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Abstract

Coordinated optimal control of wind farm active power

With large penetration of wind energy in electricity grids, a requirement to con-

trol the wind farm active power arises. To fulfill the demands set in the new grid

codes wind farms must have an ability to track the power reference demanded by the

transmission system operator. The research in this thesis focuses on the design of

an optimal wind farm controller that enables tracking of the power reference, while

achieving reduction of the wind turbine structural loads. Such control design ensures

more cost efficient way to produce electrical power from the wind when wind farm

responds to requirements from the transmission system operator. The task of the

wind farm controller is to distribute power references among the wind turbines. Due

to significantly slower sampling time and restrictions on actuator manipulation the

design of the wind farm controller requires different approach for structural loads

reduction than that used for design of wind turbine controllers with that objective.

The designed controller is based on the model predictive control methodology that

relies on a process model, which is derived and experimentally tested. A hierar-

chical control design approach is used - the time scale separation observed in the

system is utilised as a separation principle. The individual controllers with different

sampling times are designed for the slow and the fast processes. To ensure scalabil-

ity of the proposed controller design a novel implementation approach of the wind

farm controller is proposed, which is based on the decomposition and parametri-

sation of the overall problems. The local problems are then solved off-line, while

the optimal coordination problem is solved on-line, at every sampling instant. Two

procedures are developed that enable efficient implementation of on-line optimisa-

tion, both of which largely outperform the classical computation approach. The

proposed controller design demonstrates excellent wind farm power tracking ability

with significant reduction in wind turbine loads. Using the developed computation

approach, the controller is applicable for implementation on very large wind farms

with hundreds wind turbines that are being built today.

Keywords:

Wind farm control, Optimal control, Wind turbine structural loads, Model predictive

control, Hierarchical control, Cooperative systems, Multiparametric optimisation
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Sažetak

Koordinirano optimalno upravljanje radnom snagom

vjetroelektrane

Vjetroelektranama se danas tipično upravlja nekoordirano - svakim vjetroagre-

gatom se upravlja kao nezavisnom jedinicom, na način da se maksimizira proizvodnja

radne snage obzirom na trenutnu brzinu vjetra i ograničenja vjetroagregata. Snaga

koju vjetroelektrana upravljana na takav način isporučuje u elektroenergetsku mrežu

je, obzirom da jako ovisi o promjenjivoj brzini vjetra, vremenski promjenjiva i teško

predvidiva, zbog čega energija iz vjetra predstavlja poremećaj u elektroenergetskom

sustavu. Upravljanje mrežom sa značajnim udjelom energije iz vjetra iz tog je ra-

zloga složen zadatak, koji se tipično rješava alokacijom veće količine rezerve radne

snage iz klasičnih elektrana. S povećanjem udjela energije iz vjetra u elektroenerget-

skom sustavu takav način upravljanja postaje nepraktičan, neekonomičan i ekološki

neprihvatljiv.

Kako bi se umanjili negativni utjecaji vjetroelektrana na elektroenergetski sus-

tav nova mrežna pravila uvode, među ostalim, zahtjeve na upravljanje radnom

snagom vjetroelektrana, kojima je cilj smanjenje promjenjivosti proizvodnje i ko-

rištenje vjetroelektrana u regulaciji. Vrlo strogi zahtjevi već postoje, primjerice, u

Skandinaviji, dok i ostali elektroenergetski sustavi uvode sve stroža pravila. Trend

povećanja udjela energije iz vjetra u elektroenergetskim sustavima, kao i planovi

za razvoj europskog elektroenergetskog sustava, ukazuju da će upravljanje radnom

snagom postati standardan način rada vjetroelektrana, za razliku od sadašnjeg do-

puštanja maksimalne proizvodnje.

Glavni cilj ove disertacije je projektiranje sustava upravljanja vjetroelektranom

koji omogućuje zadovoljenje mrežnih pravila za upravljanje radnom snagom vjetro-

elektrane, na način kojim se smanjuju strukturna opterećenja vjetroagregata. Sus-

tav upravljanja vjetroelektranom ima zadatak rasporediti traženu proizvodnju vje-

troelektrane (vanjsku referencu snage) među pojedinim vjetroagregatima, odnosno

proračunati i poslati reference snage svim lokalno upravljanim vjetroagregatima.

Smanjenjem strukturnih opterećenja i posljedičnog zamora materijala produžuje se

radni vijek vjetroagregata, smanjuje vrijeme potrebno za održavanje, te potencijalno

smanjuje cijena konstrukcije vjetroagregata. Dodatni zahtjev na sustav upravljanja

vjetroelektranom je primjenjivost na vrlo velike vjetroelektrane kakve se danas grade.

U disertaciji opisan je rad vjetroelektrana s naglaskom na aerodinamičke pojave,

strukturna opterećenja i upravljanje vjetroagregatom, na kojima se zasniva razvijeni
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sustav upravljanja. Posebnost razvijenog sustava upravljanja jest da, za razliku od

regulatora vjetroagregata koji se obično projektira u svrhu smanjenja strukturnih

opterećenja, sustav upravljanja vjetroelektrane (i) ima bitno veće vrijeme uzorko-

vanja i (ii) nema izravan pristup lokalnim aktuatorima pojedinih vjetroagregata, kao

što su primjerice kut zakreta lopatica i moment generatora. Time je s jedne strane

osigurana autonomnost i sigurnost rada pojedinih vjetroagregata, no s druge su

strane manipulativne mogućnosti sustava upravljanja vjetroelektranom bitno sma-

njene u usporedbi sa sustavom upravljanja pojedinog vjetroagregata. Iz tih razloga

se klasični prinicipi projektiranja regulatora vjetroagregata sa ciljem smanjenja struk-

turnih opterećenja koji se mogu naći u literaturi ne mogu primjeniti za projektiranje

sustava upravljanja vjetroelektrane.

Razvijeni optimalni sustav upravljanja vjetrolektranom ima hijerarhijsku struk-

turu zasnovanu na karakteristikama aerodinamičkih pojava u vjetroelektrani. Uočena

distinkcija među vremenskim skalama na kojima se manifestiraju određene aerodi-

namičke pojave koristi se kao princip separacije za projektiranje sustava upravljanja.

Nadređeni regulator optimira rad sustava na sporoj vremenskoj skali i proslijeđuje

sporo promjenjive reference radne snage za pojedine vjetroagregate. Podređeni reg-

ulator optimira rad sustava na brzoj vremenskoj skali tako da unosi oscilacije oko

sporo promjenjivih referenci snage, čime se poboljšava slijeđenje reference snage vje-

troelektrane i smanjuju se strukturna opterećenja vjetroagregata.

U svrhu projektiranja optimalnog sustava upravljanja vjetroelektranom razvijeni

su modeli sustava u obliku primjenjivom za korištenje u modelskim postupcima sin-

teze regulatora. Razvijeni model vjetroagregata za sintezu regulatora testiran je

na mjerenjima dobivenim iz eksperimenata provedenih na stvarnoj vjetroelektrani u

pogonu.

Prvi korak pri projektiranju optimalnog regulatora vjetroelektrane sastoji se u

projektiranju takozvanog nadzornog regulatora vjetroagregata – regulatora koji, uzi-

majući u obzir sva realna ograničenja za projektiranje regulatora vjetroelektrane,

određuje referencu radne snage za jedan vjetroagregat na brzoj vremenskoj skali u

svrhu smanjenja strukturnih opterećenja, ne uzimajući u obzir proizvodnju ostalih

vjetroagregata. Rezultati upravljanja vjetroagregatom pomoću nadzornog regula-

tora provjereni su na detaljnom aeroelastičnom simulacijskom modelu vjetroagre-

gata koji služi za certifikaciju vjetroagregata. Uz umjerenu standardnu devijaciju

snage uočena su bitna smanjenja ekvivalentnih zamornih opterećenjima na ključnim

dijelovima konstrukcije u smjeru vjetra, dok su povećanja opterećenja u nedominant-

nom smjeru okomito na vjetar mala i prihvatljiva. Projektiranje nadzornog regu-

latora zasnovano je na principima modelskog prediktivnog upravljanja. Regulator
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je izveden kao eksplicitni regulator - problem optimalnog upravljanja u konačnom

horizontu za sustav s ograničenjima formuliran je kao višeparametarski optimizaci-

jski problem, čijim se rješavanjem dobila eksplicitna funkcija ovisnosti optimalnog

upravljačkog signala o parametrima problema. Takav regulator jednostavan je za

implementaciju i omogućuje pravovremeni proračun upravljačkog signala pri radu u

stvarnom vremenu.

Preuzimanjem principa projektiranja nadzornog regulatora uz dodavanje zaht-

jeva za koordinaciju projektiran je optimalni regulator za koordinirano upravljanje

vjetroelektranom. Takav regulator omogućuje, uz smanjenje strukturnih opterećenja

vjetroagregata, slijeđenje reference snage vjetroelektrane, čime se zadovoljavaju za-

htjevi mrežnih pravila. Projektirani regulator ispitan je korištenjem simulacijskog

paketa SimWindFarm. Rezultati pokazuju izvrsne karakteristike slijeđenja tražene

radne snage vjetroelektrane, uz bitna smanjenja strukturnih opterećenja vjetroagre-

gata.

Kako bi se korištenjem projektiranog optimalnog regulatora vjetroelektrane pro-

računali optimalni upravljački signali za cijelu vjetroelektranu, potrebno je u svakom

trenutku uzorkovanja riješiti optimizacijski problem, čija veličina ovisi o broju vjetroa-

gregata u vjetroelektrani. Za vrlo velike vjetroelektrane koje se danas grade, opti-

mizacijski problem postaje prevelik da bi se riješio unutar jednog koraka uzroko-

vanja ili korištenjem višeparametarskog optimiranja. Zbog toga je razvijena efikasna

algoritamska implementacija sustava upravljanja prilagođena problemu. Razvijeni

algoritam zasnovan je na rastavljanju ukupnog optimizacijskog problema na lokalne

optimizacijske probleme i problem optimalne koordinacije. Lokalni optimizacijski

problemi parametrirani su koristeći lokalne i koordinacijske parametre, te su riješeni

višeparametarskim pristupom. Za problem optimalne koordinacije razrađena su dva

postupka proračuna, koji omogućuju efikasno rješavanje problema u svakom koraku

uzorkovanja. Prvi postupak je iterativnog tipa, dok se drugi postupak zasniva na

uvođenju pomoćnih varijabli, čime optimizacijski problem poprima oblik koji se može

vrlo efikasno riješiti. Iterativni postupak osigurava primjenjivost razvijenog sustava

upravljanja na vjetroelektrane od više stotina vjetroagregata, dok postupak s uvođen-

jem pomoćnih varijabli osigurava primjenjivost na najveće vjetroelektrane od više

tisuća vjetroagregata.

Ključne riječi:

Upravljanje vjetroelektranom, Optimalno upravljanje, Upravljanje vjetroagregatom,

Strukturna opterećenja vjetroagregata, Modelsko prediktivno upravljanje, Hijerarhi-

jsko upravljanje, Kooperativni sustavi, Višeparametarsko optimiranje
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Chapter 1

Introduction

From the Transmission System Operator (TSO) standpoint, the operation of a typi-

cal wind farm nowadays is equivalent to the operation of a group of uncoordinated

and uncontrollable wind turbines. Namely, all wind turbines in a wind farm are con-

nected to the transmission system at a single point, the so-called Point of Common

Connection (PCC), but the operation and power production of individual turbines

during typical wind farm operation is independent, i.e. the individual wind turbines

are not coordinated. The control system of each individual wind turbine indepen-

dently adapts turbine operation to the local wind conditions in order to maximise

its power production, while maintaining safe operation [1]. Since the available power

from wind is proportional to the cube of the wind speed, a direct consequence of such

wind farm/turbine control paradigm is a highly variable, intermittent and stochastic

wind farm power production, which is hard to predict.

Due to variable and highly unpredictable nature of active power production of

such wind farms, the wind farms that consist of uncoordinated wind turbine have

a negative impact on overall grid stability and operation. Typically, the negative

effects of wind power variability have been mitigated by allocation of additional

primary and secondary reserve. However, since the negative impacts becomes more

pronounced with an increase of wind power penetration, compensating variability

by large reserves in grids with large amount of wind power becomes impractical,

cost-ineffective and environmentally unacceptable.

To ensure better integration of wind power and reduce reserve requirements, the

new grid codes set requirements on wind farm operation, with the purpose of limiting

the variability of wind farm power production and stimulating the use of wind farms

in grid regulation [2]. The grid codes in Denmark [3] enable the TSO to (when

required): (i) limit the active power production of a wind farm, (ii) require certain

portion of the momentarily available power to be delivered (in order to enable the use

of wind power as primary or secondary reserve), (iii) limit the positive slope of the

delivered power, or (iv) require wind farms to take part in grid frequency regulation.

1
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Other European grid operators also introduce ever stricter rules that demand similar

active power control abilities [2]. The increasing wind energy penetration, as well as

the plans for development of European electric power system, suggest that the active

power control will become a standard operating mode for wind farms, as opposed to

the maximal power1 production that is typical today, [4, 5].

It is important to note that all active power requirements imposed by the grid

codes can be accomplished only at expense of reduced wind farm production. They

are only issued when (from the TSO’s perspective) the advantages on the power

system stability and operation overweigh the loss of production.

In order to provide the services required by the grid codes an appropriate wind

farm control system needs to be developed, which coordinates the active power pro-

duction of individual wind turbines. These requirements are, from the wind farm

control perspective, equivalent to a requirement for tracking of the (constant or time

varying) active power reference provided by the TSO. The task of the wind farm

control system is to distribute the demanded wind farm power production (i.e. an

external power reference) between individual turbines, i.e. to determine and send

power references to the locally controlled wind turbines. The (local) wind turbine

control system is designed to adapt the wind turbine operation in order to achieve

production demanded by the wind farm control system. Since the wind farm con-

troller does not obtain direct access to the wind turbine control variables (i.e. wind

turbine pitch angle and generator torque), this scheme ensures autonomy and safe

operation of wind turbines in the farm.

A typical wind farm control system that enables the control of wind farm active

power is described in [6]. The power reference for an individual wind turbine is

proportional to its estimated available power. The integral action is included in the

controller to eliminate tracking error. A similar control system is described in [7],

with a slight modifications in the control loop design. This control concept is utilised

for design of the control system for the first wind farm that complied with the new

Danish grid code requirements for wind farms (Horns Rev wind farm operating since

2002), [8]. The advantage of these solutions is the simplicity of design; however, they

do not utilise the benefits that this type of a wind farm operation brings.

Namely, an important feature of a wind farm that tracks an external power refer-

ence is the existence of a power reserve at individual wind turbines that can be used

to optimise the wind farm operation. The power tracking is achievable only if the

wind farm power reference is lower than the available power from wind, which means

1Note that, for simplicity, in the rest of the thesis the term power is used to refer to the active
power.
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that some wind turbines produce less power than they would be able to produce, i.e.

some turbines have a power reserve. Wind turbines with the power reserve (unlike

those that aim to produce maximal power) can increase their production, as long as

this is balanced by an equal reduction in power production of other turbines, so that

the cumulative wind farm power production meets the power reference. Therefore,

the distribution of power references to individual turbines is not unique and, natu-

rally, different choices of power distribution result in different system behavior. It

can therefore be concluded that the power reserve can be used to optimise the wind

farm power production in respect to selected criteria.

There are several reports in literature on optimisation of the wind farm operation

that tracks the power reference. In [9] the aim of the optimisation is reduction of

energy losses in wind farm transmission lines, while in [10] the number of turn-ons

and turn-offs of wind turbines was reduced.

Unlike those works, in this thesis an attempt is made to utilise the power reserve

emerging from wind farm control to reduce wind turbine structural loads. The reduc-

tion of structural loads is one of the most important issues in wind turbine research,

since it leads to reduction of price of wind turbine manufacturing and maintenance,

i.e. to lower cost of energy [11]. Wind turbines are designed to withstand the loads

expected to occur during the 20 years of wind turbine operation. If lower structural

loading can be achieved by control system actions, a lighter wind turbine structure

can be designed, which directly leads to reduction of wind turbine price. As a matter

of fact, the wind farm control system that ensures reduced loads while carrying out

grid operator requirements might be a cornerstone for a new concept – regulatory

wind farms. The regulatory wind farms would be derated at normal operation, so

that they can respond to grid disturbances by either increasing or decreasing the

power production. If the wind farm controller would be able to ensure lower loads

in such operating conditions, the regulatory wind farms could comprise lighter and

cheaper turbines. Therefore, they might be equally (or even more) profitable than

the classic wind farms, since provision of regulatory services on grids is remunerated.

The literature on wind turbine structural loading reduction via wind farm control

comprises several notable works, all of which rely on static optimisation. In [12]

the static optimisation is used to maximise the lifetime profit of the wind farm by

balancing the cumulative power production and fatigue accumulation. The control

cost function is static and the developed controller redistributes the power production

every hour. In [13] and [14] two control concepts that utilise the aerodynamical

coupling between the turbines are suggested. Their primary goal is to increase the

overall wind farm production, however authors also note reduction in structural loads.
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In [13] the power production is reduced at upwind turbines, while in [14] the upwind

turbines are yawed, both with an intention to reduce the loads on downwind turbines.

These concepts are also based on static models and implemented by modification of

wind turbine controller parameters.

The reduction of loads at the wind farm control level based on a dynamic feedback

from wind turbine measurements is largely an unexplored area. Namely, at the

wind turbine control level some very successful control algorithms are developed

that significantly reduce structural loads. The most notable are the individual pitch

approach for reduction of blade and tower loads [15] and the advanced generator

torque control methods that reduce shaft torsional vibration [16]. However, the

generalisation/extension of control algorithms that are used at the wind turbine

level to the wind farm control level is not possible because: (i) the (feasible) sampling

times of a wind farm controller are too big, and (ii) there is limited access to the

wind turbine actuators from the wind farm control level. Therefore, a new control

concept for load reduction needs to be developed that is applicable for control design

at the wind farm level.

In this thesis a wind farm controller concept is proposed that ensures the ful-

fillment of TSO requirements, while utilising the power reserve to reduce structural

loading of wind turbines. It is based on a dynamic feedback from wind turbine

measurements and wind turbine models. To that end the operation of wind tur-

bines in wind farm environment is extensively researched and several conceptual

opportunities for load reduction are recognised. The resulting control concept is a

hierarchical wind farm controller that follows the principle of time scales separation.

The proposed wind farm controller refreshes the power references of individual wind

turbines every second, which is consistent with the capabilities of the real wind farm

communication system.

The requirements of the wind farm control system – a discrete-time implemen-

tation, optimality demands, operation under constraints – motivate the use of the

Model Predictive Control (MPC) approach as a control design principle. In the re-

cent years, MPC has established itself as a predominant methodology for dynamic

optimal control of discrete-time systems with constraints. The reason for this is

twofold: this approach is practical for design and it has a well established theoretic

background [17]. The idea of a discrete-time MPC is very simple: the mathematical

model of the system is used to predict system evolution - on a (finite) prediction

horizon and with a known (estimated or measured) initial state - as a function of

control inputs. At every time step the values of control inputs are determined that

minimise an appropriately chosen cost function. The first optimiser for each control
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input is then applied to the system and the entire procedure is repeated at the next

sampling instant.

Various aspects of the MPC strategy (e.g., optimality, stability, robustness, com-

putational complexity) are discussed thoroughly in the literature (cf. [18], [17] and

references therein). The strength of the MPC strategy lies in the fact that the con-

straints on the process variables are systematically included in the design procedure.

On a downside, the MPC is not easily applicable to systems with small sampling

time or complex systems with large number of control inputs or states, long pre-

diction horizon and/or a large number of constraints. In such cases the underlying

optimisation problem, which needs to be solved at every sampling instant, becomes

computationally demanding and often cannot be solved within a time sample.

The approach that has drastically increased the applicability of the MPC to

fast systems is the synthesis of the so-called explicit model predictive controller,

which is accomplished by an off-line computation of the optimal control law via

multi-parametric optimisation [19], [20]. By solving the appropriate multi-parametric

optimisation problem one obtains the optimal control input as a closed form function

of the process state. The implementation of the explicit MPC controller thus becomes

equivalent to the implementation of a gain-scheduled state feedback controller. For

some typical formulations of the model predictive control it can be shown that the

obtained control law is continuous and piecewise affine. The downside of the explicit

model predictive controller is that the complexity of control law often increases fast

with complexity of the original optimisation problem, which practically means that

it is not possible to compute an explicit model predictive controller for systems with

a large number of states, control signals and/or constraints.

Even though the optimal wind farm control problem fits well within the MPC

framework, the problem of scalability arises. Namely, the wind farms built today

typically consist of tens or hundreds wind turbines. The control design considered

in this thesis should be applicable to large wind farms, since large wind farms are

most likely to provide grid support. The mathematical models of large wind farms

easily become very complex, which poses a problem for both on-line and explicit

MPC controller implementation.

The approach taken in this thesis is to consider wind farm control system as

a cooperative control system – it has a task to control the dynamic entities (wind

turbines) to accomplish a common objective (produce required power). The majority

of recent research on applications of MPC for cooperative systems investigates the

distribution/decentralisation of control problem to obtain control problems that are

solved by local controllers at subsystems. The overview of different approaches for
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decentralised and distributed model predictive control can be found in survey papers,

e.g. [21]. The iterative solutions described in [22] are successfully applied to a power

network control in [23], which is a somewhat similar problem to wind farm control.

A one shot approach is presented in [24] and [25]. Both solutions are restricted to a

certain class of problems and both produce suboptimal solutions (with respect to the

corresponding centralised solution), even though the convergence properties exist.

In this thesis a new approach is pursued to ensure the applicability of the optimal

controller to large cooperative system. The centralised control concept is preserved

since it is natural for the system at hand. The wind farm controller as well as the

wind farm communication infrastructure exists at every wind farm for the purpose

of monitoring, safety curtailment and shut-down mechanisms. The scalability of the

proposed cooperative control system is ensured by a distribution and parametrisation

of the overall problem – a part of computational effort is transferred off-line by em-

ploying multi-parametric optimisation and a dedicated on-line algorithm is designed

that ensures very efficient controller implementation.

This thesis contains results from the author’s publications [26, 27, 28, 29, 30, 31]

as well as technical and project reports [32, 33, 34, 35, 36, 37, 38, 39].

The thesis is organised in the following manner.

Chapter 2 describes the wind farm control requirements and the control loop

setup and features. The control requirements are based on the new grid codes. The

control loop properties are established while considering realistic system abilities and

the current state of technology.

In Chapter 3 the aerodynamics of wind farms is described. The overview focuses

on the aerodynamic effects utilised for the control principles developed in the thesis.

The features of wind field inside the wind farm are investigated, which define the

operational environment of the turbines, as well as wind turbine aerodynamics, which

describes the interaction of wind field and wind turbine operation (and control). The

theoretical background of several important concepts is established: the distinction of

time scales, the coupling of wind turbines through wakes and the stochastic properties

of turbulence.

In Chapter 4 the basics on wind turbine operation is outlined with a strong

emphasis on structural loads and wind turbine control. Both of these subjects are

very important and heavily utilised in the work. The discussion on wind turbine

loads includes the overview of load generation mechanisms, structural models of

wind turbines, classification and evaluation of loads and description of typical loads



7

in wind turbine operation. The conclusions are used to establish the controller cost

function as well as criteria for evaluation of results obtained from different control

approaches. The control system description explains the effect of changing power

references on wind turbine operation, which defines the opportunities for the wind

farm behavior improvement via wind farm control and is of utmost importance for

wind farm controller design.

In Chapter 5 the hierarchical concept of wind farm controller design is intro-

duced. It is based on time scale distinction as a separation principle. The slow time

scale controller sets the operating points for individual wind turbines, while fast scale

controller adapts the operation to temporary wind disturbances at different wind tur-

bines. The concept is based on properties of wind farm aerodynamics and provides an

opportunity to combine the existing and newly proposed control approaches. The

overall control scheme has good potential for developing computationally feasible

algorithms.

Chapter 6 describes the (mathematical) models of systems used in the the-

sis. All models can be roughly divided to those used for simulation and the ones

used for control design. The simulation models are used to test different control

paradigms: the wind farm simulator is used to asses the controller ability to meet

the wind farm power control requirements under complex operating conditions, while

the aero-elastic wind turbine simulator is used to realistically asses the potential of

the proposed control schemes in terms of load reduction. The wind turbine control

design model is a simplistic wind turbine model that is applicable for model based

control design. It is tested and evaluated on measurements obtained from operating

wind turbines.

Chapter 7 briefly overviews the main results of convex optimisation theory and

Model Predictive Control (MPC), which are used in design and implementation of

controllers presented in the following chapters.

In Chapter 8 a supervisory wind turbine controller is designed with a goal of

reducing wind turbine loads. It is shown that by introducing small variations in

the produced power one can obtain significant reduction in wind turbine loads. An

explicit MPC controller is developed for this purpose. This controller can be used

as a stand-alone supervisory controller for a single wind turbine or, as it is shown

in the chapters that follow, can serve as basis for design of an optimal wind farm

controller.

In Chapter 9 the optimal controller for wind farms is described, which uses

the concepts established in previous chapters. The controller tracks the wind farm

power output reference provided by the TSO, while reducing the loads experienced at
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individual turbines. The design is based on application of supervisory wind turbine

control scheme to farm-wide control.

Chapter 10 describes the algorithmic implementation of the controller described

in Chapter 9. The wind farms built today are extremely large – the projects being

built contain several hundreds of wind turbines, while projects containing clusters of

thousands turbines are planned [40]. For such large wind farms the wind farm con-

troller needs to be very efficient to be useful for real-time operation. Two approaches

for controller implementation are proposed: the iterative approach and a one-shot

approach.

Chapter 11 concludes the thesis.



Chapter 2

Wind Farm Active Power Control

Wind farm is a collection of wind turbines connected to the grid at a single connection

point. Therefore, from the electricity grid perspective wind farm is a single generating

unit. The grid codes set rules that define the behavior required of wind farms in the

interaction with the electrical grid.

The recent grid codes, as it is described in Section 2.1, allow a Transmission

System Operator (TSO) to demand a control of wind farm active power production.

Such demand requires a conceptual change in the way the wind farms are operated,

since in typical wind farms the power control is done only on individual wind turbines

without accounting for cumulative wind farm power production. To accommodate

the wind farm active power control demands the power production of individual wind

turbines needs to be coordinated. The wind farm active power control can be done

in a very trivial manner by turning off individual wind turbines or by adapting the

power production of individual wind turbines. The latter solution naturally provides

more responsiveness and freedom of action, which translates to less production loss,

and it is today the typical control solution for recently installed large wind farms.

The grid codes set requirements on wind farm power production measured at the

point of grid connection, but they do not set rules on the operation of individual wind

turbines, i.e. on the wind farm controller design. The design of the wind farm con-

troller is defined by the technical and physical design and constraints of the system.

The control loop structure and features of the wind farm controller developed in the

thesis, which rely on the currently available technology, are described in Section 2.2.

2.1 Wind Energy Trends and Grid Integration

Wind energy resource is free, omnipresent and renewable, while wind energy produc-

tion is clean and carbon-free. These arguments were and still are the driver of wind

energy industry expansion. It is also the primary motivation for traditional wind

turbine operating objectives and control design – to extract as much power from

9
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wind as possible and deliver it into the electricity grid.

From the middle of the 20th century until today the wind energy business has

been constantly expanding. By the end of the 20th century the wind energy in

the grid was still scarce and wind turbines small in size, rated to several hundred

kilowatt. Today the largest wind turbines being installed are rated over 6 megawatt,

have rotor diameter over 120 meters and tower height over 120 meters, [41]. This

trend is far from over. Active research is being conducted on the viability of turbines

rated as high as 20 megawatt, with rotor diameter over 250 meters and hub height

over 150 meters, [42]. The increase of wind turbine size has a large effect on wind

turbine structural properties and its operation. Very large wind turbines have very

long blades and towers that need to be made of ever lighter materials. Longer and

lighter parts are more prone to deflection and therefore also loads and fatigue, which

can cause the structural failure of the wind turbine. The vibrations can therefore

easily be a cause for an unexpectedly short operating life of a wind turbine. Also,

increased vibrations trigger turbine safety systems that cause the wind turbine to

halt, which leads to a period of zero production. One way to tackle this problem is

to use advanced methods for wind turbine control, which is one of the aims of work

described in this thesis.

Wind energy can not be perceived as scarce contributor to electricity production

anymore with negligible effect on the grid. In European grids in 2011 wind energy

conversion units amounted to 10.5% of the installed capacity and throughout the

year 6.3% of European Union gross electricity consumption was covered by wind. In

Denmark 25% of consumed electricity came from wind, while in Spain and Portugal

this share was over 15% [43]. The projections of the European Wind Energy Asso-

ciation (EWEA) claim that by 2020 20% of European electricity will be produced

from wind, while by 2030 the share will increase to 30%. The ultimate goal is to

cover 50% European electricity demands from wind by the year 2050, [4].

Apart from the obvious benefits of exploiting the wind energy resource, there

are downsides as well. The wind speed is variable, locally intermittent and hard to

predict. Since the traditional wind turbine control leads to power production that

changes with the third power of the wind speed, the grid input also varies heavily.

Back when wind power accounted for a small share of the grid power this was not an

issue, the disturbances were easily rejected. Today, however, this poses a problem

and it is a persisting issue that becomes ever more important.

The traditional way of operating wind farms does not involve any coordination

between production of individual wind turbines. Therefore, the power injected by a

wind farm into the grid is time-varying and hardly predictable. Due to increase of
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wind farm sizes and their grid influence such operation is not viable anymore. On

one hand, it is a technical problem, and on the other hand,it is often economically

unjustified.

One strictly technical problem that requires control of wind farm power output

arises when the parts of the grid operate at reduced capacity. The inability to curtail

production of wind farms that is connected to the weak part of the grid can lead to

lines overload and possibility for grid failures. Excess wind energy was mentioned as

one of the key factors in large European Union blackout in November 2006, [44]. This

is specially important issue since remote areas, such as offshore or dessert locations

for example, often experience better wind conditions. Such remote areas often have

weak grid links and the lines are often exposed to severe environmental factors so

the operation at reduced grid capacity can be expected.

The uncontrollability of wind energy poses a serious issue for grid production

planning. The TSOs rely on power forecasts to schedule the power plants operation

that will ensure power balance taking into account wind power variability. If the

wind farms produce less than expected and the consumption exceeds production the

secondary reserve needs to be available and utilised, which is more expensive than

the regularly committed power.

However, the opposite scenario can also lead to technical and economical problems

– if the wind farms produce more power than planned and grid production exceeds the

consumption the production of other power plants needs to be rescheduled, which can

lead to reduced efficiency of the units and suboptimal operation, or the power needs

to be exported at unfavorable or even negative prices. This scenario typically occurs

in grids with high wind penetration during windy nights when the consumption is

low, [45, 46].

In order to enable better integration of wind power plants into the grid the

new grid codes are introducing requirements on wind farm control. One of the

main grid code requirements for wind power is control of active power [2]. Most of

European grid codes and laws and regulations that apply require the basic active

power control that includes the adaptation of produced power to the grid frequency

and the limitation of power production to the given reference, see [47, 48, 49, 50,

51, 52, 53]. The Danish grid code for wind farms connected to the high voltage

transmission grid gives the most detailed requirements for active power control [3].

It requires the ability of wind farms to operate in different power control modes,

which are, see Figure 2.2: absolute production constraint, where wind farm power

must not exceed given power reference; power gradient constraint, where the gradient

of the produced power must not exceed a given value; delta mode, where the power
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overfrequency.

Figure 2.1. Power control operating modes required by the Danish grid code [3]. On
subfigures (a)-(c) the full line denotes the required wind farm output, while the dotted line
is the wind farm available power.

production needs to be lower than the available power by a given amount; and

frequency control, where wind farm is required to automatically respond to changes

in grid frequency. These operational modes enable wind farms to participate in grid

control tasks on an equal level with conventional power plants, constrained only by

limitations imposed by wind conditions.

The control modes required by the Danish grid code enable the TSO to use wind

farms to: (i) support grid frequency, (ii) prevent overproduction, (iii) enable the

use of wind power as a spinning reserve, and (iv) prevent abrupt changes in wind

power injection. Therefore, wind farm power control can enable the TSO to optimise

production commitment in order to achieve a more reliable and cost effective grid

operation.
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To enable the control modes shown in Figure 2.1 the wind farm controller is

required that ensures: (i) tracking of the time-varying wind farm power reference

when the required power is available, and (ii) produce maximal available power

when the required power is not available. Assuming the currently available power is

estimated from wind farm measurements, given the control mode requirement, the

wind farm power reference can be easily computed.

Enabling the described operating modes requires a radical paradigm shift from

the traditional power maximisation approach – the wind farms need to be able to

track the required power output, which means giving up on a part of production.

Lately the incentives occur to stimulate wind farm owners to participate in the

electricity market. This is already possible in the Nordpool market [54]. In such

markets the overproduction (production that exceeds the contracted) can result in a

cost for a wind farm operator [55]. Further, the ability to control power in the delta

mode (see Figure 2.2) enables the use of wind farm as a spinning reserve and biding

wind energy into the regulation market at higher prices.

The problem of wind farm active power control is an important topic of interest

because the plans for development of European grid assume such ability, along with

improvements in wind forecast. One of the guidelines for wind integration in [4]

is aggregation of geographically dispersed wind farms into a cluster that will be

operated and controlled like large conventional power plants, i.e. responding to the

power demand from grid operator at all time. The individual wind farms would

then, depending on the current wind conditions, distribute the power production

in such manner that the power requirement is always met. Such operation might

significantly reduce the requirement for secondary reserve, which would make such

operation economically justifiable, even though the wind farms would not produce

all the available power. Furthermore, [5] suggests that in a 100% renewable Europe

where renewables would provide all the necessary power reserve, the wind farms

operated as conventional power plants would be, along with storage devices, the

backbone of grid control. It is also demonstrated that increase in wind power in the

energy mix can reduce the storage requirements in a 100% renewable grid.

2.2 Wind farm control system design and require-

ments

The wind farm control system configuration used in this thesis is depicted in Fig-

ure 2.2. The wind farm controller obtains the power reference from the TSO, collects

the measurements from the wind farm and distributes the power references to indi-
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vidual wind turbine. Note that actually the TSO delivers the requirement on the

type of regulation, not the wind farm power reference itself, but from Figure 2.1 it is

obvious that it is very straightforward to compute the reference once the regulation

requirement is obtained. It is assumed here that the wind farm controller is supplied

with the estimation of available wind farm power. This issue will be revisited in

Chapter 6.

Wind farm
power reference Wind farm

controller

Wind turbine
power references

Wind turbine
measurements

Figure 2.2. The wind farm controller obtains the wind farm power reference and distributes
it to wind turbines based on measurements from individual wind turbines given the control
law.

This particular control system configuration is chosen because in this case the

wind turbines maintain their autonomy (as is also required by grid codes). Every

turbine has its local controller that controls its process variables such as rotational

speed, pitch angle and generator torque. The local controller is designed to safely

track the externally provided power reference. The supervisory controller in this

configuration does not interfere with the local control algorithms, which is of utmost

importance for the plant safety. The local controller governs the wind turbine ac-

tuators and imposes constraints on process actuation, which ensures safe operation

by cutting off any action that can potentially jeopardise wind turbine stabile and

safe operation. Moreover, this control design enables installation of this type of con-

troller to wind farms that are already in operation, without any need to change and

therefore re-test and re-certify the wind turbine controllers.

The centralised controller structure is natural, since every wind farm is equipped

with a centralised processing unit that collects the measurements from the wind

turbines, monitors their operation and alerts the remote supervision staff. The

optical cables for communication between the centralised controller unit and each

wind turbine necessarily exist. Such networks often utilise very efficient industrial
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communication protocols that enable fast communication cycles. For example, one

commercially available wind farm controller communication solution allows simulta-

neous update of 480byte array of tags at 1000 turbine controllers in less than 10 ms

[56].

The sampling time of the wind farm control system is chosen to be 1 second.

This particular sampling time is chosen to be of same order of magnitude with the

sampling time of the most advanced wind farm controllers installed at wind farms

[57, 58]. This fast sampling time allows the improvement of individual wind turbine

transient behavior since it is within the relevant dynamics for wind turbine operation.

The main aim of the wind farm controller described in this thesis is to utilise the

power reserve that occurs when a wind farm is tracking a feasible power reference to

minimise the wind turbine loads. This control problem bares obvious similarity with

economic dispatch problem very present in power system control, where a group of

power plants needs to meet a certain load requirement while minimising the cumu-

lative economic cost function. In this application the economic cost is evaluated as

the accumulated wear of the turbines.

In addition, this wind farm control concept can also be used at nominal wind farm

operation provided that the individual wind turbines can be temporarily overloaded.

Namely, the wind turbine generator rating is based on maximal allowable permanent

operating conditions. Therefore electrical components of a wind turbine typically

allow short-term overproduction. The opportunity for overproduction can not be

used at individually operated wind turbines since their maximal allowed production

is contracted with the grid operator. However, in cases when some of the wind

turbines inside a wind farm experience lower than rated wind speed while other

turbines experience above rated wind speed, the turbines at above rated wind speed

can be temporarily overrated in order to deliver the rated wind farm output.

Finally, the described control concept does not bear much sense for small wind

farms since their ability to contribute to grid conditions is negligible. Therefore we

aim at applications on large wind farms of possibly several hundreds of wind turbines,

the likes of which are being built today. The developed controller needs to be scalable

so that it allows real-time implementation at very large wind farms.

Wind turbine technology

In this thesis the currently prevalent wind turbine technology is considered: three-

bladed horizontal axis pitch-to-feather controlled turbine, with low and high speed

shaft connected by a gearbox and a Doubly-Fed Induction Generator (DFIG), see

Fig. 2.2. The stator of the DFIG is directly connected to the grid, while the rotor is
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connected to the grid via frequency converter. This technology ensures controllability

of the energy conversion process and therefore also potential for optimisation of wind

turbine operation. The blades of the rotor can be pitched, i.e. they can be rotated

around the axis that extends along the blade. The blade pitching is done using

the controllable servo systems. Furthermore, the generator connection to the grid

through a frequency controller enables the control of the generator torque.

W
in

d

Gearbox

Doubly-fed
induction generator

Frequency
converter

Transformer

Electrical
grid

Figure 2.3. A wind turbine with gearbox and doubly-fed induction generator

In order to operate safely every such wind turbine needs a controller that governs

the blade pitch angle and the rotor torque, taking into consideration the physical

limitations of the wind turbine as well as the objectives of wind turbine operation

such as maximisation of power extraction and the reduction of loads. The wind

turbine controller design is described in Sec. 4.3, while different models of wind

turbine are provided throughout Ch. 6. The issues regarding wind turbine structural

are explained in Sec. 4.2.

The demands for control of the active power described in this chapter require

long term operation of the wind turbine at curtailed power. Unlike the requirements

on transient behavior during grid faults (e.g. fault ride through requirements) that

are handled at the electrical level, the permanent reduction of active power can

only be accomplished by reduction of the power input to the generator, i.e. by

controlling the generator power P = ωg · Tg, where ωg is the generator speed and Tg

is the generator torque. Therefore, in further text by controlling wind turbine active

power the control of P is considered.
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Wind Farm Aerodynamics

The wind farm aerodynamics describes the interaction of the wind turbines in the

wind farm and the turbulent wind flow in which they operate. The interaction

occurs in both ways – the wind field on the wind turbine rotor determines the wind

turbine power production and loading, while the operating wind turbine induces a

disturbance in the wind flow due to the extraction of kinetic power.

The large complexity of the wind farm modeling problem arises primarily from

the challenges introduced by wind field modeling. The wind turbines operate in

a turbulent flow that characterised by very complex dynamic behavior. The wind

speed is a power source for a wind turbine, but it is also a source of disturbance

that generates dynamically complex structural loading. Therefore, to appropriately

design the wind farm control system that optimises the wind turbine operation, it is

necessary to appropriately model the wind speed over the wind turbine rotor. The

basic properties of turbulent flows and approaches for modeling, which are used for

wind farm simulations, are described in Section 3.1. The specific spatial and temporal

characteristics of the wind flow obtained from theoretical considerations as well as

experimental observations are described in Section 3.2.

The interaction between an individual wind turbine and the wind flow is referred

to as wind turbine aerodynamics, which is described in Section 3.3. The theoretical

models of wind turbine aerodynamics link the power extraction of the wind turbine

to their influence on the wind field, i.e. the characteristics of wake behind the wind

turbine. A wake is the area of disturbed wind flow behind the operating wind turbine

characterised by lower mean wind speed and increased turbulence. More complex

wind turbine aerodynamical models account for the structural design of the wind

turbine rotor and can be used to determine the forces that act upon the wind turbine

structure. The wind turbine aerodynamics models also provide a basic insight in the

ways the turbine wakes can be influenced by wind turbine control actions.

The wind farm aerodynamics studies the cluster effects, i.e. the effects that arise

due to influence of one turbine on another. Such interaction is the consequence of

17
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wakes – in large wind farms it is common that a large number of turbines operates

inside wakes of other wind turbines, which causes different operating conditions

than those in the free flow. The wind field inside wakes is typically characterised

by lower mean wind speed and increased turbulence, which generally implies lower

power production and increased structural loads. Figure 3.1 contains a photo of

the Horns Rev wind farm [59], which vividly illustrates the interaction between the

wind turbines and the wind flow. This photo was taken during unique meteorological

conditions of high humidity that resulted in the condensation in the area of increased

turbulence behind the wind turbines. It is clear that the downwind turbines operate

at different conditions than the upstream turbines, which are exposed to the ambient

flow. Moreover, the operational environment changes from one turbine to another.

The effects of wind farm aerodynamics are very interesting from the wind farm

control perspective because they describe the coupling between the wind turbines

that should not be ignored in optimisation of wind farm operation.

The principles of wind farm aerodynamics and the models that describe the wind

farm effects are described in Section 3.4. Modeling of wind farm aerodynamics is

currently a very vivid research area, the activity of which was recently spurred by

drastic increase in available computational power. The high computational power

allows solving ever more complex models that reveal subtleties of aerodynamical

effects. However, even though there exists a large diapason of available models, the

wind farm models found in literature are typically not applicable for a wind farm

control design.

Figure 3.1. Horns Rev wind farm (Author: Christian Steiness, photo available at
http: // nanosync. wordpress. com/ )

http://nanosync.wordpress.com/
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3.1 Basics on turbulent flows

The fluid flows can be qualitatively divided into laminar flows, characterised by

smooth orderly paths and constant pressure and velocity, and turbulent flows, which

are characterised by irregular fluctuations, random in character. The air flow in the

Earth boundary layer, in which wind turbines operate, is under large influence of

friction forces and vertical mixing, which gives rise to turbulent flow. The distinc-

tion between laminar and turbulent flows is not strict. Whether a flow is laminar or

turbulent is typically determined by inspecting its Reynolds number, which measures

the ratio of inertial and viscous forces in given flow conditions. The low Reynolds

numbers are typical for dominantly laminar flows, while large numbers characterise

turbulent flows. The flow conditions induced immersion of blades with airfoils char-

acteristic for large wind turbines is characterised by large Reynolds number (larger

than 5 · 105, see [60]), so the blade rotation is an another source of turbulence.

Even though there is an obvious qualitative distinction between turbulent and

laminar flows, the governing law of both is given by the Navier-Stokes equations [61]:

∂V

∂t
+ V · ∇V = −

1

ρ
∇p+ ν∇2V, (3.1)

∇ · V = 0. (3.2)

where V (x, y, z; t) denotes the flow field, ρ is the fluid density, p denotes pressure, and

ν is the kinematic viscosity (ν = µ
ρ
, where µ is the fluid viscosity coefficient). The

equation (3.2) arises from the mass-conservation principle, while (3.1) is the fluid

momentum equation. The momentum equation is based on the second Newton’s

law and relates fluid particle acceleration (left-hand side of (3.1)) to surface and

body forces that act on the fluid (right-hand side of (3.1)). The surface forces are of

molecular origin and can be described by a stress tensor, while the basic body force is

related to gravitational potential, see [61]. The effects of external body forces, such

as for example the loading that arises from blade rotation, can be added to the right-

hand side of (3.1) to model the body-fluid interaction, see e.g. [62]. The (relatively

simple-looking) Navier-Stokes equations describe the complexity of fluid flows in all

the details under very vague assumptions of incompressibility and constant density

and viscosity.

A large part of turbulent flows analysis rests on the Reynolds decomposition,

which divides the flow into additive components: the mean flow, V , and the fluc-

tuating part, v, with zero mean. The two components of the flow are then studied

independently. The mean flow characteristics are described by Reynolds-averaged
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Navier-Stokes (RANS) equations. These equations are very similar to Navier-Stokes

equation, only observed in time averaged flows variables, with an additional term

denoted as Reynolds stress. This term describes the effect of turbulence fluctuations

on the fluid momentum balance. Therefore, to solve RANS equation one needs to

establish certain properties of turbulent part of the flow, see [61] for details.

The second component of the flow according to Reynolds decomposition, the

zero-mean fluctuating part commonly referred to as turbulence, is typically treated

as a stochastic process described by statistical properties. The motivation for such

a treatment arises from the fact that the fixed condition experiments with turbulent

flows are inherently unrepeatable, i.e. if an experiment is done several times under

exactly the same conditions the generated turbulent field is not going to be the same.

This kind of system behavior is attributed to its large sensitivity to flow parameters,

initial and boundary conditions of Navier-Stokes equations, [61]. The attempts to

model and simulate turbulence are directed towards modeling one realisation with

established statistical properties.

A valuable insight into turbulence characteristics is obtained from the Kolmogorov

hypothesis, which describes turbulence as a collection of eddies. The eddies are de-

fined as turbulent motion localised within a region, with at least moderate coherence

over this region. Every eddy is described by its size l, characteristic velocities u(l)

and time scale τ(l) = l/u(l). The Kolmogorov hypothesis states that the flow consists

of hierarchy of scales through which the energy cascades – the large eddies break up

to create smaller eddies. Large scale eddies are directionally biased, i.e. determined

by the mean flow, while small-scale eddies are to a large sense isotropic and universal.

The cascade of energy resumes until a scale, known as the Kolmogorov microscale, at

which the energy is dissipated from kinetic into internal energy. These observations

give a rise to the shape of turbulence energy spectrum at high frequencies, which

is proportional to frequency raised to power -5/3 (see e.g. Kaimal spectrum (3.7)).

The above observations have been largely experimentally confirmed.

A further insight into turbulent flow properties, which is widely used in wind

modeling, is given by the Taylor’s frozen turbulence hypothesis. Taylor’s work [63]

discusses the correlation between simultaneous values of flow velocity measured at

two points. Under the assumption that the velocity of mean flow is much larger

than the turbulence velocity, Taylor assumes that the sequence of changes of velocity

at fixed point can be entirely attributed to passage of an unchanging pattern of

turbulent motion over a point, i.e.

v := φ(t) = φ

(
x

V

)
, (3.3)
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where x is the longitudinal distance (i.e. distance in the direction of mean flow).

This assumption is further used to show and experimentally prove that the spatial

correlation of turbulence can be approximated by the temporal correlation, i.e. that

a gust observed at given point in space can be attributed to the fixed coherent

structure that travels against the fixed point carried by the mean wind flow.

Turbulent flow modeling

The research field that studies the modeling and simulation of fluid flows is called

Computational Fluid Dynamics (CFD). The basic principle pursued to obtain tractable

computational algorithms is discretisation of the flow, by dividing it into discrete con-

trol volumes for example. Different models can be established that describe different

levels of detail and thus trade-off computational time and the modeling scale.

