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I. INTRODUCTION

The original formulation of gauge-gravity duality in
the form of the so called AdS/CFT correspondence es-
tablishes an equivalence of a four dimensional N = 4
supersymmetric Yang-Mills theory and string theory in
a ten dimensional AdS5 × S5 bulk [1–3]. However, the
AdS/CFT correspondence goes beyond pure string the-
ory as it links many other important theoretical and phe-
nomenological issues such as fluid dynamics [4], thermal
field theories, black hole physics, quark-gluon plasma [5],
gravity and cosmology. In particular, the AdS/CFT cor-
respondence proved to be useful in studying some prop-
erties of strongly interacting matter [6] described at the
fundamental level by a theory called quantum chromody-
namics (QCD), although N = 4 supersymmetric Yang-
Mills theory differs substantially from QCD.

Our purpose is to study in terms of the AdS/CFT cor-
respondence a class of field theories with spontaneously
broken symmetry restored at finite temperature. Spon-
taneous symmetry breaking is related to many phenom-
ena in physics, such as, superfluidity, superconductivity,
ferro-magnetism, Bose-Einstein condensation etc. One
well known example which will be studied here in some
detail is the chiral symmetry breaking in strong interac-
tions. At low energies, the QCD vacuum is characterized
by a non-vanishing expectation value [7]: 〈ψ̄ψ〉 ≈ (235
MeV)3, the so called chiral condensate. This quantity
describes the density of quark-antiquark pairs found in
the QCD vacuum and its non-vanishing value is a man-
ifestation of chiral symmetry breaking [8]. The chiral
symmetry is restored at finite temperature through a chi-
ral phase transition which is believed to be first or second
order depending on the underlying global symmetry [9].
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In the temperature range below the chiral transition
point the thermodynamics of quarks and gluons may
be investigated using the linear sigma model [10] which
serves as an effective model for the low-temperature
phase of QCD [11, 12]. The original sigma model is for-
mulated as spontaneously broken ϕ4 theory with four
real scalar fields which constitute the ( 1

2 , 1
2 ) representa-

tion of the chiral SU(2) × SU(2). Hence, the model falls
in the O(4) universality class owing to the isomorphism
between the groups O(4) and SU(2) × SU(2). We shall
consider here a linear sigma model with spontaneously
broken O(N) symmetry, where N ≥ 2. According to the
Goldstone theorem, the spontaneous symmetry break-
ing yields massless particles called Goldstone bosons the
number of which depends on the rank of the remaining
unbroken symmetry. In the case of the O(N) group in the
symmetry broken phase, i.e., at temperatures below the
point of the phase transition, there will be N − 1 Gold-
stone bosons which we will call the pions. In the sym-
metry broken phase the pions, in spite of being massless,
propagate slower than light owing to finite temperature
effects [13–16]. Moreover, the pion velocity approaches
zero at the critical temperature. In the following we will
use the term “chiral fluid” to denote a hadronic fluid in
the symmetry broken phase consisting predominantly of
massless pions. In our previous papers [17, 18] we have
demonstrated that perturbations in the chiral fluid un-
dergoing a radial Bjorken expansion propagate in curved
geometry described by an effective analog metric of the
Friedmann Robertson Walker (FRW) type with hyper-
bolic spatial geometry

As an application of the AdS/CFT duality in terms
of D7-brane embeddings [19] the chiral phase transition
can be regarded as a transition from the Minkowski to
black hole embeddings of the D7-brane in a D3-brane
background. This has been exploited by Mateos, Myers,
and Thomson [20] who find a strong first order phase
transition. In this paper we consider a model of a brane
world universe in which the chiral fluid lives on the 3+1
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dimensional boundary of the AdS5 bulk. We will com-
bine the linear sigma model with a boost invariant spher-
ically symmetric Bjorken type expansion [21] and use
AdS/CFT techniques to establish a relation between the
effective analog geometry on the boundary and the bulk
geometry which satisfies the field equations with neg-
ative cosmological constant. The formalism presented
here could also be applied to the calculation of two point
functions, Willson loops, and entanglement entropy for a
spherically expanding Yang-Mills plasma as it was re-
cently done by Pedraza [22] for a linearly expanding
N = 4 supersymmetric Yang-Mills plasma.

The remainder of the paper is organized as follows. In
Sec. II we describe the dynamics of the chiral fluid and
the corresponding 3+1 dimensional analog geometry. In
Sec. III we solve the Einstein equations in the bulk using
the metric ansatz that respects the spherical boost invari-
ance of the fluid energy-momentum tensor at the bound-
ary. We demonstrate a relationship of our solution with
the D3-brane solution of 10 dimensional supergravity. In
Sec. IV we establish a connection of the bulk geometry
with the analog geometry on the boundary and derive
the temperature dependence of the pion velocity. In the
concluding section, Sec. V, we summarize our results and
discuss physical consequences.

