 400 elements (2406 degrees of freedom)
but worse than the results of the multi-layer beam model with 800 elements (4806 degrees of
freedom). At this point, it can be concluded that the multi-layer beam model in this example
gives better results than the plane-strain 2D FE formulation using significantly less degrees of
freedom. The number of the degrees of freedom of the multi-layer beam model and the 2D
Q4 plane-strain element model for different meshes is shown in Table I where the effectiveness of the multi-layer beam model regarding the total number of the degrees of freedom can
be clearly seen. It can be also mentioned that, optionally, each arm of the DCB test may be
modelled using the multi-layer beam model with rigid interfaces (presented in [28]), which is
capable of capturing the cross-sectional warping effect with less degrees of freedom than the 2D
plane-stress FEs.
5.2. Mode II delamination example
The example presented next was proposed by Mi et al. [29] and its geometrical properties are
shown in Figure 8, with width of the beam bi D 1 mm (i D 1; 2, beam is again modelled as twolayered) and a variable notch length a0 . Material properties of the beam are Ei D 135:3 N/mm2 ,
Gi D 54:12 N/m2 , while for the interconnection Gcj D 4:0 N/mm, !0j D 57 N/mm2 and d0j D
107 mm, j D 1; 2. In the same manner as in the previous numerical example, dcj D 0:14 mm and
Sj D 5:7  108 N/mm3 are obtained.
The force F causes the two layers of the beam to slip against each other causing the pure mode II
delamination at the interconnection. Obviously, penetration between the layers along the notch must
be suppressed, which is in the mixed-mode interface FEs performed by providing zero stiffness in
mode II and a high penalty stiffness S2 in mode I. The results presented in Figure 9 show the load–
midspan deflection relationship for a0 D 15 mm and a0 D 30 mm. Two-noded multi-layer beam
FEs are used. Mesh dependence in this example is less pronounced than in the mode I example,
and it can be observed that even for rather coarse meshes the results are very close to the converged

Figure 8. Test specimen for the mode II delamination test.
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Int. J. Numer. Meth. Engng 2015; 104:767–788
DOI: 10.1002/nme

MIXED-MODE DELAMINATION IN 2D LAYERED BEAM FINITE ELEMENTS

781

Figure 9. Load–midspan deflection diagram for the mode II delamination test. FEA, finite element analysis.

ones. The reason for this lies in the fact that in mode II delamination, mesh-dependent numerical
oscillations occur in the longitudinal direction and can be thus hard to distinguish in Figure 9,
where the vertical displacement at the midspan is plotted. Similar behaviour as in the previous
example can be noted in the linear elastic range, with a decrease in overall stiffness after the peak
load has been reached and subsequent hardening eventually leading to a linear-elastic behaviour
with a completely damaged interconnection. The results presented in this work show a very good
accordance with the results presented in [29], which are obtained using the 2D plane-strain FEs for
the bulk material. It can be also noticed that the results obtained using the multi-layer beam model,
compared with the numerical results presented in [29], naturally show better agreement (almost
coincide) with the analytical results, which are obtained using the principles of linear-elastic damage
mechanics in conjunction with the linear-elastic Bernoulli beam theory. These results are obtained
for the situations in which the crack propagates from the left-hand end of the beam to the beam
centre (a < L) and further on to the right hand end of the beam (a > L)(for more detail see [29]).
Because in [29], the mesh data for the finite element analysis solution has not been provided, the
comparison between the total number of degrees of freedom for the beam and the plane FE model
is not presented.
5.3. Mixed-mode delamination examples
In this section, the presented multi-layer beam model is tested on two mixed-mode delamination
examples. In the first example, mixed-mode delamination occurs along a single interconnection,
while in the second example, the delamination occurs along two interconnections simultaneously.
5.3.1. Single-interconnection mixed-mode delamination. This example, proposed by Mi et al. [29],
too, is very similar to the mode II delamination example and is shown in Figure 10. Geometrical
properties, as well as the material properties for the interconnection, are the same as in the mode
II delamination example, except that the results are now given only for a0 D 30 mm. The material
properties for the bulk material in [29], however, are given as for the orthotropic material, with
two Young’s moduli, one shear modulus and two Poisson’s coefficients, while in the present model,
only the Young’s modulus in the longitudinal direction and the shear modulus in the corresponding
transverse direction are used as Ei D 135300 N/m2 and Gi D 5200 N/mm2 , i D 1; 2: In this
example, two forces F1 D 0:4535F2 and F2 are applied to the system. The force F2 , as in the
previous example, causes a mode II delamination at the interconnection, while the force F1 causes a
Copyright © 2015 John Wiley & Sons, Ltd.