The natural way to model (simulate) a physical phenomena is to define initial and

boundary conditions and solve the governing equations to obtain the time and/or

space evolution of variables of interest. In flow modeling such an approach is referred

to as Direct Numerical Simulation (DNS), where the Navier-Stokes equation are

solved to determine the wind field realisation V (x, y, z; t). However, such an approach

is extremely computationally expensive, since solving the Navier-Stokes equations

requires resolving all time scales of the process. Therefore, it is only feasible for

laminar flows or flows with very low Reynolds numbers.

The principle followed by many simulation models is to solve Reynolds-averaged

Navier-Stokes (RANS) equations to determine the mean velocity field by using a

turbulence model to derive Reynolds stresses for RANS closure. The most common

models are turbulent-viscosity models and the k − ǫ model. The turbulent-viscosity

models are very convenient since they reduce computational complexity of RANS,

but they have turned out hard to justify experimentally. The k−ǫ model is the most

widely used and it is implemented in most commercial codes for computational fluid

dynamics.

The method that conceptually lies between DNS and RANS methods is the Large

Eddy Simulation (LES), which attempts to solve the Navier-Stokes equations for the

filtered velocity field, which represents only the large turbulent motions. The effects

of smaller-scale motion is represented by simple models. The computational cost of

such models can also be very high and it increases drastically with Reynolds number.
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3.2 Wind field characteristics

The most obvious characteristic of wind is its variability, both spatial and temporal,

which bares significant consequences for the wind energy exploitation. The variabil-

ity of wind speed causes the fluctuations of forces developed on blade airfoils and

thus also the fluctuations of rotor torque and thrust. Dynamic variations of torque

and thrust cause power fluctuations and excite the wind turbine structure causing

damaging loads, see Ch. 4.

The variability of wind speed can be traced to different sources, such as passage of

weather systems and diurnal variations, however, for the wind farm control problem

at hand these sources are not relevant since they occur on very large time scales

compared to wind turbine dynamics. The wind variations at relevant time scales can

be primarily contributed to turbulence, which is the dominant characteristic of the

atmospheric boundary layer due to large influence of the contact between air mass

and the Earth surface. Resultantly, wind in the boundary layer admits characteristic

of unisotropic turbulent flow with strong vertical mixing [64].

To describe a wind field it is typical to use a coordinate system in which x−axis

is aligned with the mean wind direction, y−axis is horizontal and normal to the lon-

gitudinal direction, while z−axis is normal to x and y−axis and pointed upwards ,

[65]. The components of the velocity field V (x, y, z; t) are then denoted as: Vx – lon-

gitudinal, Vy – lateral and Vz – upward component. Typical approach of studying the

turbulent flow is also applied here: the wind field V (x, y, z; t) is decomposed into the

mean flow v(x, y, z) and the fluctuating part v(x, y, t), which are then characterised

separately.

As a statistical descriptor of the overall wind conditions the 10-minute mean wind

speed of the longitudinal component vx at the point of the hub center is typically used.

The mean values of other components are equal to zero according to the definition

of the coordinate system. For the simulation of a wind turbine in the free flow

the turbulence can be considered statistically invariant in spatial coordinates. The

turbulence intensity of the longitudinal component vx is used to describe the wind

conditions, while the turbulence intensities of the lateral and vertical component are

related to the intensity of the longitudinal according to empirical relations for specific

atmospheric conditions, see e.g. [1, 65]. The turbulence intensity of the longitudinal

component Ix is defined as:

Ix =
σx

vx
, (3.4)

where σx is the standard deviation of the longitudinal turbulence vx.

In the following the main characteristics of the mean flow relevant for wind turbine
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operation in the free flow are overviewed, as well as the statistical and spectral

description of turbulent field.

3.2.1 Mean wind field at wind turbine rotor

The mean wind flow at turbine rotor has some specific spatial characteristics. These

characteristics are important since they are the major contributor to wind turbine

loading, which is explained in Ch. 4.

Wind shear

A significant characteristic of the boundary layer is that the mean wind speed depends

on the distance from the ground, as well as the type of terrain upon which the

observation is made. According to no-slip conditions, the wind speed at the Earth’s

surface is equal to zero. The mean wind speed increases further from ground, while

the turbulence intensity decreases. This fact is the main motivation for the trend of

increase in wind turbine height, taking into account that higher mean wind speeds

bring larger energy yield, while lower turbulence accounts for lower loads.

The vertical characteristic of the mean wind speed is referred to as wind shear.

It follows a logarithmic law [1] and can be modeled by the expression [66]:

v(h) = v(h0)
log(h/z0)

log(h0/z0)
, (3.5)

where h denotes height above ground, v(h) denotes mean wind speed at height h,

h0 is the hub height and z0 is a parameter called roughness length. The roughness

length describes the type of terrain, it is larger for rough terrains, like woods or cities,

and smaller for smooth terrains, like see, desert or plains. The effect of the wind

shear observed by a blade element at radial distance r from the hub center during

three revolutions of the rotor is depicted in Fig. 3.2.

The turbulence intensity also depends on the height above the ground as well as

on the surface roughness. The standard deviation of the longitudinal wind speed is

approximately constant with height, so the longitudinal turbulence intensity drops

with height. The turbulence intensities of the lateral and vertical component tend

to increase relative to the longitudinal component as the height above the ground

increases. For expressions see [1].
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Figure 3.2. Tower shadow and wind shear effect experienced by the blade element at radial
distance r = 60 meters from the rotor hub. The hub height is 90 meters and the hub
height mean wind speed is 12 m/s. The roughness length is 0.005, which corresponds to flat
terrain. The tower diameter is 3 meters and the blade element is 4 meters in front of the
tower centerline.

Tower shadow

The tower shadow denotes an effect that occurs due to deformation of the wind flow

when it approaches the wind turbine tower. Namely, the turbine tower is an obstacle

which distorts the mean wind flow. The wind field distortion expands both in front

and behind the tower, which is manifested as a reduction of the wind speed in the

center of affected area (i.e. in front of the tower) and a slight increase of the wind

speed at borders thereof. The following expression can be used to model the tower

shadow effect [66]:

v(xt, yt) =

{
v0(1 + (D/2)2

y2t−x2
t

(y2t+x2
t )

2 ), for
2π
3
< φ < 4π

3

v0((0.5− cos(φ))(1 + (D/2)2
y2t−x2

t

(y2t+x2
t )

2 ) + (0.5 + cosφ)), otherwise,

(3.6)

where φ is the rotor azimuth, D is the tower diameter (correction can be included),

v0 is the mean wind speed in front of the tower, xt is the horizontal distance between

the tower centerline and the blade element and yt is the sideways distance between

the tower centerline and the blade element.

The effect of the wind shear observed by a blade element at radial distance r

from the hub center during three revolutions of the rotor is depicted in Fig. 3.2.

As seen in Fig. 3.2 the wind shear effect introduces an approximately sinusoidal

oscillation, while the tower shadow introduces a spectrally complex oscillation.
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3.2.2 Turbulence characteristics

The fluctuating wind field v(x, y, z; t), i.e. the turbulence, is described as a random

process characterised by given statistical properties. The typical assumption used in

turbulence simulation is the Gaussian distribution, which has been experimentally

confirmed in number of situations. However, the tails of the distribution tend to be

non-Gaussian and in complex terrain win turbulence exhibits deviations in skewness

and kurtosis, which are the cases that require special treatment, [67].

One-point wind speed spectrum

The turbulence components at given spatial point can be considered as one-dimensional

random process, which is, assuming Gaussianity, entirely defined by its probability

density function, auto-correlation, or, analogously, frequency spectrum. According

to Kolmogorov theory the turbulence spectrum approaches an asymptotic limit pro-

portional to f− 5
3 at high frequencies. The spectrum cut-off is the consequence of

decay of turbulent eddies at high frequencies where the energy is dissipated as heat.

There are different expressions for wind turbulence spectrum obtained from theory

and measurement fitting, but probably the most widely recognised is the Kaimal

spectrum [1]:
fSu(f)

σ2
=

4f Lx

v

(1 + 6f Lx

v
)
5
3

, (3.7)

where f is the frequency, Su(f) is the wind speed power spectrum density (auto-

spectral density) and Lx is the characteristic turbulence length. The turbulence

length depends mostly on the height above the ground). All three wind speed com-

ponents attain qualitatively similar spectrum but with different length scales. The

Kaimal spectrum is given in Fig. 3.3, as well as one realisation of the longitudinal

point-wise wind speed. It can be clearly seen that the frequency content is limited

to the low frequency side of the spectrum.

Spatial coherence of wind speeds

Turbulent eddies extend not only in time but also in space, which is reflected in the

coherence of spatially distant wind speed measurements. The measure of statistical

"resemblance" of two series of data in spectral domain is provided by the coherence

function, defined as:

γ2 =
|S12(f)|

2

S1(f)S2(f)
, (3.8)
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Figure 3.3. Kaimal spectrum (Lx = 170 m) and a turbulence realisation with Kaimal
spectrum and Gaussian distribution.

where S12(f) is the cross-spectral density between turbulence realisations at points

1 and 2, while S1(f) and S2(f) are auto-spectral densities of realisations at points

1 and 2, respectively. There are many expressions for the wind speed coherence

function that can be found in literature, which are obtained by fitting the measured

data, e.g. [68].

γ2(f, d, v) = e−a(d/v)f , (3.9)

where d is the distance between observed points and a is the decay factor, which is

a function of the inflow angle α (defined in Figure 3.4) according to:

a =
√

(along cosα)2 + (alat sinα)2. (3.10)

Parameters along and alat denote decay factors for longitudinal and lateral separation

respectively and they are determined experimentally. Recommendation for the choice

of these parameters from [68] is:

along = (15± 5) · σ
v
, (3.11)

alat = (17.5± 5)[m/s]−1 · σ, (3.12)

where σ denotes the standard deviation of the wind speed measurements.

Relations (3.9)–(3.12) demonstrate that coherence function decreases exponen-
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Figure 3.4. Inflow angle definition

tially with both distance between measurement points and frequency. This is sup-

ported by Kolmogorov energy cascade theory stating that large scale energy-bearing

eddies have slower decay time. The coherence also increases with the mean wind

speed.

3.3 Wind turbine aerodynamics

Wind turbine aerodynamics describes the interaction of the air flow and wind tur-

bine blades. This interaction is governed by principles of fluid dynamics and is an

extremely complex phenomena – the geometrically complex wind turbine blades ro-

tate in a turbulent wind field from which they extract momentum, thus inducing

new turbulent motion patterns into the wind stream. For this work both directions

of the interaction are of interest – the influence of the wind field on the wind tur-

bine production and loading, as well as the influence of the wind turbine momentum

extraction on the downwind wind flow. The interaction between wind flow and a

turbine is described using the notion of wake – the area of disturbed flow downstream

of a wind turbine.

In order to describe the aerodynamic phenomena different simplifications are

used that provide better understanding of the underlying mechanisms as well as

tractable modeling. In this section an overview of the most important wind turbine

aerodynamic models is provided: the actuator disc model, the rotating disc model

and the blade element-momentum theory.

3.3.1 Actuator disc model

The actuator disc model uses the simplest rotor model – a stationary thin permeable

disc that intercepts the wind flow. The work done by the rotor during rotation

is disregarded and the energy balance is resolved by increasing the rotor potential
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energy on behalf of kinetic energy from the wind. The considered wind flow is one-

dimensional, stationary, incompressible and frictionless.

A permeable disc inserted into an air stream affects the pressure and speed of

the flow. The pressure drop at the disc occurs, by design, in a step-wise manner,

thus inducing the drag force on the disc. The wind speed decrease is gradual, since

according to second Newton’s law an infinite force would be required to create a

stepwise speed drop. The changes of the pressure and velocity of the air stream are

depicted in Fig. 3.5. Far upstream and far downstream the atmospheric conditions

prevail and therefore the pressure is equal to the atmospheric pressure. The flow

velocity decrease starts in front of the rotor disc and continues until far downstream

of the disc, where an equilibrium is established at lower flow speed, as a result of the

fact that energy is extracted from the flow.

Pressure

Pressure

p+

p−

p
p

v
vd

v∞

∆p

Velocity
Actuator

disc

Stream tube

Figure 3.5. Actuator disc model

Further analysis of the model is done by considering the mass of the air that

passes through the actuator disc, which forms a stream tube bounded by stream

lines depicted in Fig. 3.6. The stream tube is considered isolated from the rest of

the flow, i.e. there is no air flow in or out the stream tube, and no external forces

act upon it. In that case the following law of mass flow rate conservation applies:

ρAv = ρAdvd = ρA∞v∞, (3.13)

where v is the velocity of the air stream far upstream of the rotor, vd is the velocity

at the rotor, while v∞ is the air stream velocity far downstream; A denotes the

cross-sectional area of the stream tube far upstream, Ad is the cross-sectional area of

the rotor disc and A∞ is the cross-sectional area of the stream tube far downstream.

This expression defines the shape of the stream tube as depicted in Fig. 3.5, which

due to speed drop expands from upstream to downstream.

In wind turbine aerodynamics modeling it is typical to introduce the parameter
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Figure 3.6. Stream tube used in the actuator disc model

called axial induction factor a to describe the drop of wind speed, which is defined

by the equation:

vd = (1− a)v. (3.14)

The axial induction factor is a property of the actuator disc. It is interpreted in

the following way: when emerged into the flow of velocity v, the the actuator disc

induces a flow component of the size −av.

Due to reduction of the wind speed from far upstream to far downstream there

is a change in the air momentum rate. The change of momentum rate is generated

by the thrust force FT that acts on the disc, which originates from the pressure

difference on the actuator disc:

FT = ∆pAd, (3.15)

where ∆p = p+− p− denotes the pressure drop at the rotor. Deriving the expression

for the momentum rate of change in the stream tube one obtains [69]:

FT = ρvdAd(v − v∞). (3.16)

Combining (3.14), (3.15) and (3.16) the following expression is obtained:

∆pAd = (v − v∞)ρAdv∞(1− a). (3.17)

The size of the pressure drop can be derived from the Bernoulli’s law for the
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stream in front and behind the disc:

p+
1

2
ρv2 = p+ +

1

2
ρv2d, (3.18)

p− +
1

2
ρv2d = p+

1

2
ρv2∞, (3.19)

By subtracting above equations one obtains:

∆p =
1

2
ρ(v2 − v2∞), (3.20)

which describes the relation between the pressure drop and the wind speed drop.

Inserting (3.20) into (3.17) derives:

v∞ = (1− 2a)v. (3.21)

Expressions (3.14) and (3.21) describe the spatial characteristic of the wind speed

drop: one half of the speed drop occurs in front of the actuator disc and one half

behind the disc. It follows that the wind speed on the disc is not equal to the free

stream wind, it is a mean of the free stream wind speed and the equilibrium wind

speed behind the actuator disc: vd = 1
2
(v + v∞). Also, one may notice that this

theory can be valid only for the axial induction factors smaller than 0.5, since for

larger axial induction factors the flow would change the direction according to (3.21)

and that contradicts the physical observations.

By inserting (3.21) into (3.16) the thrust force is expressed as:

FT = 2ρAdv
2a(1− a), (3.22)

which defines the thrust force as a function of the flow and the actuator disc prop-

erties: velocity of the undisturbed wind speed, axial induction factor and disc area.

Since the flow is considered frictionless, all power excerpt from the flow in the stream

tube is due to the thrust force. Therefore, the extracted power is given by:

P = FTvd = 2ρAdv
3a(1− a)2. (3.23)

It is typical to express the power captured by a wind turbine as a portion of the

power available in free wind stream. The power available in the free wind stream is

determined as a time change of its kinetic energy observed at the area of the actuator

disc:

Pw =
dEw

dt
=

1

2

d(mav
2)

dt
=

1

2
ρAdv

3, (3.24)
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which follows from the observation that the wind speed of the free stream (with no

actuator disc) is constant and that mass flow through the disc area equals ρAdv. The

power coefficient is then defined as:

CP =
P

1
2
ρAdv3

, (3.25)

and the power extracted from wind is given by:

P =
1

2
ρR2πCPv

3. (3.26)

The power coefficient is an important parameter used in practice to characterise

a particular wind turbine. It is determined experimentally and/or by performing

simulations to link the rotor characteristics to the definition of power coefficient.

The actuator disc theory delivers the following expression for the power coeffi-

cient:

CP = 4a(1− a)2. (3.27)

There is one important observation that arises from (3.27) and that is the maximum

possible value of power coefficient as a function of a:

4(3a2 − 4a+ 1) = 0. (3.28)

Two solutions to the above equation are a = 1
3

and a = 1. Since, as previously noted,

for a ≥ 0.5 the theory does not hold, one concludes that the maximum value of CP

is obtained for a = 1
3

and totals:

Cmax
P =

16

27
. (3.29)

This is the theoretical limit for wind turbine performance known as Betz limit, which

is not induced by design but by the physics of aerodynamical conversion.

Analogously to the power coefficient, the thrust coefficient is defined as:

CT =
FT

1
2
ρAdv2

. (3.30)

From (3.22) actuator disc theory gives:

CT = 4a(1− a). (3.31)

Experimental validations of the expressions obtained from the actuator disc model
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found that it describes the wind turbine operation well for axial induction factors

lower than 0.4 [69, 70]. For larger induction factors the basic assumptions of this

theory are not valid anymore, because as velocity drop vd − v∞ becomes large the

eddies and turbulent structures occur at the sides of the idealised stream tube and

the flow enters from outside the wake. Therefore, momentum equilibrium equations

on which the actuator disc theory rests are not valid anymore. This operational state

is referred to as turbulent wake. At such conditions the air flow behind the turbine

continues to slow down, but the thrust on the rotor keeps increasing. The experi-

mentally based corrections to the thrust coefficient for large values of a have first

been reported by Glauert in 1926 and since then different authors have contributed

in this field. One such Glauert correction can be seen in Fig. 3.7.
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Figure 3.7. Power and thrust coefficients as functions of axial induction factor

The actuator disc theory provides fundamental insight in the properties of the

wake. The area captured by wake experiences reduced wind speed, which is very

important for wind farm control. In wind farms the turbines are often placed one

behind another and therefore it is typical that one turbine operates in the wake of

another. A turbine operating in the wake experiences reduced wind speed, which

implies smaller power capture. Actuator disc theory also concludes that the area

captured by the wake is larger than the turbine rotor and increases downwind from

the turbine. This is also unfavorable for wind farm operation since more turbines

are likely to be captured by the wake. The wind speed in the wake is related to

the axial induction factor (or, analogously, to the thrust coefficient). This fact is

also extremely important for wind farm control concepts since, as explained by BEM

theory in Sec. 3.3.3, the axial induction factor can be influenced by manipulating

wind turbine control variables. If the turbine is operated at lower axial induction

factor at some wind speed the reduction of wind speed in the wake will be smaller.
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3.3.2 Rotating disc model

The actuator disc model does not take into account any movement of the rotor disc.

However, the rotor disc indeed rotates and this rotation results in the fact that the air

particles that pass through the rotor wake behind the turbine rotate in the opposite

direction, see Fig. 3.8.

The rotating disc model uses a rotor model that consists of infinite number of

infinitesimally thin blades that rotate. That means that this model does not take

into the consideration the fact that the rotor has discrete blades, it only adds the

wind field rotation into the actuator disc model. The approach is very similar, only

now the momentum theory is applied to the more complex motion pattern. Only

the main result are presented here, for details see [69] or [1].

The air that passes through the rotating disc obtains an axial induced velocity

component, as explained by the actuator disc model, but also a component tangen-

tial to the rotor rotation as a consequence of the rotor spinning, see Fig. 3.8. Conse-

quently, the air particle behind the rotor follows a spiral motion pattern. Since the

tangential speed of the rotor (and therefore also of the wake) depends on the radial

position of the observed rotor area, the rotating disc model focuses on an annular ring

of width δr at the radial distance r from the rotor center. The tangential induction

factor at this annular ring is defined analogously to the axial induction factor:

vd,t = a′ωr, (3.32)

where ω denotes the rotational speed of the disc and r is the observed radius. Note

that the analogy with the axial induction factor is based on the fact that the tan-

gential velocity component in front of the disc is zero and rotor induces rotational

velocity of size a′ωr.

One important conclusion of this theory is the connection between the axial and

tangential induction factor according to the following expression [69]:

a(1− a) = λra
′, (3.33)

where λr denotes the local tip speed ratio at radius r, i.e. the ratio between the

tangential speed of the element at radius r and the upstream wind speed:

λr =
ωr

v
. (3.34)

By using the rotating disc theory one can derive corrected expressions for the power

capture and turbine thrust that depend on the tangential induction factor as well.
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Figure 3.8. Induced velocities for rotating disc model

Thus obtained expressions show that the power capture of the wind turbine depends

on the tangential induction factor, as well as on the local tip-speed ratio. However, it

can also be shown that the maximum power capture (the maximal obtainable power

coefficient CP) remains the same. This is explained by the fact that the induced

tangential speed causes larger pressure drop on the rotor and therefore does not

come at expense of captured power.

The rotating disc theory reveals that the flow pattern in the wake is more complex

that in the free wind stream. The vortex theory expands this insight further by

acknowledging the fact that the rotor during rotation induces a vortex structure

into the uniform flow, see [69]. The complex structure of the wind field in the wake

ultimately leads to increased loading of wind turbines that operate in wake.

3.3.3 Blade Element-Momentum theory (BEM)

Both, actuator and rotating disc models deliver qualitative results that describe the

aerodynamical conversion, but do not provide means of calculating the induction fac-

tors since they do not establish the relationship with physical parameters of turbine

blades. Blade Element-Momentum (BEM) theory bridges this gap and provides the

basis for wind turbine simulations in 3-dimensional fluctuating wind flow. The blade

element method observes a cross-section of the blade at a radial distance r from

the rotor center, which reveals an airfoil, see Fig. 3.9. The assumption of the BEM

theory is that the change of air momentum can be entirely contributed to the forces

developed on the blade airfoils.

The BEM method focuses on a blade element at radius r, which rotates with the

rotor in a uniform wind flow. The velocity of the blade element relative to the wind
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consists of two components. One is the axial velocity that consists of the wind speed

and induced axial wind speed that amounts to v(1− a). The other is the tangential

velocity, that amounts to ωr(1 + a′). The resultant wind speed w is the vector sum

of these two components:

w =
√
v2(1− a)2 + ω2

rr
2(1 + a′)2. (3.35)

The relative position between the resultant wind speed and the blade is defined by

two angles: the pitch angle β and the angle of attack α. The pitch angle β is defined

as an inclination of the blade chord to the rotor plane, where the blade chord is a

straight line joining the center of curvature of blade’s leading edge with its trailing

edge. The angle of attack α is the angle between the resultant wind speed and the

blade chord line. The angle between the rotor plane and resultant wind speed is

denoted with φ, φ = β + α. The angles and velocity components are depicted in

Fig. 3.9.
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Figure 3.9. Velocities and aerodynamic forces on an airfoil. β denotes the pitch angle, α
is the angle of attack and φ is the inflow angle.

Knowing the wind speed w, the angle of attack and airfoil characteristics, the

forces acting on a blade element can be determined. The drag force acts in the

flow direction and the lift acts in a direction normal to the flow. Those forces are

determined according to:

δFL =
1

2
ρcw2CL(α)δr, (3.36)

δFD =
1

2
ρcw2CD(α)δr, (3.37)
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where c denotes the chord length,while CL(α) and CD(α) denote lift and drag coeffi-

cient, respectively. The lift and drag coefficients are functions of the angle of attack

(this functional relationship is an inherent airfoil characteristic, which is determined

experimentally). It also depends on the Reynolds number and Mach number, see e.g.

[69]. A typical lift and drag characteristic are given in Fig. 3.10.
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Figure 3.10. Drag and lift coefficient for a typical blade airfoil (profile NACA-64618)

It is important to notice that lift and drag depend on airfoil geometry, but also

on the tip speed ratio and the relative position of the airfoil in respect to the wind.

The changes of the tip-speed ratio influence the direction of the resultant wind and

thus the angle φ, while the influence of α on the blade pitch angle is evident from

Fig. 3.9. This essentially shows that by controlling rotor speed and pitch angle one

can influence the drag and the lift and therefore also the thrust and the torque.

Namely, the drag and lift forces are decomposed into torque and thrust of the blade

element, as can be seen in Fig. 3.9. Thrust is the force that acts in the direction of the

mean wind flow, while torque acts in the direction of the blade rotation. Thus, torque

drives the rotor rotation and is a power producing force, while thrust is absorbed by

the wind turbine structure.

The momentum theory can be applied to this model in a similar manner as to

simple disc models. For details the reader is referred to [69] or [1]. The final result

can be summarised in two equations that relate the axial and tangential induction

factor with the drag and the lift:

a

1− a
=

σr

4 sinφ2

(
Cx −

σr

4 sin2 φ
C2

y

)
, (3.38)

a

1 + a′
=

σrCy

4 sinφ cosφ
, (3.39)
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where Cx and Cy are defined as:

Cx = CL(α) cosφ+ CD(α) sinφ,

Cy = CL(α) sinφ− CD(α) cosφ,

while σr denotes the chord solidity, defined as:

σr =
Nb

2π

c

r
=

Nb

2πµ

c

R
, (3.40)

where Nb denotes the number of blades, R denotes the rotor radius and µ is a non-

dimensional radial position, µ = r
R
.

The relations (3.35)–(3.39) define the axial and tangential induction factors (ac-

cording to BEM theory) and the lift and drag (as well as the thrust and torque) of

the blade element as a function of free wind speed v, rotational speed ω, pitch angle

β, radius r and airfoil characteristics. If the blade is divided to a finite number of

sufficiently small elements of approximately constant characteristics and if contribu-

tions of torque and thrust for every such blade element is computed according to

provided equations, one can determine the resultant thrust and torque at the root

blade by integrating over the entire blade length. This is the baseline of many wind

turbine simulation tools. One should notice that the equations are nonlinear and an

explicit solution can not be provided. These equations are typically solved iteratively

until achievement of required accuracy.

The above mentioned principles are valid under some reasonable assumptions. For

example, the BEM theory rests on the assumption that there is no radial interaction

between blade elements, which can only be true if the axial induction factors are

uniform over the entire blade. Otherwise, there exists a flow between control volumes

on which momentum theory is applied. However, it has been shown in practice that

the introduced error due to this assumption is not large [1]. Next, the BEM theory

builds on the rotating disc theory and inherits to a certain extent the assumption of

wake structure rendered by infinite number of blades. To correct for this assumption

the Prandtl’s tip loss factor can be introduced in the computation [69]. Furthermore,

BEM theory as such does not take into account any dynamics and therefore, since

it rests on considerations of stationary equilibrium states, can not be used to model

the wind turbine behavior in unsteady wind. Physically, the wind field requires a

certain time to become stationary after a change in inflow angle, which means that

the wake is fully developed and induced velocities admit stationary values. There

are several models that attempt to describe this phenomenon, which are called the

inflow models. As a rule of thumb the time constant associated with dynamic inflow



38 Chapter 3. Wind Farm Aerodynamics

 

 
β = 0◦

β = 5◦

β = 10◦

β = 20◦

Copt
P

0
0

0.1

0.2

0.3

0.4

5 10 15 20λopt

Tip speed ratio, λ [-]

P
ow

er
co

effi
ci

en
t,
C

P
[-
]

Figure 3.11. Power coefficient as a function of tip speed ratio, parameterised by pitch
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is equal to the time required for the mean wind flow to travel 1.5 rotor diameters [71].

For theoretical background on inflow models the reader is referred to [1], while for

comparison between different models see [72]. In wind turbine simulators simplified

inflow models are readily available.

The BEM approach provides a methodology for wind turbine aerodynamic sim-

ulation under turbulent 3-dimensional wind flow. However, it also provides a means

to determine the aerodynamic efficiency of wind turbine at different average wind

conditions. The typical means of depicting the wind turbine power efficiency is

the average power coefficient CP(λ, β), which can be used to obtain the mean wind

turbine power under given mean wind, pitch angle and rotational speed. The power

coefficient is typically obtained from BEM computations and possibly corrected with

field measurements. It is given in a tabular form. Since the time constants related to

the rotor aerodynamics are very small in comparison to turbine mechanical dynamics,

the static expression for turbine aerodynamic power is typically used for controller

design.

The power coefficient curve for the NREL 5 MW reference wind turbine is given

in Fig. 3.11. One can notice that increase of the pitch angle reduces the power

coefficient, which is the basis of pitch-to-feather control of wind turbines. At fixed

pitch angle the power coefficient has a distinct maximum CP,max at a tip-speed ratio

λopt. This shape of the power coefficient characteristic spurred the development of

variable-speed wind turbines, since it reveals that by maintaining some optimal ratio

between rotational speed and wind speed one can maximise the power production of

the wind turbine. One of primary objectives of wind turbine control is to maintain

the optimal tip-speed ratio, given the system constraints.
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3.4 Wind farm aerodynamics

If wind turbines are relatively closely spaced in a wind farm they will be operating

in specific aerodynamic conditions, different from those that would experience a sole

turbine. Those specific aerodynamic conditions, that can be named wind farm effects,

arise due to wind turbine operation inside wakes generated by single or multiple wind

turbines around them. The main effects on the wind field properties that a wind

turbine captured by wake will experience is the decreased mean wind speed and

increased turbulence intensity. Due to wake effects a wind turbine captured by full

wake can experience a power deficit of as much as 40%. The power deficit is defined

as a ratio between the produced power and the estimated power the wind turbine

would produce if it was operating in the free flow. The average power deficits of

wind farms due to wake effects range from around 8% for onshore to 12% for offshore

wind farms [73]. Increase of fatigue loads for a wind turbine operating in the wake

has been identified to be between 5% and 15% and depends on the wind farm layout

[74].

In the following the basic wind farm effects and existing models thereof are de-

scribed.

3.4.1 Operating conditions of wind turbines in wake

The investigation of wake properties typically distinguishes two regions of the wake –

the near wake and the far wake [64]. In the near wake region wind turbine geometry

strongly influences the shape of the flow field and the effects of blade rotation are

strong. In this region the majority of pressure and velocity changes occur. The

properties of near wakes are mostly studied in order to improve the understanding of

power extraction process of the wind turbine (such as e.g. dynamic inflow, generation

of induced velocities, rotor vortex structure). The far wake is the wake region further

downstream from the rotor in which the influence of the rotor geometry becomes less

important and the wake structure can be assumed to a certain extent self-similar.

This region is important for wind farm modeling since the downwind turbines operate

in the far wake of the upwind turbines. The far wake research focuses on single wake

modeling, wake interference and wake turbulence models.

The wind turbine aerodynamic models described in Sec. 3.3 describe the basic

mechanism behind those effects. However, the described simple wind turbine aero-

dynamic models do not take into account the spatial and temporal characteristics of

wakes, since they model only their asymptotic behavior.

According to the actuator disc model, the wind velocity gradually decreases down-
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wind from the wind turbine, while the wake expands. According to experimental data,

the velocity decrease occurs for approximately 1-2 diameters downstream of the tur-

bine, while the wake expands until 1-2.25 rotor diameters downwind [64]. Further

downwind the wind speed slowly but monotonically recovers, which occurs due to

wake disintegration through mixing with the ambient flow. The mean wind velocity

behind a single wind turbine operating in the free wind field recovers within order of

10 rotor diameters, [64]. The crucial factor of the mean velocity recovery is the level

of turbulence in the wake – higher levels of turbulence give a rise to the mixing pro-

cess and accelerate the mean velocity recovery. The turbulence in wakes arises from

different sources: ambient turbulence, mechanical turbulence generated by blades

and tower and wake turbulence that arises from tip vortex system. At large axial

induction factors the tip vortices form a continuous vortex sheet that has properties

of a shear layer. The shear layer expands and merges downstream creating the tur-

bulent wake [64],[69]. The wind farm measurements confirm that large power deficits

occur in low turbulence environment – in more stable atmosphere or in the terrain

with smaller roughness like sea surface [64], [75]. Since the mixing process occurs at

wake surface, the maximal wind speed deficit occurs along the wake centerline and

it reduces with the radial distance from the centerline. The profile of the wind speed

deficit in the wake can be assumed axisymmetric and Gaussian [64].

Within the far wake the peak of turbulence intensity is also found at centerline,

even though in near wake there are typically two distinct turbulence peaks related

to dominant vortex systems. The maximal turbulence at centerline is explained by

their expansion and merging. The increased turbulence behind the wind turbine is

more persistent than the wind speed deficit – the added turbulence can be significant

even after 15D [64]. Even though the wind turbulence is generally anisotropic (see

Sec. 3.2), the turbulence inside the wake is prevailingly isotropic [76]. A shift of tur-

bulence spectrum towards higher frequencies occurs accompanied with a reduction

of turbulence length scales [76, 64]. In [64] an interesting observation is made that,

according to Kolmogorov energy scale theory, it might be the case that the wake tur-

bulence in the low frequency range actually reduces, since the wind turbine extracts

the power from the low frequent energy-containing part of the spectrum. However,

no validation of this theory is found. The observation in [76] that the spatial coher-

ence inside the wake does not seem to be very much affected by the wake might lead

to the same conclusion.

As predicted by the wind turbine aerodynamics models, the properties of the

wake depend on the wind turbine axial induction factor and thrust coefficient. The

wind speed deficit as well as the increase of turbulence intensity along the wake
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centerline increase with the axial factor increase. The increase of axial induction

factor can however, due to increase of wake turbulence, lead to faster velocity deficit

recovery.

The majority of research of the wake characteristic does not take into account

the dynamic development of the wake. Regarding the downwind propagation of

the wake conclude in [77] that the most appropriate description of wake properties

downstream of the turbine is obtained by using the propagation time as a parameter

instead of distance behind the turbine. The propagation time is defined according

to Taylor’s hypothesis as distance behind a turbine divided by the mean wind speed.

The lateral and vertical dynamics of the wake are influenced by the wake meandering

phenomena, which describes large scale bodily movements of the wake. Namely, the

turbulent eddies that are large in comparison to wake structure are considered able

to change the course of wake and thereby shift it horizontally and vertically. This

assumption has gained significant experimental verification, [78], [79]. Due to wake

meandering the turbines that are in (or close to) wake of an upstream turbine can be

swept in and out of wake, which causes a further increase in the apparent turbulence

of the rotor wind field. Moreover, due to wake meandering larger area of the wind

farm can be affected by the wake, which might further deteriorate the overall wind

farm conditions.

The increased turbulence inside the wake has a negative influence on dynamic

loading of wind turbine structure, as can be concluded from Ch. 4. However, a

possibly even larger influence on asymmetric rotor loading (with potentially very

damaging stochastic and cyclic load oscillations, see Sec. 4.2) can arise due to partial

wake regime. A wind turbine operates in a partial wake when only a part of turbine

rotor is immersed in wake. The consequence is a significant difference in the wind

conditions over the rotor swept area, which results in different wind speed being

experienced by turbine blades during rotation. The resulting wind speed profile over

the rotor is azimuth dependant, so the oscillatory forcing can occur, see Sec. 4.2.

Large wind farms, especially ones located offshore, have a regular layout that con-

sists of several rows of wind turbines placed one behind another. In such layouts it is

common that several wind turbines are approximately aligned relative to the mean

wind direction. In such situation several wind turbine wakes merge. Different mea-

surement campaigns have shown that the velocity deficit and turbulence intensities

generated by several upwind turbines do not add-up, but that the added influence

of every subsequent turbine is less pronounced, until an equilibrium is reached. This

effect is explained by the fact that due to increased turbulence the wakes mix more

efficiently. The equilibrium wind speed deficit can be reached after only 2 rows of
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wind turbines, see [64]. Also, inside large wind farms the wakes can also merge in

the lateral direction. For very large wind farms the wakes can eventually alter the

boundary-layer outside of the direct wake-effect and thereby reduce the available

power from the wind. This effect is called deep-array effect [75].

3.4.2 Wind farm models

The wind farm models found in literature can be roughly classified as engineering

models or flow models.

The engineering models are simple models that are based on a simplified mo-

mentum balance models similar to actuator disc theory described in Sec. 3.3.1, with

different assumptions that allow modeling the wake profiles at given downstream

position. Note that the actuator disc theory only models the asymptotic conditions

and relations between the physical quantities but does not reveal the velocity pro-

files at a given downstream distance. In order to model the wake profile at a given

downstream distance one requires assumptions on radial velocity profile, wake expan-

sion, turbulent mixing, wake merging etc. The models of these phenomena are based

on some theoretical observations and/or fitting of experimental results. Typical as-

sumptions are self-similarity of wake profiles, Gaussian or top-hat profile, constant

eddy viscosity in the wakes, etc. The resulting models are analytic and simple and

therefore allow very fast computation. These models are used to derive on-average

wind conditions in the wind farm.

Traditionally, the engineering models are developed and used for wind farm plan-

ning: to estimate wind farm losses due to wake effects and to optimise the wind farm

layout optimisation (to arrange the wind turbines in such layout that the negative

influence of wakes in minimised for the prevailing wind direction). Such models do

not contain any description of wind farm dynamics, they are used primarily to obtain

estimates of the average conditions.

An overview of engineering wind farm models is available in [80]. The engineering

models were typically developed based on measurements from relatively small wind

farms and recent validations show they do not model some effects that occur in very

large wind farms. An analytical model appropriate for modeling of very large offshore

farms in which turbines are laid out in rows is provided in [81]. Besides single wake

and multiple wake conditions it also enables modeling of the lateral wake merging

and the effect of wind farms on the boundary layer. A similar approach was used in

[82] for modeling the increase of turbulence intensity in very large wind farms.

The flow models use Navier-Stokes flow equations to model the wind field in the
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wind farm. They are based on CFD numerical approaches. As it is mentioned in

Sec. 3.1 the problem with solving the Navier-Stokes equations is the large range of

length scales. In the atmospheric boundary layer the length scales range from 1 km

to 1 mm, while length scales of the air motion generated due to interaction of turbine

blades and the flow is even smaller [83]. Therefore, the direct numerical simulation

(DNS) approach is practically not applicable. Instead, The CFD models rely on

Reynolds-Averaged Navier-Stokes (RANS) equation based simulation or Large Eddy

Simulation (LES) approach. The RANS approach models only the average compo-

nent of the wind flow, while LES models large-scale wind field motions, see Sec. 3.1.

The solution is sought assuming spatial discretisation of the flow and using numerical

methods to solve the governing equations.

The wind farm CFD models typically model the wind turbine influence on the

flow using either the actuator disc or the actuator line concept. In the former the

body forces from the turbine rotor are distributed evenly in the tangential direction

of the actuator disc. In the actuator line model the body forces are distributed over

the line that presents an individual blade. Both use static wind turbine models of

forces, which are implemented as look-up tables. The local wind speeds and inflow

angles are recomputed at every iteration [84]. A detailed overview of CFD modeling

principles and models is available in [83].

The major downside of CFD models is that they are extremely computationally

demanding and therefore their applicability is generally limited to very small wind

farms. Even a "simple" simulation of a wake behind a single wind turbine on a

grid with separations of 1 meter (which is considered coarse for the purpose) using

LES can require days or weeks of computation on a dedicated computer clusters or

supercomputers [83]. An example of a successful simulation of a large wind farm is

reported in [84], where the Horns Rev wind farm consisting of 80 turbines was simu-

lated using a CFD EllipSys3D code. The simulations resolved the three-dimensional

flow within the wind farm using LES approach. The simulation of interaction be-

tween all 80 turbines was computationally too demanding, so the two central columns

of turbines were simulated with periodic boundary conditions toward the other rows

of turbines (which is similar to assuming an infinitely wide farm). Approximately

13.6 million mesh points were used to resolve the wake structure. The simulations

were performed on a Linux PC cluster at the Department of Mechanics at DTU

dedicated for running EllipSys3D, which contains 210 PCs.

There is a large number of wind farm models surveys available and their a de-

tailed overview is outside the scope of this thesis. Lately different models have been

validated against measurements in the FP6 UpWind project. Model surveys and
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validation against measurements can be found in [85], [86], [64], [87], [82], [88], [89].



Chapter 4

Wind Turbine Loads and Control

The successful/profitable wind turbine operation has two principal aims: to produce

as much power as possible while keeping the structural loads small. The reduction of

structural loads leads to increase in wind turbine operational life, lower maintenance

costs, shorter downtimes due to repair and less shut-downs due to large structural

oscillations. Also, if the control design ensures lower structural loading the wind

turbine components can be designed lighter and therefore also cheaper.

In this chapter a brief overview of issues regarding structural loads on wind

turbines is provided. Section 4.1 explains the origin of the structural loads and

their manifestation on the wind turbine structure, with an insight into modeling of

turbine structural behavior. Section 4.2 provides the means to estimate the level

of damage the load history imposes on the turbine, the reduction of which is the

ultimate objective of load reduction controller design. The main sources of loads

on different turbine components are briefly surveyed and the frames of reference are

defined that are used to present different loads in this thesis. In Section 4.3 the

operation principle of typical pitch-to-feather variable-speed wind turbine controller

is presented, with an overview of existing solutions for load reduction on wind turbine

control level.

The overall operation of the variable-speed wind turbine considered in this work

can be described using the interaction diagram depicted in Figure 4.1. The interfaces

of this diagram are explained throughout this chapter.

4.1 Wind turbine structural dynamics

The Structural dynamics block stands in the center of the wind turbine subsystem

interaction diagram provided in Fig. 4.1 and it interacts with every other subsystem.

Consequently, structural dynamics mediates in practically every process that takes

part during turbine operation. The inputs to the structural dynamics subsystem are

the forces that act upon the turbine structure, which are called external loads. The

45
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Figure 4.1. Interaction of wind turbine subsystems

external loads can be divided into two categories:

• Environmental loads – the forces that act upon structure due to environmental

influence (e.g. aerodynamic forces, gravity...), and

• Interaction loads – the forces that result from interaction of turbine subsystems

(e.g. pitch actuator torques, generator torque...).

When exposed to external loads the turbine structure reacts by inducing internal

forces and moments on structural components, which are referred to as internal loads.

The internal loads include bending moments, shear forces, normal forces, stress and

strain at different parts of the structure. The internal loads are crucial for wind

turbine operating life and therefore their reduction is the aim of component design,

as well as control design. The quantification of structural damage from different load

histories is discussed in Sec. 4.2.

Wind turbine structure comprises different components that rotate relative to one

another: turbine blades, hub and shaft rotate relative to nacelle and tower, blades

are rotated around pitching axis relative to rotor hub, while the nacelle and rotor are

yawed relative to turbine tower. Some of the components can be assumed rigid, while

other are pronouncedly flexible. The flexible wind turbine parts are the rotor blades,

the turbine tower and the main shaft, all of which have a large length-to-width ratio

that makes them prone to bending and twist, as well as vibration. The vibrational

responses significantly contribute to dynamical complexity of the structure.
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As a result of dynamic structural deformations, the rotor blades have a non-

zero translational velocity relative to the ground, which changes in time. Therefore,

the relative wind speed that causes aerodynamic forces on the blade airfoils (see

Sec. 3.3.3) is obtained by subtracting the blade velocity from the incoming wind

speed. The blade velocity is in turn influenced by the aerodynamic forces, which

creates an inherent feedback in turbine operation. Also, control actions influence the

structural response and thus contribute to this coupling. This complex interaction

between aerodynamics, turbine control and structural response is termed aero-servo-

elasticity and presents a large modeling and control challenge.

4.1.1 Structural dynamics models

Basic principles of structural dynamic behavior can be described and modeled by

using multi-body dynamics and modal analysis. By employing these modeling ap-

proaches it is possible to simulate internal forces that occur due to different environ-

mental and interaction loads that arise from different wind fields and control designs.

Therefore, such models are of utmost importance for control design validation. These

modeling principles are used in widely accepted wind turbine simulation softwares

such as FAST, [90], and Bladed, [66]. A basic insight into these modeling principles

is given in the following.

Multi-body dynamics

Multi-body dynamics is typically used for simulation of connected mechanical sys-

tems, which consist of number of parts that move relative to one another. A multi-

body system is a collection of bodies constrained by kinematic joints and acted upon

by a set of forces. The simulation of a structure under influence of external forces is

known as the dynamic problem (as opposed to the kinematic problem that studies

motion in a purely geometric framework). Multibody system modeling requires one

to determine the degrees of freedom (DOF) of a system, generalised coordinates in

which the system is described and a set of constraints that describe connections of the

elements. The number of degrees of freedom is the number of coordinates required

to fully describe the system motion, e.g. a free rigid body requires 6 DOFs (3 trans-

lational and 3 rotational), while a rigid inertial body with a rigid connection to the

rotating shaft is described by one degree of freedom (e.g. wind turbine generator).

The motion of a multibody system that undergoes arbitrarily large displacements

and rotations is described by a nonlinear equation of motion that arises from New-
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ton’s second law of motion:

M(x, t)ẍ = F(x, ẋ, t), (4.1)

where t denotes time, x denotes the generalised displacements, M is the mass matrix

(which in general depends on a nonlinear combination of displacements and time

and F is a forcing vector (which generally depends on a nonlinear combination of

displacements, velocities and time). Equation (4.1) is solved numerically at each

time step. This kind of model is used to model e.g. transfer of forces from rotating

components to the stationary system to obtain external forces for tower excitation.

The system matrices are obtained by using the laws of conservation of energy and

forces and principles of virtual work. For further information on multi-body dynamics

see [91].

Flexible continuous elements have an infinite number of degrees of freedom, since

every particle can move relatively to another. In order to derive a finite representation

of flexible body dynamics the principles of modal analysis are typically used for wind

turbine simulation.

Modal analysis

Modal analysis is a study of inherent dynamic characteristics of structures that

demonstrate oscillatory behavior. It rests upon the fact that for sufficiently small

deviations from equilibrium the vibrations of continuous flexible structures, as well

as mechanical oscillatory systems, can be described by natural frequencies, damping

factors and mode shapes, known as modal characteristics, which leads to linear time-

invariant description of system dynamics. Therefore, unlike the multibody dynamics

formulation (4.1), the simulations of the structural parts that use modal character-

istics representation are valid only for sufficiently small deviations. However, use of

modal representations severely reduces the computational burden.

The modal analysis approach provides very useful insight in the characteristics of

oscillations, since the result is a decomposition of the vibration into simple dynamic

responses with known characteristics. Such decomposition allows simple qualitative

and quantitative insight into the vibration under general forcing, which is valuable

for control design. According to results of modal analysis, the general vibration of

the beam can be described as a sum of normal modes of vibration [92]:

w(x, t) =

∞∑

i=1

Wi(x)Ti(t), (4.2)
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Figure 4.2. Mode shapes of an Euler-Bernoulli beam of length L cantilevered at 0 under
vertical vibration.

where w(x, t) denotes the deflection of the beam at location x at time t, Wi(x) are

mode shapes and Ti(t) are time animations of mode shapes. Mode shape Wi and

its time animation Ti are related to the i−th natural frequency of the system ωni.

Mode shape describes the way the beam deforms. First 5 mode shapes of a simple

Euler-Bernoulli beam are depicted in Fig. 4.2. One can notice that with the increase

of modal number the mode shape becomes more complex by obtaining an extra

half-period. The corresponding time animation is given by a harmonic function at

frequency ωni. Therefore, the mode shapes of larger complexity animate faster. It

turns out that general vibration can be very well represented by using only few

vibrational modes that correspond to lowest frequencies. For simple structures such

as Euler-Bernoulli beam for example, the mode shapes can be found analytically

by solving a partial differential equation using the separation of variables principle.

This is shown in App. B, where these qualitative observations are substantiated. For

more complex structures the modal properties are found numerically.