II. EXPANDING HADRONIC FLUID

Consider a linear sigma model in a background
medium at finite temperature in a general curved space-
time. The dynamics of mesons in such a medium is de-
scribed by an effective action with O(N) symmetry [16]

Seff =

∫
d4x
√
−G

[
1

2
Gµν∂µΦ∂νΦ

− cπ
f2

(
m2

0

2
Φ2 +

λ

4
(Φ2)2

)]
, (1)

where Φ denotes a multicomponent scalar field Φ ≡
(Φ1, ...,ΦN ). The effective metric tensor, its inverse, and
its determinant are

Gµν =
f

cπ
[gµν − (1− c2π)uµuν ], (2)

Gµν =
cπ
f

[
gµν − (1− 1

c2π
)uµuν ,

]
, (3)

G ≡ detGµν =
f4

c2π
det gµν , (4)

respectively, where uµ is the velocity of the fluid and
gµν is the background metric. The coefficient f and the
pion velocity cπ depend on the local temperature T and
on the parameters λ and m2

0 of the model, and may be
calculated in perturbation theory. At zero temperature

the medium is absent in which case f = cπ = 1 and Gµν
is identical to gµν .

If m2
0 < 0 the symmetry will be spontaneously broken.

At zero temperature the Φi fields develop non-vanishing
vacuum expectation values such that∑

i

〈Φi〉2 = −m
2
0

λ
≡ f2

π . (5)

We redefine the fields

Φi(x)→ 〈Φi〉+ ϕi(x), (6)

so that ϕi represent fluctuations around the vacuum ex-
pectation values 〈Φi〉. It is convenient to choose here

〈Φi〉 = 0 for i = 1, 2, .., N − 1, 〈ΦN 〉 = fπ. (7)

At nonzero temperature the quantity 〈ΦN 〉, usually re-
ferred to as the condensate, is temperature dependent
and vanishes at the point of phase transition. In view of
the usual physical meaning of the ϕ-fields in the chiral
SU(2) × SU(2) sigma model it is customary to denote the
N − 1 dimensional vector (ϕ1, ..., ϕN−1) by π, the field
ϕN by σ, and the condensate 〈ΦN 〉 by 〈σ〉. We obtain
the effective Lagrangian in which the O(N) symmetry is
explicitly broken down to O(N − 1):

Leff =
1

2
Gµν∂µϕ∂νϕ−

cπ
f2

(
m2
σ

2
σ2 +

m2
π

2
π2

+λ〈σ〉σϕ2 +
λ

4
(ϕ2)2 + V0

)
, (8)

where V0 is a constant that depends on 〈σ〉,

V0 =
λ

4
〈σ〉4 − λ

2
f2
π〈σ〉2. (9)

At and above a critical temperature Tc the symmetry
will be restored and all the mesons will have the same
mass. Below the critical temperature the meson masses
are given by

m2
π = 0, m2

σ = 2λ〈σ〉2. (10)

The temperature dependence of 〈σ〉 is obtained by min-
imizing the thermodynamic potential

Ω = −T
V

ln

∫
[dϕ] exp

(
−
∫
d4xLE[ϕ]

)
(11)

with respect to 〈σ〉 [12]. The integral in the exponent
goes over the large space volume V and the euclidean
time interval (0, 1/T ). The Lagrangian LE is the Eu-
clidean version of (8) in flat spacetime,

LE =
1

2
(∂µϕ)2 +

m2
σ

2
σ2 +

m2
π

2
π2

+λ〈σ〉σϕ2 +
λ

4
(ϕ2)2 + V0. (12)
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Given N , fπ, and mσ, the extremum condition can be
solved numerically at one loop order [12]. In this way,
the value Tc = 183 MeV of the critical temperature was
found [18] for N = 4, fπ = 92.4 MeV, and mσ = 1 GeV
as a phenomenological input.

Next we assume that the background medium, consist-
ing of predominantly pions and a small number of heavier
hadrons, is going through a Bjorken type expansion. A
realistic hydrodynamic model of heavy ion collisions in-
volves a transverse expansion superimposed on a longitu-
dinal boost invariant expansion. Here we will consider a
radial boost invariant expansion [23] in Minkowski back-
ground spacetime. A similar model has been previously
studied in the context of disoriented chiral condensate
[21]. Our approach is in spirit similar to that of Janik
and Peschanski [24, 25] who consider a hydrodynamic
model based on a longitudinal Bjorken expansion and
neglect the transverse expansion. A spherically symmet-
ric Bjorken expansion considered here is certainly not the
best model for description of high energy heavy ion col-
lisions but is phenomenologically relevant in the context
of hadron production in e+e−.

