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Predictive statistical mechanics



Information entropy - measure of uncertainty
Shannon’s (1949) definition of a measure of uncertainty represented
by a probability distribution p1,p2, ..., pn

Shannon proved that it is the only function satisfying:
(1) H is a continuous function of pi.
(2) If all pi are equal, pi = 1/n, the quantity H(1/n, ...,1/n) is a monotonic

increasing function of n.
(3) (The composition law) Uncertainty is independent of the grouping of

events.



Principle of maximum information entropy
(MaxEnt)

Formulated by E.T. Jaynes (1957) as a general criterion for the
construction of the probability distribution when available information is
not sufficient to uniquely determine it

It is based on: 
- Interpretation of probability as a representation of a state of

knowledge
- Shannon’s definition of a measure of uncertainty represented by a 

probability distribution

Maximizing the information entropy (uncertainty) subject to given
constraints includes in the probability distribution only the information
represented by those constraints.

Predictions derived from such a distribution do not depend on 
arbitrary assumptions related to missing information.



MaxEnt algoritam
Variable x takes n values {x1, ..., xn} with probabilities {p1, ..., pn}. 
Available data given by the expectation values of functions fk(x):

Probability distribution must also satisfy

In most cases available information is far less then sufficient for unique
determination of probabilities (i.e. m á n – 1).  

Probability distribution {p1, ..., pn} is then determined by applying the
MaxEnt principle.



Probability distribution {p1, ..., pn} for which the information entropy

is maximum subject to given constraints is found by the method of
Lagrange multipliers, i.e. by maximizing the function

λ0 – 1, λk (k=1,2, ...,m) are Lagrange multipliers.
MaxEnt probability distribution

Partitition function



Properties of MaxEnt formalism
Values of λ(F) = (λ1(F), ...., λm(F)) as the function of expectation values
F = (F1, ...,Fm) can be determined from

Maximum of information entropy subject to given constraints

is the function of F = (F1, ...,Fm), with

Log Z (λ1, ...,λm) and S(F1, ...,Fm) related by Legendre transformation
Variances and covariances of fk(x) (k = 1,2, ...,m): 



Interpretation of MaxEnt formalisim in
statistical physics

Values of fk(xi) associated with xi can represent e.g. energy eigenvalues Ei

or eigenvalues of some other quantity from the set of compatible quantities.

Physical interpretation of Lagrange multipliers follows from a relation
describing the changes of expectation values of fk(x):

dQk is the generalized heat, and ‚dfk(x)Ú is the generalized work for the
quantity fk(x) (Jaynes, Grandy)
Thereby, the change of maximum information entropy is



If fk(xi) = Ei for all i, then ‚EÚ = U is the internal energy. 

For a quasistatic change of energy of closed macroscopic system
dS = ldQ. Then,

where dQ is heat, dW is the work done on the system.

Comparison with the 1st law of thermodynamics

where Se is thermodynamical entropy, indentifies the Lagrange
multiplier l as 

The change of maximum information entropy dS is then related
to the exact differential of thermodynamic entropy dSe:

where the inverse temperature 1/T is the integrating factor of dQ.



Confirmation follows by introducing λ = 1/(kT) in the MaxEnt probability
distribution:

which is the Gibbs canonical distribution that describes the closed
system of known temperature in equilibrium with the environment.

Expectation value of energy is then given by

By considering the open system in analogous manner it is shown
that the MaxEnt probability distribution then corresponds to the Gibbs
grand canonical distribution.



Principle of macroscopic reproducibility
Definite (sharp) predictions of macroscopic quantities and behavior are 
possible only when the same macroscopic behaviour is characteristic
for the overwhelming majority of microstates compatibile with the
constraints. 
For the same reason, that macroscopic behaviour is reproduced in the
experiment under those constraints.

Detailes of the microscopic state over which we do not have control
in the experiment are very likely not to be reproduced in the repetitions
of the experiment.

Knowledge of all irrelevant details of the microscopic state is not
necessary for predictions of reproducible macrocopic phenomena;
values of relevant macroscopic quantities are sufficient.

Principle of macroscopic uniformity or reproducibility was formulated
by Jaynes and was recognized also as a concept of macroscopic
determinism (Garrod).



Representation of time evolution of
Hamiltonian systems



Hamiltonian dynamics and phase space paths

Time dependence of 2s dynamical variables (q,p) is determined by
Hamilton’s equations

For given initial values (q0,p0) at some time t0, the solution of Hamilton’s
equations uniquely determines values (q,p) at any other time t, 

At any time t, through any point (q,p)ω œ Γ of the phase space passes
only one path ω œ Ω(Γ) determined by Hamilton’s equations.
The set Ω(Γ) is the set of all paths in the phase space Γ.