The most important result of modal decomposition is that the vibration of every

mode is very simple and can can be described independently [92]. The vibration

of every mode at a fixed point of the beam can be described by a single-degree of

freedom (sDOF) linear oscillatory system:

mẍ+ cẋ+ kx = F (t), (4.3)

where m denotes the mass, c denotes damping, k denotes spring stiffness, x denotes

the mass displacement and F (t) is the applied force. The mechanical counterpart

of a sDOF system consists of a mass suspended on a spring and a damper, see

Fig. 4.3(a). The response of this system is well known. If there was no damping in

the system the system pushed into free vibration would oscillate with the frequency

ωn =
√

k/m, which is denoted the natural frequency of the system. The damping
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Figure 4.3. Single degree of freedom system

coefficient of this system is ζ = c
2
√
mk

. There are two qualitatively different free

responses that can be obtained from the sDOF system depending on the system

parameters: the over-damped response for ζ ≥ 1, which diminishes aperiodically,

and the under-damped response for 0 < ζ < 1, which exhibits oscillatory response

at a frequency close to the natural frequency of the system, while the amplitude

diminishes with envelope e−ζωnt. The systems with 0 < ζ < 1 are prone to vibration.

Their forced response can be described by a frequency characteristic, an example

of which is given in Fig. 4.3(b). If the system is subjected to harmonic forcing of

frequencies lower than the natural frequency, the system oscillates with the forcing

frequency with amplitude F/k, where F denotes the amplitude of forcing. If the

forcing frequencies are larger than the natural frequency, the system oscillations

are damped. The response to harmonic forcing with frequencies close to natural is

called the resonance, where the system oscillations are amplified. The amplification

of oscillations depends on the damping coefficient ζ . If ζ is low the resonant response

can lead to very large oscillations that can cause large internal loads and the break of

the structure. Due to system linearity, by decomposing the general forcing function

to Fourier components, the forced response to any type of forcing can be observed

as a superposition of responses to harmonic forcing.

Since the forced response is the superposition of modal responses, the resonance

occurs in the vicinity of all natural frequencies. One might say that by utilising

modal analysis the dynamics of a structure is physically decomposed by frequency

and position. For further insight see e.g. [92].

The described modal analysis principles can be applied in an entirely analytical

framework for some simple continuous elastic elements, like an Euler-Bernoulli beam

the analysis of which in given in App. B. The idealised beam models such as Euler-
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Bernoulli and Timoshenko beam (a bit more complicated than Euler-Bernoulli beam

since it takes into account shear deformations in beam cross-section) are typically

used in wind turbine simulators [93]. However, the dynamic analysis performed by

these simulators is more complicated since they account for the fact that the mass

and stiffness distribution is not uniform. They mostly use the iterative methods such

as e.g. Myklestad method, see [60]. Such simulators require the user to input mode

shapes. There are codes readily available that can be used to determine mode shapes

from detailed beam geometry, elastic properties and boundary conditions. These

codes utilise complex numerical solving of nonlinear partial differential equations

and derive the mode shapes for different bending directions as well as for blade twist.

One such code is BModes [94].

The natural frequencies and normal mode shapes can be determined for any

complex nonlinear system obtained by multi-body dynamic modeling by performing

linearisation of (4.1) to obtain an unforced system description:

Mq̈ + Cq̇ +Kq = 0, (4.4)

where M , C and K are linearised mass, damping and stiffness matrices. For this sys-

tem a classical eigenanalysis can be performed to obtain natural frequencies, damp-

ing, and mode shapes for structural DOFs, where mode shapes are the eigenvectors

of the system, while natural frequencies and corresponding dampings are imaginary

and real parts of eigenvalues, respectively. Such modal analysis is, among other, used

to derive Campbell diagrams that depict the natural frequencies and damping of the

system as a function of operating states. The qualitative behavior of the structure to

forcing can than be observed as a superposition of sDOFs, which provides crucial in-

formation for control design. The obtained eigenvectors depict the direction in which

the oscillation will occur and offer very useful insight into the motion coupling.

4.1.2 Stress and strain of structural components

Using multi-body dynamics and modal analysis enables modeling of the wind turbine

structure as a connection of idealised one dimensional uniform or property distributed

beams. The result of such a modeling are the shear and normal forces and blade

moments at beam cross-sections. However, the real driver of structural damage is the

stress that occurs at some particular point of body, not at a general cross-section.

To analyse the stress within a body one needs to model the distribution of stress

throughout the component in scope.

The distribution of the stress within a structural component can be obtained by
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using a model based on Finite Element Method (FEM). Such model requires a de-

tailed description of the component geometry and material properties. It is able to

model different bonds, welds, or geometric irregularities, which are specially impor-

tant since they typically present weakest points of the structure. Each component is

described by a collection of interconnected nodes, both interior and on the structure

surface. The FEM models use the bending moments, shear and normal forces as in-

puts and determine the stress and strains throughout the element. Up until recently

FEM models were typically not able to simulate the response to general dynamic

forces and moments, only to stationary or harmonic loads. Recent computational

advances enable more complex dynamic simulations.

The FEM models are extremely important for component design, since they reveal

the weak spots of the structure at which the component is most likely to break.

However, for wind turbine control design evaluation of such models are seldom used

since they are computationally very expensive. Moreover, they are fundamentally not

necessary, since the turbine control can not, in principle, influence the distribution of

stress throughout the element. The exception might be some distributed actuators

that change the shape of the structural element, see e.g. [95]. However, for such

control applications it is also not typical to run FEM simulations at the control

design level and the capability of component to withstand the required reshaping is

tested at the component design phase. In summary it can be said that for any kind

of wind turbine structure the control design validation ends at determining internal

moments and forces.

For the beam elements with simple cross-sections under transversal loading, like

the beam described in App. B, the stress is proportional to the bending moment

at a given cross-section and the stress amplitude increases linearly from the neutral

axis towards the surface. One side of the beam is in compression while the other is

in tension. If one assumes that the deformation is within the elastic region of the

material then, according to Hooke’s law, strain and stress are proportional. The

assumption of proportionality between the stress and bending moment is utilised in

Sec. 4.2 to establish the means for quantifying component damage from a given load

history.

4.2 Wind turbine loads

Once the internal dynamic loads are obtained from simulation, it remains to evaluate

how much damage such loading history imposes on the structural component. The

means for damage evaluation are explained in Sec. 4.2.1.
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Each component of wind turbine is exposed to different external loading that

often exhibits some distinctive characteristics. Also, due to different structural prop-

erties different parts of wind turbine are more perceptible to some specific loading

conditions that therefore largely influence the structural damage. In Sec. 4.2.2 the

main internal loads on wind turbine components are described and the most impor-

tant components are singled out.

4.2.1 Extreme and fatigue loads

Excess internal loading can lead to structural failure in two ways: due to too large

stress amplitude or due to large number of load reversals at normal stress levels. In

that sense we distinguish two types of structural loads: (i) extreme loads and (ii)

fatigue loads.

Extreme loads occur when a structure is exposed to very large loading amplitude,

which can cause a plastic deformation of the structural component. Such deforma-

tion causes immediate damage to the component. Extreme loads occur in cases of

very large wind gusts or in specific faulty conditions when wind turbine is halted.

The wind turbine structural elements need to be sized and designed to be able to

withstand prescribed very rare worst case scenarios. Their influence is simply eval-

uated by inspecting the extreme amplitude of loads that occurs during load history

against design limit values.

Fatigue loads occur due to repetitive stress reversals on a certain part of the

structure. Even if the stress remains in the material elastic region, large number of

stress reversals can lead to the initiation of microscopic cracks in the material. Once

initialised such a crack inevitably grows further and eventually leads to the structural

failure of the wind turbine component. The wind turbine structure is subjected to

large number of load reversals due to cyclic and stochastic external loading and

therefore largely exposed to fatigue damage. Fatigue damage is commonly the main

driver of wind turbine component design and therefore a very important measure

of the quality of wind turbine dynamic operation. To evaluate the fatigue damage

of the turbine under certain operating conditions one needs to establish a measure

of the fatigue damage. To that purpose, the typical measure of fatigue for control

design evaluation are the damage equivalent loads. They are obtained by using the

rainflow counting algorithm that translates a complex load history into a collection

of load reversals that influence fatigue. The damage equivalent loads can then be

computed by employing the Palmgren-Miner rule. The procedure is described in the

following.
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Rainflow counting algorithm

The rainflow counting algorithm is used for extracting load cycles from the com-

plex signal history. Namely, the wind turbine components experience complex load

histories that result from both stochastic components of the load and periodic compo-

nents contributed to structure natural frequencies. The aim of the rainflow counting

method is to deliver a measure of load reversals, which are crucial for the fatigue life

of a component.

The input for a rainflow counting is the finite load history obtained from simula-

tion (or measurement). The algorithm starts with filtering that removes extremely

small variations (that occur due to measurement error, numerical error in simulation,

or are too small to contribute to fatigue) and the extraction of local extrema in the

load history. The extrema are then run through an algorithm the principles of which

are depicted in Fig. 4.4. The output of the algorithm is the collection of cycles with

their corresponding amplitudes. Due to finiteness of load history not all cycles closed

(if the time history was infinite all cycles would eventually close), which generates

half-cycles. Those are typically the largest cycles in the given time series. There

are rainflow counting algorithms that, due to their large contribution to loading,

treat full cycles and half-cycles equivalently [96]. However, the typical procedure is

to treat them as one half of the cycle in cycle counting [97]. The obtained cycles

are typically binned according to their amplitude. The final output of the rainflow

counting algorithm then consists in a cumulative number of cycles that occurred at

the amplitudes that belong to the predefined bins. Details on the algorithm can be

found in e.g. [98].

The rainflow counting algorithm is not analytic, in a sense that one can not derive

a closed-form mathematical expression that translates load histories to cycles and

their amplitudes. This is a major issue for optimal control design that aims at fatigue

reduction because it is not simple to find a tractable formulation of control objective

that penalises fatigue loading.

Palmgren-Miner rule

Every material can withstand a certain number of stress cycles of a given amplitude.

This material property is described by the S-N curves. A typical approximation of

an S-N curve is the exponential law:

N = C · σ−m, (4.5)
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Figure 4.4. Rainflow counting algorithm. The black dots denote the extrema of the load
history. The analysis starts from time 0 (from the top) by letting a "drop" fall from every
local extremum. After one "drop" finishes its fall the next is initiated. It falls until: (1) it
"falls out" (1,2,6,8), (2) encounters a previous drop (4,5,7), (3) passes a larger minimum
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same lengths and opposite directions form load cycles (3-4,7-8,2-5). The load amplitude is
the distance traveled by the "drops" (A34, A78, A25). The unmatched drop runs constitute
half-cycles (1,6) and their corresponding amplitudes (A1, A6).

where σ is the stress amplitude, N is the number of cycles of amplitude σ that the

material can withstand, C is the maximal static stress that the material can with-

stand and m is a parameter commonly denoted as Wöhler coefficient. The Wöhler

coefficient and maximal static stress are empirically determined material-specific pa-

rameters. The Wöhler coefficient between 3 and 5 is typically used for welded steel

wind turbine components such as tower [99], for nodular cast iron the coefficients

between 6 and 8 are used, while for blade composites the Wöhler coefficient ranges

between 8 and 12 [?].

Palmgren-Miner rule is commonly used to determine the total damage of a struc-

tural component. It is also called the linear damage hypothesis. It defines the total

damage C as:

Dt =
M∑

j=1

nj

Nj

, (4.6)

where nj is the number of cycles that the structure undergoes at stress level σj , and

Nj is the number of cycles with stress amplitude σj that leads to component failure.
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The Palmgren-Miner rule states that the failure occurs when C surpasses one. The

maximal number of cycles at particular amplitude is determined from the S-N curve.

Damage equivalent loads

Computation of wind turbine component fatigue life at design stage is a complex

procedure that includes the exposure of every component to different sets of periodic

loads in a laboratory or simulation setting. The structural responses obtained from

different tests are then weighted according to probability of occurrence of a particular

load during wind turbine operation at a tentative sight. The Palmgren-Miner rule

is then used to evaluate the total damage during the required operational life (20

years according to current standards). If the total damage does not exceed 1 the

component is safe to be included in the design.

The damage equivalent load (DEL), unlike the fatigue life computation, provides

a measure of the accumulated damage in only one specific load history. Therefore,

it is very convenient for control design evaluation, since it can serve as basis for

direct comparison of structural damage at given wind conditions for two different

controllers. The damage equivalent load is defined as the amplitude of a sinusoidal

stress of constant frequency f that produces the same damage as the original signal

in time T . By using the Palmgren-Miner rule (4.6) and the S-N curve (4.5), the DEL

can be determined as [97]:

DEL =

(
M∑

j=1

σm
j nj

Tf

) 1
m

. (4.7)

Damage equivalent loads have originally been used for determining the amplitude

of sinusoidal loading that should be applied at the component in laboratory testing

to obtain the damaging load equivalent to complex load cases prescribed in the

standards for wind turbine design testing. Employing the simple harmonic load

oscillations in laboratory testing is not only simpler, but it can also reduce the testing

time, since by using a higher frequency of oscillations the testing time required to

achieve the same fatigue stress decreases.

For the purpose of control design comparison only the relative values of DEL are

important, so we typically use Tf = 1. Also, if one assumes stress is proportional

to bending moment, which is true for uniform cross-sections under bending (see

Sec. 4.1 and App. B), one can compute DEL based from bending moments instead

of stresses. Such procedure is also allowed for wind turbine certification purposes

[97], [100], and it is a common approach for estimation of fatigue for control system
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evaluation, see e.g. [15], [101]. Under such conditions, it is sufficient to use aero-

servo-elastic simulators for control analysis (such as the one described in Sec. 6.2).

It is not necessary to use very complex finite element method models for detailed

simulation of structural elements that are required if the exact stress at a certain

point of structure needs to be calculated.

In this thesis the MCrunch code [102] is used for computation of damage equiva-

lent loads, which is implemented in MATLAB. The Wöhler coefficient m = 4 is used

for computation of tower and shaft damage equivalent loads, while m = 10 is used

for blade fatigue estimation.

4.2.2 Loads on structure components

The external loads that occur during normal operation can be roughly classified ac-

cording to the character of their time evolution to cyclic loads, stochastic loads and

transient loads. The cyclic loads have very pronounced certain harmonics and they

occur due to e.g. effects of rotation in the wind field with uniform characteristics

or due to reversals of gravity effects during rotation. The cyclic loading introduces

large number of load reversals and furthermore, if the frequency of forcing is close

to a certain natural frequency of the structure, it can cause resonance. The stochas-

tic loads occur mostly due to influence of stochastic wind field on the rotor. The

stochastic loads have a complex spectral structure, so their influence on the structure

can range from forced oscillations, during which the structure responds to the low

frequency contents of the external load, to resonant oscillations, where the resonant

vibration is excited and it becomes the most pronounced component of the response.

The transient external loads occur from control actions, for example from the change

of pitching torque or generator torque. The transient loads can be low frequent, such

as pitch torque changes, since they are obtained from a hydraulic or electromechan-

ical actuators that are controlled by a servo system that insures bumpless control.

However, the generator torque is controlled by a frequency converter that has a very

fast dynamics in comparison to turbine control and therefore typically the generator

torque changes have a stepwise character. This is pronounced in the control system

used in this work. The step transients contain all frequency components and can

potentially introduce resonant response.

The effect different external loads impose on particular components are described

in the following. The coordinate systems in which the typical loads on components

are defined is given in Fig. 4.5.
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Figure 4.5. Standard coordinate systems for wind turbine load evaluation, [65, 97]. The
blade root coordinate system (rotates with rotor, does not rotate with pitch angle): xb –
downwind, perpendicular to rotor plane, zb – along the blade. Nacelle coordinate system
(yaws with nacelle): xn – downwind, along the main shaft, zn – vertical. Tower base
coordinate system: xt – downwind, zn – vertical, along the tower. The y-axes for all systems
are defined to give a right-handed co-ordinate system

Blade loads

Aerodynamic forces lift and drag (or similarly thrust and torque) acting on the blade

elements are the main cause of blade loads. The aerodynamic loads contain the cyclic

and the stochastic component.

The cyclic components arise from the characteristics of the mean wind speed field.

As it is explained in Sec. 3.2 the boundary layer is characterised by the wind shear,

which is the increase of mean wind speed with the distance from ground. When a

blade is rotating in such non-uniform wind field it experiences the periodic changes in

the wind speed (and therefore also aerodynamic forces) it experiences, see Fig. 3.2.

The obtained aerodynamic forces’ oscillation has a distinct frequency component

at the rotational frequency (denoted 1P frequency, which stands for one oscillation

Per revolution) and some additional NP frequency components (components at N

multiples of rotor frequency) that arise from the fact that the oscillations are not
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perfectly sinusoidal. The similar frequency content of oscillations arises due to effect

of tower shadow that can also be seen in Fig. 3.2, however the 1P frequency is less

pronounced and the significant oscillations are contributed to high NP frequencies.

The turbulent wind field introduces stochastic oscillations to aerodynamic forces,

the energy of which is, due to wind turbulence spectrum (see Sec. 3.2), is concentrate

mostly at low frequencies. However, due to the fact that turbulent eddies do not fall

apart immediately and travel through the rotor at finite velocity, some eddies are

"sampled" by the blades more than once. This effect also induces certain periodicity

in the experienced wind speed, which gives rise to NP components of the blade

spectra, which is more pronounced when the cumulative effect of all three blades is

taken into consideration.

The periodic forcing of the blades causes oscillating stress. It is extremely impor-

tant that the blades are designed in such a way that the natural frequencies do not

coincide with NP frequencies to avoid resonance.

Except for the wind field the aerodynamic forces are influenced also by the rotor

speed and the pitch angle. By changing any of those the inflow angle of the local

wind field changes that influences the aerodynamic forces (see Sec. 3.3.3). Therefore,

by appropriate adaptation of control actions the oscillations in aerodynamic forces

can be reduced. The established control methodology that utilises this principle is

the Individual Pitch Control (IPC), which is explained in Sec. 4.3.2. Another way

to dampen these oscillations is proposed in this thesis, which is explained in Ch. 8.

Another two relevant external forces that act on blades are are the gravitational

and centrifugal force. Gravitational force introduces a 1P loading component because

the gravitational vector is always pointed to the ground while the blades rotate. The

centrifugal force acts radially and is proportional to the rotational speed. Those

forces influence the internal blade damage loads to a much lesser extent than the

aerodynamical forces.

For each blade element a strong and a weak principal axis can be defined, which

are characterised by the maximal and the minimal second moment of inertia of the

blade element. The strong axis is approximately aligned with the blade element

chord, while the weak axis is perpendicular to the strong axis. Bending about the

weak axis is referred to as flapwise bending, while bending about the strong axis is

referred to as edgewise bending. The direction of the axes changes along the blades

mostly due to different blade twist (but also due to different airfoils). As a result of

such complex geometry, the vibrational behavior of the blade is more complex than

vibration of uniform beams and the vibrations are fully three-dimensional. Therefore

the mode shapes of the blades are more complex than mode shapes of uniform beams.
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As representative blade loading in control design it is typical to observe the

bending moments at the blade root. Since the blade basically behaves like a beam

fixed at one end, the root bending moment is he largest bending moment along

the blade span and it is obtained as the integral of forcing along the blade, see

App. B. Due to changes of direction of the flapwise and edgewise axis along the

blade span, these axis are not well defined nor very descriptive for the blade root

loading. Therefore, it is typical to define a rotor plane based coordinate system in

which the blade root moments are observed. The rotor coordinate system consists

of: xb−axis perpendicular to rotor plane, positive in downwind direction, zb−axis

radial to the observed blade, and yb−axis positioned to obtain the right coordinate

system, as depicted in Fig. 4.5. In this coordinate system two components of bending

loads can be defined: the out-of-plane bending moment around the y−axis, Mby, and

the in-plane bending moment around the x−axis, Mxb. The flapwise direction and

the out-of-plane direction are similar at low pitch angles, but they move relative to

one another by changing the blade pitch angle. Analogously, edgewise and in-plane

direction can be considered similar at low pitch angles.

The out-of plane and flapwise bending moments are mainly influenced by the

effect of the aerodynamic thrust, while the in-plane and edgewise bending moments

are mainly influenced by the rotor torque, gravity and changes in rotor speed. The

out-of-plane bending moments are very large due to blade geometry that exhibits

small second moment of inertia in this bending direction. Both fatigue and extreme

loads are significant for this bending component. The in-plane bending is less pro-

nounced due to large structural stiffness in the edgewise direction and due to the

fact that the blade rotates – the blade root is not a fixed vertex of the large torque

force. The most important loading effect in the in-plane direction is obtained from

the gravity reversals. Therefore, the out-of-plane bending is predominantly drives

fatigue damage.

The blades also experience torsional moments mostly induced by blade pitching,

as well as radial forces due to centrifugal forces and gravity. These loads are not

crucial for blade operation so they are not elaborated further.

The rotor hub is the joint between the blades and the main shaft and its loading

is the result of such interaction. The rotor hub is externally loaded by all three blade

root loads as well as the main shaft loads.

Main shaft loads

The main shaft connects the rotor hub to the gearbox or to the generator in the

direct-drive wind turbines. In wind turbines with gearbox the main shaft is also
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referred to as low-speed shaft. The main contribution to shaft loading is of torsional

character. The shaft torsion occurs due to unbalanced torques acting on opposite

ends of the shaft. The rotor torque on one side has a stochastic nature, which is

the result of stochastic wind field, while generator torque, transmitted to the shaft

through gearbox, or directly, is adapted to obtain the desired power. The torsion is

to an extent reduced by turbine variable speed operation because the rotor inertia

acts like a low pass filter at transmitting the torque. The torsional vibrations can

also be described in a analogous manner as bending vibration, it is too characterised

by a natural frequency. The dynamical imbalance of shaft torques can induce shaft

vibration and resonance and therefore shaft torsion can be characterised as fatigue

prone load.

The shaft is also externally excited by the rotor forces that are not symmetrical

with respect to the shaft axis. The gravitational force and the out-of-plane blade

bending moments due to wind shear cause such uneven loading, which translates to

main shaft bending. Also, rotor weight induces shaft bending. However, since the

shaft is supported by bearings at its ends, a significant part of bending moments are

taken over by the bearings. Additionally, bearings take over the axial forces that act

on the main shaft that are induced by rotor thrust.

The wind turbine drive train typically consists of a gearbox and a high speed

shaft that is connected to the generator. The high speed shaft is much shorter than

the main shaft and therefore can be considered torsionally stiff. The evaluation of

gearbox loads is a complex task that requires different procedures than for other tur-

bine components, however the torsional shaft load can be considered as the measure

of gearbox fatigue [103].

The shaft loads are typically expressed in the nacelle bound coordinate system,

where the x−axis is aligned with the shaft and points downwind, z−axis is vertical,

while y−axis is defined in such manner that the coordinate system is right-oriented,

see Fig. 4.5.

Tower loads

The most significant tower loading arises from the aerodynamic thrust that pushes

the rotor downwind, which is transferred to the tower through rigid connection with

the nacelle. This external loading is stochastic by nature. The gravity on the blades

and wind shear introduce a constant component of tower loading because they are

constant in the tower inertial system, i.e. the vector sum of the forces acting on the

three blades is approximately constant. The localised wind field irregularities such

as tower shadow introduce the oscillations at blade passing frequency 3P and its
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multiples. The tower typically exhibits relatively low structural damping. However,

in the case of oscillation in the fore-aft direction aerodynamic damping increases the

total damping significantly so resonant oscillations are not extremely pronounced.

The generator and shaft torque is also transferred to the tower through gearbox

and generator mounting. This external loads act in a side-side plane of the tower

and they consists of a constant mean component (the driving torque) that keeps the

tower slightly bended sideways and the superimposed oscillations. The first side-

side tower vibration mode is very lightly damped and therefore large oscillations can

occur. However, the excitation of this mode is relatively low.

The tower internal loads are typically observed at the tower root, since the tower

acts like a cantilevered beam, see App. B. The tower root bending moment can

therefore be considered as representative for the entire tower. The tower loads are

typically presented in a coordinate system that comprises the xt axis pointing parallel

to turbine shaft, the vertical zt axis, while the yt axis is assigned to form a right-

oriented coordinate system, see Fig. 4.5. During turbine yawing the coordinate

system rotates even though the tower is fixed, in order to uniquely define the fore-aft,

Myt, and side-side moment, Mxt, with respect to rotor plane. However, due to yaw

motion the fore-aft and side-side bending change their direction towards the tower.

That is the reason why the towers are always built symmetrically – all dimensions

of the tower need to be able to withstand maximal loading.

4.3 Wind turbine control

Modern megawatt-scale pitch-to-feather regulated variable-speed wind turbine re-

quires a wind turbine controller to govern its operation. The task of wind turbine

controller is to determine the references for the pitch angle and generator power (or

torque), which are delivered to the pitch and generator controller, respectively, see

Fig. 4.1. The pitch controller is a servo system that positions the blades by using

an electromechanical or hydraulic actuator. The generator controller consists of a

frequency converter through which the generator is connected to the grid and which

assures that generator tracks the given power (or torque) reference. Since generator

torque is controlled electronically, the generator controller response and the system

transient is extremely fast, in range of milliseconds. The change of pitch angle is

performed mechanically and it is a considerably slower action, with transients in

range of seconds.

The term pitch-to-feather describes the aerodynamic principle used to control the

turbine rotational speed – when the wind is strong the blades are pitched out of the
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wind to reduce the lift and limit the rotor speed. There also exists another control

principle called pitch-to-stall, which requires the blades to be pitched into the wind

at high wind speed in order to induce the stall effect and thus reduce the rotor speed.

The active stall turbines are not the prevalent technology at the moment, so they

are not considered further.

The controllers of large-scale wind turbines installed within wind farms have the

ability to receive an external power references. The wind turbine controller objective

is to: (i) maximise the power production when required power is not available; (ii)

track the power reference when the required power is available; (iii) maintain safe

operation. Maintaining safe operation includes keeping the rotation speed, generator

torque and generator power within the prescribed bounds. Wind turbine controller

also includes safety control sequences, start-up and shut-down procedures, but those

are out of the scope of this work. The wind turbine controller acts in response to

obtained measurements of process variables. The classic wind turbine controller for

the pitch and generator control uses measurements of the generator speed, power and

pitch angle. Some more advanced controller architectures additionally use nacelle

wind speed measurement, measurement from accelerometers mounted at the tower

top and strain measurements from strain gauges at rotor blades.

4.3.1 Conventional wind turbine controller

The duality of control requirements (maximisation of power versus power tracking)

requires a hybrid approach to controller design. In the following the principles of

power maximisation and power tracking, as well as the design of an overall con-

troller, are explained. The described principles are well established approach for

wind turbine control design and there are number of references in which they are

described in detail, e.g. [1],[104],[16]. The section is concluded with a brief overview

of advanced controllers that can be used in combination with the baseline controller,

which are not the industrial standard, but were given much consideration in wind

energy research literature.

Power maximisation

The static expression for wind turbine aerodynamic power is given by (3.26):

P =
1

2
ρR2πCP(β, λ)v

3, (4.8)



64 Chapter 4. Wind Turbine Loads and Control

where ρ is the air density, R is the rotor radius, v is the wind speed, β is the pitch

angle, λ is the tip-speed ratio,

λ =
ωrR

v
, (4.9)

and CP is a power coefficient given by a function in pitch angle and tip-speed ratio

qualitatively depicted in Figure 3.11. From the considerations in Section 3.2, one

can conclude that at given wind speed v the aerodynamic power function (4.8) has a

distinct maximum at a certain pitch angle and tip-speed ratio. This conclusion can

be drawn from both the simple actuator disc model and the blade element model,

where it is shown that the lift coefficient (depicted in Figure 3.10) has a distinct

maximum at certain angle of attack, which transforms to a torque maximum, while

β and λ define the angle of attack.

Since the turbine is controlled according to the pitch-to-feather principle, the

blades are mounted in such a way that the minimal obtainable pitch angle, which

we denote as zero pitch angle, leads to largest power production. From the power

coefficient function of a given turbine one can then easily read out the maximal power

coefficient, Cmax
P , and the optimal tip-speed ratio λopt for which the coefficient admits

this value. If one would be able to measure the rotor effective wind speed correctly,

the optimal rotor speed would be easy to determine. However, the problem is that

the wind speed is hard to measure, the measurement devices are typically located

behind the rotor and therefore their measurement is severely disturbed by the air flow

generated by rotation. To circumvent this inconvenience, another way is typically

used to control the wind turbine to its maximum without relying on the wind speed

measurement.

The wind turbine power can be related to the rotor speed and rotor torque ac-

cording to:

P = Tr · ωr, (4.10)

where Tr is the rotor torque and ωr is the rotor speed. Using (4.8) and the definition

of the tip-speed ratio (4.9) the rotor torque can be determined by the equation:

Tr =
1

2

ρR5πCP(λ, β)

λ3
ω2
r . (4.11)

Then, if the maximal power coefficient CP,max and optimal tip-speed ratio λopt are

known, one obtains:
Tr

ω2
r

=
1

2

ρR5πCmax
P

λopt

:= Kλ. (4.12)

This expression defines the ratio between the rotor torque and the square of rotor

speed that assures that the wind turbine is operating at the maximum of its power
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curve, i.e. with maximal aerodynamic efficiency. This ratio is denoted as a constant

Kλ. This expression is used to design the controller for power optimisation.

The controller for power optimisation keeps the pitch angle constant at zero

degrees and controls generator torque to maintain the prescribed ratio between the

rotor torque and the square of rotor speed. The generator speed is used as a controller

feedback, since the generator speed is easily measurable and therefore a typically

available at any wind turbine control system. Since low speed shaft and the high

speed shaft are connected through a gearbox, the following expression is obtained:

Tg =
Kλ

I
ω2
g, (4.13)

where I is the gear ratio. This simple expression is a nonlinear feedback controller

for wind turbine power maximisation. For typical power characteristics this control

law ensures stabile wind turbine operation with satisfactory dynamic response. For

details see [105].

The characteristic of the operation in power maximisation mode is that the wind

turbine operates at a range of rotor speeds. Since, as discussed in Section 4.1, the

turbine structure is excited at the frequency of rotation (and multiples thereof), it is

often the case that some of the rotation speeds are close to certain natural frequency

of the structure. For example, it is a common case that the tower first mode falls

into operating region of power maximisation. Then, these critical frequencies need

to be avoided to eliminate the possibility of resonance. For details see [1] or [105].

The power maximisation can not be performed in the entire operating region of

the wind turbine, since both the rotational speed and power at which a turbine can

operate are limited by its mechanical and electrical design. Therefore, at certain

power or speed level, whichever comes first, the power maximisation needs to be

abandoned. Also, when a wind turbine is required to operate at a given power level,

set by a supervisory controller, once the required power level is reached the control

principle needs to change.

Constant power production

When the maximal available power of the wind turbine Pmax = 1
2
ρR2πCmax

P v3 for

given wind speed v is larger than the power reference Pref the control objective is

no longer to maximise the available power, but to maintain the demanded power

production. That is accomplished by reducing the aerodynamic conversion efficiency

by pitching the blades out of the wind, i.e. increasing the pitch angle. In parallel,

the generator torque is used to maintain power tracking.
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The pitch angle is adapted in closed loop in order to maintain the generator speed

at its nominal value. This is typically accomplished by utilising the gain scheduled PI

controller. Gain scheduling is used in order to maintain the similar dynamic response

throughout the operating region in which the rotor toque sensitivity to changes of

pitch angle ∂Tr

∂β
changes significantly. When designing a pitch controller one needs to

assure that enough damping is provided at tower natural frequencies to prevent the

vibrations that can arise due to the inherent feedback of tower vibration to effective

wind speed, aerodynamic torque and consequently rotational speed. The first tower

mode is typically the only natural frequency that falls into the bandwidth of the

pitch actuator. One typical way to parameterise this PI controller is described in

[106].

Since pitch actuator has significantly slower dynamic response than torque con-

troller, the speed tracking is not very tight, especially during gusty winds, the dy-

namics of which can not be tracked by the pitch angle. If the generator torque is

kept constant the oscillations of the aerodynamic torque are directly transmitted to

oscillations in the supplied power. Therefore, the power reference is not tracked well

and the power drops, as well as power overshoots, occur. Even if the wind speed

is high and the required power is available, if the wind speed drops suddenly the

power output can be lower than required because the pitch angle reduces too slowly.

Therefore, above rated wind speed the torque controller is also included:

Tg,ref =
Pref

ωg
. (4.14)

This feedback slightly destabilises the system, since the rise in generator speed is

matched by the drop in generator torque, which leads to further speed increase.

However, in practise this has proven to be of a minor effect and it is widely used

as benchmark research controller as well as a part of commercial controllers, [107],

[106].

The overall constant power production controller is depicted in Figure 4.6. Typ-

ically the generator speed used for feedback is filtered to eliminate oscillations at

shaft natural frequency. The rate of pitch references is limited to accommodate the

actuator constraints.

Full operating region controller

Due to limitations on generator speed, the power maximisation and constant power

operating regime typically can not cover the entire operating region of the controller.

The reason for that is the fact that the curve Tg = Kλ/I ·ω
2
g crosses the nominal gen-
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Figure 4.6. Wind turbine controller for power tracking

erator speed ωg,nom at generator torque smaller than the nominal generator torque,

Tg,nom = Pnom

ωg,nom
. Therefore, at a certain generator speed the optimisation characteris-

tic needs to be abandoned. The power optimisation region and power control region

are typically connected by a linear torque characteristic. Similarly, a transition re-

gion is necessary at low generator speed too, since at the minimal generator speed

required for turbine operation the optimal generator torque is relatively large. The

static characteristics of NREL 5 MW reference turbine can be seen in Sec. 6.1.

So far it has been stated that the power maximisation mode is active when

the available power is smaller that the required power, while the constant power

production is active when the available power is larger than the required power, where

available power is obtained as Pmax = 1
2
R2πCP,maxv

3. The first problem with such

switching criteria is that the wind speed measurement is not very informative. Since

the available power is a function of wind speed raised to third power, large error is

generated from wind estimation errors. Secondly, switching between different control

actions according to such criteria would not ensure smoothness of control actions,

which would lead to large actuator wear and unpredictable operation. Therefore,

a more complex switching scheme is employed that takes into account the state of

control inputs. The important rules are that the region 3 (i.e. constant power regime)

remains active as long as the pitch angle is not zero, and as long as the generator

speed is larger than rated. The exact implementation of the wind turbine controller

for the NREL wind turbine is described in Sec. 6.1.
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4.3.2 Advanced wind turbine control concepts

The so far described controller design is encountered throughout literature and in-

dustrial practice. It is simple, easy to implement and its robustness is satisfactory.

However, there have been many reported attempts to improve this controller design.

The main motivation for this is to increase power production and to reduce loads

that occur at wind turbines.

The main issue regarding the described power maximisation principle is that it

is based on a static power curve and that it relies on the parameter Kλ that is a

function of the variable air density and a CP curve with limited accuracy. The air

density changes with the weather conditions, while CP curve is obtained by data

fitting and/or theoretical models and is not exact. The most established solution

for this issue is Maximum Power Point Tracking (MPPT) methods for optimum

searching, see e.g. [108]. This method introduces small perturbations into operating

points to search for power increase. Also different adaptive control schemes are used

that continuously estimate system parameters and adapt the control action, see [109]

for an overview.

The load reduction techinques are typically based on an additional load or acceler-

ation measurement. The probably best known load reduction technique is individual

pitch control (IPC), described in [15] and [101]. The IPC strategy requires a mea-

surement from which the information on assymetric rotor loading can be extracted.

These are typically strain gauges at blades, but also load measurements from the

shaft or hub can be used. Through feedback based on such measurements the cyclic

variations of the pitch angle are introduced to reduce the 1P component of bending

moments. The concept relies on the ability to control the pitch angles of the blades

individually. The controller design uses a d-q transformation and a dynamic con-

troller in a d-q system that can be either a simple PI controller or a more complex

linear-quadratic optimal controller. The result is the reduction of the 1P out-of-plane

load component on turbine blades, 3P out-of-plane load component at hub and 3P

component of vertical bending of the shaft. The slight adaptation of technique en-

ables the algorithm to eliminate higher harmonics of the loads. Similar results can

be obtained by Higher Harmonics Control (HHC) approach described in [110].

There are several well established controllers that are added to the basic wind

turbine controller in order to actively damp structural vibration close to natural

frequencies of particular structural elements. The control concepts are based on

a feedback from a measurement that contains information on the vibrations. The

measurements are notch filtered and fed back to the system through appropriate

actuator. The established solutions are, [16], [111]:
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- Adjustment of the generator torque based on the generator rotational speed

for enhanced damping of the first drive-train mode;

- Adjustment of the generator torque based on side-side tower acceleration mea-

surements for enhanced damping of the first sideward bending mode; and

- Collective pitch control based on fore-aft tower acceleration measurements for

enhanced damping of the first fore-aft bending mode in full load conditions.

The careful design of these add-ons is required to ensure stability of the overall

control system, which is depicted in Fig. 4.7.

Additionally, some attempts have been reported in literature that use model

predictive control for wind turbine control, see e.g. [112]. The downside of such

approach is the requirement for a relatively large model (10 states) in combination

with a short sampling time (20 miliseconds) and long horizons required to guarantee

stability. Such requirements are restrictive implementation-wise.

One should notice that all the established concepts for load reduction at wind

turbine controller level aim at reducing strictly periodic events, which are definitely

an important driver of material fatigue. The wind turbine control system, as opposed

to the wind farm control system, is a natural place for implementation of these

controller improvements. The main reason is that the control sampling rate of the

wind turbine controller is around ten times faster than the control sampling rate of

the wind farm controller and the structural oscillations of the wind turbine structure

occur at high frequencies. For active damping of oscillations it is very important to

have fast sampling rates because the undersampling and delay-induced phase shifts

significantly deteriorate the controller performance, which would necessarily occur
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if the control actions would be governed by the wind farm controller. However, all

described control principles assume that the power production is the main objective

of the wind turbine control. As explained in Ch. 2 that is not always the case

in modern wind farms, so the trade-off between the power production and load

reduction remains to by explored.



Chapter 5

Hierarchical Optimal Wind Farm

Controller

The closely-spaced wind turbines, which are typically encountered in large wind

farms, effectively share the common energy resource. The turbine interaction arises

from wake effects – as described in Section 3.4.1, wind turbines captured by wakes

of an upwind turbine operate at reduced mean wind speed and increased turbulence

intensity. The fact that the wake can be changed by modifying the operation of the

upwind turbine, which then influences the operation environment of the turbine(s)

operating in its wake, the wind farm can be regarded as a single aerodynamic system

that comprises a number of coupled subsystems – wind turbines. The overall system

could then be controlled to obtain the farm-wide optimal operation. In comparison

to such holistic control approach, assumption that a wind farm is simply a collection

of decoupled wind turbines is, from controller design perspective, suboptimal.

The design of the optimal wind farm controller is an extremely complex and,

given available knowledge on wind farm aerodynamics and wind turbine loading (see

Chapters 3 and 4), unfeasible in practice. There are three crucial problems:

1. The available models of wind farm aerodynamics described in Section 3.4.2 are

not adequate. The engineering models are extremely simple and not applica-

ble for real-time simulation or dynamic controller design – they only model

the average conditions. The flow models, on the other hand, are restrictively

complex – they are based on a chaotic model spanning large variety of time

scales.

2. In modeling research available in literature the wind farm aerodynamics and

wind turbine structural dynamics are treated separately. For optimal controller

design that utilises the coupling of turbines through wind field and aims at

reduction of loads a model that encompasses both phenomena is required.

3. DNS and LES flow models are, unlike engineering models and RANS flow

models, capable of modeling the propagation of wind flow disturbances (such as

71
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large wind gusts) through the wind farm. This is very interesting for wind farm

controller design since in that case the upwind turbines can be used as a network

of sensors to obtain the feed-forward information for the downwind turbines.

Unfortunately, as described in Section 3.4.2, the DNS and LES models for large

wind farms are extremely computationally complex and these models are still

in a research phase, requiring dedicated software and hardware and very large

computational times. Therefore, within this thesis such models are not applied

for controller design nor as benchmark setup for controller evaluation.

In this thesis the denoted problems are dealt with in the following manner – a

separation of time scales is used for wind farm controller design. The separation of

time scales is based on the study of wind farm and wind turbine phenomena. It

naturally leads to hierarchical controller design, which is described in this chapter.

In Section 5.1 the new controller concept is described, while in Section 5.2 the oppor-

tunities for wind farm optimisation in the context of hierarchical controller design

are explored.

5.1 Hierarchical wind farm controller design

There are two basic features of the turbulent flow recognised in Sec. 3.1 and 3.2 that

are used to establish time scale separation for wind farm controller design:

- Reynolds’ decomposition, which separates the turbulent flow to mean compo-

nent and stochastic turbulent component; and

- Taylor’s hypothesis, which relates the spatial and temporal characteristics of

wind flow and can be interpreted as: The downwind propagation of flow struc-

tures is governed by the mean wind flow.

Further, it should be noted that a change of wind turbine power reference on

an upwind turbine causes a disturbance in the downwind wind field. According to

Taylor’s hypothesis it is, like all other wind field changes, carried downwind with

the mean flow. According to Kolmogorov theory and evidenced in spatial cross-

correlation fits, the turbulent structures with short length scale are disolved during

propagation. Therefore, the downwind turbine practically "senses" the change in the

mean wind speed that is caused by the upwind turbine, after a transport time

∆T :=
d

V
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. Here d denotes the distance between turbines, V is the mean wind speed, while

∆T is denoted as Taylor’s transport time.

From the above considerations, the Reynolds’ decomposition and the Taylor’s

hypothesis, the following can be concluded:

- The fast scale turbulence is stochastic in nature and uncorrelated at different

turbines. The spatial correlation of turbulence, described by e.g. (3.9), shows

that at distances relevant in wind farms (typically well above 5 rotor diameters,

i.e. more than 500 meters) the correlation practically does not exist.

- The coupling between wind turbines is exhibited on a slow time scale. The

disturbance on an upwind turbine is sensed on a downwind turbine in approx-

imately d
V

time, where d is distance between turbines, while V is mean wind

speed. According to Kolmogorov theory of eddy decomposition, the fast scale

turbulent structures are decomposed during the propagation.

The term slow time scale refers to time scales of the order of magnitude of Taylor’s

transport time, while fast time scale is considered several times faster than Taylor’s

transport time. The motivation is illustrated in Fig. 5.1. These conclusions are also

confirmed by preliminary results from investigation of modeling the correlation on

wind fields on different turbines in [71], which shows entire lack of coherence between

wind speeds measured at different turbines with temporal distance of one second and

an increase of coherence when the temporal distance is increased to 30 seconds.

If one assumes that the separation between wind turbines in a large wind farm is

equal to 500 meters (in Horns Rev wind farm, for example, the separation between

the wind turbines is 560 meters), the Taylor’s propagation time in the operational

region of a wind turbine (which is approximately from wind speeds of 5 m/s until

25 m/s) ranges from 20 seconds to 100 seconds.

The fact that at time scales larger than approximately 10 seconds the wind tur-

bine operation can be assumed static is the final ingredient required for the hierarchi-

cal wind farm controller design. Namely, the main time constants relevant for wind

turbine operation – arising from rotor and generator inertia and actuator dynamics

– are of order of magnitude of 1 second. As it is shown in Ch. 8 the control criteria

that successfully reduces the wind turbine fatigue loads can be established at this

time scale.

The separation of time scales can be used to establish a hierarchical control

scheme depicted in Fig. 5.2, that consists of a slow time-scale controller in the outer

loop and a fast scale controller in the inner loop. The slow-scale controller distributes

references between individual wind turbines based on the overall wind field model
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Figure 5.1. Separation of time scales. The fast scale turbulence on individual wind turbines
is uncorrelated. The coupling arises from wakes.

that captures the slow-scale coupling between turbines, which arises from wake ef-

fects and is driven by dynamics with transport time equal to Taylor’s transport time.

The fast-scale controller considers the references from the slow controller farm-wide

optimal and attempts to track those references, while rejecting fast scale disturbances

that arise from fast turbulent wind fluctuations – the fast controller introduces the

perturbations around the optimal references. It is important to note that control

actions of the fast scale controller do not change the overall slow-scale wind field

– the small fluctuations of wind flow that arise from power perturbations are dis-

solved according to Kolmogorov and incorporated into turbulence before they reach

a downwind turbine.

This controller design has very attractive features from the optimal control de-

sign perspective. Since the inherently nonlinear coupling between subsystems is

attributed to slow time scale, the slow-scale controller can operate with sampling

time long enough to allow complex on-line optimisation procedures. The fast-scale

controller on the other hand uses a simpler decoupled model, the features of which

can then be used to improve computational efficiency in order to run with as fast

sampling time as required.

The principle of hierarchical controller design for optimal control of systems based

on the time scale separation, such as the one proposed here, is described in [113].
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Figure 5.2. Hierarchical wind farm controller. The slow-scale controller (T ≈ 10 s) uses
quasi-stationary wake models to optimise the distribution of mean power references, and the
fast-scale controller (T ≈ 1 s) variations around given power references to minimise wind
turbine loads.

5.2 Concepts for optimal wind farm control

The proposed hierarchical controller design allows implementation of different con-

trollers that aim to optimise the wind farm operation taking into account different

concepts. Three different concepts that hold potential for improvement of wind farm

operation are described in the following, in the context of hierarchical wind farm

controller concept.

5.2.1 Reduction of wake effects

The basic premise behind wake reduction concept is that by appropriate modification

of operation of upwind turbines the wake effects on the downwind turbines can be

mitigated. There are several successful reports in literature of such attempts, with

a primary aim to increase overall wind farm power production, but also to decrease

loads on downwind turbines.

The Energy Research Centre of the Netherlands (ECN) invented and patented

two techniques for wind farm performance optimisation that aims at wake reduction

[114]. The two techniques are called "Heat & Flux" and "Controlling Wind". The

former principle aims at affecting upwind turbine axial induction factor to modify the

wake, while the latter uses turbine yawing to alter the wake shape. In the following

the principles are briefly described.

Heat and Flux

The Heat and Flux concept rests on the observation that if the wind turbines at

the windward side of the wind farm are derated, the wake effects experienced by

the downwind turbines will be smaller. Due to larger availability of power at down-



76 Chapter 5. Hierarchical Optimal Wind Farm Controller

wind turbines (that arise from increase of mean wind speed) the cumulative wind

farm power production can even increase despite of derating the windward turbines.

Additionally, such operation can lead to reduction in structural loads. This idea is

used to modify the wind turbine controllers for the turbines that are on a dominantly

windward side of the wind farm. By controller modifications those turbines are made

to operate at larger pitch angle, while the generator torque setting remains the same

[13]. Such operation causes a reduction of power yield of that turbine, but also

a smaller axial induction factor, which means "smaller" and "weaker" wake. The

controller operating points were tested with UPMWAKE model. The tests demon-

strated: (1) a slight increase in cumulative power production of the entire wind farm

in comparison to standard operation, (2) reduction of average loading of the wind-

ward turbines and (3) reduction of fatigue loads of the turbines in the wake [115].

The latest publicly available report on the concept [115] dates back to 2007 and

outlines the plans for experimental verification of the technique as well as potential

commercial exploitation.

Controlling Wind

The Controlling Wind concept aims at yawing the upwind turbines in order to de-

form and redirect their wakes. The deformed wakes should envelope less downwind

turbines and thus cause the increase in power production and reduction of turbine

loads [14]. The effect of wake skewing, on which this concept rests, is a very com-

plex effect, which presents a large modeling challenge. Also, the yawed turbines

experience increased loads due to uneven loading of different rotor parts. The latest

publication [14] reports on the experimental tests in the scaled wind farm, concluding

that the measurement database is still too small to notice the effects.

A statistically driven approach for wake effects reduction is taken in [12], where

the wind farm controller is designed using a cost function that directly maximises

the profit gained from a wind turbine during its life time by balancing the power

production and fatigue accumulation. The controller design is based on genetic

algorithms. The designed controller contains the look-up table with power references

for individual turbines, which it redistributes every hour. The interactions between

wind turbines through wakes are modeled and it is found that different optimal

control laws apply for interacting turbines in comparison to non-interacting turbines.