The Bjorken expansion is defined by a specific choice
of the fluid 4-velocity which may be regarded as a coor-
dinate transformation in Minkowski spacetime. In radial
coordinates xµ = (t, r, ϑ, ϕ) the fluid four-velocity of the
radial Bjorken expansion is given by

uµ = (γ, γvr, 0, 0) = (t/τ, r/τ, 0, 0), (13)

where vr = r/t is the radial three-velocity and τ =√
t2 − r2 is the proper time. It is convenient to introduce

the so called radial rapidity variable y and parameterize
the four-velocity as

uµ = (cosh y, sinh y, 0, 0), (14)

so that the radial three-velocity is

vr = tanh y. (15)

Now, it is natural to use the spherical rapidity coordi-
nates (τ, y) defined by the following transformation

t = τ cosh y,

r = τ sinh y. (16)

As in these coordinates the velocity components are
uµ = (1, 0, 0, 0), the new coordinate frame is comoving.
The transformation from (t, r, ϑ, ϕ) to (τ, y, ϑ, ϕ) takes
the background Minkowski metric into

gµν =


1
−τ2

−τ2 sinh2y
−τ2 sinh2y sin2 ϑ

 , (17)

which describes the geometry of the Milne cosmological
model [26] – a homogeneous, isotropic, expanding uni-
verse with the cosmological scale a = τ and negative
spatial curvature.

The functional dependence of the fluid temperature T
on τ can be derived from energy-momentum conserva-
tion. First, we assume that our fluid is conformal, i.e.,
that its energy momentum is traceless Tµµ = 0. Assuming
quite generally that the pressure is not isotropic

Tµν = diag(ρ,−py,−p⊥,−p⊥), (18)

the tracelessness implies

ρ− py − 2p⊥ = 0. (19)

On the other hand, the energy momentum conservation

Tµν ;ν = 0 (20)

yields

∂τρ+
1

τ
(py + 2p⊥ + 3ρ) = 0, p⊥ = py ≡ p. (21)

This implies that the fluid is perfect with energy-
momentum tensor

Tµν = (p+ ρ)uµuν − pgµν , (22)

where p and ρ denote respectively the pressure and the
energy density of the fluid. Equation (21) is equivalent
to

uµρ;µ + (p+ ρ)uµ;µ = 0, (23)

where the subscript ;µ denotes the covariant derivative
associated with the background metric (17). Either from
(21) or (23) one finds

∂ρ

∂τ
+

4ρ

τ
= 0, (24)

with solution

ρ =
(c0
τ

)4

. (25)

The dimensionless constant c0 may be fixed from the phe-
nomenology of high energy collisions. For example, with
a typical value of ρ = 1 GeVfm−3 ≈ 5 fm−4 at τ ≈ 5 fm
[27] we find c0 = 7.5.

Now, the energy momentum tensor in comoving coor-
dinates reads

T conf
µν =

c40
3τ4


3
τ2

τ2 sinh2y
τ2 sinh2y sin2 ϑ

 .

(26)
Equation (25) implies that the temperature of the ex-
panding chiral fluid is, to a good approximation, propor-
tional to τ−1. This follows from the fact that the expand-
ing hadronic matter is dominated by massless pions, and
hence, the pressure of the fluid may be approximated by
[28]

p =
1

3
ρ =

π2

90
(N − 1)T 4. (27)
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This approximation is justified as long as we are not very
close to T = 0 in which case we may neglect the contri-
bution of the condensate with vacuum energy equation of
state p = −ρ. Moreover, this approximation is consistent
with the conformal fluid assumption which also fails at
and near T = 0, because the energy momentum tensor
of the vacuum is proportional to the metric tensor and
hence Tµµ 6= 0 in the vicinity of T = 0. Combining (27)
with (25) one finds

T =

(
30

π2(N − 1)

)1/4
c0
τ
. (28)

Hence, the temperature and proper time are uniquely
related. For example, there is a unique proper time τc
which corresponds to the critical temperature Tc of the
chiral phase transition, so that

T

Tc
=
τc
τ
. (29)

If we adopt the value c0 = 7.5 estimated above and Tc =
0.183 GeV = 0.927 fm−1 [18] as the critical temperature
for N = 4, the corresponding proper time will be τc =
8.2 fm = 41 GeV−1.