Microstate probability and path probability

Ω(M) is the set of all paths ω œ Ω(M) in the invariant set M Œ Γ. 
Joint probability distribution of microstates (q,p) œ Γ at time t and paths
ω œ Ω(M) at time t0

Hypersurface S0(M) intersects perpendicularly all paths in Ω(M).
Correspondence of points (q0,p0)ωœ S0(M) and paths ω œ Ω(M) is one-to-
one. Measure on the set S0(M) is the measure on the set of paths Ω(M).
Microstate probability
distribution

Path probability
distribution

Conditional probability distribution of microstates with respect to specified
path



Model of time evolution of closed
Hamiltonian systems



Information entropies and MaxEnt algoritam

In accordance with the definitions in Shannons information theory, we
then define: joint information entropy,

conditional information entropy,

path information entropy,

information entropy of the microstate probability distribution



Inequality from Shannon’s information theory is always satistifed:

with the equality if and only if paths at time t0 and microstate at time t
are statisticaly independent.

Logical consequence of statistical independence is the total loss of
correlation between paths at time t0 and microstates at time t.

If a joint probability distribution is well defined at time t = t0,
statistical independence of paths and microstates is excluded at any
time t by the constraint given by Liouville equation.

Introducing Liouville equation as a strict (microscopic) constraint
on maximization of conditional information entropy
is equivalent to complete information about microscopic dynamics i.e. 
about exact microscopic trajectories.  



In case of macroscopic systems, we generally lack detailed
knowledge about microscopic trajectories.

If our (incomplete) information about microscopic dynamics is not
sufficent to predict the time evolution in detail, an average is taken over
all cases possible on the basis of partial information.

In predictive statistical mehanics (Jaynes) inferences are drawn from
probability distributions whose sample spaces represent what is known
about the structure of microstates, and maximize information entropy
subject to the available macroscopic data. 

In this model, conditional information entropy SI
DF(t,t0) is maximized

subject to the constraint of Liouville equation averaged over the
available phase space.



MaxEnt algoritam and time evolution
In the first approach, constraints are the normalization condition and
Liouville equation (taken as a strict microscopic constraint) for the
conditional probability distribution. 
In the second approach, conditional information entropy at time ta

is maximized subject to the constraints of the normalization condition

and the Liouville equation averaged over the available phase space
(invariant set M Œ Γ of all possible microstates)



Constraints are introduced in the variational problem in the form of
functionals: 

where the Lagrange mulipliers λ1((q0,p0)ω,t0;t) i λ2((q0,p0)ω,t0;t) are 
the functions defined in the integration regions.
Maximization then gives the MaxEnt conditional probability distribution

Information entropy and conditional information entropy are equal

W(M) is the volume of the available phase space (invariant set M Œ Γ)
These relations are possible only in case of statistical independence.



Logical consequence of statistical independence is total loss of correlation
between the phase space paths at time t0 and microstates at time ta.

Logically correct interpretation necessitates the introduction of the
characteristic time t á ta – t0 required for the loss of correlations between
the initial phase space paths and final microstates. 

Lagrange multipliers λ1((q0,p0)ω,t0;t) i λ2((q0,p0)ω,t0;t) satisfy

Information entropies SI
f(ta) i SI

DF(ta,t0) at time ta are equal to the maximum
value of Boltzmann-Gibbs entropy compatible with the information about
possible microstates.

For all t such that t – t0 à t, Lagrange multiplier λ1 can be identified with
the rate of change of entropy of the closed Hamiltonian system. 



Generalization and relation with the
nonequilibrium theory



Reduced description of nonequilibrium
systems

For time intervals that are not to small in the specified sense, details of
the initial state become unimportant, and the number of parameters
necessary for the description of the nonequilibrium system are reduced
(Zubarev)
The choice of the relevant quatities depends of the time scale.
For example, for a diluted classical gas of identical particles there is a 
hierarchy of basic relaxation times t0 á tf á tr á teq.
This hierarchy alowes us to say that the approach to equilibrium
proceeds in three stages:

‚n(r)Út, ‚P (r) Út, ‚h (r) Úttr á ∆t á teqhydrodynamic stage

f1(r,p,t) (single-particle
distribution)

t0 á ∆t á trkinetic stage

reduced description can
not be used

∆t á t0dinamical stage

relevant quantitiestime interval



Hydrodynamic continuity equations
By maximizing the conditional information entropy subject to the
constraint given by the Liouville equation averaged over the available
phase space, incompleteness of information about microscopic dynamics
is included in the basic model.

Hydrodynamic time stage is selected for the first step in generalization
of the approach. For a reduced description it requires less detailed
information about microscopic dynamics.

Classical fluid of N identical particles described by the Hamiltonian
function

is taken here as the basis for the analysis.
For time intervals longer than the time  tr required for the establishment of
the state of local equilibrium, local macroscopic quantities ‚n(r)Út, ‚P(r) Út, 
‚h(r) Út are sufficient for the description of nonequilibrium system.



Equations of motion for locally conserved dynamical variables z

local microscopic conservation laws

Local macroscopic conservation laws



Suppose that the complete Hamiltonian function includes also
an aditional term Hni(x,p,t) about which we have no prior information

and that some microstate probability distribution satisfies “the
complete” Liouville equation

If the equations

are satisfied, then the local macroscopic conservation laws hold in the
form which is not dependent on missing information about microscopic
dynamics.  