The conclusion of the work is that all measures of total annual fatigue damage are

achieved for a small reduction in total annual financial income.
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All the above described control principles are based on simplistic design models

and iterative tuning – simulations are run to evaluate the performance and than the

controller parameters are adapted. They are based on static models of wakes. All

three approaches can easily be implemented at slow-scale level of the hierarchical

wind farm controller.

5.2.2 Using upwind information for feed-forward control

A common situation in a large wind farm is that a turbine is located downwind from

another turbine (or several turbines). The upwind turbines are reached sooner by the

approaching wind front. Therefore, theoretically, the upwind turbines can provide

feedforeward information about approaching disturbances to the downwind turbines.

Using upwind turbines as a network of sensors, the downwind turbine would be able

to adapt its operation before it is hit by the disturbance – a large gust for example.

The use of predictive information to improve wind turbine operation has been a

largely researched area lately, especially popularised by the increased use of LIDAR

technology. Successful attempts to improve load and even power production by using

the preview of wind speed are reported in many papers, e.g. [116], [117]. However,

most of the papers on this subject share an unfortunate downside and that is the

fact that they assume the perfect wind speed prediction. From the description of

wind field properties provided in Ch. 3 it is clear that such an assumption is not

valid. Due to inherently stochastic nature of the wind it is very unlikely that perfect

predictions can be obtained even with LIDAR technology. This is explicitly pointed

out and discussed by Bossanyi in [118].

The most descriptive law that can be used to produce the predictions downwind

is the Taylor’s hypothesis that states that that states that the turbulence remains

frozen in time as it is being pushed through space [119]. The Taylor’s hypothesis is

originally designed as an observation/measurement method and essentially describes

the equivalency between the spatial and temporal domain only in probabilistic sense.

However, with a slight abuse of the idea, the hypothesis can be transferred into

deterministic setup, to obtain:

V (x, t) = V (x− v ·∆t, t−∆t), (5.1)

which says that the wind speed at given position x at time t will be equal to the

wind speed at time t−∆t and position x− v ·∆t, where v denotes mean wind speed,

see Fig. 5.3.

Considering the Kolmogorov law, this expression can not hold, since the turbulent
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Figure 5.3. Frozen turbulence hypothesis

eddies are constantly creating and falling apart. However, Kolmogorov law also says

that the larger eddied admit longer length scales, i.e. they remain coherent on a

longer distance while they are carried by the mean wind flow. That means the very

large disturbances could stay coherent while traveling from one row of turbines to

another, which opens an opportunity for wind farm dynamic control. The model

for such control design might be as simple as (5.1), however much attention should

be directed towards dynamic filtering and recognition of (large enough) wind speed

patterns. The principles of large eddy simulation (LES) from computational fluid

dynamics might provide valuable insight in that sense.

The attempts of using this principle for a farm-wide control is, to the best of

authors’ knowledge, not reported in the literature. A somewhat similar principle was

used in [120] using a laminar wind field model to obtain farm-wide predictions, which

does not seem to provide any improvement in comparison to the direct employment

of Taylor’s hypothesis. The wind farm controller based on this model does not seem

to utilise any benefits of this particular phenomena, but relies on additional feedback

on the wind turbine control level.

5.2.3 Dynamic optimisation of wind farm operation

The wind farm control provides some very interesting opportunities for reduction of

loads in the wind farm. Namely, as it was explained in Ch. 2 when the wind farm

is operating to produce smaller amount of power that it is capable of producing,

each wind turbine can be given a reference that is below its available power, so

every wind turbine is free to perturbate the power reference around that fixed mean

reference. Reviewing the conclusions of Ch. 3 one can conclude that the turbulent

excitation of different turbines is largely decoupled due to short length-scales in

typical turbulent wind. That means that the perturbations of power due to turbulent

wind and wind turbine dynamics are also going to be largely decoupled. If one

would issue requirements for perturbations (on the fast time-scale) in a coordinated
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manner, in a large enough wind farm it might easily be the case that the behavior

of the entire wind farm would improve. This hypothesis will be tested in Ch. 8 and

9. Since this concept relates to the fast and decoupled wind farm dynamics, it is

naturally implementable as a fast controller. To the best of authors knowledge, such

attempts have not been reported in literature.





Chapter 6

Wind Turbine and Wind Farm

Models

In this Chapter an overview of models used in this work is provided. All models

are based on the 5 MW reference wind turbine benchmark model described in [106].

This turbine model is widely used for evaluation of control design in literature. The

main turbine parameters are given in Table 6.1, while the natural frequencies of the

structure are provided in Table 6.2.

Table 6.1. Wind turbine parameteres [106]

Nominal power 5 MW
Rotor orientation Upwind

Drivetrain High speed, multiple stage gearbox
Rotor diameter 126 m

Hub height 90 m
Cut-in wind speed 3 m/s
Rated wind speed 11.4 m/s

Cut-out wind speed 25 m/s
Cut-in rotor speed 6.9 rpm
Rated rotor speed 12.1 rpm

The model presented in Section 6.1 is the wind farm simulator developed in Aeolus

project. The aim of this simulator is to serve as benchmark for wind farm controller

design. It is the first simulator reported in literature that is capable of simulating

the effect of wind turbine control on the wind field. As such it is the appropriate

benchmark for tests of controllers developed in the work. The special emphasis is

put on the description of wind field model in which the author contributed.

The wind turbine simulator described in Section 6.2 is the current state of the

art aero-servo-elastic simulator, which models the wind turbine aerodynamics and

structural response in lot of details. This wind turbine simulator is recognised by cer-

tification bodies as appropriate for wind turbine certification tests and therefore the

obtained results can be considered very reliable. This simulator is used in Chapter 8

to evaluate the developed wind turbine supervisory controller.

81
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Table 6.2. NREL Wind turbine natural frequencies [106]

Mode Description Natural frequency [Hz]
1 1st tower fore-aft 0.3240
2 1st tower side-side 0.3120
3 1st drivetrain torsion 0.6205
4 1st blade asymmetric flapwise yaw 0.6664
5 1st blade asymmetric flapwise pitch 0.6675
6 1st blade collective flap 0.6993
7 1st blade asymmetric edgewise pitch 1.0793
8 1st blade asymmetric edgewise yaw 1.0898
9 2nd blade asymmetric flapwise yaw 1.9337
10 2nd blade asymmetric flapwise pitch 1.9223
11 2nd blade collective flap 2.0205
12 2nd tower fore-aft 2.9003
13 2nd tower side-side 2.9361

In Section 6.3 a simple wind turbine model is developed to serve as a control

design model for wind farm control design. The model describes the dominant dy-

namic behavior of wind turbine at aimed time scale. The control design modeling

principle is validated on the measurements from an operating wind turbine installed

at a large offshore wind farm.

6.1 Wind farm simulator

The wind farm simulator described in this section is developed within the Aeolus

project for the purpose of simulation and evaluation of wind farm controllers that

send wind turbines the power references and collect wind turbine measurements with

the control loop sampling time of 1 second. The simulator is required to:

- provide a realistic interface for wind farm controller,

- simulate all turbines in parallel in order to enable an appropriate feedback for

the wind farm controller,

- enable evaluation of load reduction by modeling wind turbine structural re-

sponse,

- model the coupling of turbine wind fields through wakes,

- model the wind field correlation of closely-spaced wind turbines.

To satisfy all the requirements and still be able to simulate reasonably large wind

farms (since this type of controller is aimed for installation at large wind farms) on an
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average computer, the model complexity needs to be kept relatively low. Therefore,

the choice of submodels is driven by the trade-off between computational complexity

and details of modeled response.

The developed wind farm simulator goes by the name SimWindFarm and it is

available for download as an open-source MATLAB toolbox at

http://www.ict-aeolus.eu/SimWindFarm/.

6.1.1 Wind turbine model

Wind turbine model in SimWindFarm is a simple nonlinear model, the likes of which

are often used for controller design and evaluation. Its subsystems and the connection

diagram can be seen in Fig. 6.1.

The following notation is used:

Pref wind turbine power reference [W],

vrot effective wind speed on the rotor [m/s],

vnac wind speed measured on the nacelle anemometer [m/s],

P active electrical power [W],

β (βref) collective pitch angle (reference) [◦],

ωr rotor speed [rad/s],

ωg generator speed [rad/s],

Tr rotor torque [Nm],

Tg generator torque [Nm],

Pg,ref generator power reference [W],

FT rotor thrust force [N],

ẋt tower top velocity [m/s],

βm(ωg,m) measured pitch angle (generator speed) [◦] ([rad/s]),

xc controller states,

ym measurements.
The individual subsystems and states are briefly described in the following.

Aerodynamics

The description of wind turbine aerodynamics relies on a concept of rotor effective

wind speed. The rotor effective wind speed is an artificial signal that depicts the

effect of the turbulent wind over the entire rotor in such manner that the rotor

torque determined from it by using static aerodynamic characteristic is equal to the

rotor torque obtained by the uneven wind field over the entire rotor. By definition,

http://www.ict-aeolus.eu/SimWindFarm/


84 Chapter 6. Wind Turbine and Wind Farm Models

ωr

ωg

ẋt
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Figure 6.1. Wind turbine model

the rotor effective wind speed is given as:

1

2
R2πρCT

(
ωr(t)R

vrot(t)− ẋt
, β(t)

)
v2rot =

3∑

b=1

∫ R

R0

dT b
r (vb(r, θb(t), t), β

b
r(b, r, t))dr, (6.1)

where R0 is the the distance from blade root to hub center, R is the rotor radius, dT b
r

is the contribution to rotor torque obtained from the blade element of b−th blade at

radius r from the hub center, vb(r, θb(t), t) is the wind speed in the blade coordinate

system at location (r, θb(t)) in rotor polar coordinates (θb(t) is the azimuth of the

b−th blade at time t), βb
r(b, r, t) is the pitch angle of the b−th blade element at radius

r and time t. Since the rotor effective wind speed is not a physical variable (rather

a concept used for modeling simplification) it can not be measured.

Using the concept of rotor effective wind speed the aerodynamics of the wind

turbine can be described via static expressions for wind turbine rotor torque and

thrust force, obtained from turbine static aerodynamic properties:

Tr =
1

2
R3πρCQ(λ, β)v

2
rot, (6.2)

FT =
1

2
R2πρCT(λ, β)v

2
rot, (6.3)

where rho is air density, R is rotor radius, CT is the thrust coefficient, CQ = CP

λ
is

the torque coefficient, β is the collective pitch angle, λ = ωrR
vrot−ẋt

is the tip speed ratio

and vrot is the rotor effective wind speed.
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The upside of using such approach for wind turbine aerodynamics modeling is a

much lower computational effort than in using BEM-type models that consider the

physicality of blades. However, the downside is that the blade dynamics can not be

incorporated in the model, since they are not observed as real entities. Therefore,

this model can be used to estimate blade loads only to limited extent. Also, the

effect of coupling of aerodynamics and structural motion can not be entirely accu-

rately modeled. Namely, the wind that is sensed by a blade element is obtained by

subtracting the velocity of the blade from the wind field speed. Since this model does

not model the flexibility of blades, the relative blade velocity can be considered equal

to the velocity of the tower top. To model the effects of aero-servo-elastic coupling

the tower fore-aft velocity is subtracted from the effective rotor wind speed, vrot− ẋt,

as depicted in Figure 6.1.

Tower nodding

Tower nodding subsystem described the tower motion in the fore-aft plane. The

tower top motion is modeled using the first mode of tower vibration:

FT

meq
= ẍt + 4πζ1f1ẋt + 4π2f 2

1xt, (6.4)

where meq is the equivalent mass that is obtained as a sum of tower mass, nacelle

mass and rotor mass, ζ1 is the damping of tower 1st fore-aft mode and f1 is the

natural frequency of tower 1st fore-aft mode. The tower bending moment is modeled

as the elastic force obtained by tower top deflection acting on the the tower arm:

Mt = −H · 4π
2f 2

1xt, (6.5)

where H is the tower height.

Pitch servo

The pitch servo system models the pitch controller and pitch positioning transient.

It is assumed that the wind turbine uses the hydraulic pitch positioning system (not

defined in [106]). The pitch servo model contains a hydraulic delay, limits on the

pitching velocity, and a first order model of the transient.

Transmission system

The NREL wind turbine transmission system consists of a low speed shaft, a high

speed shaft and a gearbox that connects them. The low speed shaft is relatively
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long and therefore torsionally flexible. The first mode of vibration is modeled, which

corresponds to transfer functions:

Irω̇r = Tr − kφ− Bφ̇, (6.6)

Igω̇g =
1

I
kφ−

1

I
Bφ̇− Tg (6.7)

φ̇ = ωr −
1

I
ωg, (6.8)

where Ir and Ig are rotor and generator inertia, respectively, φ is torsional angle of

the low speed shaft, k and B is equivalent drive train torsional spring and damping

constant, respectively, and I is the gearbox ratio. The low speed shaft torsional mo-

ment (bending moment Mxn according to coordinate systems depicted in Figure 4.5)

is modeled as the elastic torque accumulated at shaft:

TLSS = −kφ. (6.9)

Electric generator and frequency converter

The electrical generator and the frequency converter are modeled very simply, since

electrical transients are several times faster than the mechanical ones. The generator

power is given by:

P = µ · ωgTg, (6.10)

where µ is the generator efficiency. The generator torque is modeled as a first-order

linear system with time constant τg that lumps together the transient of the frequency

converter control and the generator:

τgṪg + Tg =
Pg,ref

ωg
. (6.11)

Wind turbine controller

The wind turbine controller is a classical controller, as the one described in Sec. 4.3.

It contains two basic modes of operation, the power maximisation and power control.

The NREL control system also consists of two tracking loops, the one which

determines the power reference and the other which controls the pitch angle. There

are two control configurations:

1. Tracking the demanded power :

The reference power is equal to the demanded power increased to compensate

for generator efficiency and limited to the generator rated power. The rota-

tional speed of the wind turbine generator is controlled by a gain scheduled
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Figure 6.2. NREL wind turbine controller

PI regulator. The scheduling is done according to the demanded power and

reference pitch angle.

2. Maximising power production:

The reference power is determined according to a nonlinear function imple-

mented as a look-up table. The pitch angle is set to zero.

The switching logic is such that the first configuration – the tracking of the demanded

power – is active when at least one of the following conditions is satisfied:

• Pref ≤ Topt · ωg,filt, i.e. when the available power is larger than the power

reference,

• ωg,filt > ωg,nom, i.e. when the generator speed is larger than the nominal gener-

ator speed (cases of overspeed), or

• βref(t− 1) > 0, i.e. when the pitch angle was active in a previous time step (to

prevent unnecessary switching between regions under small disturbances).

The first condition is the most natural condition for the power tracking – it states

that the available power is larger than the demanded power. The second condition

engages pitching when the rated speed is (almost) reached – in order to start tracking

the rated rotor speed. The third condition prevents jumps in reference pitch angle –

active pitching has to drive the pitch angle to zero.
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The optimal generator torque as function of generator speed is given on Fig. 6.1.1.

As it can be seen from the figure, this characteristic consists of four parts: for very

low generator speed the torque is zero (the wind turbine can not produce power if

the rotor is rotating at very low speed), for low generator speed the characteristic

is linear (affine), at medium generator speeds the characteristic is quadratic and at

high generator speeds again linear (affine). The function is not defined for generator

speeds above the nominal speed because at such wind speeds the optimal torque

control is never active.
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Figure 6.3. NREL optimal torque characteristic

It is well known from wind turbine control theory that the rotor torque has to be

proportional to the squared rotor speed to maximise the power output, see Sec. 4.3.

This optimal speed - torque curve can not be implemented in the whole operating

region due to constraints on generator speed – the generator can not permanently

operate at rotational speed lower than Ωg,min nor higher than ωg,nom. Typically, the

affine control characteristics are used to connect these operating region, in a manner

shown in Figure 6.1.1, see e.g. [1].

6.1.2 Turbulent wind field simulation

A crucial part of wind farm simulator is the simulation of wind field that needs to

appropriately model: (i) the wind turbine excitation and (ii) interaction between

turbine and the wind field. As described in Ch. 3, the modeling of a wind field is an

extremely complex task, which can become prohibitively computationally expensive.
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Therefore, the wind farm simulator aims at simple wind field description that still

appropriately illustrates the stochastic nature of wind and the interaction principles.

Typical assumption of separation between turbulent and mean wind part accord-

ing to Reynolds’ decomposition is assumed. The simulator assumes that during one

simulation the mean wind speed is constant, as well as the wind direction. In this

section the principles used for generating the turbulent wind field are depicted, while

in Sec. 6.1.3 the implementation of wake effects is given.

Typical modeling of wind field for wind turbine simulation is done by utilising

the Taylor’s hypothesis, which is elaborated in Sec. 3.1. This hypothesis states

that the advection contributed by turbulent fluctuations can be considered small in

comparison to the mean flow propagation speed and therefore the advection of a

field of turbulence past a fixed point can be entirely assigned to the mean flow, [121].

This is described by the relationship:

∂v(x, t)/∂t = −v∂v(x, t)/∂x, (6.12)

where v(x, t) is the wind speed at time t at location x.

The Taylor’s hypothesis allows for an assumption of equivalency between the x-

axis (downwind spatial axis) and the time axis t according to expression δx = −v ·δt.

When one requires to model the wind flow at one downwind location, such as

a wind rotor perpendicular to the wind direction, one can directly use the Tay-

lor’s hypothesis to generate the realistic wind time series using the following pro-

cedure. Let the wind turbine rotor lay in the (0, y, z) plane of the coordinate

system. The required sampling time is ∆t and simulation time (N + 1)∆t. A

grid of M points is established (chosen by the user) that covers the rotor surface:

{P (0, yi, zi) : i = 1, . . . ,M}. For each of these points one turbulent series is generated

{vsim(0, yi, zi,∆t · n) : i = 1, . . . ,M, n = 0, . . . , N}, such that for every i the gener-

ated series vsim(0, yi, zi,∆t · n) admits the Kaimal (or other) spectrum (per every

component) and that all pairs of series {vsim(0, yi, zi,∆t · n), vsim(0, yj, zj,∆t · n)},

for all i = 1, . . . ,M , j = 1, . . . ,M are appropriately correlated. Due to equivalency

of space and time the generated series can be interpreted as a frozen spatial wind field

v̂sim(−v∆t, yi, zi, 0)) that is pushed through space with velocity v during simulation,

see Fig. 6.4.

This approach for generating wind speed is entirely appropriate when one requires

the simulation at one plane that is perpendicular to the mean flow, which is for

example a perfectly yawed rotor. The procedure based on described principles is

used to simulate turbulent wind in a large number of wind turbine simulators, e.g.
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v

Figure 6.4. Simulation of wind speed using Taylor’s hypothesis

[122], [66].

However, if one requires the wind realisations at several locations in a wind farm,

which are not parallel to the wind front, this procedure does not generate realistic

results. An illustration of the problem is given in Fig. 6.5. Namely, if the wind

turbines are aligned with respect to the mean wind direction as in Fig. 6.5 (they are

one behind another observed in the wind direction), is the wind speed is simulated

using the Taylor’s hypothesis the aligned wind turbines would be exposed to exactly

the same wind speed, only shifted in time. This can clearly be seen from comparison

between the Fig. 6.4 and 6.5. For the presented in Ch. 3, this is not physically

correct. Only the largest turbulent eddies live long enough to be pushed from one

wind turbine to another and even they change during that time.

To appropriately model the physical nature of the process, a new approach is

taken that utilises the Taylor’s hypothesis in a probabilistic sense. A different wind

speed realisation is simulated for a grid of points on every wind turbine (the realisa-

tions for the points at hub height are depicted in Fig. 6.5). These realisations need

to obtain Kaimal spectrum :

fS(f)

σ2
=

4f Lx

v

(1 + 6f Lx

v
)
5
3

, (6.13)

while the coherence between realisations denoted by 1 and 2 is given by [68]:

γ2(f, d12, v) = e−a12(d12/v)f , (6.14)
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Figure 6.5. Generation of rotor wind speed for wind farm simulation

where d12 is the separation distance between points 1 and 2, and a12 is the decay

factor, which is a function of inflow angle α12 according to:

a12 =
√

(along cosα12)2 + (alat sinα12)2. (6.15)

Example of inflow angle and separation distance for some realisations are given in

Fig. 6.5.

The coherence function, along with auto-spectrum given by Kaimal, defines the

magnitude of the wind cross spectrum:

|S12(f)|
2 = γ2(f, d12, v)S11(f)S22(f). (6.16)

The propagation of wind field according to Taylor’s hypothesis is reflected in the

phase shift of the cross-spectrum:

S12(f) = γ(f, d12, v)
√

S11(f)S22(f)e
−j2πfτ12 , (6.17)

where j is the imaginary unit and τ12 is the propagation time of the wind front from

point 1 to point 2, that is determined by their longitudinal separation and the mean
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wind speed according to:

τ12 =
∆x12

v
. (6.18)

The definition of propagation time between wind turbines 1 and 2, and 1 and 4 is

depicted in Fig. 6.5.

The approach for generating the correlated wind speed realisation relies on com-

puting a multi-input multi-output (MIMO) filter transfer function, which filters

the white noise realisations to obtain random but appropriately correlated signals

with required spectral contents. For the single-input single-output system the auto-

spectrum of input and output defines the transfer function of the system according

to [123]:

Syy(f) = Sxx(f) |H(f)|2 (6.19)

Since the aimed purpose is to filter the white noise, for which Sxx(f) = 1, ∀f , the

transfer function can be obtained by determining the square root of auto-spectrum.

An analogous problem is obtained for a MIMO filter, where one obtains:




S11(f) S12(f) . . . S1n(f)

S21(f) S22(f) . . . S2n(f)
... . . . ...

Sn1(f) Sn2(f) . . . Snn(f)



=




|H11(f)| |H12(f)| . . . |H1n(f)|

|H21(f)| |H22(f)| . . . |H2n(f)|
... . . . ...

|Hn1(f)| |Hn2(f)| . . . |Hnn(f)|




2

.

(6.20)

The transfer function matrix is obtained by finding the square root of the spectral ma-

trix. In order to find such matrix in a computationally feasible manner, it is necessary

to discretise the frequency dependency – the filter is computed for fixed frequency

using the Cholesky decomposition. Using such approach a triangular MIMO filter

matrix is obtained for each discrete frequency. Adding the required phase shift one

obtains the filter matrix F ∈ Cn×n at frequency fi:

Fi =




|H11(fi)| |H12(fi)| e
−j2πfτ12 . . . |H1n(fi)| e

−j2πfτ1n

0 |H22(fi)| . . . |H2n(fi)| e
−j2πfτ2n

... . . . ...

0 0 . . . |Hnn(fi)|



. (6.21)

The diagonal elements are real numbers, since they are defined by the auto-spectrum

of given signal realisation.

The obtained filters F1, . . . , Fm can be used to derive the spectral components

of required signals from the white noise spectral components by simple multiplica-

tion. Each spectral components of the white noise has a magnitude 1 and a random
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phase. Therefore, the spectral components of a particular set of signal realisations

yk(f1), ..., yk(fm): 


y1(fi)

y2(fi)
...

yn(fi)



= Fi ·




ejR1

ejR2

...

ejRn



, (6.22)

where R1, . . . , Rn are random numbers. The frequency components are computed

for each frequency f1, . . . , fm and multiplied by m to obtain the components of the

discrete Fourier transform of the signal (since components yk(fi) are actually samples

of the continuous spectrum at given frequencies). Signals in a time domain are then

obtained by inverse Fourier transformation.

Following the described procedure one obtains n time signals that attain Kaimal

spectrum and cross-spectra defined by (6.17). The Taylor’s hypothesis is captured

by the fact that the peak of the cross-correlation between two wind realisations with

longitudinal separation occurs at the propagation time of the wind front between the

two locations. The peak, as well as other components of the correlation, decrease

with the distance between the points. Physically, this result captures the very essence

of the Taylor’s hypothesis as described in his seminal work [63] where the relation

between the spectrum of wind speed at one point and correlation of wind speed

at two points is compared, which essentially says only that the same statistics is

obtained by observing the wind at one point at different time separations δT and

the wind at frozen time for different distances δx.

The described algorithmic principle is used in a SimWindFarm wind farm simu-

lator to obtain realistically correlated turbulence realisations at the grids covering

the rotors of different wind turbines. The program code is given in App. C. This

procedure is done off-line, so the turbulent structure of the wind is not influences by

the interaction between wind turbines, i.e. wakes. The interaction is described using

the wake models.

6.1.3 Wake modeling

There are four submodels used to model the wind farm wake effects:

• Wake expansion model,

• Wake center propagation,

• Wake deficit model, and
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• Wake merging model.

These submodels are based on wake meandering model and engineering expressions

for the wake expansion, merging and deficit. The wake is propagated downstream

with the mean wind speed. During one simulation the mean wind speed, as well as

the wind direction, is assumed constant.

The wind farm coordinate system is rotated in such way that the mean wind

speed direction is aligned with the positive x−axis, while the coordinate system

origin is placed in such manner that all turbines have positive y coordinates. In the

following assume (to simplify notation) that every wind turbine hub falls exactly at

some grid point and that rotor radius R is a multiple of grid spacing ∆y. Denote

a hub position of i−th wind turbine as (xi, yi). Then the rotor of the i−th turbine

covers the grid points {(xi, yi − R), (xi, yi −R +∆y), . . . , (xi, yi +R)}. The position

of a wake centerline of i−th turbine at downwind distance x and time tk is denoted

wi(x, tk). The initial wake centerline is given by wi(x, 0) = yi, ∀x ≥ xi.

Wake expansion model

The wake radius of the i−th wind turbine at grid points x − xi > 0 at time tk,

denoted rw,i(x, tk), is [81]:

rw,i(x, tk) =
1

2




(
1 +

√
1− CT(tk)

2
√
1− CT(tk)

)k
2

+ α ·
x− xi

R





1
k

R, (6.23)

where k = 2 and α = 0.5.

Wake center propagation

Using the ideas described in Sec. 3.4, the wake meandering is implemented as follows.

Define Wi(x, tk−1) to be a set of y−coordinates at downwind distance x covered by

i−th turbine wake at time tk−1:

Wi(x, tk−1) = {wi(x, tk−1)− rw,i(x, tk−1), . . . , wi(x, tk−1) + rw,i(x, tk−1)} . (6.24)

Then the mean lateral wind that deviates the wake at downwind distance x is:

vy(x, tk−1) =
1

|Wi(x, tk−1)|

|Wi(x,tk−1)|∑

j=1

vy(x,Wi(x, tk−1)(j)), (6.25)

where |Wi(x, tk−1)| is cardinality of Wi(x, tk−1) and Wi(x, tk−1)(j) is the j−th element

of Wi(x, tk−1). Then the centerline of the i−th wake at downwind position x > xi at
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time tk is:

wi(x, tk) = wi(x, tk−1) + vy(x, tk−1) · (tk − tk−1). (6.26)

Wake deficit model

There are two wake deficit models implemented, the first one is used when turbines

are aligned in rows in the mean wind speed direction and the second one is used for

general layouts.

For the simulations in which wind turbines are distributed into rows aligned with

the mean wind speed direction assume that row i consists of all turbines n = 1, ..., N

for which yn = yi. Then the wake deficit cn(x) generated by the n−th wind turbine

at grid points {(x, y) : x > xn, y ∈ wn(xn, tk)} is given by [81]:

cn(x) = 1−
CT,n(tk)

2

R2

rw,n(x)2(x− xn)
. (6.27)

For the general case the wake deficit ai(x, y) at grid points {(x, y) : x > xi, y ∈ wi(xi, tk)}

is given by [124]:

ai(x, tk) = 1−
1

2
CT,i(tk)

(
1 +

x− xi

4R

)−1

. (6.28)

Wake merging model

In analogy with the wake deficit there is one wake merging model for the general

wind farm and the other with wind turbines aligned in rows.

For the wind farms with turbines aligned with the wind direction the wake

merging is done "row-by-row". Let I denote a set of indices of all turbines in

the i−th row, I = {n : xn = xi}. Then let n be an index of a wind turbine in

the i−th row and let n − 1 be the index of the first upwind turbine in that row,

n − 1 := mink(|xk − xn| : xk < xn). If the solution n − 1 is an empty set then use

(6.27). Otherwise [81]:

cn(x, tk) = 1−

(
r2w,n−1(x, tk)

r2w,n(x, tk)
(1− cn−1(x, tk)) +

CT,n−1(tk)

2

R2

r2w,n(x, tk)
cn−1(x, tk)

)
.

(6.29)

The wind speed at the grid points corresponding to the rotor of n−th turbine,{
(x, y)

∣∣∣∣x = xn, y ∈ {yn − R, . . . , yn +R}

}
, is then:

vx(x, y) = cn(x, tk) · v̂(x, y, tk), (6.30)

where v̂(x, y, tk) is the undisturbed wind field at grid point (x, y).
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For the general farm layout the longitudinal wind speed at point (x, y) at time

tk is given by:

vx(x, y, tk) = v̂x(x, y, tk)
∏

i∈I(x,y,tk)
ai(x, tk), (6.31)

where I(x, y, tk) denotes a set of coordinates of all turbines the wake of which en-

velopes the grid point (x, y) at time tk and v̂(x, y, tk) is the undisturbed wind field

at grid point (x, y).

6.1.4 Wind farm controller

The SimWindFarm toolbox allows a free definition of the wind farm controller, how-

ever the interface of the controller is defined in order to realistically portray the

possibilities of wind farm controller. The wind farm controller has a sampling time

of one second. At every second it receives the wind farm power reference from the

TSO, obtains the measurements from wind turbines and sends out the power refer-

ences to wind turbines. According to Fig. 6.1 the wind farm controller obtains the

following measurements:

- wind speed measured at wind turbine nacelle,

- pitch angles,

- electrical power,

- generator speed,

- wind turbine controller data.

These measurements are typically communicated to centralised wind farm controller

or wind farm supervisory system where it is used for wind turbine monitoring. It

should be noted that the wind speed measurement is a specially generated turbulent

wind speed, which is correlated to wind speeds at the rotor, but not equal to them.

This is a pointwise wind speed generated according to the procedure described in

Sec. 6.1.2. Also, the influence of sensors on the data is appropriately modeled, so

the data delivered to the wind farm controller is not unrealistically reliable.

6.1.5 Wind farm model review

SimWindFarm offers a practical model that is able to simulate the wind farm in a

reasonable computational time. The most important feature is that it can model

the influence of wind turbine operation to a wind flow in a time-marching manner,
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which makes it an appropriate platform for wind farm control design evaluation. Its

capabilities in terms of capturing the details of wind field are modest in comparison

to CFD models. However, the idea of this model is not to provide a very realistic

portrayal of wind field, but to capture the essential mechanisms that can be used for

wind farm control in an appropriate (not overly optimistic) manner. The turbulent

wind field, wind propagation model and wake meandering process are described in

a probabilistic manner, which dilutes the definiteness of mean wind flow models as

well as any control that overzealously relies on assumed (generally unreliable) static

wake models and propagation of disturbances. The excitation of the wind turbines

therefore can be considered realistic.

The wind turbine model used in SimWindFarm models the mechanical part of

power generation in an appropriate manner, but provides a rather limited ability

for evaluation of wind turbine loads, especially rotor loads. The effects such as wind

shear, tower shadow, rotational sampling and locally changing wind direction are not

modeled and therefore also a large amount of loads can not be appropriately modeled.

It can be argued that those loads are not that important at wind farm control level

since they need to be handled by the wind turbine control, however, every stepwise

effect on the wind turbine produced by the action of wind farm controller excites

the structure over an entire range of frequencies and therefore also influences cyclic

loads. The shaft and tower loads can be considered acceptably modeled. Also, one

serious downside to this model is that it is not able to model effects of partial wake

appropriately, since it can not model asymmetric rotor loads. The measurement

campaigns have shown that the partial wake loads are very important generator of

loads in wind farms. Another downside is the inability to model the change of wind

direction in simulation, which is very important for wind farm controller design since

the wind field model needs to be adapted to a new wind direction.

6.2 Wind turbine simulator

In this work the detailed simulations of wind turbine dynamic behavior are obtained

by using the combination of the following models:

• FAST model [90] for simulation of structural wind turbine response,

• AeroDyn [70] for simulation of aerodynamical loads from the three dimensional

wind inflow,

• TurbSim [122] for simulation of realistic three-dimensional field of wind speeds

that approach the wind turbine rotor,
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• MCrunch [102] for rainflow counting and damage equivalent load computation.

All models are used in MATLAB environment [125].

The combination of FAST, Aerodyn and TurbSim is recognised by Germanischer

Lloyd WindEnergy as a valid platform for calculations of wind turbine loads for

design and certification [90]. These codes are freely distributed and provide a non-

commercial alternative to widely recognised Bladed [66] and HAWC2 [126] models

for aeroelastic wind turbine simulation.

The Turbsim code is used to simulate stochastic turbulent inflow for the turbine

rotor. The simulated flow contains three dimensional flow field. The obtained flow

field properly reflects the spatiotemporal distribution of velocity field associated with

boundary layer instabilities. Its main purpose is to provide design codes a realistic

driver that incorporates all dynamic features of the wind dynamics known to affect

the turbine aeroelastic response and loading. The Turbsim model is based on the

wind simulation approach established in [127].

The Aerodyn model describes the wind turbine aerodynamics. Its inputs are the

wind inflow field and the wind turbine aerodynamical parameters that describe the

geometry of the rotor and wind turbine states that determine the aerodynamical con-

version, such as pitch angle, rotor speed, deflections of turbine structure. Since the

blades of large turbines are geometrically very complex structures, the aerodynami-

cal parameters change drastically along the blades. Therefore, the input of Aerodyn

is a list of airfoil profiles and properties at different radiuses. The outputs of the

Aerodyn model are the forces that act on wind turbine blades. The basis of this

model are the blade element momentum theory and the generalised dynamic wake

model. These models are coupled in order to determine the induced velocities at the

rotor plane. The generalised dynamic wake model builds on principles described in

Sec. 3.3, however the models used here are more sophisticated and they acknowledge

the fact that the velocity induction in the wake does not occur instantly but with

a respective time lag. The blade element momentum model is used in a manner

described in Sec. 3.3.3. This code is also able to simulate the effects of obstacles in

the wind flow such as the tower shadow effect described in Sec. 3.2.

The FAST code (Fatigue, Aerodynamics, Structure and Turbulence) primarily

models the wind turbine elastic structural response, but this code also governs the

complex interaction between the aerodynamical model, structural dynamics and con-

trol dynamics of the wind turbine. The basics of the wind turbine structural model

is the multibody dynamics and modal analysis, according to principles described in

Sec. 4.1.
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The code is able to model 24 degrees of freedom for the structure. The first

6 DOFs of the model are intended for floating turbine modeling and describe the

relative movement between the turbine platform and the inertial frame. The model

of the on-shore wind turbine, which is used in this thesis, consists of five rigid bodies:

foundation, base plate, nacelle, armature and gears, and five flexible bodies: tower,

shaft and three blades. The motion of each blade is described by two flapwise and

one edgewise modes, while the tower motion is described by two lateral and two

longitudinal modes. The torsion of the low speed shaft is described by one degree

of freedom, while one degree of freedom is attributed to generator azimuth to model

the variable speed operation principle. The nacelle yawing accounts for an additional

degree of freedom. The FAST model also enables modeling of rotor and tail furling

modeling via additional 2 DOFs, which is not used in this work since these are not

the technologies used in typical megawatt-size turbines.

All flexible structural elements are modeled using a linear modal representation,

as described in Sec. 4.1 and elaborated in App. B. The FAST model requires the

user to input the tower and blades natural frequencies and accompanying mode

shapes. The mode shapes are input as 6th order polynomials with the zeroth and

first coefficients equal to zero to accommodate boundary conditions for cantilevered

beams (see App. B). The blades are assumed to be rigidly connected to the hub

through a cantilever connection. The turbine shaft is modeled as a single degree of

freedom system and the user provides the shaft elasticity and damping.

The outputs of the FAST model are the time series of structural deflections,

bending moments and forces for different points of wind turbine structure. For the

tower and blades several nodes can be defined as measuring places. Other typical

structural point for measuring structural performance of a wind turbine are the blade

roots, the hub, the shaft and the tower top. The simulated responses conform to one

of the coordinate systems that are defined in the code. The coordinate systems are

defined by the International Electrotechnical Commission (IEC) standards for wind

turbines.

For the simulations of the NREL reference wind turbine we use the full 3-dimensional

turbulent wind field sampled with 20 Hz. In aerodynamic computation each blade

is modeled by using 17 blade nodes described by 8 different airfoils. The motion of

each blade is described by two flapwise and one edgewise degree of freedom. The

drive train is modeled using one degree of freedom for low speed shaft and one for the

generator. The tower motion is described by 4 degrees of freedom, 2 for lateral modes

and 2 for longitudinal modes. The yawing motion of the nacelle provides another

degree of freedom. The next DOF is for the generator azimuth angle, and another



100 Chapter 6. Wind Turbine and Wind Farm Models

DOF is the compliance in the drivetrain between the generator and hub/rotor.These

DOFs account for variable rotor speed and drive-shaft flexibility.

6.3 Wind turbine model for wind farm controller

design

The wind farm controller operates with 1 second sampling time, which is slow in

comparison to most wind turbine dynamics. Therefore, for control design purposes,

one requires a model that appropriately describes the plant at that time scale and

provides realistic opportunities for control design.

Two wind turbine models are presented: the static and the dynamic model. The

static model is a nonlinear model given in a form of algorithm that computes an

operating point for combinations of mean wind speed and constant power reference.

This model should be the baseline for design of slow-scale wind farm controller,

as defined in Ch. 5, since all wind turbine transients are significantly faster than

the expected wind field propagation time. The dynamic wind turbine model is a

simple discrete-time linearised model of wind turbine dynamics with sampling time

of 1 second. Its purpose is to serve as a control design model for fast-scale wind farm

controller, as defined in Ch. 5.

6.3.1 Static wind turbine control model

The wind turbine model is inherently nonlinear. The primary source of nonlinearity

are the static aerodynamic characteristics (3.26) and (3.30), while also the generator

characteristic (6.10) exhibits nonlinear behavior.

In Alg. 1 the algorithm for computing the unique operating point for given inputs

V0 and Pref0, where V0 is the uniform wind speed at the rotor, while Pref0 is the

constant power reference. The parameters of the turbine that need to be provided

are:

• Power coefficient, CP(λ, β), and torque coefficient, CQ(λ, β),

• Rotor radius, R, air density, ρ, nominal rotor speed, ωnom
r , gearbox ratio, I,

• Torque characteristic parameters for power maximisation: Kopt, a1, b1, a2, b2,

Ωopt
g , ΩOpt

g , according to Figure 6.1.1.

The algorithm assumes the switching logic described in Section 6.1.1. There are

no additional assumptions on the parameters. The algorithm ensures that all the
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obtained operating points are stable, by imposing a condition:

∂Tr

∂ωr

∣∣∣∣
Ωr0,β0

≤ I
∂Tg

∂ωr

∣∣∣∣
Ωr0,β0

, (6.32)

which is a condition for the stability of the first order shaft equilibrium equation:

Tr − ITg = J
dωr

dt
, (6.33)

where J is equivalent inertia of the rotational system. Depending on an operating

point, this condition translates to different algebraical conditions. For details see

[33].

Fig. 6.6 depicts the static characteristics of the NREL turbine with the controller

described in Sec. 6.1.1. These static characteristics reveal a lot about the behavior

of the wind turbine. At all plots the border between power maximisation and power

control can be clearly noticed. In both regions the static characteristic is smooth.

However, the intersection of control regions is smooth only for the power and pitch

characteristic. Since the wind turbine in power control region always operates on

nominal speed, when a switch to power maximisation region occurs due to wind

speed reduction the wind turbine speed decreases significantly to catch up with the

power maximisation curve.

At lower power references one can also notice a slight increase in rotor torque at

the switch of regions. This is the consequence of the fact that at lower wind speeds

operating at nominal speed generates a larger tip speed ratio than optimal. So when

the rotational speed reduces due to region switching the torque increases because

the tip-speed ratio approaches nominal. Therefore, at some operating points it is

possible to maintain the required power production even in the power maximisation

region. This operating mode is recognised in the static model, see Alg. 1.

However, when dynamics is included in the model the transient behavior is not

that poor as the static characteristics would suggest. The switching between regions

is dynamically governed by the large rotor and generator inertia, so the sudden

bumps do not appear. However, these characteristics suggest that the controller

might be designed in a better way. The primary task of this controller is to maintain

power tracking as tight as possible, which it does very efficiently indeed. Also, this

design is very simple and safe because pitching to limit power is a safe control action.

The power can also be limited by reducing rotational speed, however reducing the

rotational speed can push blades to stall. Operation at stall can cause power losses,

but also very large vibration and fatigue loads, see e.g. [1]. This is most likely to be

a reason for this control design to be recognised in industry.
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Algorithm 6.1: Operating points of wind turbine model

INPUT V0, Pref0

OUTPUT β0, Ωr0, Tg0

LET Ω0
r = ωnom

r , β0 = 0, P ′
max = Pmax(

Ωr0·R
V0

, β0)

IF Pref0 ≥ P ′
max

\\ power tracking mode

LET β0 ←

{
β : 1

2ρR
3πV 2

0 CQ(
Ωr0R
V0

, β) = Pref0
µΩr0I

,
∂CQ(

Ωr0R

V0
,β)

∂β ≤ 0

}

LET Tg0 ←
Pref0
µΩr0I

ELSE

\\ power maximisation

Copt
P = max(CP(

ωrR
V0

, β0))

LET Ωr0 = argmax
ωr

CP(
ωrR

V0
, β0)

IF Ωr0 · I ≤ Ωopt
g

\\ affine optimal torque characteristic − lower part − λ > λopt

LET Ωr0 ←

{
ωr :

1
2ρR

3πV 2
0 CQ(

ωrR
V0

, β0) = a1ngbωr + b1,
∂CQ(ωrR

V0
,β0)

∂ωr
≤ 0

}

LET Tg0 ← a1IΩr0 + b1

ELSE IF Ωr0 · I ≥ ΩOpt
g

\\ affine optimal torque characteristic − upper part − λ < λopt

LET Ωr0 ←

{
ωr :

1
2ρR

3πV 2
0 CQ(

ωrR
V0

, β0) = a3ngbωr + b3,
∂CQ(ωrR

V0
,β0)

∂ωr
≤ a3I

2
ρπR4V0

}

LET Tg0 ← a3IΩr0 + b3
ELSE

\\ quadratic optimal torque characteristic

LET Tg0 ← Kopt (IΩr0)
2

END

IF
1
2ρR

2πCP

(
Ωr0R
V0

, β0

)
> Pref0

µ

\\ maximal power larger than demanded power (at rotating speed smaller than nominal)

LET Ωr0 ←

{
ωr :

1
2ρR

2πV 3
0 CP(

ωrR
V0

, β0) =
Pref0
µ ,

∂CQ(ωrR
V0

,β0)

∂ωr
≤ − Pdem0

(ωrI)2
2

ρπR4V0

}

LET Tg0 ←
Pdem0
µΩrI

END

END

In order to limit the transients that might be further optimised on wind turbine

level, in the controllers will be tested at power references not smaller than 4.5 MW,

where these effects are not pronounced.

One other "inconvenience" can be noticed in the plot that depicts the thrust

coefficient. As it was observed throughout the Ch. 3, the wakes can be controlled

by modifying the thrust coefficient. However, the thrust coefficient plot in Fig. 6.6

shows that, given the mean wind velocity, one can not drastically influence the thrust
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coefficient by modifying power reference. The thrust coefficient drops with decrease

of power reference, however the sensitivity is pretty small. There are no indications

that modification of controller towards operating on different rotational speed would

change that, because at low wind speeds where the rotational speed changes one can

not notice drastic changes of CT either. This explains a bit mild results of Heat and

Flux principle in terms of power increase.

The static characteristic of thrust also offers important insight. One may notice a

thrust force ridge spreading along the border of regions. This is not a specific of this

particular controller design, this is a typical characteristic, because the amplitude of

thrust force is largely governed by the pitch angle and wind speed (the sensitivity

to rotor speed is very modest). The increase of pitch angle drastically reduced the

thrust force. This is one of general advantages of pitch control. The thrust force

increases with the wind speed, however the sensitivity to pitch angle is much stronger

and therefore once the blades start pitching the thrust drastically reduces. Therefore,

the largest oscillations of thrust occur around the switching region. Such oscillations

are very inconvenient because they transfer to fore-aft bending moments of blades

and tower, which are the main drivers of turbine fatigue and operating life. Reduction

of these loads, by avoiding unnecessary region switching for example, can therefore

directly influence the turbine operational cost.

6.3.2 Dynamic wind turbine control model

The sampling time of dynamical control design model is 1 second. The Nyquist

frequency corresponding to this sampling is 0.5 Hz. Consulting the Tab. 6.2 it is

obvious that all natural frequencies of the structure occur at faster frequencies, except

the 1st natural frequencies of tower fore-aft and side-side motion, which occur at

natural frequencies 0.32 Hz and 0.31 Hz, respectively. Even though theoretically

tower model can be included into the dynamical model, that was found inappropriate

due to following reasons (which are concluded from different test analysis):

- unfrequent sampling can not enable good quality of tower oscillation active

damping,

- any attempt of active damping would be extremely sensitive to delays, which

should be expected in the wind farm control systems,

- observability of tower oscillations from typical slow scale measurements (rotor

and generator speed, pitch angle, power) is very weak, so without measurements

of tower velocity it does not make sense to introduce it to the model; one should
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Figure 6.6. Wind turbine static characteristics

also acknowledge the fact that tower velocity is obtained from accelerometer

measurements, which is problematic for processing,

- tower fore-aft oscillations close to natural frequency should be well damped by

the appropriate design of the wind turbine control system,

- side-side oscillations typically present a minor problem for wind turbine oper-
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ation because the moments in the side-side plane are significantly lower than

in fore-aft plane,

- side-side tower oscillations, if problematic, can be damped by appropriate con-

trol action in the wind turbine controller, see Section 4.3.2.

The dominant dynamics at relevant frequencies arises from the system rotational

inertia and speed control. The model is given as a classical linear dynamics time-

invariant state-space model at the operating point x0, given in small-signal values,

which includes a disturbance input:

ẋ = A · x+B · u+Bd · d,

y = C · x+D · u+Dd · d.
(6.34)

Here x is a state vector, x ∈ R
nx , defined as

x := [β ωr ωg,filt]
′ , (6.35)

where β is the pitch angle, ωr is the rotor speed, ωg,filt is the filtered generator speed

that is used in the wind turbine controller. The (small-signal value of) disturbance

d, d ∈ R, is the rotor effective wind speed

d := veff . (6.36)

The control input u, u ∈ R, is the power reference

u := Pref . (6.37)

The output vector y, y ∈ R
ny , contains the system variables used for wind farm

controller design:

y := [P FT TLSS] , (6.38)

where P is the produced power of the turbine, FT is the (low-frequent part of) thrust

force and TLSS is the (low-frequent part of) the low speed shaft. These outputs

are chosen because they are, according to author’s opinion, the best descriptor of

production and important loads at 1 second time scale. The thrust force causes the

bending loads of blades and tower in fore-aft plane, while the low speed shaft torque

defines the moments in side-side plane that also transfer to tower through gearbox

mounting. This is further elaborated in Ch. 8. The matrices A ∈ Rnx×nx, B ∈ Rnx,

Bd ∈ Rnx, C ∈ Rny×nx, D ∈ Rny , Dd ∈ Rny are constant matrices for the given

operating point x0.