If we relax the conformal fluid condition Tµµ = 0 and
add the contribution of the vacuum to the conformal
part, the energy momentum tensor will read

Tµν = T conf
µν + ρvacgµν , (30)

where ρvac is a constant vacuum energy density and T conf
µν

is the conformal part given by (26). Then, instead of (24),
we obtain

∂ρ

∂τ
+

4(ρ− ρvac)

τ
= 0, (31)

with solution

ρ =
(c0
τ

)4

+ ρvac. (32)

In this case, instead of (27), the equation of state reads

p+ ρvac =
1

3
(ρ− ρvac) =

π2

90
(N − 1)T 4, (33)

and we obtain precisely the same relation (29) between
the temperature and the proper time.

In the comoving coordinate frame defined by the coor-
dinate transformation (16) the analog metric (2) is diag-
onal with line element

ds2 = Gµνdx
µdxν = adτ2− bτ2(dy2 + sinh2ydΩ2), (34)

where

a = fcπ, b =
f

cπ
. (35)

Here, the parameters f and cπ are functions of τ through
the temperature dependence on τ (28). Hence, this met-
ric represents an FRW spacetime with negative spatial
curvature.

At nonzero temperature, f and cπ can be derived from
the finite temperature self energy Σ(q, T ) in the limit
when the external momentum q approaches zero and can
be expressed in terms of second derivatives of Σ(q, T )
with respect to q0 and qi. The quantities f and cπ as
functions of temperature have been calculated at one loop
level by Pisarski and Tytgat [13] in the low temperature
approximation

f ∼ 1− T 2

12f2
π

− π2

9

T 4

f2
πm

2
σ

, cπ ∼ 1− 4π2

45

T 4

f2
πm

2
σ

, (36)

and by Son and Stephanov for temperatures close to the
chiral transition point [14, 15] (see also [17]). Whereas
the low temperature result (36) does not depend on N ,
the result near the critical temperature does. In the limit
T → Tc in d = 3 dimensions one finds [14, 15]

f ∝ (1− v)ν−2β , cπ ∝ (1− v)ν/2 (37)

where v = τc/τ = T/Tc and the critical exponents ν and
β depend on N . For example, ν = 0.749 and β = 0.388
for the O(4) universality class [29, 30]. Combining these
limiting cases with the numerical results at one loop order
[18], a reasonable fit in the entire range 0 ≤ T ≤ Tc is
provided by

f = (1− v4)ν−2β , cπ = (1− v4)ν/2. (38)

With this we have f = cπ = 1 at T = 0, c2π ' 1−ν(T/Tc)4

near T = 0 as predicted by the one loop low temperature
approximation [13], and we recover the correct behavior
(37) near T = Tc.

Note that the spacetime described by (34) with (35)
and (37) has a curvature singularity at τ = τc. The Ricci
scalar corresponding to (34) is given by

R =
6

τ2a
− 6

τ2b
− 3ȧ

τa2
+

12ḃ

τab
− 3

2

ȧḃ

a2b
+

3b̈

ab
, (39)

where the overdot denotes a derivative with respect to τ .
Using (37) in the limit τ → τc one finds that R diverges
as

R ∼ (τ − τc)2β−3ν/2−2. (40)

III. HOLOGRAPHIC DESCRIPTION OF THE
HADRONIC FLUID

We now turn to AdS/CFT correspondence and look
for a five-dimensional bulk geometry dual to the four-
dimensional spherically expanding chiral fluid described
by the energy momentum tensor (22). A general asymp-
totically AdS metric in Fefferman-Graham coordinates
[31] is of the form

ds2 = gABdx
AdxB =

`2

z2

(
hµνdx

µdxν − dz2
)
, (41)
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where we use the uppercase Latin alphabet for bulk
indices and the Greek alphabet for 3+1 spacetime in-
dices. Our curvature conventions are as follows: Rabcd =
∂cΓ

a
db−∂dΓacb+ΓedbΓ

a
ce−ΓecbΓ

a
de and Rab = Rsasb, so that

Einstein’s equations are Rab − 1
2Rgab = +κTab.

The length scale ` is the AdS curvature radius related
to the cosmological constant by

Λ = −6/`2. (42)

The four dimensional tensor hµν may be expanded near
the boundary at z = 0 as [32]

hµν = g(0)
µν + z2g(2)

µν + z4g(4)
µν + z6g(6)

µν + . . . , (43)

where g
(0)
µν is the background metric on the boundary.