Int. J. Numer. Meth. Engng 2015; 104:767–788
DOI: 10.1002/nme

782

L. ŠKEC, G. JELENIĆ AND N. LUSTIG

Figure 10. Test specimen for the mixed-mode delamination test.

Figure 11. Load–vertical displacement at the left-hand side diagram for the mixed-mode delamination test.
FEA, finite element analysis.

pure mode I delamination. When both forces are acting on the system, the mixed-mode delamination
at the interconnection takes place.
The results of the test are plotted in Figure 11, showing the relationship between the load F1
and the vertical displacement at the left-hand side of the beam using two-noded multi-layer beam
FEs. Similar behaviour as in the two previous examples can be observed, considering the shape
of the diagram and the meshing influence on the results (instabilities decrease with an increase in
number of the FEs). The results of the present multi-layer beam model agree very well with the
numerical results from [29], where 2D plane-strain FEs and two damage criteria (linear D 2
and elliptical D 4) for the mixed-mode delamination parameter (30) were used. In the present
multi-layer beam model, only the linear criterion has been used, and considering that the numerical
results in [29] are obtained for an orthotropic material model, the agreement of the results is more
than satisfactory. The analytical results for delamination [29] also show excellent agreement with
the numerical results. Note that the vertical displacement v.0/ D 40 mm presented in Figure 11,
with respect to the length of the specimen 2L D 100 mm, significantly exceeds the limit of small
displacements and rotations. Thus, a geometrically non-linear model would be more appropriate in
this example, which would probably produce results different form those presented in Figure 11.
5.3.2. Dual-interconnection mixed-mode delamination. Based on an experimental investigation of
a multi-layered specimen manufactured from HTA913 carbon–epoxy material, numerical models
are presented by Robinson et al. [30] and later by Alfano and Crisfield [10]. The specimen is supported only at the bottom of the left-hand side with a vertical force F acting at the top of the
left-hand side causing a crack to propagate first as a continuation of the upper initial crack only, but
Copyright © 2015 John Wiley & Sons, Ltd.
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later along both initial cracks simultaneously (Figure 12). The HTA913 specimen is made of 18 layers of equal thickness, where the initial cracks are located between the 10th and the 11th layer and
between the 12th and the 13th layer (counted from the bottom). Because it is assumed that all the
other interlayer connections are rigid, a multi-layer beam model is specified as having three layers
and two interconnections. The geometry of the specimen is shown in Figure 12, where a D 20 mm,
H D 3:18 mm and width B D 20 mm.
Orthotropic material properties for HTA913 given in [30] are adapted for the beam model as
Ei D 115:0 GPa, Gi D 4:5 GPa, .i D 1; 2; 3/, whereas for the interconnection, according to [10],
material properties Gc1;˛ D 0:80 N/mm, Gc2;˛ D 0:33 N/mm, !01;˛ D 7:0 MPa, !02;˛ D 3:3 MPa
and d0j;˛ =dcj;˛ D 106 , where ˛ D 1; 2 and j D 1; 2 are used. It can be further derived that
dc1;˛ D 2Gc1;˛ =!01;˛ D 0:23 mm, dc2;˛ D 2Gc2;˛ =!02;˛ D 0:2 mm, d01;˛ D 2:3  107 mm,
d02;˛ D 2  107 mm, S1;˛ D t01;˛ =!01;˛ D 3:06  107 N/mm3 and S2;˛ D t02;˛ =!02;˛ D
1:65  107 N/mm3 .
In Figure 13, a comparison between the multi-layer beam model and the model proposed by
Alfano and Crisfield [10] is shown. The vertical displacement of the top layer at the left-hand side of
the beam is plotted against the applied load F . Alfano and Crisfield have used a mesh with 3  360
quadrilateral mixed four-node plane-strain elements with enhanced strains (QM4) and 680 INT4
elements with a total of 4322 degrees of freedom and the tangent predictor for the solution (see [10]
for more details). On the other hand, for the multi-layer beam model, two meshes with two-node
beam FEs and INT4 interface elements are adopted. A 3-point Newton–Cotes integration is used for
the INT4 interface elements. The first mesh with 180 FEs uses 1629 degrees of freedom, while the
second mesh with 360 FEs uses 3249 degrees of freedom. It can be noted that the results obtained
using the multi-layer beam model show excellent agreement with the converged solution using 2D
othotropic plane-strain FEs and use significantly less degrees of freedom.

Figure 12. Specimen for the double mixed-mode delamination.