106 Chapter 6. Wind Turbine and Wind Farm Models

Due to a hybrid nature of wind turbine controller, the wind turbine can operate at

different regimes, depending on the currently available power and the power reference.

The operating regimes are characterised not only by different dynamics, but also

by different inputs and system states. Therefore, a separate dynamical model is

developed for each operating regime. The model definitions are given in App. C.

6.3.3 Effective wind speed estimator

The developed control design models use the effective wind speed as a disturbance

input. To utilise the models in their full potential the effective wind speed needs to

be estimated. In this work a continuous-discrete Extended Kalman filter described

in [71] is used to estimate the effective wind speed from available wind turbine

measurements.

6.3.4 Validation of dynamic model on an operating wind tur-

bine

During the Aeolus project an opportunity arose to test the developed dynamic tur-

bine model at the operating wind turbines by running simple experiments. The

experiments consisted in changing the power reference every 30 seconds. The control

design model was developed based on a (partially disclosed due to confidentiality

issues) Matlab Simulink model provided by an industrial partner. The model is to a

large extent similar to the NREL model used in this work, since both wind turbines

belong to the same class of turbines.

The tests of the model were done a-posteriori on collected wind turbine measure-

ments using a setup depicted in Fig. 6.7. The collected measurements were fed to

the effective wind speed estimator. The obtained effective wind speed estimation

and the power reference from the experiments were fed to the control design model,

which combines the static and dynamic control design models – the static model is

used to determine the operating point based on mean wind speed and mean power

reference, while a dynamic model is used to model deviations from the operating

point. Two sets of experiments were done, one at higher wind speed (around 15 m/s)

and one at lower speeds (around 11 m/s). The experiments are described in more

details in [128].

The higher wind speed experiment was triggered and successfully conducted five

times, while the data for the experiment at lower wind speed was successfully col-

lected seven times. Representative result is presented in Fig. 6.8 and 6.9, respectively.
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Figure 6.7. Experimental setup for control design model evaluation
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Figure 6.8. Data log 979968. Time plot.The y-axis are left unmarked due to data confi-
dentiality.

The overall performance of the models is found satisfactory. The main process

dynamics is captured, which is the most important for the controller design. The

pitch angle is modeled very well, while the rotor and generator speed are modeled

well. There is some drift noticed, however since the model is tested in open loop that

is not particulary problematic. If one considers the fact that these models are not

tuned to the process at hand and that they are built based on a model with a partly

unknown dynamics, the potential of the modeling approach is clear. The detailed

analysis of the results are available in [36].
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6.4 Conclusion

In this chapter an overview of the models used in the thesis is provided:

- The wind farm model is developed that performs fast and qualitatively realistic

simulations of wind farms with feedback through aerodynamical effects. Such

model can, unlike models found in literature, serve as a benchmark for optimal

wind farm controller design.

- The complex aerodynamical wind turbine model is described that enables re-

alistic simulations of wind turbine structural loading. This model is used to

evaluate the ability for reduction of structural loads by changing the power

reference.

- The controller design model of a wind turbine is designed that models the wind

turbine with the power reference as a control variable, focusing on dynamical

effects at a time-scale relevant for the design of fast-scale wind farm controller.

The obtained model is tested on data from operational wind turbine. This

model is utilised for fast-scale wind farm controller.





Chapter 7

Convex Optimisation and Model

Predictive Control

This chapter outlines the basic definitions and results of optimisation and optimal

control theory used in this thesis. Section 7.1 outlines the definitions related to

optimisation theory, which can be found in e.g. [129, 130, 131, 132]. Section 7.2 in-

troduces the concept of multiparametric programming and outlines the main results,

which are utilised in the control concepts developed in this thesis. In Section 7.3 the

basics of Model Predictive Control (MPC) are described, with emphasis on different

approaches for controller implementation.

7.1 Mathematical optimisation basics

In the following the basic notions of mathematical optimisation theory are defined.

Definition 7.1 (Mathematical program). A mathematical program is an optimisa-

tion problem of the form:

min
z

f(z)

subject to





g(z) ≤ 0,

h(z) = 0,

z ∈ Z,

(7.1)

where z ∈ R
nz is the optimisation variable, while the functions f : Rnz → R, g :

R
nz → R

ng, h : Rnz → R
nh, and the set Z ⊆ R

nz are given problem parameters.

The function f(z) is called the cost function or the objective function. The relations

g(z) ≤ 0, h(z) = 0, and z ∈ Z are called inequality, equality and set constraints,

respectively. �

A point z ∈ R
nz is feasible if it satisfies all problem constraints. The set of all

feasible solution is called the feasible set, F := {z | g(z) ≤ 0, h(z) = 0, z ∈ Z}. The

111
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problem is feasible if there is at least one feasible point, and infeasible if there are

no feasible points.

A point z∗ is optimal if it is feasible and if f(z∗) ≤ f(z) for all feasible z. It is

referred to as optimal solution or optimiser.

The domain of the problem is given by D = dom(f)
⋂
dom(g)

⋂
dom(h).

7.1.1 Convex optimisation

In the scope of this thesis a particular interest lies on convex optimisation problems,

which are characterised by convex objective function and a convex feasible set.

Definition 7.2 (Convex set). A set S is convex if a line segment between any two

points in the set S lies in S, i.e. for all z1, z2 ∈ S holds

θz1 + (1− θ)z2 ∈ S.

�

Definition 7.3 (Convex function). A function f : Rnz → R is convex if its domain

D is a convex set and for all z1, z2 ∈ D and 0 ≤ θ ≤ 1 holds

f(θz1 + (1− θ)z2) ≤ θf(z1) + (1− θ)f(z2). (7.2)

�

For practical optimisation problems the notion of local optimality is of large

importance.

Definition 7.4 (Local optimiser). A feasible point z̄ is a local optimiser of (7.1) if

it is an optimiser on some ball centered at z̄, i.e. there exists an R > 0 such that

f(z̄) = inf {f(z) | g(z) ≤ 0, h(z) = 0, z ∈ Z, ||z − z̄| |2 ≤ R} .

�

A fundamental property of convex optimisation problem is given by the following

theorem, the proof of which can be found in [131].

Theorem 7.1. Consider a problem of finding an optimiser of a convex function over

a convex set. Each local optimiser of such problem is also a global optimiser.
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This property of convex optimisation is of large practical importance because it

enables the use of local optimiser search methods for solving convex optimisation

problems.

Another very useful characterisation of optimiser z∗ for convex optimisation solver

design follows from the Karush-Kuhn-Tucker conditions, see [131]. Given certain con-

ditions on the structure convex program structure, the Karush-Kuhn-Tucker (KKT)

conditions provide necessary and sufficient conditions for the optimiser as a set

of equality and inequality constraints. The proof of Th. 7.2 can be found in e.g.

[131, 130, 129].

Theorem 7.2. Consider the following convex optimisation problem:

min
z

f(z)

subject to

{
gi(z) ≤ 0, i = 1, . . . , ng,

hi(z) = 0, i = 1, . . . , nh,

(7.3)

where f : R
nz → R and gi : R

nz → R, i = 1, . . . , ng, are convex differentiable

functions and hi : R
nz → R, i = 1, . . . , nh, are affine functions, hi := a′iz + bi,

ai ∈ R
nz, bi ∈ R. Assume there exists a strictly feasible point in relint(D), i.e. there

exists a feasible point ẑ for which gi(ẑ) < 0 for all i for which function gi(z) is not

affine. The solution z∗i is the optimal solution of (7.3) if and only if there exist λ∗
i ,

i = 1, . . . , ng, and µ∗
i , i = 1, . . . , nh, such that:

gi(z
∗) ≤ 0

hi(z
∗) = 0

λ∗
i ≥ 0

λ∗
i gi(z

∗) = 0

∇f(z∗) +

ng∑

i=1

λ∗
i∇gi(x

∗) +

nh∑

i=1

µ∗
i∇hi(x

∗) = 0.

(7.4)

The points λ∗
i and µ∗

i are the Lagrangian multipliers related to inequality and equality

constraints, respectively.

Many algorithms for solving (7.3) are (or can be interpreted as) methods for

solving the KKT conditios (10.28).
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7.1.2 Linear and quadratic programming

In this thesis the emphasis lies on two specific classes of convex optimisation prob-

lems, which commonly arise in control applications: linear programs and (convex)

quadratic programs.

Definition 7.5 (Linear Program). A linear program (LP) is a convex optimisation

problem in the form

min
z

c′z

subject to Gzz ≤ G,
(7.5)

where z ∈ R
nz is the optimisation variable, and matrices c ∈ R

nz, Gz ∈ R
nG×nz,

G ∈ R
nG are given problem parameters. �

Definition 7.6 (Quadratic Program). A quadratic program (QP) is a convex opti-

misation problem in the form

min
z

1
2
z′Qzzz + c′zz

subject to Gzz ≤ G,
(7.6)

where z ∈ R
nz is the optimisation variable, while Qzz ∈ R

nz×nz, Qzz = Q′
zz � 0,

cz ∈ R
nz, Gz ∈ R

nG×nz, G ∈ R
nG are given problem parameters. �

The solvers for LP and QP are well researched and readily available in software,

see e.g. [125]. Practical algorithms for solving an LP with nz variables and nG

constraints requires roughly O(nz
3nG

0.5 + nz
2nG

1.5) operations [133]. The QPs can

be solved with roughly the same efficiency as LPs [134].

7.2 Multiparametric optimisation

In practical optimisation problems it is often not the only interest to find the opti-

miser for given parameters, but also to find the solution for a range of parameters.

The multiparametric programming provides mathematical framework to that end.

Definition 7.7 (Multiparametric program). A multiparametric program is an opti-

misation problem that has the form

J∗(p) = min
z

J(z, p)

subject to g(z, p) ≤ 0,
(7.7)
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where z ∈ R
nz is the optimisation variable, p ∈ R

np is the program parameter, the

function J : Rnz×np → R is the cost function and g : Rnz×np → R
ng is the constraint

function.

The set F := {p ∈ R
np | ∃z : g(z, p) ≤ 0} is called the feasible parameter set.

The function J∗ : F → R is the optimal cost function, also denoted value function.

A special class of multiparametric programs used in this thesis is the multipara-

metric quadratic program.

Definition 7.8 (Multiparametric Quadratic Program). Multiparametric quadratic

program (mpQP) is an optimisation problem in the form

J∗(p) = 1
2
p′Qppp+ min

z

1
2
z′Qzzz + p′Qpzz,

subject to Czz ≤ Cc + Cpp,
(7.8)

where z ∈ R
nz is the optimisation vector, p ∈ R

np is the vector of parameters, and

Cz ∈ R
q×nz, Cc ∈ R

q and Cp ∈ R
q×np are constant matrices.

The solution of the multiparametric quadratic program is the optimiser z∗(p),

z∗ : F → R
nz, and the value function J∗(p), J∗ : F ∗ → R, where F is the feasible

parameter set. The feasible parameter set is defined as:

F ∗ := {p ∈ R
np | ∃z : Czz ≤ Cc + Cpp} .

The mpQP arises in some common control applications, which is one of the rea-

sons that it is a well researched optimisation problem. There are efficient algorithms

developed for solving such problems, see [135].

To characterise the solution set of mpQPs one requires to define the following

definitions of geometrical objects.

Definition 7.9 (Polyhedron). A convex set S ⊆ R
n given as an intersection of a

finite number of closed half-spaces

S = {z ∈ R
nz | Gzz ≤ G}, (7.9)

is called polyhedron. Here, the inequality Gzz ≤ G, with Gz ∈ R
nG×nz, G ∈ R

ng,

nG <∞, is considered component-wise. �
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Definition 7.10 (Polytope). A bounded polyhedron P ⊂ R
n
z

P = {z ∈ R
nz | Pzz ≤ P}, (7.10)

is called polytope. Here, the inequality Pzz ≤ P , with Pz ∈ R
nP×nz, P ∈ R

nP, nP <∞,

is considered component-wise. �

Definition 7.11 (Partition). A collection of sets {Ri}
nR
i=1 is called a partition of a

set P if: (i) P =
nR

∪
i=1
Ri, and (ii) Ri ∩Rj = ∅, ∀i 6= j, i, j ∈ {1, . . . , NR}. �

Definition 7.12 (Polyhedral Partition). A collection of sets {Ri}
nR
i=1 is a polyhedral

partition of a set P if {Ri}
nR
i=1 is a partition of P and sets Ri are polyhedra, i =

1, . . . , nR, where Ri denotes the closure of Ri. �

Definition 7.13 (Piecewise affine function). A function h : P → R
nh, where P ⊆

R
nh, is a piecewise affine (PWA) function if there exists a partition {Ri}

nR

i=1 of P

and h(z) = Hiz + ki, ∀z ∈ Ri, i = 1, . . . , nR, where Hi ∈ R
nh×nz and ki ∈ R

nh. If

{Ri}
nR

i=1 is a polyhedral partition then h(z) is piecewise affine on polyhedra (PPWA).

�

The piecewise quadratic function (PWQ) and piecewise quadratic function on

polyhedra (PPWQ) are defined analogously.

The characterisation of the solutions of mpQP is given in the following theorem

from [19].

Theorem 7.3. Consider the mpQP (7.8). Assume Qzz = Q′
zz ≻ 0 and

[
Qpp Q′

pz

Qpz Qzz

]
�

0. The value function J∗ : F → R is a convex and continuous piecewise quadratic

function on polyhedra and the optimiser U∗ : F → R
N is a piecewise affine function

on polyhedra and continuous. �

The results presented in Chapter 9 and 10 are based on Theorem 7.3.

7.3 Model Predictive Control

Model Predictive Control (MPC) is an approach for discrete-time optimal control of

multivariable systems with constraints. It is extensively described in literature and

used in numerous practical applications, cf. [17] and [18].

To design a controller based on MPC strategy it is necessary to define: (i) a

discrete-time system model that can be used for prediction of system behavior in a
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finite horizon (as function of current state and control inputs) and (ii) a cost function

of plant operation based on model variables. Then, based on system measurements

obtained from the system, it is possible to formulate a mathematical optimisation

problem the solution of which is the control variable sequence that minimises the

cost function, while ensuring system constraints are respected. Such optimisation

problem is called a Constrained Finite-Time Optimal Control (CFTOC) problem. In

Sec. 7.3.1 the CFTOC problem for linear time-invariant system models and quadratic

cost function is considered, which is used in this work.

The strategy of determining the optimal control inputs for the prediction horizon

and simply applying them to the system is typically unacceptable for control ap-

plications in any kind of dynamic environment, because the control algorithm does

not include feedback from the system and therefore demonstrates no adaptability

or robustness properties. Therefore, the MPC strategy uses the so-called receding

horizon policy, which introduces feedback into the control concept. The receding

horizon approach is discussed in Sec. 7.3.2.

There are two alternative ways to implement the model predictive controller, one

based on solving an optimisation problem on-line and the other on solving a multi-

parametric optimisation off-line. These implementation are described in Sec. 7.3.3.

7.3.1 Constrained finite-time optimal control

Consider the discrete-time linear time-invariant (LTI) system:

x[t + 1] = Ax[t] +Bu[t] (7.11)

subject to the constraints

Cxx[t] + Cuu[t] ≤ C (7.12)

at all time instants t ≥ 0. Here, t denotes discrete time, t ∈ Z.

Here x[t] ∈ R
nx is the state vector, u[t] ∈ R

nu is the input vector, A ∈ R
nx×nx and

B ∈ R
nx×nu are constant system matrices, and Cx ∈ R

nc×nx, Cu ∈ R
nc×nu , C ∈ R

nc

are constraint matrices. The vector inequality (8.11) is considered elementwise.

Let x0 = x[t] be the initial state of the system at time t. The Constrained

Finite-Time Optimal Control (CFTOC) problem is defined as:

J∗(x0) := min
U

J(x0, U)

subject to

{
xk+1 = Axk +Buk, k ≥ 0,

Cxxk + Cuuk ≤ C, k = 0, . . . , N − 1,

(7.13)
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where N ∈ N is the prediction horizon length, xi and ui denote the state and

input of system (7.11) at time i if the initial state is x0. and the control sequence

{u′
0, . . . , u

′
N−1} is the optimisation vector, J : Rnx × R

nuN → R is the cost function,

while J∗ : Rnx → R is the value function.

In this work a convex quadratic form of cost function is used:

J(x0, U) = x′
NQNxN +

N−1∑

k=0

x′
kQxxk + u′

kQuuk. (7.14)

where Qx = (Qx)
′ � 0, Qx ∈ R

nx×nx, Qu = (Qu)
′ ≻ 0, Qu ∈ R

nu×nu, QN � 0,

QN ∈ R
nu×nu . This form of cost function can be used to penalise the sum of squares

of the states and control variables in the prediction horizon, which is a convenient

cost function for control design for system state regulation towards origin since it

penalises a measure of control energy and the measure of offset from desired state.

The optimisation problem (7.13) can be translated into a quadratic program (QP)

[19]. The optimiser

U∗ = [(u∗
0)

′, . . . , (u∗
N−1)

′]′ (7.15)

of problem (7.13)–(7.14) is a function of the initial state x0. It can be computed by

solving a QP once x0 is fixed or it can be computed explicitly for all x0 via mpQP.

7.3.2 Receding horizon control strategy

By solving a CFTOC problem (7.13)–(7.14) a solution U∗ is obtained, which is the

optimal open-loop control trajectory over a finite horizon. Receding horizon control

strategy introduces feedback by recalculating the optimal control inputs at every

sampling instant based on newly obtained measurements. The strategy consists

in the following steps that are performed at every sampling instant t: (i) the new

system measurements of system states x[t] are acquired from the system, (ii) the

optimal solution U∗ = [(u∗
0)

′, . . . , (u∗
N−1)

′]′ is computed for x0 = x[t], and (iii) the

first component of the optimiser, u∗
0, is applied to the system, u[t + T ] = u∗

0, while

other components are disregarded. The same procedure is repeated at every sampling

instant. Using this control policy the control action is based on current system

measurements in addition to the plant model, which provides robustness towards

disturbances and plant-model mismatch.

This control strategy does not imply control system stability. Stability of the con-

trol system can be achieved by an appropriate choice of prediction horizon and cost

function weights [17]. The stability issues typically arise due to too short prediction

horizons that do not capture the overall dynamic behavior of the plant. The explicit
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stability guarantees can be achieved by choosing an appropriate terminal weight QN,

which makes the finite horizon control equivalent to infinite horizon [136], and/or

by choosing an appropriate terminal set (a set to which x∗
N has to belong) [17]. For

practical MPC applications the desired behavior can typically be achieved by tuning

the control horizon and weights of the cost function in simulation tests (assuming

that the simulation model used is appropriate) [17].

Another issue of this control policy arises from the potential infeasibility of the

CFTOC problem. Note that the feasible solution of the control problem (7.13) is

obtained only if all states and control variables throughout the prediction horizon

are within the given constraints. The feasibility issues need to be addressed in the

control design by appropriate consideration of all states which the plant can assume.

There are different formulations of CFTOC problem that can broaden the feasible

set of the problem without notable reduction in performance, see e.g. [17].

7.3.3 Model predictive controller implementation

The receding horizon strategy requires a recomputation of optimal control actions for

the entire control horizon at every sampling instant of the controller, which requires

a solution of the CFTOC problem with new state measurements x0. This can be

accomplished in two ways: (i) by formulating CFTOC as QP at every sampling

instant, given new measurements as x0, and solving it via dedicated algorithm, or

(ii) by solving (7.13) offline as mpQP using x0 as a parameter to obtain the function

U∗(x0), which is then evaluated at every sampling instant. Each of the approaches

has its upsides and downsides.

Online computation of optimal control via solving a QP on-line is generally ap-

propriate for control systems with slow dynamics that do not require fast sampling

time. In such systems the potentially longer computation time required for solving

the optimisation problem is not an issue. Therefore, the implementation of MPC

that uses on-line optimisation is typically reserved for slow processes.

The implementation of MPC based on offline solution of CFTOC cast as an

mpQP is usually referred to as explicit MPC. The solution of mpQP is, as stated

by Th. 7.3, a PPWA function. The evaluation of a PPWA function is, given a

reasonable amount of regions in a polyhedral partition, not restrictive in sense of

computation time and the worst case computation time can be easily determined.

Therefore, the timely computation of control actions can typically be guaranteed at

much shorter sampling times. The problem with explicit MPC is that, given the

available algorithms and computational power, the mpQP can be solved only for
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problems of modest size, with relatively small number of states and control variables,

small prediction horizon and reasonable amount of constraints.



Chapter 8

Optimal Control of Wind Turbine

Active Power for Wind Farm Control

An active pitch wind turbine controller in a modern megawatt-class wind turbine is

typically designed according to the principles described in Section 4.3. Such controller

ensures wind turbine operation autonomy in velocity and power control, provided

the external power reference, which is kept constant at nominal power during usual

operation. The controller design is simple and robust, which ensures safe operation

as well as tracking/maximisation of produced power.

A potential downside of such turbine control design is that it primarily focuses

on power tracking, possibly on account of high loads. Namely, when wind turbine is

in the power control regime of operation its only goal is to keep the power output

constant, which is not always necessary. For instance, in a large wind farm it is pos-

sible to compensate the oscillations of power from one turbine with another turbine,

if it brings benefits to their joint production.

This chapter investigates the possibility to trade-off fast scale oscillations of power

production for reduction in structural loads. An external add-on to the wind turbine

controller – the supervisory controller – perturbs the wind turbine power reference

in order to reduce the structural loads, while the wind turbine operates in the power

control operating regime. The perturbations adapt the power production of a wind

turbine to its current dynamic operating conditions, i.e. to the wind field develop-

ment at the turbulence time scale.

The developed supervisory controller does not require any modifications of the

wind turbine controller, which is considered fixed and given. Therefore, one can

readily apply this controller add-on to already operational wind turbines. Since the

actions of the supervisory controller only manipulate an input of the wind turbine

controller, such add-on should not require additional re-certification, which would be

necessary if the control system is to be modified (because the wind turbine controller

ensures the safe and - in terms of preventing all system states from blowing out of

admissible region - stabile operation of the wind turbine).

121
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The supervisory wind turbine controller simply utilises the capability of wind

turbine controller to receive the external power reference as input, for which the

controller is designed and validated.

In everyday normal operation the wind turbine power reference is set to the wind

turbine nominal power. If the wind turbine is required to produce the nominal power,

the supervisory controller can be used for temporary power downregulation. This

ability can be used during unfavorable wind conditions (e.g. very gusty winds such

as bora) when it is opportune to trade-off production for loads. In such cases the

supervisory controller, instead of the default power reference that is equal to the

nominal power, occasionally issues lower power references in order to alleviate loads.

Under certain circumstances a modification of power references to both higher

and lower power references can be used. These circumstances occur due to two main

reasons:

- Wind turbines allow temporary overloading – the power can be increased be-

yond the nominal power for a certain (short) time period. This is a realistic

possibility on many wind turbines, which can in this way be utilised to reduce

the wind turbine structural loads.

- When the wind farm is operating at derated conditions – during derated op-

eration the wind turbine is, by standard operational principles, provided with

a constant power reference that is smaller than its nominal power. Around

the derated power reference the supervisory controller can introduce upward

and downward perturbations (given that the motivation for derated operation

is not wind turbine malfunction). The motivations for derated operation are

discussed in Chapter 2.

A typical reason for derated wind turbine operation is seen in a wind farm that

provides some grid regulation service. In modern wind farms this is typically done

by sending constant derated power references to all turbines (there are few examples

of more sophisticated solutions, see Chapter 2. Unfortunately, such control principle

does not guarantee high quality tracking of the wind farm power reference. When

the wind speed on certain wind turbine drops, its power will not be compensated

by an increase at some other turbine, even though this might be possible. Further-

more, under such circumstances, even if every wind turbine operates with an active

supervisory controller, the tracking of the wind farm power reference will probably

not improve, since the power perturbations on individual turbines are not coordi-
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nated. Due to certain spatial smoothing 1 effects that arise from short length scales

of coherence in turbulent wind (compared to relevant distances for a wind farm),

the oscillations of the cumulative wind farm power should be less pronounced than

the power oscillations on individual turbines. However, to ensure proper tracking of

power in response to grid requests the power perturbations need to be coordinated.

In the context of this thesis, the supervisory controller design described in this

chapter is used as a baseline for the fast-scale wind farm controller design, which is

described in Chapter 9. The wind farm controller essentially coordinates the individ-

ual wind turbine supervisory controllers in such manner that the power perturbations

are synchronised in such manner that the wind farm power reference is tracked.

The control setup is depicted in Figure 8.1. The supervisory controller receives

the mean power production P ref requirement and sets the power reference Pref to the

wind turbine local controller, based on current operating conditions. The supervisory

controller can be physically realised at each individual turbine control hardware or

it can be implemented as a part of a centralised wind farm controller. The latter

implementation is preferred since it has lower cost and better reliability, whilst it can

be readily achieved on nowadays wind farm controllers, which are typically realised

on industrial computers with high processing power. The targeted sampling time

for power perturbations is 1 second, which corresponds to the targeted wind farm

controller sampling time and does not interfere with transient behavior governed by

the wind turbine controller (which has a sampling time in order of tens of millisecond,

see Section 4.3 for details).

P ref Supervisory
controller

Pref Wind
turbine

ym

Figure 8.1. The supervisory control loop. P ref denotes the required mean power production
(which is externally defined), Pref is the power demand signal sent to the wind turbine local
controller, and ym are wind turbine measurements.

In order to design a discrete-time optimal controller that trades off between power

oscillations and structural loads one needs to provide a measure of structural loads.

This is not a simple task and there are no reports in literature of such attempts being

done at 1 second time scale. A typical approach for fatigue alleviation is based on:

(i) structural dynamics modeling and penalisation of structural oscillation and (ii)

1The term spatial smoothing in the context of wind farm operation refers to an effect observed
in large wind farms - if the wind turbines are arranged over a larger area the wind farm active
power output appears smoother, see e.g. [137]. This effect can be attributed to spatial variability
of both turbulence and mean wind speed.
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introducing new feedback through direct load measurements. Due to large sampling

time such control approach is not possible. As an additional issue, utilising only

power references as a control signal provides very little freedom of action. At the

wind turbine control level the sampling time is much smaller and a controller uses two

uncoupled actuators (even more in cases of, e.g., individual pitch control). Therefore,

the principles utilised for reduction of structural loads at the wind turbine level, such

as those described in Section 4.3, are not applicable for design of this controller. A

new control design approach is therefore devised, which is described in Section 8.1.

Since it is crucial that the system satisfies certain constraints – to keep the power

references in an admissible region – the supervisory controller is designed as a Model

Predictive Controller. As discussed in Chapter 7 one needs to define a cost function

and a model of system dynamics. The control problem formulation is discussed in

Section 8.2. In Section 8.3 it is shown that for the obtained controller design one

can design an explicit model predictive controller. The implementation of a wind

turbine supervisory controller as an explicit MPC controller is not only beneficial

from implementation perspective but also provides a valuable tool for a wind farm

controller design that is based on this solution.

The supervisory wind turbine controller is evaluated using the aero-elastic simu-

lator described in Section 6.2, which provides very realistic and reliable evaluation

of wind turbine performance.

8.1 Control design background

The wind turbine load alleviation techniques typically found in literature described

in Sec. 4.3 are based on two concepts:

- Introducing oscillations to the controlled variable at the natural frequency of

the structural component. Via appropriate feedback, the control variable in-

troduces forces in the plane of the aimed oscillation and actively damp the

oscillations. The examples of such load alleviation control are: tower fore-aft

damping via collective pitching, tower side-side damping via generator control

and damping of torsional oscillations via generator control, see Sec. 4.3 and

Fig. 4.7.

- Decoupling the pitch angles of individual blades and introducing azimuth-

dependant oscillations at multiples of rotational frequency – which is the base-

line of individual pitch control and higher harmonic control, see Sec. 4.3.

Both approaches have some common features:
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- they introduce oscillatory control action,

- the sampling frequency of the control actions is at least an order of magnitude

faster than the frequency of aimed oscillations,

- they rely on fast scale measurements (from which the information on oscilla-

tions are filtered) to determine the appropriate feedback – for damping of tower

and shaft oscillations the components of oscillations at the natural frequency

are extracted using the notch filter on the measurements of tower acceleration

and shaft strain [16], while for individual pitch control the oscillations on 1P

frequency (or NP for higher harmonics control) are extracted by using Coleman

transformation [101],

- they use a single wind turbine control variable that drastically influences the

aimed loads while the other loads are barely influenced,

- they do not influence (at least in principle) the power production, i.e. the small

oscillations introduced by the individual actuators are not noticeably reflected

in the active power output.

It is important to emphasise that the proposed supervisory controller, which

modifies the power reference at 1 Hz sampling frequency, has has entirely different

features:

- In general, any usage of power reference for load alleviation also affects power

production.

- The 1 second sampling time is too large to appropriately model the system

behavior at any of the natural frequencies (see Tab. 6.2), or to introduce ap-

propriate control variable oscillations that would actively damp the structural

oscillations. Except the first two natural frequencies of the tower, all other

natural frequencies are larger than the Nyquist frequency corresponding to the

chosen control frequency. The 1st and 2nd natural frequencies of the tower occur

at frequencies 0.32 Hz and 0.31 Hz, respectively. Hence, the controller could

use 3 samples per period of harmonic oscillation, but this is very prohibitive

and does not allow appropriately smooth control actions.

- If used with the sampling frequency of 1 Hz, the measurements from the ac-

celerometers and strain gauges are undersampled and, therefore, hardly inter-

pretable. Consequently, they can not be used for control, especially if one

considers possible delays in communication.



126 Chapter 8. Optimal Control of Wind Turbine Active Power For Wind Farm Control

- The modification of the power reference input inevitably leads to forcing in dif-

ferent planes, i.e. is causes multiple components of structural motion. Hence,

it is not possible to influence only one (selected) structural load via power ref-

erence changes. Namely, while the wind turbine operates in the power control

regime (i.e. when the available power is larger than the power reference) any

power reference change causes a very fast change of the generator torque, which,

in turn, introduces (see Sec. 4.2 for details):

• the torsional moment to the shaft,

• the sideways force to the tower through the mounting of the generator

and gearbox,

• change in torque balance on the main shaft that leads to change of rota-

tional speed, which introduces the in-plane blade forces,

• a change of thrust force and therefore out-of-plane blade bending and

tower bending, since the change in rotational speed is balanced by blade

pitching.

Considering the above observations, the design principles used for load alleviation

at the wind turbine control level can not be applied for the design of controller for

power perturbation. The controller design can aim to reduce structural oscillations

at frequencies lower than the natural frequency.

It is not easy to estimate how much potential lies in the reduction of low-frequent

components structural loads by using theoretical considerations – on a positive side

the excitation from wind is rich in frequencies at the aimed frequencies, which causes

aerodynamic loads that are propagated through the structure, however, on a down-

side, the oscillations on these frequencies are not amplified by the system as are the

resonant oscillations, so their influence is smaller. Some insight can be obtained by

inspecting typical responses of internal loads and evaluating their contribution to

structural damage, which can be quantified by a procedure based on rainflow count-

ing and damage equivalent load computation (see Sec.4.2). Figures 8.2 and 8.3 depict

the results of the rainflow counting algorithm on two typical short histories of tower

fore-aft bending moment and shaft torsional moment, respectively. The obtained

cycles can be roughly classified into two categories: slow cycles, which mostly arise

from changes of the external excitation, and fast cycles, which mostly arise due to

resonant oscillations. The aim here is to see how much damage is caused by slow

oscillations. Since the classification of cycles is based on an approximate criteria,

only the slowest cycles are classified as slow cycles, in order to obtain conservative

estimations. The cumulative damage equivalent load (DEL) can than be expressed
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as (see Sec. 4.2 and (4.7) for explanation and the definition and values of m):

DEL = (DELslow +DELfast)
1
m , (8.1)

where DELslow is the contribution of cycles assigned to slow fluctuations, while

DELfast is the contribution of cycles assigned to faster oscillations.

For the tower bending moment only two cycles and two half-cycles out of 249

extracted cycles in total are contributed to slow fluctuations, see the top plot of

Fig. 8.2. The bottom plot depicts other cycles over a smaller time interval (since

there are too many small cycles to be neatly visualised at the same plot). For the

tower bending load history one obtains DELslow ≈ DELfast = 1.9 ·1016, i.e. both slow

and fast oscillations contribute equally to damage equivalent loads. That means

that if, theoretically, one could eliminate the slow cycles the damage equivalent

load would reduce around 15%. For the shaft torsional moment in Fig. 8.3, for

which the oscillations on natural frequencies have smaller damping and therefore

introduce more loading, one obtains DELslow = 1.6 · 1010 and DELfast = 3.2 · 1010. In

this instance the elimination of the slow cycles would reduce the damage equivalent

around 10%. These examples indicate that there indeed exists an opportunity to

reduce the damage equivalent loads by alleviating low frequency oscillations of loads.
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Figure 8.2. Rainflow counting cycles extracted from the tower fore-aft bending moment
time history
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Figure 8.3. Rainflow counting cycles extracted from the low speed shaft torsional moment
time history

It remains to establish whether these distinguished load oscillations can be re-

duced by the 1 Hz changes of the power reference. The following observations provide

useful insight:

- The slow scale blade out-of-plane and tower fore-aft loading can be attributed

to the low frequent forcing due to thrust fluctuations that arise from wind

fluctuations and blade pitch angle changes (which are the result of speed con-

trol). In a theoretical situation, when one would not need to control the rotor

speed via pitch angle, the pitch angle could be used to compensate the thrust

fluctuations. If, via power control, one could take over a part of rotor speed

control, the pitch angle can be adapted to compensate thrust changes. The

change of power reference can influence the rotational speed since it translates

to generator torque change with very fast dynamics.

- The torsional shaft loads, as well as in-plane blade loads are influenced by the

imbalance of rotor and generator torque and (relative and absolute) changes

of rotor and generator rotational speed. The damaging oscillations of both tor-

sional moment and in-plane blade bending moment can be reduced by control-

ling the generator torque. In this manner one could balance the shaft torques
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under changes of the rotor torque, which are caused by wind fluctuations and

pitch changes.

- Due to generator and gear-box mounting the torques from the generator and

low speed shaft are transmitted to the tower and force tower side-to-side bend-

ing. The side-to-side tower bending moment could be reduced by keeping

torsional moments and generator torque steady.

It is obvious that the load reduction principles listed above are (idealised and)

severely coupled, representing different sides of the same coin. The operating vari-

ables – the pitch angle and rotational speed, generator torque and power, thrust

and torque – are coupled statically and dynamically, due to mechanical and control

design. Therefore, the power perturbations need to be designed to trade-off between

diverse operational requirements.

The strong coupling of the operating variables is also the reason why this kind

of control is not usually considered for basic wind turbine control design. The slow

dynamics at wind turbine level is dedicated to power tracking and speed tracking,

which are the priority of wind turbine operation (see basic objectives of wind turbine

control in Sec. 4.3). However, the reduction of loads at slow time scale can not

be achieved without the loss of either speed control or power control; hence it is

beneficial only in certain operational circumstances.

8.2 Control problem formulation

The control objectives of the proposed supervisory controller design are:

• reduction wind turbine structural loads,

• satisfaction of system constraints, and

• minimisation of power production deviations.

This set of control objectives motivates the use of the Model Predictive Control

(MPC) strategy for the controller design.

Even though control design principles behind the MPC described in Sec. 7.3

seem like a straightforward recipe for controller design, a number of choices need to

be made to formulate an MPC problem for a complex plant that renders a stabile,

yet not too conservative, plant behavior. The formulation choices described in the

following sections are predominantly based on studying the process dynamics, tran-

sient properties as well as properties of plant excitation through wind field. Some
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insight into plant analysis that precedes the chosen design can be found in author’s

publications [28] and [30].

8.2.1 Plant dynamics

The fundamental requirement of the MPC design is the existence of a model of the

system dynamics. The model, which is used for prediction of system states and

outputs, should also be appropriate in terms of the cost function that characterises

the control objectives. As described in Ch. 7, a mature mathematical apparatus

exists for the MPC problems based on linear time-invariant discrete-time models,

combined with linear or quadratic convex cost functions. Such control formulations

allow efficient on-line implementation, as well as the possibility (in principle) for an

explicit control law computation. Therefore, a linear wind turbine model is used

here.

The supervisory control problem formulation is based on the linear model de-

scribed in Sec. 6.3. The model is discretised to obtain:

x̃[t + 1] = Ãx̃[t] + B̃u[t] + B̃dd[t],

y[t] = C̃x̃[t] + D̃u[t] + D̃dd[t],
(8.2)

Where t ∈ Z denotes discrete time. The state vector is given by:

x̃ := [β ωr ωg,filt]
′ , (8.3)

where β is the pitch angle, ωr is the rotor speed, ωg,filt is the filtered generator speed.

The disturbance is defined as:

d := veff , (8.4)

where veff the rotor effective wind speed. The control input u is the power reference:

u := Pref , (8.5)

while the output vector is given by:

y := [FT TLSS]
′ , (8.6)

where FT is the (low-frequency part of) thrust force and TLSS is the (low-frequency

part of) low speed shaft torsional moment. All variables denote the small-signal

quantities.

Note that the power output used in (6.34) is dropped from (8.2), because the
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power output is equal to the power reference (cf. model matrices definition in

Sec. 6.3.2 and App. D). Namely, the power is controlled very efficiently by adapting

generator torque to generator speed, which is done by using the frequency converter.

All subsystems involved have extremely fast dynamics, which is negligible for mod-

eling at 1 second time scale. Therefore, to avoid penalising power deviations twice,

the power output is removed from the model (8.2).

Based on the transients of the plant model the prediction horizon of N = 4 is

chosen. In 4 seconds the majority of transients due to control action are over. Also,

trial simulation runs with different prediction horizons showed that the control action

for larger prediction horizons is practically the same.

8.2.2 Prediction model

The model (8.2) defines the dynamics of the plant and is the baseline of the prediction

model. However, in (8.2) the prediction model for the disturbance, d, is not defined –

given only the current measurement of d the model (8.2) can not generate predictions

of states and outputs for the prediction horizon. Therefore, one needs to establish

the wind speed prediction models.

The wind speed prediction provides, in theory, very large possibilities for control

design tuning and improvement. The perfect knowledge of wind speed throughout

the prediction horizon would be a precious information and of large value for control

improvement, see [138]. However, the means of establishing these predictions are

problematic, one needs some additional measurement device such as LIDAR that

enables the preview of the approaching wind field. Even if the LIDAR measurements

are available it is not straightforward how to use them to predict the effective wind

speed [118].

In this work the simplest wind speed prediction model is used, the so-called

persistence model:

veff [k + 1] = veff [k], ∀k ∈ {t, . . . , t+N − 1} . (8.7)

The assumption (8.7) that the effective wind speed will remain constant throughout

the prediction horizon is simple, but reasonable as long as the prediction horizon

remains relatively short. The observations made regarding low frequency content

of the turbulence in Sec. 3.2 and the definition of the effective wind as the rotor-

averaged turbulence in Ch. 6 all speak to that effect. The persistence model for

effective wind speed prediction was tested by Knudsen in [71] and it was found that

for 1 second predictions it provides the 94% fit, while for 30 second predictions the
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fit is 60%. Therefore, for the chosen prediction horizon of 4 seconds the persistence

method should be most appropriate. The simplistic wind prediction model is also

a preferred choice, in comparison to a more complex (but still uncertain) dynamic

model, since it provides dynamically simple predictions. Therefore the shape of the

predicted transients is known and an appropriate prediction horizon can be chosen.

If the prediction of the wind speed throughout the prediction horizon is dynamic one

may need significantly longer prediction horizons to ensure basic stability of control

design.

Once the wind speed prediction model is established, the effective wind speed

can be added to the plant states:

A :=

[
Ã B̃d

0 1

]
, B :=

[
B̃

0

]
,

C :=
[
C D̃d

]
, D :=

[
D̃
]
,

(8.8)

and the prediction model is then described as:

x[t + 1] = Ax[t] +Bu[t],

y[t] = Cx[t] +Du[t],
(8.9)

where

x := [β ωr ωg,filt veff ]
′ . (8.10)

Additionally, one needs to model or predict the set-points throughout prediction

horizon. The possibility to use the time-varying set-points throughout the prediction

horizon are not of large interest for the wind turbine supervisory controller design

(they are revisited in the wind farm controller design considerations in Sec. 9.1);

hence the set-points are assumed constant over the prediction horizon.

8.2.3 System constraints

The hard constraints of the wind turbine are the maximal and minimal generator

power and the maximal and minimal pitch angle:

Pmin ≤ P ≤ Pmax,

βmin ≤ β ≤ βmax.
(8.11)

The minimal power Pmin, βmin and βmax are typically fixed by design, while Pmax
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is a function of the generator design as well as the operating conditions:

Pmax = min(Pav, Pnom), (8.12)

where Pav(x) is the power that the turbine can extract from wind at current wind

speed and wind turbine state, while Pnom is the nominal generator power.

The estimation of the maximal available power Pavail is a tricky problem. The

available power is typically determined according to the static equation established

in Ch. 3:

Pavail =
1

2
ρR2πCP,maxv

3
eff , (8.13)

where Cmax
P is the maximal power coefficient defined in Sec. 3.3. In this work the

same principle for available power estimation is used, based on the low-pass filtered

estimation of effective wind speed. However, the available power at the wind turbine

is not a static variable, but a dynamic one that depends on the current effective wind

speed, which is hard to estimate properly. At the same time the system behavior can

be significantly deteriorated due to faulty available power estimation. The problem

arises when an incorrect estimation of the available power controller drives the wind

turbine in and out of the power control region, which generates unwanted oscillations

of the power and loads. This problem is treated by a heuristical fix: once the faulty

available power estimation drives the turbine into the power maximisation region

(which is recognised by the pitch angle equal to zero), the power reference is frozen

until the pitch angle increases over zero again. This fix is actually an analogon of the

region switching at the supervisory controller level and therefore a natural solution.

By design, this fix is also activated when the supervisory controller saturates the

control input. This occurs when the wind speed drops significantly below the nominal

wind speed and therefore the required power deviation from the power reference is

very large and, according to the controller cost function, undesirable. The controller

fix again protects the wind turbine from flipping in and out of the power control

region due to unprecise estimations of the changes of the available power that are

directly reflected in the changes of the saturated power reference, while the operation

in the power maximisation region is actually required by design.

Note that the constraints on the power reference and pitch angle are somewhat

superfluous since, theoretically, while the power is below maximal the pitch angle is

larger than 0 because the wind turbine is limiting its power. Also when wind turbine

operates at larger power reference than the minimal producible power the pitch angle

is larger than 90◦. Both constraints are kept here because they somewhat improve

the control system performance (redundant constraints often better cope with mod-
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eling inaccuracy). However, one of the constraints can easily be dropped without

significant performance loss if the increase of problem size becomes restrictive.

8.2.4 Cost function

The control model (8.2) does not include, for the reasons explained in Sec. 6.3, any

internal load models and therefore the loads can not be directly penalised. However,

it does include the rotor thrust and the (low frequency part of) low speed shaft

torsional moment, which are well correlated with some internal loads. Therefore,

these variables are used in the cost function to penalise the structural loading. From

the discussion in Sec. 4.2 it can be deduced that the oscillations of thrust and shaft

torque contribute to structural loads. Furthermore, it was also concluded that the os-

cillations introduced at frequencies lower than the natural frequency, the dynamics of

the internal loads follow the dynamics of the forcing. Therefore, if one would predict

the low frequent variations of thrust and torque, eliminate them with low frequent

control actions, the result should be the elimination of low frequent oscillations of

the internal load. This is the first hypothesis on which the control design rests. The

reduction of thrust oscillations is expected to reduce the bending moment oscilla-

tions of out-of-plane blade moments as well as fore-aft tower bending moment. This

hypothesis is equivalent to using the static model for the fore-aft bending moment

at tower base Mty:

Mty = FT ·H,

where H denotes the tower height, and modeling the blade out-of-plane bending

moment as thrust force per blade times two-thirds of the blade radius R bending:

Mby =
FT

3

2

3
R,

which are both commonly used approximations [60], [105]. The low frequent oscil-

lations of the shaft torsional moment are directly modeled and penalised, while the

assumption is that controlling the oscillations of the torsional shaft moment, along

with the generator torque oscillations that are controlled through control input pe-

nalisation, will effect the in-plane blade moment and side-side tower moment.

The second hypothesis that is used is that the reduction of standard deviation of

given forces (and consequently bending moments) will lead to reduction of damage

equivalent loads. This assumption can be to a certain extent confirmed by qualitative

inspection of load histories and the attributed cycle counts as in Fig. 8.2 and Fig. 8.3,

and analysis of a large number of simulations.
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The cost function at time t proposed for the control design is:

J(x, y, u; t) =
t+N−1∑

k=t

(y[k]− y[k])′Q(y[k]− y[k]) + (u[k]− u[k])′R(u[k]− u[k]), (8.14)

where N is the prediction horizon, Q = Q′ � 0 ∈ R
2 and R > 0 ∈ R are the weights

of the design, while y and u are the (small-signal values of) output and input set

points, i.e.

y :=
[
FT(P ref , v) TLSS(P ref , v)

]′
, u := P ref . (8.15)

The set-point y can be determined for a given mean power reference P ref and mea-

sured/estimated mean wind speed v via static model from Sec. 6.3.1.

8.3 Controller design

Taking into account the established problem formulation properties, the following

Constrained Finite-Time Optimal Control (CFTOC) problem can be stated:

J∗ (x0, u, y, Pmax) = min
u0,...,uN−1

N−1∑

k=0

(yk − y)′Q(yk − y) + (uk − u)′R(uk − u)

subject to






xk+1 = Axk +Buk,

yk = Cxk +Duk,

βmin ≤ βk ≤ βmax,

Pmin ≤ uk ≤ Pmax,

k = 0, ..., N − 1.

(8.16)

At time t, given the measurement/estimation of x[t], the required mean power

reference u, and computed/estimated y and Pmax, and by setting x0 := x[t] the

(convex) quadratic program (QP) can be formulated:

min
U

1
2
U ′QuuU +QuU,

subjectto CuU ≤ Cm,
(8.17)

where U := [u0, . . . , uN−1]
′ is the optimisation vector, while Quu ∈ R

N×N , Qu ∈ R
N ,

Cu ∈ R
q×N , Cm ∈ R

q are constant matrices, defined by the system matrices and the

evaluated problem parameters at time t. The definition of the matrices is given in

App. D.

The on-line implementation of the MPC requires the following actions to be

performed at every time step t: (i) determine x0, u, y, Pmax, (ii) compute the matrices
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Quu, Qu, Cu and Cm according to expressions provided in App. D, (iii) solve (8.17)

via dedicated solver and (iv) apply u0 to the plant.

Alternatively, the control problem (8.16) can be recast as a parametric optimisa-

tion problem, which can then be used to design the explicit optimal controller, which

greatly simplifies the controller implementation.

8.3.1 Explicit optimal controller design

The following parameter vector is defined:

θ := [x′
0 u y′ Pmax]

′
, θ ∈ R

nθ , (8.18)

where nθ = 7. By algebraic manipulation, the problem (8.16) can be recast in the

following form:

J∗(θ) = 1
2
θ′Qθθθ + min

U

1
2
U ′QuuU + θ′QθuU

subject to CuU ≤ Cc + Cθθ,

(8.19)

where U ∈ R
nu, U = [u0, ..., uN−1]

′ is the optimisation vector, Qθθ ∈ R
nθ×nθ , Quu ∈

R
nu×nu , Qθu ∈ R

nθ×nu, Cu ∈ R
q×nu, Cc ∈ R

q and Cθ ∈ R
q×nθ are constant matrices.

The matrices definitions are given in App. D.