A. Ricci flat boundary

Let us assume now that the boundary geometry is de-
scribed by the Ricci flat spacetime metric (17). Accord-
ing to the holographic renormalization rules [32] in this

case g
(2)
µν = 0 and g

(4)
µν is proportional to the vacuum ex-

pectation value of the energy-momentum tensor

g(4)
µν = −4πG5

`3
〈T conf
µν 〉, (44)

where G5 is the five dimensional Newton constant and
the expectation value on the righthand side is assumed
to be equal to the energy momentum tensor (26). This
equation is an explicit realization of the AdS/CFT pre-
scription that the field dual to the energy momentum
tensor Tµν should be the four-dimensional metric gµν .

Instead of a linear boost invariance of [24, 25, 33], we
impose a spherically symmetric boost invariance in the
bulk. The most general metric respecting the spherically
symmetric boost invariance in Fefferman-Graham coor-
dinates is of the form

ds2 =
`2

z2

[
A(z, τ)dτ2−τ2B(z, τ)(dy2+sinh2ydΩ2)−dz2

]
.

(45)
Equations (43) and (44) together with (26) imply the
conditions near the z = 0 boundary

A = 1− 3kz4/τ4 + . . . , B = 1 + kz4/τ4 + . . . , (46)

where

k =
4πG5c

4
0

3`3
(47)

is a dimensionless constant.
Using the metric ansatz (45) we solve Einstein’s equa-

tions with negative cosmological constant

RAB −
(

1

2
R− 6

`2

)
gAB = 0. (48)

By inspecting the components of (48) subject to (45), it
may be verified that Einstein’s equations are invariant
under simultaneous rescaling

τ → λτ, z → λz, (49)

for any real positive λ. In other words, if A = A(z, τ)
and B = B(z, τ) are solutions to (48), then so are A =
A(λz, λτ) and B = B(λz, λτ). This implies that A and
B are functions of a single scaling variable

v =
z

τ
. (50)

From the zz and zτ components of Einstein’s equations
we find two independent differential equations for A and
B

2A′

vA
+
A′

2

A2
+

6B′

vB
+

3B′
2

B2
− 2A′′

A
− 6B′′

B
= 0, (51)

6A′

A
− vA′B′

AB
− 3vB′

2

B2
+

6vB′′

B
= 0, (52)

where the prime denotes a derivative with respect to v.
It may be easily verified that the functions

A(v) =
(1− kv4)2

1 + kv4
, (53)

B(v) = 1 + kv4. (54)

satisfy (51), (52), and the remaining set of Einstein’s
equations, k being an arbitrary constant. Equations (53)
and (54) satisfy the boundary conditions (46) if we iden-
tify k with the constant defined in (47). The line element
(45) becomes

ds2 =
`2

z2

[
(1− kz4/τ4)2

1 + kz4/τ4
dτ2

−(1 + kz4/τ4)τ2(dy2 + sinh2ydΩ2)− dz2

]
. (55)

This type of metric is a special case of a more general so-
lution derived by Apostolopoulos, Siopsis, and Tetradis
[34, 35] with an arbitrary FRW cosmology at the bound-
ary.

It is useful to compare the solution (55) with the static
Schwarzschild-AdS5 metric [36]

ds2 =
`2

z2

[
(1− z4/z4

0)2

1− κz2/(2`2) + z4/z4
0

dτ2

−(1− κz2/(2`2) + z4/z4
0)`2dΩ2

3(κ)− dz2

]
, (56)

where κ = 0, 1,−1 for a flat, spherical and hyperbolic
boundary geometry with

dΩ2
3(κ) =

 dy2 + sinh2 ydΩ2, κ = −1
dy2 + y2dΩ2, κ = 0
dy2 + sin2 ydΩ2, κ = 1.

(57)
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The location of the horizon z0 is related to the BH mass
as

z4
0 =

16`4

4µ+ κ2
, (58)

where µ is the BH mass in units of `−1. It has been noted
[37] that (55) is obtained from (56) by keeping the confor-
mal factor `2/z2 and elsewhere making the replacements
κ → κ + 1 and ` → τ . Hence, the constant k in (55) is
related to the BH mass of the static solution as k = µ/4.

It is worth emphasizing the difference between the
spherically symmetric solution (55) and the solution of
the similar form found in the case of linear boost invari-
ance [24]. First, our solution (55) is exact and valid at
all times. In contrast, the solution found in [24] of the
form (53) and (54) with v ∼ z/τ1/3 is valid only in the
asymptotic regime τ → ∞. A similar late time asymp-
totic solution was found by Sin, Nakamura, and Kim [38]
for the case of a linear anisotropic expansion described
by the Kasner metric. In a related recent work Fischetti,
Kastor, and Traschen [39] have constructed solutions that
expand spherically and approach the Milne universe at
late times. Their solution, obtained by making use of a
special type of ideal fluid in addition to the negative cos-
mological constant in the bulk, gives rise to open FRW
cosmologies at the boundary and on the Poincaré slices
(which correspond to the z-slices in Fefferman Graham
coordinates) of a late time asymptotic AdS5.