Figure 13. Comparison of the results for the double mixed-mode delamination example. FE, finite element.
Copyright © 2015 John Wiley & Sons, Ltd.
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The results shown in Figure 13 are obtained using the model where reference axes of all three
layer coincide with their centroidal axes (ai D hi =2, i D 1; 2; 3). However, changing the position
of reference axes of the layers has an influence on the results, which is shown in Figure 14. The
first position is as mentioned, while in the second position, the reference axis of the middle layer
is positioned in the middle of the beam (i.e. on top of this layer, a2 D h2 ), and the two remaining
reference axes are positioned symmetrically with respect to the middle axis with a1 D a3 D H=4.
The third position is the same as the second, only that the reference axis of the second layer now
coincides with the reference axis of the third layer and a2 D .h2  h1 /=2. Other positions, such
as a position where all reference axes lay on the centroidal line, cause numerical problems, and no
acceptable solutions can be obtained. At this point of investigation, we only recommend to keep the
reference axes of the layers always in line with their centroidal axes in order to obtain the desired
results. However, more investigation on the influence of the reference axes position on the results is
planned in order to propose an optimal position of the layers’ reference axes.
In the work which follows Reference [10], Alfano and Crisfield have examined the influence of
variation of some interface material parameters, while keeping the energy release rate constant, on
the results of the same double mixed-mode delamination problem (see [23] for details). Three sets
of material properties used in this comparison are presented in Table II. It can be observed that all of
the three sets have identical energy release rates Gcj;˛ and penalty stiffness parameters Sj;˛ , where
j D 1; 2, but other quantities relevant for the interconnection significantly differ. This means that
the area under the relative displacement-contact traction diagram, as well as the slope of the linearelastic branch remains the same in all three cases, but the peak contact traction !0j;˛ and maximum
relative displacement dcj;˛ are different.
In this example, two different non-uniform finite element meshes are used. The horizontal domain
is divided in five zones. The first zone, according to Figure 12, is near the left-hand side of the
beam with the initial crack along the upper interface .˛ D 2/, while the second zone covers the

Figure 14. Influence of the position of the layers’ reference axes on the results.
Table II. Three sets of material properties for the interconnection for the double mixed-mode
delamination example.
Case
A
B
C

Gc1;˛
[N/mm]

Gc1;˛
[N/mm]

d0j;˛ =dcj;˛

!01;˛
[MPa]

!02;˛
[MPa]

d0j;˛
[mm]

dcj;˛
[mm]

S1;˛
[N/mm3 ]

S2;˛
[N/mm3 ]

0.8
0.8
0.8

0.33
0.33
0.33

5105
1.25103
5103

8.0
40.0
80.0

3.3
16.5
33.0

1105
5105
1104

0.2
0.04
0.02

8105
8105
8105

3.3105
3.3105
3.3105
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Table III. Two finite element meshes for the double mixed-mode delamination
example with different material properties for the interconnection.
Length [mm]
Initial crack

Zone 1

Zone 2

Zone 3

Zone 4

Zone 5

Total

40
˛D2

20
None

20
˛D1

50
None

20
None

150

2
4

20
40

20
40

50
100

5
5

97
189

Mesh 1/No. of FE
Mesh 2/No. of FE
FE, finite element.