The problem of computing the optimiser U∗(θ) and the value function J∗(θ)

in (8.19) is the (right-hand-side) multi-parametric quadratic program (mpQP). By

solving mpQP one obtains the function U∗(θ) that maps the parameter (i.e. state

and disturbance estimations, power and load references and maximal power) to the

optimal input of the plant at time t, u[t] = u∗
0. The optimiser U∗(θ) (and subsequently

u∗
0) is a continuous piecewise affine function defined over polyhedral partition of the

feasible parameter space, see Sec. 7.2.

8.3.2 Controller implementation

The final overall structure of the supervisory controller is shown in Fig. 8.4. The

measured signals at wind turbines, ym, are the pitch angle, generator speed and wind

speed, which is measured by an anemometer mounted at the nacelle. From these

measurements and the system model (8.2) the state vector estimate

x̂ :=
[
β̂ ω̂r ω̂g,filt v̂eff

]′
(8.20)
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can be obtained by using the Extended Kalman filter described in Sec. 6.3.3. The

estimated effective wind speed (which is a component of the estimated state vector) is

then passed through the moving average filter to obtain the mean estimated effective

wind speed v̂eff , which is used to calculate the power, thrust and torque references

and the available power, i.e. û and ŷ. This calculation is based on a static turbine

model from Sec. 6.3. The estimate of the parameter vector:

θ̂ :=
[
x̂ û ŷ P̂max

]′
. (8.21)

can then be obtained.

From implementation point of view, the control algorithm becomes a search (over

polyhedral partition of the parameter space) for the region that contains θ̂. Since

parameter space is polyhedral partition, testing whether θ̂ belongs to the k−th region

comes down to evaluation of a set of linear inequalities. Once the region is identified,

the controller input is determined by evaluating the affine function attributed to that

region.

The mpQP (8.19) is solved by using the Multi-Parametric Toolbox (MPT) for

Matlab [135].

Control
algorithm

Reference
&

constraints
computation

P ref u

ym
State

&
disturbance
estimator

ymMoving
average
filter

û, ŷ, P̂max

x̂v̂eff

Supervisory controller

Figure 8.4. Supervisory controller design. From plant measurements the system states
and the wind speed are estimated. The filtered wind speed estimate v̂eff and the mean power
demand P ref are used to compute the load and power references ŷ and the constraint on the
available power P̂max. Setting the parameter value to θ̂ the control signal Pref is evaluated
based on precomputed control law.

8.4 Controller validation

8.4.1 Validation setup

For controller validation the aero-servo-elastic wind turbine simulation is performed

based on FAST, AERODYN and TurbSim, as described in Sec. 6.2. The controller
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and actuator dynamics are added externally in Simulink, according to the wind

turbine model described in Sec. 6.1. The simulations use the full 3-dimensional

turbulent wind field sampled with 20 Hz, generated over a 23×23 grid over the rotor

area. Each blade is modeled by using 17 blade nodes described by 8 different airfoils.

The motion of each blade is described by two flapwise and one edgewise degree of

freedom. The drive train is modeled using one degree of freedom for low speed shaft

and one for the generator. The tower motion is described by 4 degrees of freedom, 2

for lateral modes and 2 for longitudinal modes and the yawing motion of the nacelle

provides another degree of freedom.

To quantify the achievement of control objectives the damage equivalent loads of

the main structural loads identified in Sec. 4.2. DEL computation is performed by

the MCrunch code (see [102]) with C = 1, Tf = 1, m = 4 for the tower and m = 10

for the blades. To evaluate the objective of keeping the power oscillations small two

statistical indicators are used: the mean tracking error e = 1
Tsim

∑Tsim

t=1 e(t) and the

standard deviation of the tracking error σe =
√∑Tsim

t=1 (e(t)− e)2. Here the tracking

error e is defined as e(t) = P (t)− P ref .

To analyse the power perturbation controller add-on the simulations were per-

formed over a range of above-rated wind speeds from 12 m/s up to 22 m/s. The

simulations use 10 minute random generated wind fields. In every test the mean

power reference is P ref = 4500 kW, i.e. 90 % of the turbine nominal power (mo-

tivation for this choice is explained in Sec. 6.3.1). For each mean wind speed the

turbulence intensity of the wind field is generated by using the prescribed TurbSim

functions for generating class A turbulence according to IEC standard [97]. The class

A turbulence is used for design validation of turbines in the most turbulent sights.

The turbulence intensities corresponding to different simulation runs are given in

Fig. 8.5. For the lower turbulence levels, which present less of a challenge for con-

troller at hand due to better disturbance estimations, the results are presented in

[31].
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Figure 8.5. Turbulence intensity for different simulation runs.
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To explore the trade-offs the control design offers, two different sets of weights

are used in the cost function (8.14). The first set of weights, denoted MPC1, puts

considerably more weight on thrust penalisation, while the second set of weights,

denoted MPC2, balances between influence on thrust and torque. For all designs

R = 1, while the the thrust and torque weights are given in Fig. 8.6. The number of

regions of the explicit controller is defined is also given in Fig. 8.6.
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Figure 8.6. The controller parameters and the turbulence intensity for different simula-
tions.

The controllers MPC1 and MPC2 are compared to the default situation used

in wind farm control – the constant power references. The simulation results are

denoted by CONST. During simulation the power reference is assumed constant, as

well as the mean wind speed. Therefore, the power, thrust and torque reference are

also kept constant.

8.4.2 Results

The results of the controller validation are given in Fig. 8.7. The figure shows the

mean power production, standard deviation of power, standard deviations of thrust

and torque (directly aimed by the controller design) and the damage equivalent

loads for representative internal loading of the wind turbine, as explained in Sec. 4.2.

Furthermore, for two chosen simulation runs, those at mean wind speeds of 15 m/s
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and 20 m/s, the results are presented in more details numerically in the Tab. 8.1 and

8.2 and graphically as the plots of time-marching data in Fig. 8.8 and 8.9.

Power production

The top two plots at Fig. 8.7 describe the properties of the produced power. When

the power reference is kept constant the power tracking is perfect at wind speeds

above 14 m/s – the mean power is equal to the power reference and the standard

deviation is very low, around 20 kW. At wind speeds of 12 and 13 m/s the excursions

of wind speeds below the nominal wind speed. According to static analysis the

required wind speed to produce 4500 kW of power is 11 m/s. Since the turbulent

wind is below 11 m/s for a long time the mean power produced using the constant

power reference is below 4500 kW and the standard deviation of power is larger due to

power excursions. At these wind speeds the perturbation of power references actually

increases the mean power production and brings it closer to the mean required power.

The reason for this is that the power production is that the power increases during

large wind speeds and on average the power is closer to the mean power reference.

As expected, the standard deviation of produced power increases when the power

reference variations are introduced. The controller MPC1, which penalises power

variations less than MPC2, introduces larger variations – the standard deviation of

power is between 400 kW and 500 kW, i.e. between 8% and 10% of turbine nominal

power. The standard deviation of power when using the MPC2 control design is

typically between 4% and 5% (200 kW and 250 kW) for large wind speeds, while for

the lower wind speeds it rises up to 8% due to changes of the available power. The

mean produced power at large wind speeds, when the power reference is available

most of the time, is a bit lower than the power reference. For the controller MPC2

this reduction is negligible – the largest reduction is around 20 kW, while for some

simulations the reduction does not exist. For the controller MPC2 the mean power

production is typically lower than 50 kW, while the largest reduction at large wind

speeds is around 80 kW, which is 1.6% of wind turbine nominal power. The reason

for the reduction lays in the fact that the MPC1 controller introduces relatively large

power excursions, sometimes larger than 500 kW, which is the largest margin for the

increase of power due to limitations imposed ba the turbine nominal power. At the

same time the margin for power decrease is far enough to allow large excursions in

downward direction. Therefore, the power excursions are not balanced and the mean

power production decreases. This could be helped, on a statistical level, by imposing

a tighter margin for downward power excursions that is equal to the margin for

the upward power excursions. For the wind farm controller design where the power
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deviations are coordinated, this kind of behavior is not problematic.

Thrust and torque variations

The described controller design penalises the mean squared errors of power, thrust

and LSS torque tracking over the control horizon. If the design principles are appro-

priate, the simulations dhould reveal a trade-off between standard deviation power,

thrust and torque. As discussed in Sec. 8.1 the primary aim is the reduction of thrust,

while power and torque excursions should be kept reasonably low.

The Fig. 8.7 reveals that the design is successful in that sense. The MPC1 con-

troller consistently reduces the standard deviation of thrust, while the torque and

power excursions are kept small. The MPC2 controller improves thrust tracking a

lot, for certain simulations as much as 50%, however, under the cost of larger power

and torque excursions.

The trade-off between thrust tracking and power and torque tracking can be seen

in Fig. 8.8 and Fig. 8.9, where the black dashed line denotes the thrust and torque

references.

Overall wind turbine operation

Before analysing the influence of power perturbations to particular loads it is use-

ful to analyse the resulting overall behavior of the wind turbine. The Fig. 8.8 and

Fig. 8.9 depict excerpts of simulated outputs for simulation runs at 15 m/s and

20 m/s, respectively. These extracts are chosen because they depict two quantita-

tively different effects introduced by the controller.

During the time slot depicted at Fig. 8.8 the wind speed is relatively low – it

drops to 9 m/s once and below 10 m/s several times for short periods. During

these periods the pitch angle reduces to maintain the required power and eventually,

when the pitch angle reaches zero, the wind turbine controller switches to power

maximisation regime. The switching of the regions is inevitably related to a large

thrust swing since, as one can see from Fig. 6.6, the thrust force is maximal at the

transition of the regions that are characterised by minimal pitch angle and maximal

rotor speed. The reduction of power reference prevents this thrust excursion, since it

is followed by the pitch angle increase. Therefore, the power excursions introduced

by the controller add-on can be very useful in cases of negative gusts that occur

during strong winds.

The Fig. 8.9 depicts an average period of strong turbulent wind without any

particulary strong gusts. The influence of power fluctuations on wind turbine oper-

ation is more subtle, even though one can still notice the trade-off between tracking
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of thrust, torque and power, most obviously through the influence on pitch angle.

However, one can notice that the sensitivity of thrust changes to power fluctuations

is not very favorable. This can be very easily explained by observing a static thrust

characteristic at Fig. 6.6, where the slope of thrust plane decreases with the increase

of pitch angle.

It is important to emphasise, even though this is not explicitly depicted in Fig. 8.7,

that in all simulations the standard deviation of pitch angle and generator torque

decreased when the power perturbations are introduced. This means that the added

power (and consequent generator torque) perturbations aid the wind turbine con-

troller to control the speed and take over a part of speed regulation task from the

pitch controller.

Rotor loads

To represent the rotor loads the in-plane and out-of-plane bending moments at blade

root are analysed. The out-of-plane blade loads are most influenced by thrust, while

the in-plane loads arise from gravity and inertial loads. The results in Fig. 8.7 show

that the reduction in out-of-plane loads is considerable. The reduction is larger or

the MPC2 controller, which coincides with the design principles. The reduction in

out-of-plane moment DEL introduced by power perturbations is not as uniform as

the reduction of thrust. However, there is enough correlation between the thrust

standard deviation and damage equivalent load that the design proves successful.

The reduction of root blade bending moment DEL (mean value for all three blades)

obtained by the MPC1 controller ranges from 5% up to 26%, with the mean reduction

of 16% over the entire range of simulations. For the MPC2 controller the reduction

in DEL ranges from 3% to 18%, with an average of 10%. Therefore, one can conclude

that the designed controller add-on successfully reduces damage inducing blade out-

of-plane loading .

The in-plane blade moments are practically not influenced. The reason for this

is that the influence on gravity is by far the strongest and the in-plane moment

has a dominant harmonic 1P component, with a very small addition of an oscilla-

tory component at natural frequency. Therefore, there is practically no slow-scale

azimuth-independent loading, which is the aim of this control design.

From Fig. 8.7 one can notice that in given operating conditions the out-of-plane

component of blade loads introduces more damage than the in-plane loads and there-

fore, most probably (since these are normal operating conditions), they are the design

load. Consequently, there might exist an opportunity for component cost reduction

if the proposed control principle is embraced.
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Nacelle loads

The most pronounced influence on the nacelle loads occurs through shaft torsional

moment Mzn because the generator torque oscillations are directly transmitted to the

shaft torsion. Fig. 8.7 shows that the MPC1 controller increases the shaft torsional

moment significantly. This might be a single most restricting factor of this control

design, especially for wind turbines with gearbox, since the torsional moment is also

transferred to the gearbox. Therefore, the controllers that significantly penalise the

thrust might be reserved for direct-drive turbine designs. When more weight is put on

torque oscillations, as in MPC2 controller, the torque oscillations are much reduced.

Moreover, at large number of simulation runs the use of power perturbing controller

actually reduced shaft torsional damage loading.

The shaft and generator torque oscillations are transferred to the tower through

gearbox and generator mounting, so the increase of oscillations of both leads to a

bending moment Mxn around the x−axis at the tower top (yaw mechanism bearing).

This is clearly seen from the correlation of the Mxn and Mzn indicated in Table 8.1 and

Table 8.2. The bending moment Myn is not significantly influenced by the controller

add-on since the thrust force acts on a short arm.

Tower loads

The fore-aft bending moment at the tower base is the single wind turbine internal

load that is under largest influence of slow-scale fluctuations of the rotor thrust

force, because the arm of the force is long and therefore its influence on bending is

large. The largest reduction of tower base fore-aft bending moment DEL obtained

by the MPC1 control design is 45%, while the average reduction is 23%. For the

MPC1 control design the reductions range between 5% and 28%, while the average

reduction of DEL is 16%.

The moments transferred from the shaft and generator at the tower top influence

the tower over its entire length. The tower side-side natural frequency is very poorly

damped and therefore a large amount of dynamic external excitation is transferred

to oscillation at the natural frequency. Therefore, both MPC1 and MPC2 designs

introduce additional loading into the side-side plane.

However, the increase of side-side moments are not that important for the overall

benefits of the controller. Namely, the planes of side-side and fore-aft oscillations

are not fixed during the wind turbine operation because they change when the wind

turbine yaws. Therefore, the tower are built symmetrical. Consequently, the tower

can stand the same loading in every plane. However, the prevalent wind direction
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is sight specific. Therefore, the fatigue is generated primarily due to larger fore-aft

bending, defined according to the mean wind direction. Therefore, if the tower design

is determined by fatigue loads (which is so in most cases), this control principle can

reduce design cost.

Table 8.1. Simulation run statistics, P ref = 4500 kW, v = 15 m/s

CONST MPC1 MPC2

WF power
tracking

e [kW] -1 -33 +8

σe [kNm] 34 449 244

Cost
measures

σ(TLSS) [kNm] 190 394 235

σ(FT) [kN] 113 51 71

Blade loads

DEL Myb1 [MNm] 15.9 13.6 (-14%) 14.2 (-11%)

DEL Myb2 [MNm] 16.0 13.3 (-17%) 14.1 (-12%)

DEL Myb3 [MNm] 15.8 11.3 (-29%) 13.1 (-17%)

Nacelle loads

DEL Myn [MNm] 17.4 17.1 (-1%) 17.3 (-1%)

DEL Mxn [MNm] 4.0 4.1 (+1%) 3.3 (-20%)

DEL Mzn [MNm] 3.8 3.8 (-) 2.8 (-26%)

Tower loads
DEL Myt [MNm] 139.1 84.6 (-39%) 91.6 (-34%)

DEL Mxt [MNm] 37.5 47.3 (+26%) 48.9 (+30%)

WT control
performance

σ(β)[◦] 3.6 2.6 3.0

σ(ωg) [rpm] 23.0 13.5 15.3

Table 8.2. Simulation run statistics, P ref = 4500 kW, v = 20 m/s

CONST MPC1 MPC2

WF power
tracking

e [kW] 0 -32 +2

σe [kNm] 37 451 225

Cost
measures

σ(TLSS) [kNm] 260 440 265

σ(FT) [kN] 69 53 58

Blade loads

DEL Myb1 [MNm] 14.2 13.4 (-5%) 13.6 (-4%)

DEL Myb2 [MNm] 14.3 13.5 (-6%) 13.9 (-5%)

DEL Myb3 [MNm] 14.6 13.9 (-4%) 14.1 (-3%)

Nacelle loads

DEL Myn [MNm] 22.0 22.0 (-) 22.1 (-)

DEL Mxn [MNm] 4.8 6.2 (+30%) 4.8 (-)

DEL Mzn [MNm] 4.2 5.9 (+39%) 4.2 (-)

Tower loads
DEL Myt [MNm] 94.9 87.9 (-7%) 89.5 (-6%)

DEL Mxt [MNm] 70.0 76.5 (+9%) 74.1 (+6%)

WT control
performance

σ(β)[◦] 2.5 2.2 2.3

σ(ωg) [rpm] 12.2 11.2 12.0
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Figure 8.7. Simulation results for a range of mean wind speeds
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8.4.3 Additional remarks

During the simulation tests of the controller it was noticed that the wind turbine

controller design established as a benchmark (see Sec. 6.1) contains a certain flaw

that might be categorised as a "poor design". Namely, as it is denoted in Sec. 4.3,

the feedback law used for setting the generator torque in the power control operating

region,

Tg,ref =
Pref

ωg,filt
, (8.22)

is slightly destabilising. Namely, when the generator speed decreases, due to (8.22),

the generator torque increases, which leads to further slow-down of the generator.

In the power control region the speed is controlled via pitch angle. The influence of

changing the pitch angle prevails over the destabilising action of torque control, so

the destabilising action does not influence the overall control. This observation is

mostly correct, i.e. the generator torque actions are very successful in eliminating

the power swings, the produced power is very firmly tracked, while the influence on

control variables and loads is minimal. However, in certain situation, this type of

a feedback, in combination with the region switching policy described in Sec. 6.1

introduces certain problems. In particular, the following reaction chain may occur

at the wind speeds relatively close to the switching wind speed:

- the negative gradient of the wind speed slows down the rotor and the generator,

- the pitch angle decreases to speed up the generator, while the generator torque

increases to keep the power output constant,

- due to relatively low pitch angle and the negative trend of the rotational speed

the pitch angle can reduce the reference all to way to 0,

- since the excursion of generator speed below nominal is significant the optimal

torque can be significantly below Pref/ωg,nom,

- generator speed is below nominal, optimal torque is below Pref/ωg,nom and pitch

angle reference is zero ⇒ the controller switches to the power maximisation,

region and drops the torque reference (the drop in the torque is large due to

(8.22) the momentary torque is large, while the optimal torque is, due to low

generator speed, low),

- at this point the wind turbine operates at too low pitch angle and too low

torque, which leads to large increase of the generator speed,
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- due to the speed-up the controller returns to power control region with a large

positive speed gradient,

- again due to (8.22) the generator torque drops and further enhances the over-

speed, while due to inherent actuator dynamics the pitch angle recovers slowly,

- the overspeed, along with large load excursions, lasts until the pitch angle

restores its equilibrium value.

The result of these actions is the unfavorably large excursions of the rotational speed,

pitch angle, shaft torque and power, which all lead to increase of structural loads.

The primary cause of this event is the feedback (8.22).

One way to mitigate/remove this effect is to give up the destabilising feedback

and enforce a constant generator torque: Tg,ref = Pref

ωg,nom
. Simulations with such

controller did not reveal any incidents of the above described effects. The downside

of this controller design is that it does not track the power reference as tight as the

original power tracking controller. The comparison between the transient behavior

of the two controllers can be seen in Fig. 8.10.

The supervisory controller solves the problem of unnecessary region switching

very efficiently – the (unnecessary) switching did not occur in simulation tests when

the supervisory controller was used. The part of performance improvements shown

in Fig. 8.7 can be contributed to these events. To show that the benefit introduced by

the supervisory controller is not strictly contributed to improvement of this "design

flaw" a comparison is made between the simulation results with the supervisory

controller (the same ones reported in Sec. 8.4) and the constant reference operation

when the wind turbine controller does not use the feedback (8.22), but keeps the

generator torque constant Tg,ref =
Pref

ωg,nom
. The results are shown in Fig. 8.11. The

general conclusions on the supervisory performance still apply, even though one can

notice that this wind turbine controller setup induces less structural loading, and

therefore the improvement obtained by power perturbation is somewhat smaller.

However, such wind turbine controller demonstrates larger standard deviation of

power tracking. Since the wind turbine controller defined in Sec. 6.1 is established as

the Aeolus benchmark model and is known to be used in industrial environment, it is

kept within this work too. Note that the controller add-on for power perturbations

can simply be designed if the controller uses the constant torque references, or any

variant in between. The only modification should be introduced to the plant model.
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Figure 8.11. The results of simulations of MPC1 and MPC2 controllers, evaluated versus
the constant reference control
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8.5 Conclusion

In this chapter a novel concept of wind turbine supervisory controller design is de-

scribed. The wind turbine supervisory controller is implemented as an external add-

on to a fully operational wind turbine with the wind turbine controller that enables

the external modification of the power reference. No modification is introduced to

wind turbine controller, enabling the simple installation of the controller to already

operational wind turbines. The controller operates at a sampling time used for wind

farm control systems.

The objective of the supervisory controller is to reduce the wind turbine structural

loads by perturbing the wind turbine power reference. The dedicated controller

formulation is described that significantly differs from the load alleviation techniques

usually applied at the wind turbine control level. The control problem is formulated

as a constrained finite-time optimal control (CFTOC) problem, which by utilising the

receding horizon control policy is the basis of the model predictive controller. The

CFTOC problem is reformulated as a parametric optimisation program that can

be solved off-line to obtain the explicit controller, which is computationally more

efficient and simpler to implement.

The supervisory controller is tested for a range of operating conditions. A sig-

nificant load reduction is obtained for the thrust-driven internal loads – the blade

out-of-plane bending moment and the tower base fore-aft bending moment. It is

possible to obtain the average reduction in damage equivalent loads of 16% in tower

fore-aft oscillations and 10% in the blade out-of-plane oscillations without a signifi-

cant increase in the torque driven loads – the shaft torsional load, the tower side-side

oscillations and blade in-plane oscillations. This result is obtained by introducing

the power oscillations of around 5% of nominal power. Larger reductions in the

thrust induced loads are possible if some increase in the torque driven loads can be

tolerated, which could easily be the case, especially for direct drive wind turbines

that are not sensitive to shaft and gearbox loads.

The developed supervisory controller can be used as an add-on either to the

individually grid-connected wind turbines, or to the wind turbines installed in the

wind farm. However, the main potential of this controller lyes in the possibility to

use it as a part of coordinated wind farm control system for power tracking. Such

wind farm control system is described in Ch. 9.



Chapter 9

Optimal Wind Farm Controller for

Active Power Control

In this chapter an optimal wind farm controller design is presented that conforms

to wind farm active power control requirements set by the grid codes (see Chap-

ter 2).The controller design is based on the hierarchical control concept established

in Chapter 5:

- the slow-scale controller distributes mean power references based on a simplistic

quasi-static wind farm model; and

- the fast-scale controller adds fast power perturbations based on the control

design that rests on the ideas described in Chapter 8. Here the power perturba-

tions introduced by individual turbine supervisory controllers are coordinated

by the wind farm controller in order to ensure proper tracking of the wind farm

power references.

The design is driven by the scalability requirement – the wind farm controller needs

to be applicable for implementation at very large wind farms that are being built

today.

In Section 9.1 the control problem for both slow-scale and fast-scale controllers are

formulated. In Section 9.2 the implementation of the proposed controller is discussed,

which has a task to ensure the scalability of the proposed algorithm. Section 9.3

provides the validation results for this control design obtained by the SimWindFarm

simulator described in Section 6.1.

9.1 Control design formulation

The objectives of the wind farm controller design are:

• Follow/respond to grid requirements,

• High quality of wind farm active power tracking,

153
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Figure 9.1. Conceptual design scheme of the wind farm controller. The slow-scale con-
troller (T = 10 s) uses quasi-stationary wake models to optimise the distribution of mean
power references, and the fast-scale controller (T = 1 s) optimises variations around given
power references to minimise wind turbine loads.

• Reduction of structural loads on wind turbines, and

• Applicability/implementability to very large wind farms.

According to the hierarchical control concept established in Ch. 5, the designed

wind farm controller consists of two levels: slow-scale controller and fast-scale con-

troller, see Fig. 9.1.

The slow-scale controller uses the quasi-stationary wake models to optimise the

distribution of mean power references, with a task to maximise the margin of the wind

farm power production – it attempts to maximise the difference between the turbine

power production and the available power on each wind turbine. This improves

the tracking quality of the wind farm power because the possibility of power drops

at individual wind turbines due to turbulent wind speed excursions is minimised.

Namely, the closer a wind turbine power reference is to the available power (i.e. the

production limit) the larger is the possibility that the produced power will drop due to

negative wind gust (a temporary decrease in wind speed). A relatively short sampling

time of 10 seconds was chosen for convenience rather than requirement. Namely, the

slow wind farm controller uses the estimation of wind turbine effective wind speed

that is filtered by a moving average filter with the time window of 200 seconds. This

averaging time is chosen according to the insight into wind field models described in

Ch. 3. Therefore the slow-scale controller actions vary slowly. The sampling time of

10 seconds allows very smooth changes of the references for the fast-scale controller,

which is convenient. Also, since the slow-scale controller design is very simplistic, the

computation time does not present a constraint on the sampling time. Conceptually,

the increase of sampling time of the slow time controller would not present a problem,

since the effect of the abrupt reference changes could be diminished by low-pass

filtering of the obtained references.
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The fast-scale controller, with sampling time of 1 second, introduces variations to

the power references received from the slow-scale controller according to the controller

design described in Ch. 8. The fast-scale controller’s task is to reduce structural loads

of the wind turbines, but also to improve the overall wind farm power tracking by

using the fast time scale information through wind farm measurements. If the wind

farm power reference is fed also to the fast-scale controller (depicted with dashed line

in Fig. 9.1), the fast scale controller can improve the response to the wind farm power

reference changes, if they occur between two (relatively distant) sampling instances

of the slow controlled.

The assumption of the control design established in Ch. 5 is that the time-scales of

the control actions of two control levels are well separated and there is no interference

between the controllers. This is largely confirmed by simulation results.

The control algorithm formulation for the two controllers are given in the follow-

ing sections. The wind farm that consists of M wind turbines is considered. The

notation rules are:

- The subscript i denotes the quantity refers to the i−th wind turbine, i =

1, . . . ,M , e.g. Pref,i denotes the power reference on the i−th wind turbine.

- Bold face notation is used for the vectors that collect the states/inputs/outputs

from all wind turbines, e.g. Pref := [Pref,1 . . . Pref,M ]′, veff := [veff ,1 . . . veff ,M ]′.

- Variable names with hat denote the estimated values of the quantity, e.g. P̂av,i

is the estimated available power at i−th wind turbine.

- Overline denotes quantities related to the operation of the slow-scale controller,

e.g. P ref,i is the power reference issued by the slow-scale controller to the

i−th wind turbine, v̂eff is the vector containing low-pass filtered estimations of

effective speed at wind turbines.

9.1.1 Slow-scale controller

The slow-scale controller is designed to maximise power reserve in the system and

thereby reduce the possibility of power loss due to turbulent negative wind gusts.

To determine the optimal distribution of power references one requires a model that

relates the issued power reference on one turbine to the available power on other wind

turbines. Here a simplistic quasi-stationary linear model is used to that end. The

model, denoted as the wake model, is obtained from identification experiments on

the stochastic wind farm simulator SimWindFarm described in Sec. 6.1. The quasi-

stationary character of the model means that the ambient conditions are considered
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constant and the available power at any turbine is affected only by (the changes of)

the power reference of the upwind turbines.

The following form of the wake model is used:

∆veff = W (vamb) ·∆Pref , (9.1)

where vamb is the mean ambient wind speed (the mean wind speed of the free flow (

unaffected by the wind farm), unique for the all wind turbines) W (·) : R → R
M×M

is a piecewise-linear function in vamb, ∆veff denotes the change of the mean effective

wind speed induced by the change of power references ∆Pref . The model is used

in a quasi-stationary manner – the ambient wind vamb is considered fixed– thereby

resulting with a linear wake model:

∆veff = W ·∆Pref , (9.2)

where W ∈ R
M×M is the matrix obtained by evaluating W (·) for vamb at time t. If

wind turbines are aligned with the mean wind direction in a single row, with the

turbines indexed in ascending order from the most upwind to the most downwind

one, then, for a fixed vamb, W (vamb) is a lower diagonal square matrix with zeros on

the diagonal.

The wake model of form (9.1) is obtained by an experimental identification (with

multiple identification test runs) of the wind farm simulator SimWindFarm at differ-

ent vamb. By averaging the results the ambient wind speed dependant gain matrix W

is determined for different vamb. The piecewise affine model W (vamb) is then obtained

by interpolation. This kind of a wake model can also be obtained by linearising the

so-called engineering expressions of the wind speed deficit in turbine clusters, see

Sec. 3.4. However, the described identification procedure can easily be done on an

operating wind farm, thus making it more practical.

The available power at the i−th wind turbine is given by the (well-known) static

expression (which stems from definition of static aerodynamic curves, see Sec. 3.3):

Pav,i =
1

2
R2πρCP,maxv

3
eff ,i, (9.3)

i.e. in a linearised form:

∆Pav,i = KvP,i(veff ,i)∆veff . (9.4)

In this work the gain functions KvP,i(veff ,i) : R→ R are used in a quasi-static manner:

∆Pav = KvP∆veff , (9.5)
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with KvP ∈ R
M×M being a diagonal matrix, whose elements are obtained from by

fixing veff ,i in KvP,i(veff ,i) to the estimated value at time t.

The interface of the slow-scale controller is given in Fig. 9.2. The controller uses

filtered measurements/estimations of the ambient wind speed v̂amb (e.g. measured

at the measurement mast in front of the wind farm), filtered effective wind speed

estimates from the wind turbines, v̂eff , and filtered power measurements from all

wind turbines, P̂. The values v̂eff are determined by using an estimator described in

Sec. 6.3.3. The wind farm power reference Pwf,ref is supplied to the controller and the

controller outputs the mean power and load references for the wind turbines, which

are further supplied to the fast-scale controller. The slow-scale controller computes

the mean power references u, while the mean load references y are determined from

the power references and mean effective wind speeds using the static wind turbine

model from Sec. 6.3.1.

Slow-scale
controller

Pwf,ref

LP Filter

v̂amb

v̂amb

LP Filter

Estimator
P̂, v̂eff ymP̂, v̂eff

u, y

Figure 9.2. Slow-scale controller interface

Consider now a wind farm at time t. From estimated v̂amb and v̂eff one determines

W and KvP are determined. Assuming the wind turbine power references applied to

the wind farm are:

Pref = Pref +∆Pref ,

then using expressions (9.2) and (9.5) one can compute the predicted available power

at wind turbines, P̃av, as:

P̃av(∆Pref) = Pav +KvPW∆Pref . (9.6)

For a given wind farm power reference Pwf,ref two situation can occur: (i) it is

possible to distribute the wind turbine power references in such manner that they
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sum up to Pwf,ref and (ii) the wind farm power reference is lower than the cumulative

available power, i.e.

Pwf,ref > max
∆Pref

M∑

i=1

P̃ av,i

In the first case the slow-scale controller aims to deliver required wind farm power

while keeping all turbines as far as possible from their available power limits. In

the second case the task of the controller is to keep all power references as close as

possible to the available power. At all times the wind turbine power references need

to be between the minimal power at which wind turbines are operational, Pmin, and

the nominal power, Pnom. The power references that accomplish these objectives can

be determined by solving the following optimisation problem:

max
∆Pref ,ε

ε

subject to





P+∆Pref + 1Mε ≤ Pav +KvPW∆Pref ,

Pmin ≤ P+∆Pref ≤ Pnom,∑M
i=1 P i +∆P ref,i = Pwf,ref .

(9.7)

The solution of (9.7) are the optimisers ∆P
∗
ref and ε∗. The optimal slow-scale

power references, which are sent to the fast scale controller, are calculated as u =

P+∆P
∗
ref . Based on the optimal power references u, mean effective wind speed veff

and static expressions for thrust force (6.3) and shaft torque (6.2), the load references

y are easily determined.

The second constraint of the problem (9.7):

Pmin ≤ P+∆Pref ≤ Pnom,

denotes wind turbine operational constraint on power references. The third con-

straint:
M∑

i=1

P i +∆P ref,i = Pwf,ref

is the requirement for wind farm power tracking. It is assumed that MPmin ≤

Pwf,ref ≤MPmax, which is enough to guarantee solution feasibility.

The first constraint of the problem (9.7):

P+∆Pref + 1Mε ≤ Pav +KvPW∆Pref

encapsulates the desired objective, which is accomplished by maximising the optimi-

sation variable ε. The value |ε| is a measure of the distance between the predicted



9.1. Control design formulation 159

available power and the optimal power reference. If the available wind farm power

is larger than the wind farm power reference the distance is maximised (ε∗ is posi-

tive) and |ε| corresponds to the smallest distance (among all turbines) between the

power reference and the available power. By maximising this distance one ensures

that none of the wind turbines operates closer to the maximal power than necessary.

On the other hand, if the available wind farm power is smaller than the wind farm

power reference |ε| is minimised (ε∗ is negative). By minimising this distance we

ensure that the power references, even though statically unfeasible, remain close to

the available power, and still sum up to the required wind farm power. This kind of

an operation is very beneficial for power tracking.

Two examples of the slow-scale controller operation are presented in Fig. 9.3 for

a wind farm that comprises 8 turbines aligned in one row. The simulations are done

for the case when the wind direction is aligned with the row, which gives the largest

effect of wakes. Fig. 9.3 depicts the decisions of the slow-scale controller when the

wind farm power reference changes. The measured power from wind turbines P̂ sums

up to 33 MW. The measured effective wind speeds v̂eff and the measured power at

the wind turbines, P̂, are depicted in green. The wind farm power reference changes

to 29 MW (blue) and 36 MW (red). The wind farm power reference of 36 MW is

larger than the maximal available power, while 29 MW (blue) can be produced at

given wind speeds. The optimal power references P∗
ref = Pref +∆Pref

∗
is denoted by

stars, while the maximal available power P̃
∗
av = P̃av(∆Pref

∗
) is denoted by circles.

One can notice that the distance between the power reference and available power

is always equal to ǫ, unless the power reference is saturated at the nominal power,

which is 5 MW. One can also notice that the model captures the fact that when

larger amount of power is extracted upwind the downwind wind speed slows down,

which stems from the wind farm aerodynamics, see Sec. 3.4.

The optimisation problem (9.7) can be cast as a linear program:

min
U

l′U

subject to ClU ≤ Clc

(9.8)
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Figure 9.3. Slow-scale controller operation. The green marks denote measured wind farm
state, with the cumulative power production of 33 MW. The slow-scale controller obtains a
wind farm power reference of 36 MW (red) and 29 MW (blue). The figure depicts controller
decision.

where U :=
[
∆P′

ref ε
]′

,

l :=
[ O′

M 1
]′
, Cl =




IM −KvPW 1M
−IM 0

IM 01′M 0

−1′M 0




and Clc =




Pav −P

−Pmin +P

Pnom −P

Pwf,ref

−Pwf,ref




.

This linear problem has M + 1 optimisation variables and 4M + 2 constraints. Very

efficient linear program solvers are developed and readily available that can solve

such problems applied to very large wind farms in a manner of milliseconds, see

[133]. Furthermore, since due to the equality constraint one of the optimisation

variables is defined by others (∆Pref,M = Pwf,ref −
∑M−1

i=1 Pref,i) the problem can be
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reformulated to the optimisation program with M optimisation variables and 4M

constraints.

Finally, it should be noted that the idea of the hierarchical controller introduced

in Sec. 5.1 that tracks the wind farm power and minimises the loads does not rest

on any specific design of the slow-scale controller. The sole purpose of the slow-

scale controller as a part of the proposed hierarchical design is to provide a sensible

distribution of mean power references. It can be done in a simpler manner by doing

the proportional distribution on the slow time scale, or it can be done in a much

more advanced manner by employing far more complicated wake models. One extra

benefit of the proposed hierarchical controller design is that the sampling time of

the slow-scale controller can be easily increased to tens of seconds or minutes, which

would allow much more complex possibly stochastic optimisation problems based on

complex nonlinear modeling of speed deficit and turbulence increase in the wakes. An

interesting possibility that could be very simply implemented in this controller design

is to add penalisation factors or offsets to the individual wind turbine references that

would be based on turbulence intensity at different turbines. Then the turbines with

larger turbulence intensity could be pushed further from production margin while

those with lower turbulence intensity could be allowed to operate closer to available

power.

9.1.2 Fast-scale controller

The fast-scale controller design is based on the wind turbine supervisory control

approach described in Ch. 8, with the additional requirement that the power per-

turbations on different wind turbines need to be coordinated in such manner that

the wind farm power reference is tracked. The interface of the fast-scale controller

is depicted in Fig. 9.4. The fast scale controller receives the power u and load ref-

erences y from the slow-scale controller and its task is to introduce power reference

perturbations in such manner that the wind farm power tracking is improved while

wind turbine structural loads are reduced. The optimal power perturbations are in-

troduced based on the 1 second system measurements and estimations. Additionally,

wind farm power reference can be supplied to the fast-scale controller so that the

fast-scale controller can react to wind farm power reference changes that occur be-

tween the samples of the slow-scale controller. Otherwise, the slow-scale references

carry the information on the power reference since, according to slow-scale controller

design, Pwf,ref =
∑N

i=1 ui.

The optimal control formulation used for the fast scale controller design is based



162 Chapter 9. Optimal Wind Farm Controller for Active Power Control

Fast scale
controller

u, y

Pwf,ref

Estimator
x̂, P̂av ym

u

Figure 9.4. Fast scale controller interface

on the optimisation problem (8.16) defined for the wind turbine supervisory con-

troller, where the cost function is summed over all wind turbines:

min
u0,1, . . . , uNi−1,1, . . .

. . . , u0,M , . . . , uNi−1,M

M∑

i=1

N−1∑

k=0

(yk,i − yi)
′Qi(yk,i − yi) + (uk,i − ui)

′Ri(uk,i − ui)

subject to





xk+1,i = Aixk,i +Biuk,i,

yk,i = Cixk,i +Diuk,i,

Pmin,i ≤ uk,i ≤ Pmax,i,

k = 0, . . . , N − 1,

i = 1, . . . ,M,

(9.9)

where index i denotes variables related to the i−th wind turbine. Using (9.9) to

control wind farm in a receding horizon policy based control renders exactly the

same results as controlling the wind farm by applying a separate supervisory tur-

bine controller to each wind turbine. Therefore, the power perturbations are not

coordinated.

Additional requirement for power tracking can be formulated in different ways.

The most straightforward is to add an additional constraint:

M∑

i=1

uk,i = Pwf,ref , k = 1, . . . ,M, (9.10)

which says that the sum of wind turbine power throughout the prediction horizon

needs to be equal to the wind farm power reference. However, constraining values

throughout the prediction horizon was shown unnecessary in typical simulation in

turbulent wind. Practically the same behavior is obtained is only the first control

variable in the prediction horizon is constrained in such way. This indicates that the

optimal transient of the optimisation problem with constraint (9.10) is dominantly

determined by the choice of u0,i. The constraints on the further prediction steps are
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also superfluous due to the fact that the nature of wind prediction model introduces

prediction uncertainty, so using (9.10) might lead to overconservative performance.

Therefore, the following constraint is used to ensure wind farm power tracking:

M∑

i=1

u0,i = Pwf,ref . (9.11)

When this hard constraint on the power references is introduced in the optimisa-

tion problem, along with the hard constraint on the power reference Pmin,i ≤ uk,i ≤

Pmax,i from (8.16), the issue of infeasibility occurs. Namely, if wind farm power refer-

ence is larger than the sum of available power at a given moment, the optimisation

problem becomes infeasible. One obvious solution is to curtail the wind farm power

reference to the sum of available power. This is, however, not a good solution be-

cause of the uncertain nature of the available power estimation. At a given moment

the available power can easily be underestimated, so curtailing the wind farm power

reference would lead to unnecessary underproduction. Therefore, a better choice is

to "soften" the constraint on the power reference, i.e. rephrase a constraint in such

manner that the excursions of power over the estimated available power are allowed,

but penalise such excursions. This is achieved by introduction of the slack variable

ǫ ∈ R, which measures the maximal excursion over the available power. The con-

straint that the power reference needs to be lower than the nominal power remains

a hard constraint.

J∗ (x0,1, . . . , x0,M , u1, . . . , uM , y1, . . . , yM , uMs,1, . . . , uMs,M , Pwf,ref) =

= min
u0,1, . . . , uNi−1,1, ǫ1, . . .

. . . , u0,M , . . . , uNi−1,M , ǫM

M∑

i=1

Ni−1∑

k=0

(yk,i − yi)
′Qi(yk,i − yi) + (uk,i − ui)

′Ri(uk,i − ui) + ǫi
′Qǫ,iǫi

subject to






xk+1,i = Aixk,i +Biuk,i,

yk,i = Cixk,i +Diuk,i,

um,i ≤ uk,i ≤ uM,i,

uk,i − ǫi ≤ uMs,i,

0 ≤ ǫi,

k = 0, . . . , N − 1,

i = 1, . . . ,M,

∑M
i=1 u0,i = UΣ.

(9.12)
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where uMs,i := Pav,i, ui
M := Pnom,i, um,i := Pmin,i and UΣ := Pwf,ref .

At time t, given the system measurements/estimations x0,i := xi(t), Pmax,i :=

Pmax,i(t), Pwf,ref := Pwf,ref(t) and values of references ui := ui(t), yi := yi(t), this

CFTOC problem (9.12) can be cast as a quadratic program (QP):

min
U

1
2
U ′QuuU +QuU ,

subjectto CuU ≤ Cm,
(9.13)

where U := [U1, ε1, . . . , UM , εM ]′ is the optimisation vector (Ui = [u0,i, . . . , uN−1,i]
′

is the i−th wind turbine control input prediction), while Quu ∈ R
Nu×Nu , Qu ∈ R

Nu ,

Cu ∈ R
Nc×Nu , Cm ∈ R

Nc are constant matrices, defined by the system matrices and

the evaluated problem parameters at time t. The definition of the matrices is given

in Appendix D. The wind farm model predictive controller can be implemented by

solving the QP at each sampling time t, given the system measurements/estimations,

and applying the optimal control input u∗
0,i to the i−th wind turbine, for each i =

1, . . . ,M .

The optimisation problem (9.13) has at least Nu = (M−1)(N ·nu+1) optimisation

variables, Nc = M(3 · N · nu + 1) inequality constraints. The size of the problem

therefore linearly grows with the number of wind turbines with the gain that depends

on the control horizon. The large size of the problem in combination with small

sampling time is restrictive for the proposed controller implementation. Therefore,

a different approach is devised that is described in the following.

9.2 Controller implementation

The slow-scale control design is based on a simple quasi-static control algorithm

where at each sampling time a linear program (9.7) with M optimisation variable

and 4M constraints is solved. Since the sampling time of the controller is 10 seconds,

the basic algorithms for linear programming are applicable.

The fast-scale controller control design rests on the optimisation problem (9.12),

which has Nu = (M−1)(N ·nu+1) optimisation variables and Nc = M(3 ·N ·nu+1)

inequality constraints. The size of the problem therefore linearly grows with the

number of wind turbines, for this particular formulation Nc = 13M and Nu = 5(M−

1). With state of the art solvers, quadratic programming problems can be solved

with roughly the same efficiency as linear programs, [134], and practical algorithm

to solve linear programming with n variables and m constraints requires roughly

O(n3m0.5 + n2m1.5) operations, see [133]. Since the wind farm controller sampling
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time is 1 s, it is crucial that the computation at every sampling instant is done

in less then one second (preferably considerably less). Using the above assessment,

the (bare) minimum number of FLOPS (floating-point operations per second) a

dedicated hardware needs to perform, as a function of the wind farm size, is given

in Fig. 9.5. The sizes of some current wind farm projects are denoted in the plot,

[40]. For currently largest offshore wind farms one requires a hardware capable of

performing over 10-100 gigaflops, while the currently planned projects would require

over a hundred terraflops. It is obvious that the basic on-line MPC approach is not

applicable for controller design for such large wind farms. To make the fast-scale

wind farm controller implementable at all such wind farms a new computational

approach for evaluating the optimal controller input needs to be found.
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Figure 9.5. The minimum required processor FLOPS required to implement on-line MPC
implementation of the fast-scale controller for wind farms of different sizes

The approach proposed in this theses recognises the largely decoupled character

of the fast-scale wind farm control problem. Namely, as established in Chapter 5,

due to short length scales of turbulent eddies the fast-scale dynamics of wind field

realisations at different wind turbines can be considered decoupled. Using that ob-

servation the CFTOC problem (9.12) for dynamically decoupled systems is defined.

The only coupling between the wind turbine operation is introduced through the

cooperation requirement – the wind turbines need to cooperate to meet the required

wind farm power output.

The control approach consists in the following:

- The wind farm control problem (9.12) is decomposed into the local control

problems that are linked together by a cooperation constraint.

- Every local control problem is parameterised with two types of parameters,



166 Chapter 9. Optimal Wind Farm Controller for Active Power Control

local parameters and cooperation parameters. The parameterised local control

problems are solved off-line to obtain a parameterised description of the optimal

control input (optimiser) and the optimal cost function (value function).

- On-line, at every sampling time, the local parameters are fixed according to

system information and the optimiser and value function are evaluated to ob-

tain the functions in cooperation parameters. This part is referred to as local

evaluation and can be done in a parallel manner.

- Optimal cooperation problem is then solved on-line to determine the optimal

cooperation parameters. The optimiser can then be evaluated and supplied to

the system as a control input.

In the following different parts of the control approach are explained.

9.2.1 Problem decomposition and parametrisation

The i−th local control problem is the CFTOC problem related to an i−th wind

turbine:

min
u0,i,...,uN−1,i,ǫi

N−1∑

k=0

(yk,i − yi)
′Qi(yk,i − yi) + (uk,i − ui)

′Ri(uk,i − ui) + ǫi
′Qǫ,iǫi

subject to





xk+1,i = Aixk,i +Biuk,i,

yk,i = Cixk,i +Diuk,i,

um,i ≤ uk,i ≤ uM,i,

uk,i − ǫi ≤ uMs,i,

ǫi ≥ 0,

k = 0, . . . , N − 1.

(9.14)

This control problem is obtained by extracting the part of the cost function and

constraints related to the i−th wind turbine, and removing the requirement for

coordination from (9.12).

The vector of local parameters for the i−th wind turbine φi ∈ R
ni
φ is defined as:

φi := [x0,i
′ u′

i yi
′ uMs,i

′]
′
. (9.15)

The local parameters are related to the individual wind turbine and their values are

known at sampling time t, they are obtained as system measurement/estimation or
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as a reference from the slow-scale controller.

The cooperation parameter of the i−th wind turbine is a parameter that describes

the level to which the i−th wind turbine contributes in the common goal – to pro-

duce required wind farm power. The cooperation requirement is the constraint that

describes the required cooperation, given as a function of cooperation parameters.

The cooperation requirement can not contain other decision variables other than

cooperation parameters. The i−th cooperation parameter θi ∈ R
nθ,i is defined as:

θi := u0,i. (9.16)

The parameter values are considered to be confined to an interval:

φmin,i ≤ φi ≤ φmax,i, θmin,i ≤ θi ≤ θmax,i, (9.17)

where φmin,i, φmax,i ∈ R
nΦ,i and θmin,i, θmax,i ∈ R

nθ,i.