Another remarkable property of the solution (55) is
that the induced metric on each z-slice is equivalent to
the Milne metric. This may be seen as follows. The
3+1 dimensional metric induced on a z-slice is, up to a
multiplicative constant, given by

ds2 =
(1− kz4/τ4)2

1 + kz4/τ4
dτ2

−(1 + kz4/τ4)τ2(dy2 + sinh2ydΩ2). (59)

This line element is of the form (34) and the correspond-
ing 3+1 spacetime at a given z-slice may be regarded as
an FRW spacetime. Then the coordinate transformation

τ̃(τ) = τ(1 + kz4/τ4)1/2 (60)

brings the metric (59) to the Milne form (17).
The solution (55) is closely related to the D3-brane so-

lution of 10 dimensional supergravity corresponding to a
stack of ND coincident D3-branes. A near-horizon nonex-
tremal D3-brane metric is given by [40]

ds2 =
U2

L2

[(
1− U4

0

U4

)
dt2

−L
4

U4

(
1− U4

0

U4

)−1

dU2 −
3∑
i=1

dy2
i

]
− L2dΩ2

5, (61)

where

L2 = `2s
√

4πgsND, (62)

gs is the string coupling constant, and `s =
√
α′ is the

fundamental string length. Ignoring the five sphere which
decouples throughout the spacetime (61), the remaining
five dimensional spacetime is equivalent to the standard
AdS5 Schwarzschild spacetime in the limit of large BH
mass [41] and is asymptotically AdS5. By identifying L
with the AdS curvature radius `, rescaling the coordi-
nates

t =
`2

U0W0
τ, yi =

`2

U0W0
xi, (63)

and making a coordinate transformation U →W

U =
U0W0

W
, (64)

the metric of the asymptotically AdS5 bulk of (61) turns
into

ds2 =
`2

W 2

[(
1− W 4

W 4
0

)
dτ2

−
(

1− W 4

W 4
0

)−1

dW 2 −
3∑
i=1

dx2
i

]
, (65)

with the horizon at W0 and the inverse horizon temper-
ature

β = πW0. (66)

Furthermore, by another coordinate transformation

W =
z√

1 + z4/z4
0

, (67)

where z0 =
√

2W0, we find

ds2 =
`2

z2

[
(1− z4/z4

0)2

1 + z4/z4
0

dτ2

−(1 + z4/z4
0)

3∑
i=1

dx2
i − dz2

]
. (68)

This coincides with equation (56) for κ = 0 if we set
z4

0 = 4`4/µ. In this coordinate representation, the BH
horizon is at z = z0 and the inverse horizon temperature
is

β =
π√
2
z0. (69)

In the case κ = +1 or −1 the metric (68) may be
regarded as a large BH mass limit of a Schwarzschild-
AdS5 metric given by (56) with (57). In the limit µ→∞
we have z0/`→ 0, so z2/l2 � 1 for z close to the horizon
and the quadratic term in the metric coefficients in (56)
vanishes in that limit. Hence, taking µ → ∞ in (56) for
κ = +1 or −1 one finds

ds2 =
`2

z2

[
(1− z4/z4

0)2

1 + z4/z4
0

dτ2

−(1 + z4/z4
0)`2dΩ2

3(κ)− dz2

]
. (70)
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Comparing this with (55), the geometry (55) appears
as a dynamical black hole with the location of the hori-
zon z0 = τ/k1/4 moving in the bulk with velocity k−1/4.
Then the horizon temperature depends on time as

T =

√
2k1/4

πτ
, (71)

in agreement with Tetradis [35].

B. De Sitter boundary

It is important to analyze more closely the late time
asymptotics which corresponds to low temperatures. Up
until now we have studied a conformal fluid in a flat
boundary spacetime and, as a consequence, the quadratic
term in the expansion (43) has been absent. However, as
we have mentioned in section II, in the limit T → 0
the vacuum energy contribution becomes dominant and
the trace of the energy momentum tensor does not van-
ish. Hence, the nonvanishing of the trace will certainly
change the late time asymptotics. To see this in more
detail, assume that at late times the energy momentum
tensor is dominated by the vacuum energy term, i.e.,

Tµν = ρvacg
(0)
µν . (72)

Assume in addition that the boundary metric g
(0)
µν is a

solution to Einstein’s equations with Tµν as the source.