These equations specify the condition under which missing information
about microscopic dynamics is not relevant for the description of time 
evolution of local macroscopic quantities ‚n(r)Út, ‚P(r) Út, ‚h(r) Út. 

If the equations

are satisfied, then the local microscopic conservation laws hold in the
form which is not dependent on missing information about microscopic
dynamics.  

These equations specify the condition under which missing information
about microscopic dynamics is not relevant for the description of time 
evolution of local microscopic quantities n(r), P(r), h(r).



Under any of the two specified conditions, equations

are equivalent to local macroscopic conservation laws.
These equations are more suitable for use in the variational calculation.



MaxEnt and hydrodinamical irreversible time 
evolution

Local macroscopic conservation laws, or hydrodinamic continuity
equations, are the basis of reduced description at the hydrodinamic
time scale. 

We take them as the additional relevant information, which should be
included in the initial model as additional constraints.

Conditional information entropy SI
DF(t,t0) is now maximized subject to 

the constraints given by:
(1) normalization condition for D(q,p,t | (q0,p0)ω,t0), 
(2) Liouville equation for D(q,p,t | (q0,p0)ω,t0) averaged over the
available phase space, 
(3) equations for D(q,p,t | (q0,p0)ω,t0) which are equivalent to 
hydrodinamic continuity equations



This gives the MaxEnt conditional probability distribution

where the partition functional
is given by

are the Lagrange
mulitpliers.



Equalities

and

then follow directly. 

Initial phase space paths at time t0 and final microstates at time t are 
statistically independent. Logical consequence is total loss of
correlation.

This confirms the necessity of condition t – t0 à t.

Microstate probability distribution f(x,p,t) is identical in form to
the relevant distribution for a classical fluid in local equilibrium
(Zubarev)



Assuming local equilibrium and comparing the two distributions one 
identifies the Lagrange multipliers

wher (kβ(r,t)) -1 = T(r,t) is the local temperature, µ(r,t) local chemical
potential per particle, u(r,t) is the velocity of hydrodinamical motion.

This gives the precise physical definition of the condition t – t0 à t.

Time t required for the total loss of correlation between initial paths
and final microstate is related to time tr required for the establishment
of the state of local equilibrium.



Time derivative of information entropy SI
f(t) is equal to

Current densities in the macroscopic conservation laws can be written
in the form (Grandy, Evans)

where ρ(r,t) is the mass density, e(r,t) is the energy per unit mass, 
Tαβ (r,t) are the components of pressure tensor, and JQ (r,t) is the heat
current density.



Canonical transformation

leaves the information entropy SI
f(t) and the partition function Zt

invariant (Jacobian of the transformation is equal to unity). 
In the new coordinates (x’,p’) information entropy SI

f(t) is given by

where

Information entropy SI
f(t) and its time derivatives do not depend

on fluid velocitiy u(r,t). 



In this way for the time derivative of SI
f(t) one obtains

Multiplying with Boltzmann constant k and using β(r,t) = (kT(r,t))-1 one 
obtains

In termodynamics of irreversible processes this is the rate of change of
entropy for a closed system.
First term is the exchange of entropy through the boundary of the
system. 
Postulate of termodynamics of irreversible processes is that the density
of entropy production allways has the canonical form (Evans)

where Ji are thermodynamic fluxes, and Xi are the conjugated
termodynamic forces. Second term is the integral of such quantity.



This equation obtained by MaxEnt approach, allowes us to define the
density of entropy production for a classical fluid of identical particles, 
in accordance with this postulate,

with the corresponding identifications of the thermodynamic force X and
flux J.

Results are in accordance with the approach of H.B. Callen: if the
extensive quantities are conserved, it follows that the density of entropy
production is equal

where Ji are the current densities of extensive quantities, and Fi are the
local intensive quantities. Local intensive quantities Fi are defined by

where s is the local entropy density, ai are the densities of local
extensive quantities Ai. 



Transport coefficients

The time dependence of local macroscopic quantities ‚ρi (r)Út = ‚n(r)Út,
‚P(r) Út, ‚h(r) Út (i=1,2,3) is obtained from

where C’s are the correlation functions, l’s are the Lagrange
multipliers. This information is extracted from the MaxEnt probability
distribution.
With the additional assumption

we can also be obtain the time evolution of current densities. 



This assumption is a form of the macroscopic reproducibility principle. 

In the standard theory, this relation represents just the equivalence
between the Heisenberg and Schrödinger picture. 

Using the above assumption, one obtains the equation

where K’s are the covariance functions. This equation can be written as



By using the symmetry properties of the current densities, and then
applying the long-wavelength and short-memory aproximations, one 
obtains the expresions for the current densities
Particle current density

Energy current density



Momentum current density

The quantities in the brackets are the transport cofficients.



Predictive statistical mechanics is a general form of inference from
available information, without additional assumptions. 

The obtained results suggest the importance of its basic principles for
the theory of irreversibilty.
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