The cooperation requirement is an equality constraint on a linear combination of

cooperation parameters:
M∑

i=1

αiθi = β, (9.18)

where αi ∈ R and β ∈ R are known constants at time t. For the problem at hand:

αi := 1 and β := UΣ. The local optimisation vector Ui ∈ R
nU,i is:

Ui := [u1,i . . . uN−1,i ǫi]
′ . (9.19)

Using the defined parametrisation, the i−th local control problem (9.14) is defined

as:

J∗
i (φi, θi) = [φ′

i θ
′
i]Q

i
pp [φ

′
i θ

′
i]
′ + min

Ui

1
2
U ′
iQuu,iUi + [φ′

i θ
′
i]Qpu,iUi,

subject to Cu,iUi ≤ Cc,i + Cp,i [φ′
i θ

′
i]
′ , i = 1, ...,M,

(9.20)

while, using the same parametrisation, the wind farm control problem (9.12) can be
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cast as:

J∗(φ1, θ1, . . . , φM , θM) =

=
M∑

i=1

[φ′
iθ

′
i]Qpp,i [φ

′
iθ

′
i]
′
+ min

Ui

1
2
U ′
iQuu,iUi + [φ′

iθ
′
i]Qpu,iUi,

subject to





Cu,iUi ≤ Cc,i + Cp,i [φ
′
iθ

′
i]
′ , i = 1, ...,M,

M∑

i=1

αiθi = β.

(9.21)

The problem matrices: Qpp,i ∈ R
np,i×np,i, Quu,i ∈ R

nU,i×nU,i, Qpu,i ∈ R
np,i×nU,i, Cu,i ∈

R
nC,i×nU,i, Cc,i ∈ R

nC,i×nU,i, Cp,i ∈ R
nC,i×np,i with np,i := nφ,i + nθ,i are constant

matrices for which the expressions are provided in App. D. Note that in the definition

of the problem (9.21) an axiomatic separability property is used:

argmin
N∑

i=1

Fi(xi)⇔ argminFi(xi), i = 1, . . . , N.

The parameterised local control problem is cast as a multi-parametric quadratic

problem (mpQP) defined in Sec. 7.2.

9.2.2 Off-line control design procedure

The off-line control design procedure consists in solving the parameterised local prob-

lems (9.20) to obtain the parametric description of the optimisers U∗
i (φi, θi) and value

functions J ∗
i (φi, θi) of individual wind turbines, which are defined by mappings:

U∗
i (φi, θi) : Pi → RnU,i, [φ′

i θ
′
i]
′ ∈ Ri,j 7→Wi,j [φ

′
i θ

′
i]
′ + Zi,j,

J ∗
i (φi, θi) : Pi → R, [φ′

i θ
′
i]
′ ∈ Ri,j 7→ [φ′

i θ
′
i]Hi,j [φ

′
i θ

′
i]
′ +Gi,j [φ

′
i θ

′
i]
′ + Fi,j

(9.22)

where Gi,j ∈ R
nU,i×np,i, Hi,j ∈ R

nU,i, Gi,j ∈ R
np,i×np,i, Hi,j ∈ R

1×np,i and Fi,j ∈ R are

constant matrices. These functions are defined on a polyhedral partition {Ri,j}
nR

j=1

of a set:

Pi =
{
[φ′

i θ
′
i]
′
∈ R

np | φmin,i ≤ φi ≤ φmax,i ∧ θmin,i ≤ θi ≤ θmax,i

}
,

where a j−th polyhedron Ri
j is defined as:

Ri,j =
{
[φ′

i θ
′
i]
′ ∣∣Ki,j [φ

′
i θ

′
i]
′
+ Li,j

}
, (9.23)
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where Ki,j ∈ R
qi,j×np,i and Li,j ∈ R

qi,j are matrices that describe the j−th polyhedral

region.

Functions U∗
i is referred to as local optimiser function, while J ∗

i is the local value

function. According to Theorem 7.3 the local optimiser function an the local value

function are piecewise affine and piecewise quadratic function, respectively, in the

parameter [φ′ θ′]′ defined on a convex polyhedral partition
{
Ri

j

}nR

j=1
.

There are readily available solvers able to solve small to medium size parametric

quadratic problems. In this work the Multi-Parametric Toolbox (MPT) for MAT-

LAB is used to that end [135, 139].

Given the local optimiser function and local value function, the wind farm control

problem (9.21) can be cast as:

min
θ1,...,θM

M∑

i=1

J ∗
i (φi, θi)

subject to





[φ′

i θ
′
i]
′ ∈ Pi,

∑M
i=1 αiθi = β.

(9.24)

9.2.3 On-line computation

At time t the values of the local parameters φi are known and can be fixed to:

φ̂i :=
[
x̂i, ûi, ŷi, ûMs

]′
.

Therefore, each local value function and local optimiser can be evaluated to obtain

the value function at time t as a function only in the cooperation parameter:

J̃i(θi) := J ∗
i (φ̂i, θi) = {θ

′
ihi,jθi + gi,jθi + fi,j}

nr

j=1 ,

Ũi(θi) := U∗
i (φ̂i, θi) = {wi,jθi + zi,j}

nr

j=1 ,
(9.25)

where hi,j ∈ R
nθ,i×nθ,i , gi,j ∈ R

1×nθ,i, fi,j ∈ R, wi,j ∈ R
1×nθ,i and zi,j ∈ R. These

functions are defined on an intersection of the polyhedral partition {Ri,j}
nr

j=1 and the

plane [φ′
i θ′i]

′ =
[
φ̂′
i θ′i

]′
, which is given by:

Ii :=

{
Ri,j

⋂
[φ′

i θ
′
i]
′
=
[
φ̂′
i θ

′
i

]′}nr

j=1

(9.26)

The polyhedral cut typically renders several empty regions that can be removed

from definition, so Ii contains nr regions, nr ≤ nR. Since nφ,i variables are fixed,

the polyhedral partition Ii is nθ,i−dimensional, for the defined wind farm control
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problem one-dimensional. It is important to note that J̃i(θi) and Ii inherit the

properties from J ∗
i (θi) and Pi – J̃i(θi) is piecewise quadratic, convex and continuous,

while Ii is convex polyhedral partition.

A simplistic algorithm for determining Ii, J̃i(θi) and Ũi(θi) for nθ = 1 is given in

Alg. 9.1.

Algorithm 9.1: Polyhedral partition
{
Ri

j

}nR

j=1
cut and evaluation of functions

J ∗
i (φi, θi), U∗

i (φi, θi) at φi = φ̂i for nθ = 1

INPUT {Ki,j}
nR,i

j=1 , {Li,j}
nR,i

j=1 \\ Polyhedral partition

{Wi,j}
nR,i

j=1 , {Zi,j}
nR,i

j=1 \\ Optimiser function

{Hi,j}
nR,i

j=1 , {Gi,j}
nR,i

j=1 , {Fi,j}
nR,i

j=1 \\ Value function

φ̂i \\ Local parameter value

OUTPUT
{
Ii,j
}nr,i

j=1
,
{
I i,j
}nr,i

j=1
\\ Polyhedral partition

{wi,j}
nr,i

j=1, {zi,j}
nr,i

j=1 \\ Optimiser function

{hi,j}
nr,i

j=1, {gi,j}
nr,i

j=1, {fi,j}
nr,i

j=1 \\ Value function

FOR j = 1 TO nR,i

LET K ← Ki,j(:, nφ,i + 1), L← Li,j −Ki,j(:, 1 : nφ,i) · φ̂i, q ← L./K
e← 0, n← 1, u←∞, l← −∞

WHILE ¬e
IF K(n) < 0 ∧ q(n) > l

LET l ← q(n)
ELSE IF K(n) > 0 ∧ q(n) < u

LET u← q(n)
ELSE IF K(n) = 0 ∧ q(n) < 0

LET e← 1
END

IF u ≤ l ∨ n = ni
R

LET e← 1
ELSE

LET n← n+ 1

END

END

LET Ii,j ← l, Ii,j ← u,

hi,j ← Hi,j(np,i, np,i),

gi,j ← (Hi,j(1 : nφ,i, np,i) +Hi,j (np,i, 1 : nφ,i)
′) · φ̂i +Gi,j(np,i),

fi,j ← φ̂′
i ·Hi,j (1 : nφ,i, 1 : nφ,i) · φ̂i +Gi,j (1 : nφ,i) · φ̂i + Fi,j

wi,j ←Wi,j(:, np,i), zi,j ←Wi,j(:, 1 : nθ,i) · φ̂i + Zi,j

END

After determining J̃i(θi) and Ii for all i = 1, . . . ,M the optimisation problem
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(9.24) can be cast as:

min
θ1,...,θM

M∑

i=1

J̃i(θi)

subject to





θi ∈ Ii,
∑M

i=1 αiθi = β.

(9.27)

This constrained optimisation problem, denoted optimal cooperation problem, is to

be solved at every time sample. This problem has some distinctive features that

enable its very efficient solving. Those are:

• the cost function is convex, continuous and separable piecewise quadratic func-

tion,

• the cost function is defined on a Cartesian product of intervals,

• the equality constraint is linear.

As part of this thesis two different algorithms for efficient solving of this optimisa-

tion program were designed that allow implementation of the fast-scale wind farm

controller at very large wind farms. They are presented in Ch. 10.

The overall structure of the efficient implementation of the fast-scale controller is

given in Fig. 9.6. The local evaluation is clearly entirely decoupled and can be done

at the controller hardware of each wind turbine, or by parallel computation at the

wind farm controller hardware. The optimal cooperation problem is solved centrally

and solves the coupling between the wind turbines. Since for the problem at hand

the optimal control input at time t is exactly equal to the parameter θ there is no

need for further computation. For a general problem it would remain to evaluate the

optimal input according to Ũi(θi), which would then be applied to the system.

To conclude this section the results of the above control architecture are given

for the implementation described in the Chapter 10. The controller simulations are

run at Intel(R)Core® 2 Quad CPU with 2.4 GHz and 3 GB RAM. The controller

is implemented using the Real-Time Toolbox of MATLAB. The random simulations

are done for different wind farm sizes. For every wind farm size the off-line controllers

for a random operating point were computed and 10 successive simulations are done

for different (random) measurements from the wind farm.

The results presented in Fig. 9.7 are the sum of maximal time required for local

evaluation in all simulated scenarios and the time required for optimal cooperation

at different runs. To compare, the implementation of on-line MPC via (9.12) sur-

passed 1 second computation time already for a wind farm of 40 turbines while the
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Optimal
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(in Ch. 10)

Local
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(Alg. 9.1)

Local
evaluation
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Figure 9.6. Fast-scale controller implementation
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Figure 9.7. Performance of the fast-scale controller

computational power of the hardware platform is not able to perform the required

computations for wind farms larger than 100 wind turbines. The off-line computed

parametric solutions typically consist of 38 to 45 regions. The wind speeds at which

the computation time is somewhat smaller than for the "neighboring" wind farm

sizes typically have such distribution of wind turbine operating points that large

number of turbines admit the optimal control law description that consists of less

regions.
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9.3 Controller validation

For tests and validation of the control approach the wind farm simulator called

SimWindFarm developed in the AEOLUS project was used, which is, to the best of

authors knowledge, the only available simulator that can simulate a feedback wind

farm control and its effects to both wind turbines and wind farm aerodynamics. The

simulator is described in Section 6.1. Apart from being able to model the wind farm

feedback, its most important feature is that it appropriately models stochastic, fast

changing and poorly predictable environment in which wind turbines operate.

To establish a benchmark for the performance of the hierarchical controller the

PI controller was developed. This design showed superior performance at lower wind

speeds over the classical controllers that keep the power references constant, while

at the higher wind speeds the performance is analogous. The benchmark controller

design is presented in Sec. 9.3.1.

The simulation scenarios for which the results are presented here are described

in Sec. 9.3.2. The results are given in Sec. 9.3.3. More results for a large range of

scenarios of the presented controller design, as well as similar controllers developed

by the author, can be found in [36].

9.3.1 Benchmark wind farm controller

The PI controller is used as a benchmark for evaluation of performance of the pro-

posed hierarchical controller design. Its conceptual design is depicted in Figure 9.8.

It is designed in the same notion as the PI wind farm controllers found in litera-

ture, while the tuning of the parameters and design of the anti wind-up was done

heuristically to improve the controller performance in simulations. Its core is the

proportional dispatch of the power references that distributes the wind farm power

reference to the wind turbines proportional to their maximal power at given time t:

Pref,i(t) =
Pmax,i(t)∑M
j=1 Pmax,j(t)

Pwf,ref(t), (9.28)

where Pmax,i(t) = min {Pav,i(t), Pnom}.

Since the power response of the wind turbines is very fast the wind farm power

reference is fed through directly to the proportional dispatch. If no integral action

is added the output of the controller corresponds to proportional distribution.

The integral term of the controller is necessary in the case when the wind turbine

seizes to track the wind farm power reference due to wind speed drop at certain wind

turbines. Then the underproduction occurs that can be compensated by increase of
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Figure 9.8. PI controller design

power reference at some other wind turbine. However, the proportional dispatch

does not recognise this situation and does not react. Namely, if the available power

estimation was perfect such situation would not occur at all while the wind farm

power reference is smaller than the sum of available powers at wind turbines. How-

ever, due to the fact that the momentary estimation of the available power on the

wind turbine can never be considered entirely correct the case when some turbines

get the feasible reference, while other get the unfeasible ones occurs commonly. In

such situation, even though the required power is feasible, the output power of the

wind farm does not match the reference. This tracking error can be eliminated by

the integral action of the controller. However, one has to realise that compensating

for this kind of power drop causes integrator wind-up because all turbines, including

those that are already getting unfeasible references, will be issued a larger power

reference. The wind-up increases as more wind turbines get unfeasible references, so

at a certain moment the anti wind-up mechanism should be turned on. If the inte-

gral gain is small the anti wind-up needs to be turned on later, however the tracking

performance is sacrificed. If the integral gain is larger the tracking improves, but the

problems due to integrator wind-up become more pronounced. In this implementa-

tion, based on analysis of different simulations, a relatively large integrator gain is

chosen and the requirement
∑M

i=1 βi ≤ 10 for triggering the anti wind-up mechanism

operation is chosen (this requirement is derived for a wind farm with 8 turbines).

The constraint on pitch angle is used because the pitch angle is directly measured on

turbines. When the pitch angle of a turbine is equal to zero the turbine is operating

in the power maximisation mode. By summing up the pitch angles on the turbines

one obtains a measure of how "deep" into the power control mode is the average

turbine.

Additionally, to further improve the tracking abilities an external reset for the

integrator is used, which is initiated when
∑M

i=1 βi ≤ ǫ, i.e. when the sum of pitch

angles is very small. This is the case when all turbines entered the power maximi-
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sation mode, which often coincides with significant integrator wind-up. Since wind

turbines operation is not governed by the wind farm controller in that case (because

all the wind turbines are in the power maximisation region), the increase in the power

reference due to integrator reset is not felt by the system.

The implementation of the controller can be summed up in the following:

• Wind farm power reference is smaller than the measured power – The required

power is definitely available. The integrator is used to compensate for errors in

available power estimation and eventual wind farm losses. In the time sample

when the wind farm power reference changes to one smaller than the measured

wind farm power, the anti wind-up mechanism is turned on to prevent the

unnecessary overshoot in the following time samples.

• In case when power reference is larger than the measured power – Three differ-

ent subcases are distinguished:

–
∑M

i=1 βi ≥ 10 – The required power is considered feasible. The tracking

error will be eliminated by integral action. The integral gain is somewhat

smaller than in the case when the tracking error is negative, to prevent

unnecessary integrator wind-up.

–
∑M

i=1 βi < 10 – The required power is considered barely feasible, i.e. even

though it is feasible at this time sample it is uncertain that it will be fea-

sible in the next time sample. The anti wind-up is activated. Specifically,

when all turbines enter the power maximisation mode, i.e. when sum of

the pitch angles reaches zero while the tracking error is still positive, the

integrator state can be reset.

This PI controller design was entirely heuristically driven and this particular

design was chosen by extensive testing.

9.3.2 Validation scenarios

The grid code requirements described in Ch. 2 contain two qualitatively different

types of wind farm tracking:

1. Absolute wind farm power reference – the wind farm power reference is given as

an absolute value, it should be expected that in turbulent wind this reference

will sometimes be feasible and sometimes not, and
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2. Relative wind farm power reference – the wind farm power reference is defined

relative to the available wind power, it changes in time and it is always smaller

than the available wind farm power.

In the following the results for two wind farm control scenarios are presented,

which correspond to these two types of requirements:

1. Absolute power production requirement – the wind farm obtains the constant

power reference of 90% of its expected mean available power (which is evaluated

according to the mean wind speed), and

2. Delta mode – the wind farm power reference at time t is equal to the available

wind farm power at time t minus ∆. In the experiments ∆ is equal to 4 MW.

In order to obtain high fidelity evaluation of algorithm performance numerous

simulation experiments were done. The evaluation is based on last 1000 seconds of

simulation when all filters are properly initialised. The simulations are done for the

mean wind speeds between 8 m/s and 20 m/s, with each simulation being run with

a different realisation of turbulent wind. The turbulence intensity at all wind speeds

is 10%. The simulations at the same wind speed for the absolute power production

requirement and the delta mode requirement are tested with the same realisation of

the wind field.

To compare and validate the results of the controllers the following performance

indicators are used:

• Mean power tracking error and standard deviation of power tracking error – to

evaluate the performance of wind farm power tracking, and

• Damage equivalent load of the tower bending moment low-speed shaft torque

– to evaluate the reduction in fatigue loading.

Even though the SimWindFarm simulations are not as reliable for structural load

evaluation as the dedicated wind turbine model used in Ch. 8 the results can be

considered indicative since the main mechanisms of structural load generation are

indeed modeled.

The simulated wind farm consists of a row of 8 wind turbines with separation

between neighboring turbines of 500 meters . The turbines are aligned with the mean

wind speed.
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9.3.3 Results

The statistics of the absolute power production simulation runs are shown in Fig. 9.9,

while the statistics for the delta mode are shown in Fig. 9.10.

In order to analyse the statistics one needs to keep in mind that the rated wind

speed for the NREL wind turbine is 11.4 m/s. That means that for mean wind

speeds significantly larger than 11.5 m/s (say larger than 14 m/s) the available power

is almost constantly equal to the rated power, because the wind speed rarely drops

beneath the 11.4 m/s. That means that at high winds the PI controller practically

gives constant power references to the wind turbines.

The mean power tracking error and the standard deviation of the tracking error

are very satisfactory for both control scenarios. As it should be expected, at smaller

mean wind speeds the tracking errors for absolute power constraints are larger since

the available power often drops below the power reference, while at large wind speeds

the tracking error vanishes for both controllers. Considering the fact that the abso-

lute wind farm power reference at 8 m/s is 9 MW the mean tracking of the order of

100 kW seems reasonable and acceptable, as well as the standard deviation around

500 kW. On the other hand, for delta control mode the power reference should be

available at all times, which should lead to better tracking. This is indeed the case,

for the delta mode control the largest mean power error is in the order of 0.1% of the

power reference. The standard deviation is also low, somewhat better performance

is exhibited by the hierarchical controller.

Regarding the structural loads, at low and middle wind speeds (up to 14 m/s)

the hierarchical controller exhibits far superior behavior. The tower loads are in

both control modes consistently reduced for 10–20% in comparison to PI controller.

The shaft loads are also in most simulation runs significantly smaller. At larger

wind speeds than 14 m/s two trends occur – the tower load reduction in comparison

to the PI controller becomes smaller and the shaft loads become far larger than

those exhibited for the PI controller. The smaller reduction of tower loads can be

contributed to the fact that at larger wind speeds the wind turbine operates with

larger pitch angles. At larger pitch angles the sensitivity of the turbine to changes

in both wind and pitch angle is smaller. Also the change of pitch angle for the

same deviation of power reference is significantly smaller. Therefore, one requires

the larger deviations of power references to affect the aerodynamical forces. Since the

deviations of power are also penalised the reduction of tower loads becomes smaller.

The same behavior is observed in wind turbine supervisory controller analysis in

Sec. 8.4. As for the shaft loads, they are introduced both by varying the rotor torque

and by the varying the generator torque. As it was previously explained, at large wind



178 Chapter 9. Optimal Wind Farm Controller for Active Power Control

speeds the PI controller practically issues constant references and the rotor torque

varies less. Therefore, the shaft torque for the PI controller becomes very small,

while the hierarchical controller still introduces variations into the power references

and thus introduces the shaft torque variations. Even though the shaft load seems

large in comparison to the PI controller, the damaging load is not much larger than

that at low wind speeds, therefore should not present a problem for extreme loads.

This observations are also analogous with those made for wind turbine supervisory

controller in Sec. 8.4. The side-side tower loads as well as blade loads can not be

simulated by the SimWindFarm.

In Fig. 9.11 one can observe time marching data from the simulation for absolute

power requirement at wind speed of 10 m/s. It can be seen that the wind farm

power production is very similar for both controllers. Also, it can be seen that

the requirement to maximise power when the power reference is not available is

successfully accomplished. The power production and the thrust force and low speed

shaft torque are depicted for one of the turbines. The slow scale references are

denoted by the dotted lines. The separation of time scales between operation of the

two control levels is clear and there is no interference between the operation of the

two controllers. The fast controller tracks both power and load references.

To conclude, the statistics at Fig. 9.9 and 9.10 show that the proposed hierarchical

controller design has the ability to significantly reduce the fatigue loads at low and

middle wind speeds. At large wind speeds such strategy does not bring much benefit.

However, by far the larger portion of time wind turbines operate at lower wind speeds.

The 10 minute mean wind speed larger than 17 m/s is a rare event. So in real wind

farm operation this type of the controller can introduce large benefits through load

reduction, while maintaining very tight tracking of the wind farm power reference.
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Figure 9.9. Statistical results obtained for absolute power requirement. The wind farm
power reference is 90% of the mean power available at given mean wind speed. On the
horizontal axis the mean wind speed of the simulation run are denoted. The statistics are
computed on 1000 second simulation runs.
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Figure 9.10. Statistical results obtained for delta mode requirement. The required power
reserve is 10% of the mean power available at given mean wind speed. On the horizontal
axis the mean wind speed of the simulation run are denoted. The statistics are computed on
1000 second simulation runs.
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9.4 Conclusion

In this Chapter a conceptual design of the optimal wind farm controller is presented.

The control design rests on a hierarchical concept established in Chapter 5. The

controller consists of two parts distinguished by the time-scale at which they operate.

The slow controller is designed to improve wind farm power tracking ability by

maximising the power reserve in the system. The design is based on a linear wake

model that relates the changes of the power references to changes of the available

power for all wind turbines. The control algorithm requires solving a linear program

at every sampling instance. The sampling time of the controller is 10 seconds.

The fast scale controller aims to track the power and load references issued by

the slow controller and introduce fast scale power perturbations that aim to further

improve power tracking and reduce structural loads of the wind turbines. The arising

optimal control design problem complexity is restrictive for implementation at large

wind farms at the aimed sampling time of 1 second. Therefore the dedicated control

algorithm was designed that enables the efficient implementation. The approach con-

sists in decoupling the part of the control problem and solving the decoupled part

parameterically, which removes a part of computational burden required for online

computation. Further, a dedicated approach for the online computations is estab-

lished, which relies on the properties of parametric solutions. The details on online

computational approach are given in Chapter 10. The resulting controller admits

extremely good performance and is computationally viable for implementation at

largest wind farms that are planned today.

The performance was teste using the SimWindFarm simulator. The controller has

shown excellent performance in terms of power tracking at the large range of wind

speeds. In terms of load reduction, the results are also very good. What encourages

the most is that in the term of load reduction the same trends and mechanisms

for load reduction are noticed as in tests of the wind turbine supervisory controller

established in Chapter 8. That leads to a conclusion even for such a small wind

farm (with 8 wind turbines) the cooperation requirement does not significantly limit

the ability of load reduction at the turbines. For larger wind farms the influence

should drop further because the disturbance compensation is spread amongst a larger

number of wind turbines.



Chapter 10

Real-time Implementation of Wind

Farm Active Power Controller

In Chapter 9 a decomposition-based controller design is proposed that has a task to

enable fast scale farm-wide power control. In this chapter the algorithms for efficient

implementation of on-line computations are described. Section 10.1 recapitulates

the control design from Chapter 9 and comments on its generality. Two procedures

for real-time controller implementation are introduced – in Section 10.2 a more gen-

eral iterative procedure is proposed, while in Section 10.3 a more problem-specific

(and extremely efficient) one-shot procedure is introduced. Section 10.4 describes a

solution to a specific quadratic programming problem that arises in both proposed

procedures. Section 10.5 demonstrates the performance of the proposed controller

implementations in tests.

10.1 Problem structure

The proposed approach for solving large CFTOC problems consists in decomposi-

tion of the overall control problem into smaller decoupled local problems related to

individual subsystems and one cooperation problem that describes the coupling of

the subsystems. The problems are parameterised using two types of parameters:

local parameters Φi related solely to the i−th subsystem, which are measureable/es-

timable at time t, and cooperation parameters Θi that describe the contribution of

i−th subsystem to the overall cooperation requirement. The cooperation parame-

ters are the optimisation variables of the cooperation problem, while in the local

problems they are treated as parameters. To that end, the local problems are cast

as multi-parametric Quadratic Programs (mpQPs). Once the decomposition and

parameterisations is established, the solution to the control problem consists in the

following:

• Off-line computation:

183
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Solve the i−th local problem, i = 1, . . . ,M , to obtain a parametric descrip-

tion of the optimal control input U∗
i (φi, θi) : Pi → RnU,i and the parametric

description of the value function J ∗
i (φi, θi) : Pi → R, where Pi denotes the

feasible parameter set. Since the local problems are mpQPs the solutions have

the following properties (see Sec. 7.2, Th. 7.3):

– A convex polyhedral partition is defined on Pi, Pi := {Ri,j}
nR,i

j=1

– U∗
i is a continuous piecewise affine function on the polyhedral partition of

Pi:

U∗
i := Wi,j [φ

′
i θ

′
i]
′
+ Zi,j, ∀ [φ

′
i θ

′
i]
′
∈ Ri,j , (10.1)

where Wi,j ∈ R
nU,i×np,i and Zi,j ∈ R

nU,i; and

– J ∗
i is a continuous convex piecewise quadratic function on the polyhedral

partition of Pi:

J ∗
i (φi, θi) :=

1

2
[φ′

iθ
′
i]Hi,j [φ

′
iθ

′
i]
′
+Gi,j [φ

′
iθ

′
i]
′
+Fi,j, ∀ [φ

′
i θ

′
i]
′
∈ Ri,j , (10.2)

where Hi,j ∈ R
np,i×np,i, Gi,j ∈ R

1×np,i and Fi,j ∈ R.

• On-line computation, at every time sample t:

1. Obtain measurements/estimations of local parameters φ̂i and evaluate the

local solutions:
Ũi(Θi) := U∗

i (φ̂i, θi),

J̃i(Θi) := J ∗
i (φ̂i, θi),

(10.3)

which are defined on a polyhedral partition of Ii = {Ii,j}
nr,i

j=1 as:

Ũi(θi) := wi,jθi + zi,j, ∀θi ∈ Ii,j, (10.4)

J̃i(θi) :=
1

2
θ′ihi,jθi + gi,jθi + fi,j, ∀θi ∈ Ii,j, (10.5)

where wi,j ∈ R
nU,i×nθ,i, zi,j ∈ R

nU,i, hi,j ∈ R
nθ,i×nθ,i , gi,j ∈ R

1×nθ,i , fi,j ∈ R.

2. Solve the cooperation problem to obtain the optimal value of the cooper-

ation parameters θ∗1, . . . , θ
∗
M :

min
θ1,...,θM

M∑

i=1

J̃i(θi)

subject to





θi ∈ Ii, i = 1, . . . ,M,

∑M
i=1 αiθi = β,

(10.6)
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where αi ∈ R and β ∈ R.

3. Evaluate the optimal control input for the i−th system system:

Ũ∗
i := Ũi(θ

∗
i ), (10.7)

and apply the first component of Ũ∗
i as a control input to the i−th sub-

system.

The overview of the on-line steps is given in Fig. 10.1.

Optimal
cooperation

Local
evaluation

Local
evaluation

...

φ̂1

φ̂M

I1, Ũ1, J̃1

IM , ŨM , J̃M

Control
evaluation

Control
evaluation

...

θ∗1

θ∗M

U∗
1

U∗
M

Figure 10.1. Fast scale controller implementation

The algorithms for implementation of steps performed off-line are known in lit-

erature and the open-source Matlab Multi-Parametric Toolbox [135] is used for the

implementation. The main issue of the approach is to solve the on-line problem as

efficiently as possible to allow controller implementation on large wind farms at small

sampling times. The on-line step 1 and 3 are relatively simple. The algorithm for

step 1 is given in Ch. 9, while step 3 is a simple evaluation of a PPWA function. The

on-line step 2 is the crucial point for the implementation and its efficient design is

discussed in this Chapter.

10.1.1 Generality of the proposed controller design

One of the crucial motivations for the proposed decomposition of the controller design

is a (largely) decoupled nature of the controlled plant. However, it should be stressed

that this approach can be used for just about any CFTOC-based control system

design. In this work the following additional properties hold:

1. The local problems are defined as multi-parametric quadratic programs,

2. The cooperation problem are defined in the form (10.6), where βi can depend

on the local parameters φi.

3. The cooperation parameters θi are one-dimensional.
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The following remarks to the above points apply:

Ad 1. With minor modifications the proposed controller design can also be adapted

to handle local problems cast as multi-parametric linear programs.

Ad 2. With minor modifications to the proposed controller the problem can be de-

signed to handle additional constraints on the optimisation variables in (10.6)

and/or the inequality type of the cooperation constraint
∑M

i=1 αiθi ≤ βi.

Ad 3. If the cooperation parameters are allowed to have an arbitrary dimension prac-

tically any problem based on the receding horizon control of linear(ised) sys-

tems with quadratic cost could be put in the required formulation. Naturally,

larger cooperation parameters render more complex cooperation problems and,

as the parameter size increases, this formulation is expected to be less benefi-

cial. The requirement that the cooperation parameters are one-dimensional is

somewhat restrictive in terms of applicability of the described implementation

to the general class of systems, e.g. dynamically coupled systems, however it

allows very efficient solution methods. The possible choice of cooperation pa-

rameter could be: a subsystem state/input/output, or a linear combination of

states/inputs/outputs (e.g. mean value of an output in the prediction horizon).

The proposed approach could be easily applied to, for example, the optimal

dispatch problem related to grid operation and control described in [140] by

providing an efficient computation method for dynamic optimal dispatch that

takes into consideration the dynamic transients of individual plants.

In this work the algorithms are developed for nθ = 1, however, the iterative

approach described in Sec. 10.2 can be relatively easily generalised to larger

dimensional cooperation parameters. The approach described in Sec. 10.3 is

less general in that sense and it could not be directly translated to a larger

dimensional case.

10.1.2 Features of the cooperation problem

The cooperation problem (10.6) is minimisation of a separable piecewise quadratic

cost function
∑M

i=1 J̃i(θi) defined on polyhedra subjected to box constraints θmin,i ≤

θi ≤ θmax,i and an equality constrain
∑M

i=1 αiθi = β. For nθ = 1 the functions J̃i(θi)

are defined on one-dimensional polyhedra – i.e. on a collection of non-overlapping

intervals:

Ii := {Ii,j}
nr,i

j=1 , Ii,j :=
{
θi | I i,j ≤ θi ≤ I i,j

}
, (10.8)
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where I i,j, Ii,j ∈ R. Consequently, the cost function
∑M

i=1 J̃i(θi) is defined on a

Cartesian product of intervals – i.e. on a polyhedral partition that consists of hyper-

rectangles. An example of the cost function for two subsystems is given in Fig. 10.2.

The black line denotes the cooperation constraint
∑nr,i

i=1 αiθi = β. The specific geom-

etry of this problem is utilised in a large extent in the proposed algorithms.
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Figure 10.2. Piecewise quadratic function defined on Cartesian product of intervals

In the following sections, Section 10.2 and 10.3, two procedures for solving (10.6)

are proposed.

10.2 Iterative procedure

The iterative procedure for solving (10.6) utilises the property of convex optimisa-

tion problems (see Th. 7.1) that every local optimiser is the optimal solution. The

procedure constructs a sequence of potential solutions until it finds the one that is

optimal on its (feasible) neighborhood. This principle can also be utilised on prob-

lems with larger parameter dimensions. However, the one-dimensional parameters

allow computational simplifications.

The iterative procedure comprises the following steps:

1. Initialisation: Find a feasible initial solution and activate the region (hyper-

rectangle) to which it belongs.

2. Solving active QP : Solve a QP related to the active region.
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3. Solution check : Check whether the obtained solution is locally optimal. If

the optimal solution is found exit, otherwise activate the (specific) neighboring

region and repeat from 2.

The iterate of the procedure is denoted by n. The active region at iteration n is

denoted by the vector of region indices J (n):

J (n) :=
[
j
(n)
1 . . . j

(n)
M

]
, (10.9)

where 1 ≤ j
(n)
i ≤ nr,i. The cooperation problem (10.6) applied to the active region

then becomes:

J (n) = min
Θ̃

Θ̃′H(n)Θ̃ +G(n)Θ̃ + F (n)

subject to

{
I(n) ≤ Θ̃ ≤ I

(n)

α′Θ̃ = β,

(10.10)

where Θ̃ =
[
θ̃1 . . . θ̃M

]′
, α := [α1, . . . , αM ]′, H(n) := diag(h

1,j
(n)
1
, . . . , h

M,j
(n)
M

), G(n) :=[
g
1,j

(n)
1
, . . . , g

M,j
(n)
M

]
, F(n) :=

∑M
i=1 fi,j(n)

i

, I(n) :=
[
I
1,j

(n)
1
, . . . , I

M,j
(n)
M

]
and I

(n)
:=

[
I
1,j

(n)
1
, . . . , I

M,j
(n)
M

]
. By solving (10.10) one obtains the active region optimiser

Θ(n) := Θ̃∗, Θ(n) =
[
θ
(n)
1 . . . θ

(n)
M

]′
, which is the point that attains minimal cost

in the n−th active region. The solution Θ(n) is the optimiser candidate at iteration

n.

The individual steps are explained in the following.

Initialisation

For the problem at hand the feasible parameter space (since there are no hard con-

straints in the problem formulation (9.14) that might reduce the feasible region) is

given by:

Θmin ≤ Θ ≤ Θmax, (10.11)

where Θ := [θ′1 . . . θ′M ]′, Θmin :=
[
θ′min,1 . . . θ′min,M

]′ and Θmax :=
[
θ′max,1 . . . θ′max,M

]′.
Note that θmin,i = min

{
I i,j
}nr,i

j=1
and θmax,i = max

{
I i,j
}nr,i

j=1
, i = 1, . . . ,M . As-

suming that the feasible set is nonempty (which is accomplished by ensuring that

sgn(
∑M

i=1 αiθmin,i − β) 6= sgn(
∑M

i=1 αiθmax,i − β), i = 1, . . . ,M and θmin,i < θmax,i),

one feasible solution can be found by projecting the point Θmin+Θmax

2
on the line
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∑M
i=1 αiθi = β:

min
θ̃1,...,θ̃M

M∑

i=1

(
θmin,i + θmax,i

2
− θ̃i

)2

subject to

M∑

i=1

αiθ̃i = β,

(10.12)

which, according to the KKT conditions (see Th. 7.2) has an explicit solution:

θ̃∗i =
θmin,i + θmax,i

2
+

αi∑M
i=1 α

2
i

(
β −

1

2

M∑

i=1

αi(θmin,i + θmax,i)

)
, i = 1, . . . ,M.

(10.13)

Typically it is useful to use a warm start initialisation. In the wind farm controller

a control signal from the previous time step is used as an initial guess for θ
(0)
i . The

feasibility is tested and if this solution is infeasible (because, e.g., the new available

power limit makes this solution infeasible) then the feasible point is determined

according to (10.13), θ(0)i := θ∗i .

The initial solution needs to be localised, i.e. a region of the polyhedral parti-

tion to which it belongs needs to be identified. Due to the separability in case of

one-dimensional parameters, the region detection is very simple – for every compo-

nent θ
(0)
i , i = 1, . . . ,M , one (independently) finds an interval to which it belongs,

which takes nr,i comparisons in the worst case. The separability feature is used

to localise the initial solution, but also in all further steps – there is no need to

define M−dimensional polyhedra on which the cost function is defined, the parti-

tion is observed componentwise during entire procedure. This is a large benefit for

performance of the iterative procedure, which can not be obtained if the coopera-

tion parameter dimension is larger than one, because the polyhedral partition on

which the cost function would then be defined would not be hyperrectangular. The

localisation of the initial point is given in Alg. 10.1.

Solving an active QP

At each iteration of the procedure the QP (10.10) is solved – an optimiser candidate

Θ(n) is attributed to the previously determined active region J (n). The QP (10.10) is

a separable quadratic program with box constraints and a linear equality constraint,

which can be solved very efficiently by using a dedicated solver. Such solver is

described in Sec. 10.4.
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Algorithm 10.1: Localisation of the initial point in the polyhedral partition

INPUT
{
Ii,j
}nr,i

j=1
,
{
I i,j
}nr,i

j=1
\\ Solution regions

Θ(0) \\ Feasible initial solution

M

OUTPUT J (0) \\ Region to which Θ(0) belongs

FOR i = 1 : M

LET j
(0)
i ← 1

WHILE ¬(I
i,j

(0)
i

≤ θ
(0)
i ≤ I

i,j
(0)
i

)

LET j
(0)
i ← j

(0)
i + 1

END

END

Solution check and iteration progress

Since the (global) optimiser of (10.6) is indeed the optimiser of the active region to

which it belongs, every solution to (10.10) can be considered a candidate optimiser

for (10.6). One can find the optimiser by enumeration – by solving all active QPs

(one for each region of polyhedral partition of I1×· · ·×IM and picking the one that

attains the smallest value of the cost J (n) (note that the constant part of the cost

function must not be ignored in that case).

However, since the cost function is convex, one can use Th. 7.1 to search for

an optimiser – it is enough to check whether a candidate is the local optimiser, i.e.

whether there exists an intersection of an open ball and feasible space around the

candidate Θ(n) on which it optimises (10.6). In that sense the following properties

can be established:

- If Θ(n) is in the interior1 of the active region then the active region optimiser

is the overall optimiser.

- If Θ(n) is on the boundary of the active region that is also a boundary of the

feasible space then the active region optimiser is the overall optimiser.

- If the solution of an active QP Θ(n) is on the region boundary inside the feasible

parameter space, then one needs to check all the neighboring regions that

contain that optimiser. If all such region return Θ(n) as active region optimiser,

the overall optimiser is found.

Using these observations one can establish an procedure for propagation through

regions of the polyhedral partition – if the optimiser is in the region interior the
1All regions have a non-empty interior, since all degenerate intervals are removed in local evalu-

ation, see Alg. 9.1.
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search is over, if the solution is on the region boundary the search progresses by

establishing the neighboring region to which Θ(n) belongs as the new active region.

In the procedure one requires to keep track of the number of times a current optimiser

candidate has returned as active region optimiser. If that number is equal to the

number of regions to which Θ(n) belongs the overall optimiser is found. Note that

this iteration procedure ensures that:

M∑

i=1

J̃i(θ
(n+1)
i ) ≤

M∑

i=1

J̃i(θ
(n)
i ).

This feature trivially arises from the definition of minimum. Therefore the regions

that were once activated and dismissed are never reactivated so the procedure ends

with finite number of iterations.

The feature that the cost function monotonically reduces with increasing itera-

tions and that at every iteration n the available solution candidate is feasible is very

convenient for real time implementation. The procedure can be implemented with a

watchdog, which terminates the computation after a predetermined amount of time.

After only one iteration of the procedure a feasible suboptimal solution is available.

The suboptimality margin as a function of computational time is nonincreasing.

The pseudocode of the procedure for solution check and iteration progress is given

in Alg. 10.2. Note that it is assumed that intervals {Ii,j}
nr,i

j=1 are not sorted, which is

a general case when using the Alg. 9.1.

An example of the iterative search is given in Fig. 10.3 for a simple problem

consisting of 2 subsystems. The solution method is depicted in Fig. 10.4.
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Algorithm 10.2: Solution check and iteration progress

INPUT{
Ii,j
}nr,i

j=1
,
{
Ii,j
}nr,i

j=1
\\ regions

Θ(n) \\ optimiser candidate at n−th iteration, Θ(n) =
[
θ
(n)
1 . . . θ

(n)
M

]′

J (n) \\ region to which Θ(n) belongs, J (n) =
[
j
(n)
1 . . . j

(n)
M

]′

Θ(n−1) \\ optimiser candidate at n− 1−th iteration

NJ \\ number of iterations in which Θ(n) is the optimiser candidate, NJ ∈ N

I \\ list of turbine indices for which Θ(n−1) has active constraints, I ∈ N
nI

J \\ list of regions to which Θ(n−1) with active constraints belong, J ∈ N
nI×2

OUTPUT

J (n+1) \\ next region to check

NJ, I , J

LET F ← 0 \\ end flag, if F = 1 the optimal solution is found

IF Θ(n) = Θ(n−1)

R← 1, NJ ← NJ + 1
ELSE

R← 0, NJ ← 0
END

IF NJ = 2length(I)

F ← 1 \\ All active regions for this optimiser candidate are checked

ELSE IF ¬R \\ Θ(n) is a new optimiser candidate − generate list of active constraints

LET I ← [ ], J ← [ ] NJ ← 1
FOR i = 1 : M

IF (I
i,j

(n)
i

= θ
(n)
i ∧ θ

(n)
i 6= θmin,i) ∨ (I

i,j
(n)
i

= θ
(n)
i ∧ θ

(n)
i 6= θmax,i)

I = [I; i], J = [J ; j | Ii,j = θ
(n)
i , j | I i,j = θ

(n)
i )]

END

END

ELSE \\ Θ(n) is a repeated optimiser candidate

LET NJ ← NJ + 1
END

\\pick a new combination of active constraints

LET K ← 1
FOR i = 1 : length(I)

K ← K · 2
IF (NJ − 1)moduloK < K/2

j
(n+1)
Ii

← Ji,1
ELSE

j
(n+1)
Ii

← Ji,2
END

END
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(a) The problem – minimisation of a PPWQ function defined on grid
of hyperrectangles

(b) 2D - cost function is drawn by using level curves

Figure 10.3. Iterative procedure demonstration problem
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(a) Initial feasible solution is found inside the red box. The red box
becomes the active QP constraint along with the equality constraint
and the cost is described by red level curves. The minimum of this QP
is found. It belongs to two regions, red and yellow, so one proceeds
to the yellow region.

(b) The active QP is defined by the yellow box and the equality as
constraints, and the yellow level sets as cost function. The active QP
renders a different optimiser than the last one, so the iterations proceed.
The solution of the active QP again belongs to two regions, yellow and
green. The next active region is the green region.
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(c) The QP is defined by the green box and the equality as constraints,
and the green level sets as cost function. The solution of this QP
belongs only to this one region, so the exit condition is satisfied.

(d) The global minimiser of the PPWQ function subjected to equality
constraint is found.

Figure 10.4. Iterative procedure example
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10.2.1 Properties of the procedure

The proposed algorithm relies on the idea that it is more efficient to solve several

small problems than one large problem. The success of such philosophy is problem-

dependant, it depends on the features of the large and the small problems as well as

the number of iterations required. In this procedure the small problem has a very

nice structure and can be solved very efficiently, so the procedure is promising. The

maximal number of iterations is defined by the number of regions through which the

line defined by the equality constraint passes, so the worst case performance depends

on the polyhedral partition on which the problem is defined. For reasonable number

of regions ni
R and large number of subsystems M the proposed procedure should

outperform centralised solution.

The generalisation of the procedure principle to higher dimensions of coopera-

tion parameter is trivial since all the features of the problem still apply. However,

computationally the algorithm becomes more demanding because:

- The check to which region a parameter belongs, which is done at every iteration

in which a new optimiser candidate is generated, is more complex since the

regions can not be explored componentwise.

- The active QPs are not separable, i.e. the matrix H(n) in (10.10) is not diagonal,

but block-diagonal. Such QP can not be solved as efficiently as a completely

separable one.

10.3 One-shot procedure

The so-called one-shot approach rests on a property of convex piecewise quadratic

functions, which allows a reformulation of the program (10.6) to a single quadratic

program by adding auxiliary optimisation variables. The obtained quadratic program

has a nice structure that can be solved very efficiently. The approach rests on the

following proposition.

Proposition 10.1. Let f(z), f : Z → R, be a (strictly) convex piecewise quadratic

function defined on a partition of the interval Z = [Z0, ZN ] ⊂ R as:

f(z) = fi(z) :=
1
2
hiz

2 + giz + yi, if z ∈ [Zi−1, Zi] ,

i = 1, . . . , Nz,
(10.14)

where hi ∈ R, hi > 0, gi ∈ R, yi ∈ R and Nz <∞.
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Let z∗ be the optimiser of the function f(z), i.e.

z∗ := argmin
z

f(z),

subject to z ∈ [Z0, ZNz] .
(10.15)

Then

z∗ = Z0 +

Nz∑

i=1

w∗
i , (10.16)

where w∗
i , i = 1, . . . , Nz, is the optimiser of the following convex quadratic program:

min
wi

1
2
hiw

2
i + (hiZi−1 + gi)wi

subject to 0 ≤ wi ≤ Zi − Zi−1.
(10.17)

�

Proof. Let the optimiser z∗ belong to the j−th region, i.e. Zj−1 ≤ z∗ ≤ Zj. Let z∗i

be the optimiser of the following QP:

min
zi

fi(zi),

subject to Zi−1 ≤ zi ≤ Zi.
(10.18)

1) For all i < j we have z∗i = Zi since fi(·) is monotonically decreasing function in

zi, ∀i < j.

2) For i = j we have z∗i = z∗j .

3) For all i > j we have z∗i = Zi−1 since fi(·) is monotonically increasing function in

zi, ∀i > j.

With affine transformation of variables

wi := zi − Zi−1 (10.19)

the optimisation (10.18) becomes equivalent to (10.17) (when we disregard the con-

stant term). Consequently, from 1), 2) and 3) it follows that

Nz∑

i=1

w∗
i=

j−1∑

i=1

(z∗i − Zi−1) + (z∗j − Zj−1) +

Nz∑

i=j+1

(z∗i − Zi−1) =

=

j−1∑

i=1

(Zi − Zi−1) + (z∗j − Zj−1) +

Nz∑

i=j+1

(Zi−1 − Zi−1) =

= z∗j − Z0.

(10.20)
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The illustration of the Proposition is given in Figure 10.5.
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Figure 10.5. The top figure depicts a strictly convex PPWQ function. The bottom figure
depicts the decomposed function in the auxiliary variables. The optimal z in the top figure
is 1.47. The optimal zis in the bottom figure are: z∗1 = 0.15, z∗2 = 0.32, z∗3 = z∗4 = z∗5 = 0.
Since I0 = 1,

∑5
i=1 z

∗
i + 1 = z∗.

The Proposition 10.1 determines the optimiser of a one-dimensional strictly con-

vex PPWQ defined on Nz intervals by solving Nz one dimensional QPs in indepen-

dent auxiliary variables zi ∈ R, i = 1, . . . , Nz. Since the auxiliary variables are

independent, the optimisers z∗ can be jointly determined by solving one QP with Nz

variables:

min
z1,...,zNz

Nz∑

i=1

1

2
(aiIi−1 + bi)zi,

subject to






Ii−1 ≤ zi ≤ Ii,

z =
Nz∑

i=1

zi + I0.
.

(10.21)

This formulation can be readily applied to transform the optimisation program (10.6)
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to:

min
θ1,1, . . . , θ1,nr,1 , . . . ,

. . . , θM,1, . . . , θM,nr,M

M∑

i=1

nr,i∑

j=1

1
2
hi,jθi,j

2+

+(hi,jIi,j−1 + gi,j)θi,j,

subject to





0 ≤ θi,j ≤ Ii,j − Ii,j−1,

j = 1, . . . , nr,i

i = 1, . . . ,M,
M∑

i=1

nr,i∑

j=1

αiθi,j + θmin,i = β.