Then g
(0)
µν describes the de Sitter universe with line ele-

ment in the κ = −1 representation

ds2 = g(0)
µν dx

µdxν = dτ2−sinh2τ(dy2+sinh2ydΩ2). (73)

The coordinates τ and y in this expression are measured
in units of the de Sitter curvature radius `dS which is
related to ρvac by 3/`2dS ≡ ΛdS = 8πGNρvac. The so-
lution in the bulk corresponding to the above boundary
geometry is given by [34]

ds2 =
`2

z2

[
F−(τ, z)2

F+(τ, z)
dτ2

−F+(τ, z) sinh2τdΩ2
3 − dz2

]
, (74)

where

F±(τ, z) = 1− z2

2`2dS

+
1

16

(
1± 4µ

sinh4τ

)
z4

`4dS

. (75)

By making use of the holographic renormalization pre-
scription [32] we find the coefficients of the quadratic and
quartic terms in the expansion (43)

g(2)
µν = − 1

2`2dS

g(0)
µν , (76)

g(4)
µν =

1

16`4dS

g(0)
µν −

µ

4 sinh4τ`4dS

tµν , (77)

where tµν is a traceless tensor

tµν =


3

sinh2τ
sinh2τ sinh2y

sinh2τ sinh2y sin2 ϑ

 . (78)

Then, the vacuum expectation value of the energy mo-
mentum tensor at the boundary is expressed as

〈Tµν〉 =
`3µ

16πG5`4dS sinh4τ
tµν +

3`3

64πG5`4dS

g(0)
µν . (79)

The first term on the right-hand side of this expression
is just the conformal part of the energy momentum ten-
sor corresponding to (26) and is obviously suppressed at
large τ with respect to the second term. The second term
is related to the conformal anomaly.

For consistency with (72) we demand

ρvac =
3G5

π`3
1

G2
N

. (80)

This equation has an interesting implication in the cos-
mological context as it can be related to the holographic

bound of Cohen, Kaplan, and Nelson [42]

ρvac . Λ4
UV .

m2
Pl

L2
, (81)

where ΛUV and L denote the ultraviolet and long distance
cutoffs, respectively. If we compare (80) with (81) and
identify L with ldS we obtain

G5

`3
.

1

l2dSm
2
Pl

, (82)

which may be regarded as a holographic bound on the
dimensionless quantity G5/`

3.

IV. THE PION VELOCITY

We next exploit the finite temperature AdS/CFT cor-
respondence by making use of the following assumptions:
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τ

0z =

τ = τC

AdS5

analog spacetime
Asymptotic

3 + 1 dimensional
boundaryg

G

AB

µν

z = zc

FIG. 1. An illustration of the correspondence between the
asymptotic AdS geometry in the bulk with the analog space-
time geometry on its 3 + 1 boundary. The induced metric
on the zc-slice corresponds to the effective metric (34) in the
symmetry broken phase (τ > τc).

a) The horizon temperature (71) is proportional to the
physical temperature of the expanding conformal
fluid.

b) A correspondence exists between the fifth coordi-
nate z and the energy scale Q such that z is pro-
portional to 1/Q.

c) There exist a maximal z equal to zc = k−1/4τc
where the critical proper time τc corresponds to
the critical temperature Tc.

d) The induced metric (59) on the zc-slice corresponds
to the effective metric (34) in the symmetry broken
phase (τ > τc) in which the perturbations (massless
pions) propagate.

The geometry is illustrated in Fig. 1. The first assump-
tion stems from the relation (28) and is obviously in
agreement with the Bjorken dynamics. The assumptions
b) and c) are similar to those of Erlich et al. [43] who
assumed the infrared cutoff at some z = zm (“infrared
brane”). Our key assumption d) is motivated by the ap-
parent resemblance of the effective analog metric (34)
with (38) to the induced metric (59) where we identify

f = 1− τ4
c /τ

4, cπ =
1− τ4

c /τ
4

1 + τ4
c /τ

4
. (83)

Owing to (29), these quantities may be written as func-
tions of temperature

f = 1− T 4/T 4
c , cπ =

1− T 4/T 4
c

1 + T 4/T 4
c

. (84)

0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0

T/TC

FIG. 2. Pion velocity versus v ≡ T/Tc described by three

different functions: approximate model (1 − v4)ν/2 based on
the O(4) critical exponent ν = 0.749 (dot-dashed); the model
based on numerical results at one loop level [18] (dashed); the
AdS/CFT model (84) (full line).

The above expression for the pion velocity gives a
roughly correct overall behavior in the temperature inter-
val (0, Tc) (Fig. 2). It is worth analyzing our predictions
in the limiting cases of temperatures near the endpoints
of this interval.