initially uncracked part of the beam between the two initial cracks, and the third zone covers the
region of the second initial crack, which has been placed along the lower interface .˛ D 1/. The
initially undamaged right-hand part of the beam is divided in two zones, zone 4, where delamination
is expected, and zone 5, where no delamination is expected. In contrast to the previous example
(Figure 12), this part of the beam in this example is 70 mm long. However, this difference does not
influence the results as long as the cracks remain sufficiently distant from the right-hand end of the
specimen. The lengths of the meshing zones, along with the number of FEs for both meshes, are
given in Table III.
In this example, in contrast to the one previously presented, interface elements with no contact
tractions, except in compression in mode I, are used at the notches. This feature gives more realistic
behaviour of the model (penetration between layers at the notches is almost completely prevented)
so the second peak in Figure 13 (v3 .0/  9 mm and F  35 N), which is obviously a non-physical
artefact of the model disappears. Compression tractions in this example can occur only at the bottom
notch in which they grow as the upper crack approaches it, but as soon as the upper crack reaches
the horizontal position of the start of the bottom notch, delamination and crack propagation in the
bottom notch start, too. After that, the upper crack propagation is slowed down, while the bottom
crack propagates more rapidly. In [23], no interface elements are inserted between the middle and
the bottom layer in meshing zones 1 and 2, that is, the left-hand side of the bottom interconnection
is assumed to be absolutely rigid, which is justified, because the results show that the bottom crack
propagates only to the right. In the present work, interface elements with 100 times higher values of
penalty stiffness parameters are used at the left-hand side of the bottom interface.
In Figure 15, a comparison between the multi-layer beam model and the model proposed by
Alfano and Crisfield [23], which uses 2D plane-strain FEs with interface elements, is shown. As
in [23], mesh 1 is used for case A, while mesh 2 is used for cases B and C according to Table III.
Three-node beam FEs and INT6 are used in the multi-layer beam model. The 3-point Newton–
Cotes integration is used for the interface elements. Using 97 quadrilateral plane-strain eight-node
(QPSN8) finite elements per layer with INT6 interface elements at the interconnections, as did
Alfano and Crisfield [23], results in 2938 degrees of freedom for case A, while using 189 QPSN8
finite elements per layer with INT6 interface elements at the interconnections results in 5510 degrees
of freedom for cases B and C. On the other hand, using the presented multi-layer beam model
according to Table III gives 1755 degrees of freedom for mesh 1 (case A) and 3411 degrees of
freedom for mesh 2 (cases B and C). Even though the total number of degrees of freedom is considerably reduced, the multi-layer beam model still gives results that, for the most critical part of the
load-displacement diagram, show an excellent agreement with the results presented by Alfano and
Crisfield [23] (Figure 15). It can be also noted that cases B and C show better agreement with the
experimental results [30].
Oscillations, typical for finite element analysis of delamination problems, however, can still be
noted in the diagram, especially in the final softening branch. Using mesh 1 for case A, a very small
amount of oscillations occurs, while using a finer mesh 2 for the cases B and especially C, oscillations become more pronounced. Thus, it can be concluded that the influence of material parameters
of the interconnection has even bigger influence on the oscillations of the results than the meshing
itself. Along the final softening branch of the diagrams shown in Figure 15, delamination occurs
in both interconnections simultaneously. It is noticed that oscillations have different amplitudes.
Copyright © 2015 John Wiley & Sons, Ltd.
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Figure 15. Results for different cases of material properties of the interconnection: (a) plane-strain finite
element model from literature and (b) multi-layer beam model.

Smaller amplitudes correspond to a total damage at an integration point of one interconnection,
while the larger oscillations occur when the total damage is reached at integration points in both
layers in the same load step. Compared with the plane-strain FE formulation [23], the present model
shows larger oscillations, which can be reduced using numerical integration of higher order (more
integration points).
In Figure 16, a comparison of the results obtained using different order of Newton–Cotes numerical integration is shown for the last part of the diagram. It can be noted that using 4 integration
points instead of 3, the oscillations reduce considerably and the results are much closer to those
proposed by Alfano and Crisfield [23]. On the other hand, further increase in number of integration points does not lead to any significant improvement of the results. It has to be emphasised
that results in Figure 16 correspond to the FE mesh with 20 elements (instead of 40) in the second
zone according to Table III, which, however, does not have any significant influence in this part of
diagram. It seems obvious that further increase in the number of integration points is unlikely to
lead to any significant reduction of oscillations. Note, also, that increasing the number of integration points further is not recommended as the solution procedure is then expected to require smaller
increments [10].
Copyright © 2015 John Wiley & Sons, Ltd.
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Figure 16. Comparison of the results for different order of numerical integration.

6. CONCLUSIONS AND FUTURE WORK
In the present work, a multi-layer beam with interconnection allowing for delamination between
layers has been presented. The bulk material is modelled using beam FEs, while the cohesive-zone
model incorporated into the interface elements proposed by Alfano and Crisfield [10] is used for
the interconnection. Modelling the bulk material structure as beams, in comparison with commonly
used 2D plane-strain finite elements, gives comparable accuracy using a reduced total number of
degrees of freedom. The results of the numerical examples presented agree very well with the results
form the literature, which use 2D FEs for the bulk material. It was noticed that the mesh-dependent
oscillations caused by the numerical integration reduce with the mesh refinement or addition of the
integration points. In case of slender layers, the beam elements have an advantage over the solid
elements because of the limit in the aspect ratio of solid elements. With an increase in the beam
elements’ lengths, however, it has been shown that the spurious mesh-dependent oscillations also
increase, that is, for this reason beam elements may still need to be limited in length.
In future, we plan to extend this model to a geometrically non-linear analysis. The main issue,
which in this case remains to be resolved, is how to define the matrix ƒ˛ from (27) appropriately. Such a model would allow to analyse problems with large deformations and rotations, such as
the peel test.
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