In the limit T → 0 the pion velocity in (84) will agree
with the low temperature approximation (36) if we iden-
tify

Tc =

(
45

2π2
f2
πm

2
σ

)1/4

. (85)

Our result confirms the expectation [13, 44] that the de-
viation of the velocity squared from unity is proportional
to the free energy density, or pressure which for massless
pions is given by (27). Given fπ and mσ, equation (85)
can be regarded as a prediction for the critical tempera-
ture. The Particle Data Group [45] gives a rather wide
range 400-1500 MeV of the sigma meson masses. With
the lowest value mσ ' 400 MeV and fπ = 92.4 MeV one
finds the lower bound Tc ' 230 MeV which is somewhat
larger than lattice results which range between 150 and
190 MeV.

It is important to note here that we do not recover
the quadratic term in the low temperature approxima-
tion (36) of the function f . The reason may be that by
assuming exact conformal invariance, i.e., the condition
Tµµ = 0, we discarded the contribution of the vacuum
energy (including the condensate) which actually domi-
nates at low temperatures or equivalently at late times
as is evident in (79).

As to the limit T → Tc, the behavior of our solution
differs in two aspects from what one finds in other treat-
ments based on conventional calculations. First, the in-
duced metric (59) being equivalent to the Milne metric is
Ricci flat so the singularity at τ = z is just a coordinate
singularity. In contrast, as we have mentioned at the end
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of Sec. II, the analog metric (34) obtained from the linear
sigma model exhibits a curvature singularity at the crit-
ical point τ = τc. Second, we do not recover the critical
exponents predicted by conventional calculations. From
Fig. 2 it is clear that the critical behavior differs sig-
nificantly from the prediction based on the O(4) critical
exponents or the one loop sigma model prediction. In the
vicinity of the critical point the function (84) approaches
zero as

cπ ∼ Tc − T. (86)

In contrast, the sigma model at one loop order [18] gives
cπ ∼ (Tc − T )1/4 , whereas the Monte Carlo calculations
of the critical exponents for the O(4) universality class
[29] yields cπ ∼ (Tc − T )0.37.

As a side remark, our bulk spacetime is free of cur-
vature singularities. Clearly, the Ricci scalar R = 20
is regular everywhere. However, as noted in [24], there
is a potential singularity of the Riemann tensor squared
<2 ≡ RµνρσRµνρσ at the hypersurface z = τ . A straight-
forward calculation yields

<2 = 8

(
5 +

144k2v8

(1 + kv4)4

)
, (87)

which is regular everywhere. Remarkably, if one substi-
tutes w4 = 3z4/τ4/3 for our kv4 = kz4/τ4 in (87) the
resulting expression for <2 will be precisely of the form
obtained in the asymptotic regime τ → ∞ [24] for the
case of a perfect fluid undergoing a longitudinal Bjorken
expansion.

V. CONCLUSIONS

We have investigated a spherically expanding hadronic
fluid in the framework of AdS5/CFT correspondence.
According to the holographic renormalization, the energy
momentum tensor of the spherically expanding conformal
fluid is related to the bulk geometry described by the

metric (55) which satisfies the field equations with nega-
tive cosmological constant. It is remarkable that the ex-
act correspondence exists at all times 0 ≤ τ <∞. Based
on this solution and analogy with the AdS-Schwarzschild
black hole, we have established a relation between the
effective analog geometry on the boundary and the bulk
geometry. Assuming that the chiral fluid dynamics at fi-
nite temperature is described by the linear sigma model
as the underlying field theory, we obtain a prediction
for the pion velocity in the range of temperatures below
the phase transition point. Compared with the exist-
ing conventional calculations, a reasonable agreement is
achieved generally for those quantities, such as the pion
velocity and the critical temperature, that do not sub-
stantially depend on the number of scalars N . In par-
ticular, our prediction at low temperature confirms the
expectation [13, 44] that the deviation of the pion veloc-
ity from the velocity of light is proportional to the free
energy density. The agreement is of course not so good
for the critical exponents since their values crucially de-
pend on N . The estimate of the critical temperature is
close to but somewhat higher then the lattice QCD pre-
diction.

Obviously, our results are based on a crude simpli-
fication that the hadronic fluid is a perfect conformal
fluid undergoing a spherically symmetric radial expan-
sion. A realistic hadronic fluid is neither perfect nor
conformal. First, a hadronic fluid in general has a non
vanishing shear viscosity which is neglected here. Sec-
ond, our model is based on a scalar field theory with
broken symmetry which is only approximately conformal
in the vicinity of the critical point where the condensate
vanishes and all particles (mesons and quarks) become
massless. Hence, in this way we could not have obtained
more then a rough estimate of the critical temperature
and the pion velocity at finite temperature.
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