(10.22)

Note that, due to definition of parameter search space Θmin,i ≤ Θi ≤ Θmax,i, Ii,0 =

θmin,i.

After solving (10.22) the optimal cooperation parameters are obtained as:

Θ∗
i =

nr,i∑

j=1

θi,j
∗ + θmin,i.

10.3.1 Properties of the approach

The program (10.22) is again, just like (10.10), a convex separable QP with box

constraints and an equality constraint. This is a larger problem than (10.10), since

it contains
∑M

i=1 nr,i optimisation variables and attributed
∑M

i=1 nr,i box constraints.

However, while the iterative method requires solving (10.10) at several iterations,

(10.22) solves the cooperation problem in one shoot.

Even though the Proposition 10.1 might imply that the regions need to be sorted

before this approach can be applied (which is not the general case when e.g. Algo-

rithm 9.1 is applied), this is not the case. The (10.22) uses the general bounds of

the intervals Ii,j and I i,j, without implying any particular order of regions denoted

by j.

The success of the one-shot approach largely depends on the properties of the

algorithm for solving QP, which is described in Sec. 10.4.

10.4 Quadratic program with separable cost func-

tion, box constraints and an equality constraint

In this section an algorithmic approach for solving a specific class of quadratic pro-

grams is investigated, which arises in both the iterative and one-shot procedure

described in Sec. 10.2 and 10.3. The analysed QP has a separable quadratic cost,
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box constraints and one equality constraint:

min
z

z′Hz + g′z,

subjectto

{
I ≤ z ≤ I,

α′z = β
,

(10.23)

where z ∈ R
nz is the optimisation variable, H = H ′ � 0 ∈ R

nz×nz is a diagonal

matrix with diagonal elements denoted by h1,..., hnz
, g =

[
g1 . . . gnz

]′
∈ R

nz ,

α =
[
α1 . . . αnz

]′
∈ R

nz and β ∈ R. Note that both (10.10) and (10.22),

which are the QPs required to be solved on-line in iterative and one-shot procedure,

respectively, belong to this class of problems. Therefore, the efficient solving of

(10.23) it is of primary interest for the proposed solution procedures.

In literature the problem (10.23) is recognised as a continuous quadratic knap-

sack problem. There are two very efficient methods for solving this type of problems

known in literature: breakpoint searching algorithm ([141]) and variable fixing algo-

rithm ([142], [143], [144]). Both methods recognise that the function:

δ(λ) = α′z(λ), (10.24)

where λ is the Lagrange multiplier of the equality constraint, is a piecewise linear

nonincreasing function. The methods attempt to solve the problem

δ(λ) = β (10.25)

in an iterative manner. The breaking point method successively evaluates the break-

ing points of δ(λ) while the iterates progress is based on median of the current solu-

tion. Its average performance isO(n), while the run time depends on implementation

of median and/or sorting algorithms used. The variable fixing algorithm is simpler

implementation-wise since it requires no sorting nor median operations. Its worst

case performance is O(n2), however, according to [142] it outperforms the breaking

point algorithm in terms of average and maximal run time. Here, the variable fixing

algorithm solution found in [131] is analysed.

In the following it is assumed that the feasible set is non-empty i.e.:

α′I
(≤)
< β

(<)

≤ α′I. (10.26)
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To simplify the notation and analysis it is also assumed that:

αi > 0, i = 1, . . . , nz. (10.27)

The assumption (10.27) does not introduce loss of generality since its fulfillment can

be achieved by a simple change of variables (e.g. zi → −zi).

In Section 10.4.1

10.4.1 Solution characterisation

In this section the sufficient and necessary conditions for z∗ to be a primal optimal

solution of (10.23) are established on which the algorithm is built.

The set S is defined as S := {1, . . . , nz}, λ is the Lagrangian multiplier for the

equality constraint and µ = [µ1, . . . , µnz
]′ ∈ Rnz and ν = [ν1, . . . , νnz

]′ ∈ Rnz are

Lagrangian multipliers for the inequality constraints I − z ≤ 0 and z − I ≤ 0,

respectively. Then the Karush-Kuhn-Tucker (KKT) conditions [130] for problem

(10.23) that describe the necessary and sufficient conditions for primal and dual

solutions of the problem:

Hz∗ + g + αλ∗ − ν∗ + µ∗ = 0, (10.28a)

µ∗′(I − z∗) = 0, (10.28b)

ν∗′(z∗ − I) = 0, (10.28c)

µ∗ ≥ 0, (10.28d)

ν∗ ≥ 0, (10.28e)

I ≤ z∗ ≤ I, (10.28f)

α′z∗ = β. (10.28g)

Enumerating all the cases and solving the set of equations (10.28) is not an

efficient method for finding the optimiser. Therefore, an iterative method is used

to determine which constraints (10.28d) and (10.28e) (or (10.28f)) are active. The

following proposition defines the equivalent set of constraints that are directly used

in the algorithm.
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Proposition 10.2. Define the following functions:

ẑi(λ) := −h
−1
i (λαi + gi), (10.29)

zi(λ) := min
{
max {ẑi(λ), I} , I

}
, and (10.30)

δ(λ) :=

nz∑

i=1

α′
izi(λ). (10.31)

and the feasibility problem:

find λ,

subject to δ(λ) = β.
(10.32)

There exists a solution λ∗ to (10.32) if and only if λ∗ and z∗i := zi(λ
∗) satisfy

(10.28). Then z∗ is the optimiser of (10.23) and λ∗ is the optimal Lagrange multiplier

attributed to the equality constraint of (10.23). �

Proof. Let z∗ and λ∗ satisfy (10.28).

Assume i such that z∗i = I i. From (10.26), (10.28b), (10.28d) one obtains z∗i = I i ⇔

µ∗
i ≥ 0, ν∗

i = 0. Then from (10.28a) follows µ∗
i = hiI

∗
i + gi + αiλ

∗ ≥ 0. Since αi > 0

by assumption, one obtains λ∗ ≥ −hiIi+gi
αi

, i.e. ẑi(λ
∗) ≤ Ii. Therefore, zi(λ∗) = z∗i .

Analogously, for i such that z∗i = I i one obtains λ∗ ≤ −hiIi+gi
αi

and ẑi(λ
∗) ≥ I i, which

again implies zi(λ
∗) = z∗i .

Now let Ii < z∗i < Ii. Then µi = 0 and νi = 0 according to (10.28b), (10.28d),

(10.28c) and (10.28e). From (10.28a) follows z∗i = −h−1
i (λαi + gi), i.e. z∗i = ẑi(λ

∗) =

zi(λ
∗).

Since z∗i = zi(λ
∗) then also

nz∑

i=1

αizi(λ
∗), so λ∗ is a solution to (10.32).

Conversely, let λ∗ be a solution of (10.32).

Define the sets SU =
{
i : zi(λ

∗) = I i
}
, SL = {i : zi(λ

∗) = I i}, and S∗ =
{
i : I i < zi(λ

∗) < I i
}
.

Then define µ∗
i :=

{
0, ∀i ∈ SU ∪ S∗

−hiI i − gi − αiλ ≥ 0, ∀i ∈ SL

and

ν∗
i :=

{
0, ∀i ∈ SL ∪ S∗

hiI i + gi + αiλ ≥ 0, ∀i ∈ SU

.

Clearly, z∗i , λ
∗, µ∗, ν∗ satisfy KKT conditions (10.28).

Since KKT conditions are necessary and sufficient conditions for optimal solution

of convex optimisation program [130], then every solution of (10.32) is also optimal

solution to (10.23).
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10.4.2 Algorithm definition and properties

The variable fixing algorithm generates a candidate λ at every iteration and checks

whether such λ satisfies (10.32). The candidates are obtained by solving the following

reduced problem at k−th iteration:

min
z

1
2
z′Hz + g′z,

subjectto





α′z = β,

zi = I i, i ∈ S
(k)
L ,

zi = I i, i ∈ S
(k)
U .

(10.33)

The reduced program fixes optimisation variables zi to lower and upper bounds if the

indices i belong to sets S
(k)
L and S

(k)
U , respectively. Other optimisation variables are

considered unconstrained. The optimal Lagrange multiplier for the reduced program

λ(k) can be computed by evaluating a single equation:

λ(k) = −

∑

i∈S(k)

αigih
−1
i +

∑

i∈S(k)
L

αiI i +
∑

i∈S(k)
U

αiI i + β

∑

i∈S(k)

α2
ih

−1
i

, (10.34)

where S(k) = {1, . . . , nz} \ (S
(k)
L ∪ S

(k)
U ). This expression is obtained directly from

the KKT conditions. For every solution λ(k) it is tested whether it is a solution of

(10.32). If the test is positive, the algorithm terminates.

It remains to find a way to generate the sets S
(k)
L and S

(k)
U in such manner that

λ(k) converges to λ∗. This is achieved by Algorithm 10.6, which is analysed in the

following.

At every iteration of the algorithm three sets of indices are defined: S
(k)
L , S(k)

U

and S(k) := {1, . . . , nz} \ (S
(k)
L ∪ S

(k)
U . The sets define the properties of ẑ(k)i : ∀i ∈

S
(k)
L ⇒ ẑ

(k)
i = I i and ∀i ∈ S

(k)
U ⇒ ẑ

(k)
i = I i. Since the reduced problem does not

constrain the variables zi ∈ S(k) in general there exists such i ∈ S(k) that zi ≤ I i

and/or zi ≥ I i. By definition of the reduced problem at every step k the equation
∑nz

i=1 αiẑi = β. If there exists any i ∈ S(k) such that zi < I i or zi > Ii then z(k) 6= ẑ(k)

and δ(k) =
∑nz

i=1 αizi 6= β. If I ≤ ẑ(k) ≤ I then z(k) = ẑ(k), the solution of the reduced

QP is a feasible solution to the original QP and (10.32), so the optimal solution is

found. Otherwise, the next iteration is initiated.

At every iteration the sets are redefined in such manner that S(k+1) ⊂ S(k) and

S
(k+1)
L ⊃ S

(k)
L or S

(k+1)
U ⊃ S

(k)
U , i.e. S(k) shrinks at every iteration, while either S

(k)
L
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Step 0: Initialise

SL,(1) = ∅, SU,(1) = ∅, S(1) = S, k = 1

Step 1: Solve reduced problem:

ẑ(k) = min
z

1
2z

′Hz + g′z

subject to





α′z = β

zi = Ii, i ∈ S
(k)
L

zi = Ii, i ∈ S
(k)
U

λ(k) = −

∑

i∈S(k)

αigih
−1
i +

∑

i∈S
(k)
L

αiIi +
∑

i∈S
(k)
U

αiIi + β

∑

i∈S(k)

α2
ih

−1
i

ẑ
(k)
i =






Ii, i ∈ S
(k)
L

−h−1
i (gi + λαi), i ∈ S(k)

Ii, i ∈ S
(k)
U

Step 2: Project reduced solution to constraint box

z(k) = min
{
max

{
I, ẑ(k)

}
, I
}

δ(k) = α′z(k)

δ(k) R β?

STOP

Step 3a: Fix to upper bounds

S
(k+1)
U =

{
i : z

(k)
i ≥ Ii

}

S
(k+1)
L = S

(k)
L

I(k+1) = I \
(
S
(k+1)
U ∪ S

(k+1)
L

)

Step 3b: Fix to lower bounds

S
(k+1)
L =

{
i : z

(k)
i ≤ Ii

}

S
(k+1)
U = S

(k)
U

I(k+1) = I \
(
S
(k+1)
U ∪ S

(k+1)
L

)

δ(k)<β δ(k)>β

δ(k)= β

k = k + 1 k = k + 1

Figure 10.6. Flowchart of the algorithm for solving (10.23)

or S(k)
U grow. This is a consequence of the relations:

δ(k) > β ⇔ (∃i ∈ Ŝ
(k)
L ẑi(λ

(k)) < I i, and (10.35)

δ(k) < β ⇔ (∃i ∈ Ŝ
(k)
U ẑi(λ

(k)) > I i. (10.36)

which ensure that the set that is updated in the iteration indeed increases and that

S(k) decreases. The relations are obtained from following observations, where



10.4. QP with separable cost function, box constraints and an equality constraint 205

Ŝ
(k)
L :=

{
i ∈ S(k) | ẑ

(k)
i ≤ I i

}
and Ŝ

(k)
U :=

{
i ∈ S(k) | ẑ

(k)
i ≤ I i

}
:

β < δ(k) =
∑

i∈S(k)\
(
Ŝ
(k)
L ∪Ŝ(k)

U

)
αiẑi(λ

(k)) +
∑

i∈S(k)
L ∪Ŝ(k)

L

αiIi +
∑

i∈S(k)
U ∪Ŝ(k)

U

αiI i =

= α′ẑ(k) +
∑

i∈Ŝ(k)
L

αi(Ii − ẑ
(k)
i (λ(k))) +

∑

i∈Ŝ(k)
U

αi(Ii − ẑ
(k)
i (λ(k))) =

= β +
∑

i∈Ŝ(k)
L

αi(I i − ẑ
(k)
i (λ(k))) +

∑

i∈Ŝ(k)
U

αi(I i − ẑ
(k)
i (λ(k))).

(10.37)

Since definitions of Ŝ(k)
L and Ŝ

(k)
U imply

∑

i∈Ŝ(k)
L

αi(I i − ẑ
(k)
i (λ(k))) ≤ 0 and

∑

i∈Ŝ(k)
L

αi(I i − ẑ
(k)
i (λ(k))) ≥ 0, (10.37) is equivalent to (10.35). The conclusion (10.36)

follows analogously.

These observations are the first result that demonstrates that the algorithm does

not end in an infinite loop. Namely, since the set S(k) is finite and reduces at every

step, the algorithm can not run infinitely. However, it remains to prove that the

algorithm successfully terminates and that it terminates with the correct solution.

The branching condition and conditional updates of sets S(k), S(k)
L and S

(k)
U imply

the following relations that are important for the convergence of the algorithm:

δ(j) < β ⇒ (∀k > j)(∀i ∈ S(k)) ẑ
(k)
i (λ

(k)
j ) < I i, and (10.38)

δ(j) > β ⇒ (∀k > j)(∀i ∈ S(k)) ẑ
(k)
i (λ

(k)
j ) > I i. (10.39)

Relation (10.38) stems from the following observation:

δ(j) < β ⇒ (∀k > j)S(k) ∩ Ŝ
(j)
U = ∅ ∧ S(k) ⊂ S(j)⇒(∀i ∈ S(k)) ẑi(λ

(k)
j ) < I i. (10.40)

Validity of relation (10.39) can be shown analogously.

To prove that the Algorithm 10.6 successfully solves (10.23) one requires a proof

that the algorithm converges, i.e. z(k) → z∗ and λ(k) → λ∗ in finite number of steps.

This is shown by observing the dual solutions of reduced problem. It will be shown

that in in iteration steps for which δ(k) < β the lower bounds for the dual solution

are obtained λ(k) < λ∗, while the steps for which δ(k) > β render upper bounds

λ(k) > λ∗. Also, the uncertainty interval determined by these bounds shrinks with

every iteration. That is shown in the following lemma. The function:

δ̂(λ(k)) :=

nz∑

i=1

αiẑi(λ
(k)) (10.41)
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is used in the proof.

Lemma 10.1. Define λ
(k)
L and λ

(k)
U as:

λ
(k)
L := λ(lk), lk := sup

{
j : δ(j) > d, j ≤ k

}
, λ

(0)
L := −∞, (10.42)

λ
(k)
U := λ(uk), uk := sup

{
j : δ(j) < d, j ≤ k

}
, λ

(0)
U :=∞, (10.43)

Then for every k > 0 the following holds:

λ
(k)
L ≤ λ(k+1) ≤ λ

(k)
U . (10.44)

Proof. The proof of (10.44) is done by induction.

For k = 0 (10.44) is valid, since using assumption hi > 0 and αi > 0 one obtains:

−∞ = λL,(0) < λ(1) = −
c′H−1g + β

α′H−1α
< λU,(0) =∞.

Now assume:

λ
(k−1)
L ≤ λ(k) ≤ λ

(k−1)
U . (10.45)

Two cases are considered separately: δ(k) > β and δ(k) < β.

Let δ(k) > β. Then from (10.45), definitions (10.42) and (10.43) and Algorithm 10.6

follows:

λ
(k)
L = λ(k), λ

(k)
U = λ

(k−1)
U , (10.46)

S
(k)
L =

{
i : zi,(k−1)(λ

(k−1)) ≤ I i
}
, S

(k)
U = S

(k−1)
U , (10.47)

δ̂(k)(λ(k)) = β, δ̂(k+1)(λ(k+1)) = β. (10.48)

- To show that λ(k)
L ≤ λ(k+1) the following relations are used:

ẑ
(k)
i (λ(k)) =





I i, i ∈ S
(k)
L ,

ẑi(λ
(k)), i ∈ S(k),

I i, i ∈ S
(k)
U ,

ẑi,(k+1)(λ
(k)) =





I i, i ∈ S
(k)
L ∪ Ŝ

(k)
L ,

ẑi(λ
(k)), i ∈ S(k) \ Ŝ(k)

L ,

I i, i ∈ S
(k)
U ,

which imply:

δ̂(k+1)(λ
(k)
L )

(10.46),(10.41)
= δ̂(k)(λ(k)) +

∑

i∈Ŝ(k)
L

αi(I i − ẑi(λ
(k))) =

(10.48)
= β +

∑

i∈Ŝ(k)
L

αi(I i − ẑi(λ
(k)))

(10.35)
> d

(10.48)
= δ̂(k+1)(λ(k+1)).

(10.49)
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Since δ̂(k+1)(λ) in nonincreasing, from (10.49) follows λ
(k)
L ≤ λ(k+1).

- To show λ(k+1) ≤ λ
(k)
U the following relations are used, which result from the fact

that (∀j : uk < j ≤ l) δ(j) > d according to definition (10.43) and assumption

(10.45):

δ̂(k+1)(λ
(k)
U ) =





I i, i ∈ S
(k+1)
L ⊃ SL,uk

,

ẑi(λ
(k)
U ), i ∈ S(k+1) ⊂ S(uk),

I i, i ∈ S
(k+1)
U = SU,(uk).

(10.50)

Using (10.38) one obtains:

δ̂(k+1)(λ
(k)
U ) ≤ δ̂(uk)(λ

(k)
U ). (10.51)

Further,

ẑi,uk
(λ

(k)
U ) =





Ii, i ∈ SL,(uk),

ẑi(λ
(uk)), i ∈ I(uk),

Ii, i ∈ SU,(uk),

zi,(uk)(λ
(k)
U ) =





Ii, i ∈ SL,(uk),

ẑi(λ
(uk)), i ∈ I(uk) \ ŜU,(uk),

Ii, i ∈ SU,(uk) ∪ ŜU,(uk),

from which one obtains:

δ̂(uk)(λ
(k)
U ) ≤ δ̂(uk)(λ

(k)
U ). (10.52)

Finally:

δ̂(k+1)(λ
(k)
U )

(10.51)

≤ δ̂(uk)(λ
(k)
U )

(10.52)

≤ δ̂(uk)(λ
(k)
U )

(10.43)
< β

(10.41)
= δ̂(k+1)(λ

(k+1)
U ).

(10.53)

Since δ̂(k+1)(λ) in nonincreasing, from (10.53) follows λ(k+1) ≤ λ
(k)
U .

For the second case δ(k) < β the proof is symmetrical to this case and is therefore

omitted.

Lemma 10.2. At each iteration k of Algorithm 10.6 the following applies:

λ
(k)
L ≤ λ∗ ≤ λ

(k)
U . (10.54)

Proof. First one should show that the following applies at every k:

(∀i ∈ S
(k)
L ) zi(λ

(k)) = I i, (10.55)

(∀i ∈ S
(k)
U ) zi(λ

(k)) = I i. (10.56)
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This can be proven by induction. Assume the following valid:

(∀i ∈ S
(k−1)
L ) zi(λL

(k−1)) = I i, (10.57)

(∀i ∈ S
(k−1)
U ) zi(λU

(k−1)) = Ii. (10.58)

For k = 1 both (10.55) and (10.56) are valid trivially. Now assume δ(k−1) > β, which

renders S
(k)
L = S

(k−1)
L ∪ Ŝ

(k−1)
L . Then

zi(λ
(k−1)) = zi,(k−1)(λ

(k−1)) = Ii

is valid for i ∈ Ŝ
(k−1)
L by definition and for i ∈ S

(k)
L by assumption (10.57). According

to (10.44) one obtains λ(k) ≤ λ
(k−1)
L and due to nonincreasing nature of zi:

(∀i ∈ S
(k)
L )I i = zi(λ

(k−1)
L ) ≥ zi(λ

(k)) ≥ I i,

which implies (10.55). In this case (10.56) holds trivially since S
(k)
U = S

(k−1)
U . Ac-

cording to (10.42) and (10.43) one obtains λ(k)
L = λ(k−1) and λ

(k)
U = λ

(k−1)
U . This also

proves (10.57) for k + 1 so (10.57) applies by induction. The symmetrical proof can

be obtained for δ(k−1) < β. Since (10.55) and (10.56) hold, one can deduce that for

every k:

δ(k)(λ(k)) = δ(λ(k)). (10.59)

According to Proposition 10.2 λ∗ is determined by δ(λ∗) = d and since δ(λ) is

nonincreasing:

(∀k : δ(k) > β) λ∗ ≥ λ(k), and (10.60)

(∀k : δ(k) < β) λ∗ ≤ λ(k), (10.61)

which by definitions (10.42) and (10.43) implies (10.54):

(∀k) λ
(k)
L ≤ λ∗ ≤ λ

(k)
U .

Theorem 10.1. The Algorithm 10.23 terminates in finite number of steps with

z(k) = z∗.

Proof. The Lemmas 10.2 and 10.1 show that the optimal dual solution λ∗ as well
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as next algorithm iteration is in the interval
[
λ
(k)
L , λ

(k)
L

]
. This implies that the

bounds are correctly activated because ∀j > 0, i ∈ S
(k+j)
L : ẑ(λ(k+j)) ≥ ẑ(λ(k)) and

∀j > 0, i ∈ S
(k+j)
U : ẑ(λ(k+j)) ≤ ẑ(λ(k)), i.e. ∀k S

(k)
L ⊃ S∗

L and S
(k)
U ⊃ S∗

U. From

(10.59) follows that the exit condition δ(k) = β is the feasibility condition of (10.32),

so the algorithm terminates with z(k) = z∗.

10.4.3 Computational implementation of the algorithm

The implementation of the algorithm as in 10.6 is not very efficient, since many

operations are performed at every step unnecessarily. The efficient implementation is

given in Alg. 10.6. The main differences are that the fixed components of the solution

are removed from computation and the iterations condition is slightly modified. The

modification is based on the following:

δ =
∑

i∈S(k)\(Ŝ(k)
L ∪Ŝ(k)

U )

αiz
(k)
i +

∑

i∈Ŝ(k)
L

αiI i +
∑

i∈Ŝ(k)
U

αiI i =

=
∑

i∈S(k)

αiz
(k)
i +

∑

i∈Ŝ(k)
L

αi(Ii − z
(k)
i ) +

∑

i∈Ŝ(k)
U

αi(I i − z
(k)
i ) =

= β +
∑

i∈Ŝ(k)
L

αi(I i − z
(k)
i ) +

∑

i∈Ŝ(k)
U

αi(I i − z
(k)
i ),

where β and δ are defined as in Alg. 10.6.
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Algorithm 10.3: Algorithm for solving (10.23) (Computational implementa-
tion of Algorithm 10.6)

INPUT h1, . . . , hnz , g1, . . . , gnz , I1, . . . , Inz
, I1, . . . , Inz , α1, . . . , αnz , β

OUTPUT z∗1 , . . . , z
∗
nz

1. Initialisation

S ← {1, . . . , nz}, k := 1.
2. Compute the solution to the restricted problem

FOR i ∈ S

zi ← −
gi
hi

+
αi

hi
·

β +
∑

i∈S

giαi

hi

∑

i∈S

α2
i

hi

,

END

3. Define sets SL, SU

SL ← {i ∈ S : zi ≤ Ii}, SU ←
{
i ∈ S : zi ≥ Ii

}
.

4. Evaluate δ

δ ← β +
∑

i∈SL

αi(I i − zi) +
∑

i∈SU

αi(I i − zi).

5. Stopping criterion

IF (δ = d) THEN

FOR i ∈ SL

z∗i ← Ii,
END

FOR i ∈ SU

z∗i ← Ii,
END

EXIT

END

6. Fix variables

IF (δ > β) THEN

S ← S \ SL,
FOR i ∈ SL

z∗i ← Ii, β ← β −
∑

i∈SL

αiIi.

END

END

IF (δ < β) THEN

S ← S \ SU,
FOR i ∈ SU

z∗i ← Ii, β ← β −
∑

i∈SU

αiIi.

END

END

7. Increase k
k ← k + 1. GOTO Step 2.
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Figure 10.7. Computation time of centralised MPC for different wind farm sizes

Theoretically, the algorithm iteration complexity is O(n), which assumes that all

optimisation variables are saturated and that only one variable is classified at itera-

tion. The complexity of one iteration is also O(n), i.e. complexity of the Alg. 10.3

is O(n2). However, the running time of the algorithm scales much better in prac-

tice. If one assumes that at every iteration the same portion of variables is set the

complexity of the algorithm becomes O(n), which is obtained in practice.

10.5 Evaluation of algorithm performance

The algorithms were tested on a personal computer with Intel(R)Core® 2 Quad

CPU processor on 2.4 GHz with 3 GB RAM, on Windows XP operating system.

The simulations are performed in Matlab 7.11.0 (R2010b).

As a benchmark, several simulations are performed using classical MPC imple-

mentation – on-line solving of the QP (9.12). The average results are given in

Fig. 10.7, as a function of wind farm size. It is obvious that this kind of implementa-

tion is not viable for large wind farms, for around 50 wind turbines the computation

time becomes approximately equal to the sampling time.

The comparison of iterative method and one-shot method was done by a series

of simulations. The simulations are done for different wind farm sizes starting from

50 up to 1000 wind turbines, with an increment of 50 wind turbines. For each

simulated wind farm size a distribution of operating points was randomly established

and then ten computations are run for randomly distributed measurements. Due to

random measurements generation, none of the simulation results benefits from warm

starting. The results are depicted as function of wind farm size, i.e. number of

wind turbines, and as a function in cumulative number of regions of the controller,
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Figure 10.8. Computational time for local evaluation at one wind turbine

i.e.
M∑

i=1

nr,i. While the wind farm size as parameter is easily interpretable, the

cumulative number of regions is the main driver of complexity for one-shot method,

while also an important factor in performance of the iterative approach.

For both methods the local evaluation and controller evaluation are in common.

The control evaluation comes down to multiplying two vectors and adding a constant,

so its computation time is negligible. The local evaluation has somewhat more com-

plicated algorithm. In recorded over 260,000 local evaluations the mean computation

time is 0.9 milliseconds, with standard deviation of 0.15 milliseconds. The largest

recorded computation time is 2.3 milliseconds. The histogram of the simulation runs

is given in Figure 10.8.

In Figure 10.9 the computation time for optimal cooperation is reported. The

iterative approach is compared with the one-shot approach, given as function of

number of wind turbines. One should notice that the difference in time scales is of

order 1000. While the results of the iterative method has the order of second, the

results of one-shot approach has the run time in milliseconds. Such large difference in

performance can be attributed to an extremely efficient implementation for solving

the specific QP formulation described in Sec. 10.4. While the iterative method is

applicable for wind farm sizes up to approximately 500 wind turbines, the one-shot

method can be used for any size of wind farm. The computation time for the one-shot

method is similar to the computation time of local evaluation.

Figure 10.10 clearly supports the linear performance assessment. The one can

see the linear performance of the one-shot method that is directly inherited from the

QP solver in Sec. 10.4.

In Figure 10.11 the computation time and number of iterations of the iterative
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Figure 10.9. Comparison between the computation time required for iterative approach
and one-shot approach as a function of wind farm size
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Figure 10.10. Comparison between the computation time required for iterative approach
and one-shot approach as a function of overall number of regions

approach is shown. It can be noted that the number of iterations required by the

controller grows linearly with the number of partition regions. The key of the poor

algorithm performance in comparison to one-shot method lies in a large number of

iterations. Namely, the number of regions per interval determines the complexity of

the one-shot method. For instance, for 500 wind turbines the iteration algorithm

performs around 100 iterations of solving a QP with 100 optimisation variables. The

one-shot method solves 1 QP with approximately 1500 optimisation variables (the

average number of regions of evaluated cost is somewhat less than 3). The iterative

method therefore performs around 10 times more operations, plus the additional
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computational burden that arises from iteration logic from Algorithm 10.2.
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Figure 10.11. Properties of the iterative approach

In Figure 10.12 the computational time for large span of wind farm sizes is de-

picted. The sizes of wind farms around 2000 wind turbines are largest planned

projects today in the wind energy industry. The one-shot approach delivered opti-

mal cooperation parameters for this size of wind farms in less than 9 milliseconds,

which definitely shows this approach is up to the task for implementation at very

large wind farms. The computational time is approximately linear with the number

of turbines. Slight offsets from the linear trend arise due to the fact that at different

wind farm sizes a different distribution of operating point for turbines is used, which

leads to different polyhedral partitions (with different number of regions). In cases

when large number of wind turbines obtains a operating point that admits a simpler

controller the computational time drops and vice versa.

10.6 Conclusion

In this Chapter two approaches for implementation of fast wind farm controller are

presented. They both deliver exactly the same solution as the original problem

(9.12). They are based on parameterisations and distribution of the original prob-

lem. The significant part of computational burden is transferred off-line, where the

local problems are solved in a multi-parametrical fashion. The on-line computation

is performed in three phases, two of which are implemented in a parallel fashion – the

computations are entirely independent and depend only on local variables. For the

centralised part, called optimal cooperation, two efficient approaches are designed:the
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Figure 10.12. Computational time of the one-shot method for different farm sizes

iterative approach and the one-shot approach. The iterative approach is more gen-

eral and can be applied to a wider class of problem. It outperforms the classical

centralised computation dramatically, the computational time is around three orders

of magnitude faster. The one-shot approach relies on specific features of problem

at hand. Its implementation is extremely simple, while the performance is around

three orders of magnitude faster than the iterative approach.





Chapter 11

Conclusion

Current trends and advances in wind energy industry are directed in three parallel

directions: towards larger machines, larger wind farms and larger grid penetration.

The increase in scales in all three segments carries significant challenges: larger

machines are more flexible and prone to fatigue damage, larger wind farms increase

local power variability, while larger grid penetration introduces problems in grid

control. The issues of reducing structural loading and increasing the controllability

of wind farms are currently some of the most important open problems in wind

energy research.

This thesis considers the design of the wind farm controller that is able to re-

spond to wind farm control requirements set by the new grid codes. It is recognised

that the power reserve, which arises while operating a wind farm in response to

Transmission System Operator (TSO) requirement, can be utilised for reduction of

wind turbine structural loads. The reduction of structural loads can have positive

influence on cost of energy generated from wind through increased component op-

erating life and reduced turbine downtimes due to maintenance and safety stops

introduced by e.g. increased structural vibration. Furthermore, this kind of control

system may also lead to a paradigm switch in wind farm operation principles – if the

operation in response to grid requirements is identified with lower loads (other than

lower power production) the "regulatory" wind power plants could be built using

lighter and less expensive turbines. Such wind farms would be normally operated at

lower power than is available from the wind, which would allow down-regulation and

up-regulation, if required. Furthermore, additional revenue would be obtained from

providing regulatory services at the grid (which is normally remunerated).

The main contributions of the research described in the thesis are: (1) the hier-

archical wind farm control concept based on separation of time scales, (2) developed

wind turbine and wind farm models for wind farm controller design and simulation,

(3) design of supervisory level wind turbine controller for load reduction, (4) design

of hierarchical wind farm controller for wind farm power control and reduction of

structural loads and (5) the control design approach for real-time implementation of
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the model predictive control based wind farm controller.

The hierarchical wind farm control concept proposed in this thesis is a result of

research of the characteristics of aerodynamic phenomena in the wind farm, where a

distinction between the time scales is recognised. The slow time scale is characterised

by largely coherent changes in the wind field and equilibria resulting from wind

turbine moment and energy extraction from the wind flow. The fast scale wind field

dynamics is related to changes in wind field of stochastic nature, which admit certain

spectral properties in both space and time. According to established approaches in

fluid dynamics research, these time scales can be considered decoupled and observed

separately. This separation of time scales is used to establish a hierarchical design

of the wind farm controller. The slow scale controller acts as the top level controller

and distributes (individual) mean power references to all turbines in the farm. The

bottom level control loop dynamically redistributes the power references in response

to fast perturbations of wind field, thus improving the power tracking and reducing

the (cumulative) structural loads on wind turbines.

The wind turbine and wind farm models used in the thesis can be divided into

simulation models and control design models. The simulation models have a task to

model system as realistically as possible, while the control design models trade-off

modeling details for simplicity and desired mathematical form. To obtain the most

realistic results in terms of structural load reduction, the aero-servo-dynamical model

was used, which is normally used for wind turbine certification. Unfortunately, such

model is too complex to be used to simulate several wind turbines working in parallel,

which is necessary for evaluation of wind farm control algorithms. Therefore, within

the FP7 project Aeolus, a wind farm simulator called SimWindFarm was developed.

It appropriately models the complex environment in which wind turbines inside the

wind farm operate and therefore can be used for evaluation of wind farm control

system. As a researcher at the Aeolus project the author was actively involved

in the simulator design, with an in-depth contribution to the turbulent wind field

modeling.

For the purpose of control design a simple wind turbine model is developed,

which still appropriately models the system behavior at required time scale and

provides enough information to provide opportunity for structural load reduction.

The developed control design model was successfully tested on the data obtained

from an operating wind turbine running in different regimes while changing the

power references.

Even though the requirement of structural load reduction is a classical require-

ment of wind turbine control design, the typical approaches are not applicable at the
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wind farm control level. The reason for that are twofold: (i) the sampling frequency

of the wind farm controller is much lower than that of the wind turbine controller;

and (ii) the use of power reference as the wind farm control variable provides much

less freedom than does the direct usage of the wind turbine actuators – pitch an-

gles of the blades and generator torque. Therefore, a new concept for wind turbine

structural load reduction is proposed that is based on regulation of thrust force and

shaft torque towards a value determined from the mean wind speed and required

mean wind turbine power. Namely, when wind turbines are provided with a con-

stant power reference only the power is tracked, while the loads are fluctuating as a

result of fluctuating wind speed. In the proposed control concept the power tracking

is traded-off with load tracking – the accuracy in power tracking is released in order

to reduce load fluctuations.

This concept of wind turbine structural load reduction via adaptation of power

production was put to the test by designing a supervisory wind turbine controller.

The supervisory controller introduces perturbations in wind turbine power reference

based on typical feedback available from wind turbine measurements that aim to

reduce wind turbine structural loads. The controller design is based on the model

predictive control approach. The state feedback control law was computed off-line,

via multiparametric optimisation, which enables a simple implementation of the con-

troller, similar to the gain-scheduling state-feedback controller. The results demon-

strate, on average, a 10% reduction in blade-out-of-plane damage equivalent loads

at blade roots and 16% reduction in fore-aft damage equivalent loads at the tower

base. These reductions are obtained by introducing perturbations around the nom-

inal power reference with standard deviation of 5% of the nominal wind turbine

power, while the reduction in mean produced power is negligible. A small reduction

of shaft torsional loads was also reported. Both blade out-of-plane and tower fore-aft

fatigue loads are the drivers of the respective component design, so their reduction

can lead to redesign of component towards lighter and cheaper designs, which proves

the realistic value of obtained results. A certain increase in tower side-side loads was

noticed, however these loads are, for the design at hand, much less pronounced than

the dominating fore-aft tower load and therefore they do not influence tower design.

The reductions in structural loads are noticed in the entire range of high wind con-

ditions. Also, the results show that a significant additional reduction in tower and

blade loads can be achieved, if the turbine can tolerate an increase in torsional loads

of the shaft. Such controller tuning could be a feasible option for direct drive wind

turbines, since they have no gearbox, which is badly influenced by shaft torsion, and

their shaft is very thick, short and stiff, so the shaft oscillations are not an issue.
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The described supervisory wind turbine controller can be utilised as a part of the

wind farm controller – it can be implemented independently for every individual wind

turbine, while the centralised controller would provide them with mean power refer-

ences, based on the grid requirement. Every supervisory controller would add power

perturbations depending on the currently available measurements from its turbine.

The mean produced wind farm power would be (more or less) equal to the required

and all wind turbines would be operating with reduced structural loads. However,

for large wind farms such operation is not satisfactory. Since power perturbations

of individual supervisory controllers are not coordinated, the wind farm power can

experience large deviations from the wind farm power reference. Therefore an ap-

propriate wind farm controller that coordinates the power deviations on individual

wind turbines was developed. The control approach established for the supervisory

controller paradigm is also utilised for the farm-wide power perturbation, using an

added requirement on coordination of power productions. Thus all wind turbines

cooperate in a common goal – production of required cumulative power, while at

the same time aim to accomplish their local objectives – reduction of the structural

loads.

The optimal wind farm controller was designed in a hierarchical fashion proposed

in the thesis. The slow scale controller was in charge of increasing the power reserve,

i.e., ensuring that all turbines operate with as large production margin as possible.

Thus, the reductions of power excursions due to negative wind gusts are mitigated

and the margin for fast power perturbations is increased. The desired fast perturba-

tions are implemented at the fast control level. The overall design was tested using

the SimWindFarm simulator. It demonstrated excellent wind farm power tracking

ability and consistent load reduction.

The optimal wind farm controller design relies on model predictive control con-

cept. However, the conventional on-line implementation of model predictive con-

troller is not readily applicable. Namely, the on-line computation time increases

with the increase of wind farm model and one can not guarantee that the compu-

tation of the (new) control input can be done/performed within one sampling time.

The explicit MPC solution is also not an option in practice due to too large model

size. Therefore, a new concept for the implementation of the wind farm controller is

proposed, which is based on distribution and parametrisation of the original control

problem. The overall control problem is divided into small local problems related to

individual turbines. Every local problem is parameterised using so-called local pa-

rameters and cooperation parameters. Every local problem is then explicitly solved

with an explicit, off-line parametric optimisation. On-line, the value functions of
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local problems are evaluated for given local parameters, while the optimal cooper-

ation parameters are obtained as a solution of the centralised optimisation. Two

different approaches were developed for implementation of the on-line computations

– the iterative approach and the one-shot approach. The iterative approach is more

general and can be used for similar control problems with larger dimensions of co-

operation parameters, which includes a wider class of cooperation control systems.

The one-shot approach is developed specifically for the control problem at hand

that consists of one cooperation parameter per subsystem. It should be noted that

both proposed algorithms obtain the optimal solutions, i.e. the same solutions as

the centralised computation. Both approaches massively outperform the centralised

computation and are appropriate for implementation on wind farms with hundreds

of turbines. The one-shot approach also significantly outperforms the iterative ap-

proach and could be applied to coordinate the production of thousands of turbines.

In this thesis, apart from the concrete results in modeling and controller designs,

two results of conceptual nature are obtained – the hierarchical wind farm controller

based on separation of time scales and the approach for implementation of the model

predictive control based cooperative control systems.

The applicability of the hierarchical control concept is broad, since a number of dif-

ferent approaches can be combines aiming at slow and fast wind farm phenomena.

While this thesis mostly focused on development of the fast controller, significant

opportunities also exist on the slow scale level. A very intriguing possibility is a

dynamic control based on dynamical models of large scale coherent wind field distur-

bances.

The very efficient implementation of the model predictive controller for the cooper-

ative control system at hand could also be applied to similar cooperative systems.

However, for a general application the computation should be adapted to larger

dimensions of cooperation parameters. Since a significant amount of optimisation

problem features are maintained when the parameter dimension is increased, there

exists a realistic possibility that very efficient methods could be developed for such

systems as well.





Appendix A

Notation

Symbols

· placeholder

. . . ellipsis

∨ logical or

∧ logical and

¬ logical not

| such that

∈ is element of

{·, . . . } a set

[·, . . . ] a matrix or a row vector

diag(·, . . . ) a diagonal or a block diagonal matrix

∀ for all

⇒ implies

· scalar product

× Cartesian product

⊗ Kronecker product

∪ set union

∩ set intersection

R set of real numbers

C set of complex numbers

R
n set of n−dimensional real (column) vectors

R
n×m set of n×m real matrices

N set of natural numbersOn vector of zeros, On :=
[
0 . . . 0

]′
∈ R

n1n vector of ones, 1n :=
[
0 . . . 0

]′
∈ R

n

In identity matrix, In ∈ R
n×nOn,m matrix of zeros, On,m ∈ R

n×m
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∅ empty set

max maximum

min minimum

inf infimum

sup supremum

Abbreviations

WT Wind Turbine

WF Wind Farm

DEL Damage Equivalent Load

LTI Linear Time Invariant

MPC Model Predictive Control

CFTOC Constrained Finite Time Optimal Control

LP Linear Program

QP Quadratic Program

mpLP multi-parametric Linear Program

mpQP multi-parametric Quadratic Program

PWA Piecewise Affine

PWQ Piecewise Quadratic

PPWA Piecewise Affine on Polyhedra

PPWQ Piecewise Quadratic on Polyhedra

RHC Receding Horizon Control

Wind turbine physical variables

P wind turbine power, [W]

Pref wind turbine power reference, [W]

v wind speed, spatially uniform or nonuniform time series [m/s]

β pitch angle, [◦]

ωr rotor speed, [rad/s]

R rotor radius [m]

H tower height [m]

c chord length [m]

I gear ratio [-]

Jr rotor inertia, [kg m 2]

Jg generator inertia, [kg m2]

Jt equivalent shaft inertia, [kg m2]
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λ tip speed ratio, λ = ωrR
v

, [·]

ωg generator speed, [rad/s]

V wind speed, realisation of the wind field at point (x, y, z) at time t, [m/s]

v mean wind speed, obtained by Reynolds’ decomposition of V , [m/s]

v′ wind turbulence, obtained by Reynolds’ decomposition of V , [m/s]

FT thrust force, [N]

Tr rotor torque, [Nm]

Tg generator torque, [Nm]

CP power coefficient, [-]

CT thrust coefficient, [-]

TLSS low speed shaft torque, [Nm]

Pav available power from the wind stream, [W]

Pnom nominal wind turbine power, [W]

Pmax maximal wind power a wind turbine can produce, [W]

Pmin minimal power production at which wind turbine is operational, [W]

veff rotor effective wind speed, [m/s]

vamb ambient wind, wind speed of the flow undisturbed by wind turbines, [m/s]

βmax maximal pitch angle [◦]

βmin minimal pitch angle [◦]

Wind turbine loads

(xb, yb, zb) blade coordinate system, see Fig. 4.5

Mxb in-plane bending moment at blade root, [Nm]

Myb out-of-plane bending moment at blade root, [Nm]

Mzb torsional moment at blade root, [Nm]

(xn, yn, zn) nacelle coordinate system, see Fig. 4.5

Mxn side-side bending moment at tower top (at yaw mechanism), [Nm]

Myn fore-aft bending moment at tower top (at yaw mechanism), [Nm]

Mzn torsional moment of the low-speed shaft, [Nm]

(xt, yt, zt) tower coordinate system, see Fig. 4.5

Mxt side-side bending moment at tower root, [Nm]

Myt fore-aft bending moment at tower root, [Nm]

Mzt torsional moment at tower root, [Nm]

m Wöhler coefficient

C, T , f parameters of damage equivalent load computation, see Sec. 4.2
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Supervisory wind turbine controller

u, y references for input u and output y, also referred to as power refer-

ence and load reference

θ parameter vector, θ := [x′
0 u y′ Pmax]

′

N prediction horizon

U vector of predicted control inputs, U = [u′
0 . . . u′

N−1]
′

LTI discrete-time wind turbine model:

x := [β ωr ωg,filt veff ]
′, u := Pref , y := [FT TLSS]

′,

x[t+ 1] = Ax[t] +Bu[t]

y[t] = Cx[t] +Du[t]

On-line supervisory WT controller – CFTOC problem:

min
U

1

2
U ′QuuU +QuU

s.t. CuU ≤ Cm,

Multi-parametric QP formulation of CFTOC problem:

J∗(θ) = 1
2θ

′Qθθθ +min
U

1
2U

′QuuU + θ′QθuU

s.t. CuU ≤ Cc + Cθθ

Optimal wind farm control

The subscript i denotes the quantity refers to the i−th wind turbine, i =

1, . . . ,M , e.g. Pref,i denotes the power reference on the i−th wind turbine.

Variable names with hat denote the estimated values of the quantity, e.g. P̂av,i

is the estimated available power at i−th wind turbine.

Bold face variables collect the values of the corresponding variables for all wind

turbines, e.g. Pref := [Pref,1 . . . Pref,M ]′.

M number of wind turbines in the controlled wind farm

i wind turbine index – used to denote variables and quantities related to

the i−th wind turbine
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The overline denotes the slow-scale quantities, i.e. those related to the operation

of the slow scale controller, e.g. P ref,i is the power reference issued by the slow

scale controller to the i−th wind turbine, v̂eff is the vector containing low-pass

filtered estimations of effective speed at wind turbines.

Slow-scale controller

W (vamb) wake model that relates power references change on the turbines

with the change of effective wind speed, W (vamb) : R→ R
M×M

KvP,i(veff ,i) linearised model of wind turbine available power, KvP,i : R→ R

ε slack variable used in design of the slow controller

∆Pref change to the mean power reference introduced by the slow con-

troller

Linear program solved by the slow controller at every sampling instant, U = [∆Pref
′
ε]′:

min
U

l′U

s.t. ClU ≤ Clc

Fast-scale controller

k index of prediction step

j index used to denote the region of the solution of the local control

problem

n index of the iteration step

umin,i, umax,i hard constraints on minimal and maximal control input, respectively,

uMs,i soft constraint on the maximal control input

ǫi slack variable related to i−th wind turbine

U the optimisation variable of the slow-scale control problem,

U := [U ′
1 ε1 . . . U ′

M εM ]′

φi local parameter of the i−th wind turbine, φi := [x0,i
′ u′

i yi
′ uMs,i

′]′

φmin,i, φmax,i lower and upper bound of the parameter φi

θi cooperation parameter of the i−th wind turbine, θi := Pref,i

θmin,i, θmax,i lower and upper bound of the parameter θi

Local control problem for i−th wind turbine:

J∗
i (φi, θi) = [φ′

iθ
′
i]Qpp,i [φ

′
iθ

′
i]
′+

+min
Ui

1
2U

′
iQuu,iUi + [φ′

iθ
′
i]Qpu,iUi

subject to Cu,iUi ≤ Cc,i + Cp,i [φ
′
iθ

′
i]
′ , i = 1, ...,M
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Solution to i−th local problem:

Pi = {Ri,j}
nR
j=1

Ri,j =
{
[φ′

iθ
′
i]
′ ∣∣Ki,j [φ

′
iθ

′
i]
′ + Li,j

}

U∗
i (φi, θi) : Pi → R

ni
U , [φ′

iθ
′
i]
′ ∈ Ri,j 7→Wi,j [φ

′
iθ

′
i]
′ + Zi,j

J ∗
i (φi, θi) : Pi → R, [φ′

iθ
′
i]
′ ∈ Ri,j 7→ [φ′

iθ
′
i]Hi,j [φ

′
iθ

′
i]
′ +Gi,j [φ

′
iθ

′
i]
′ + Fi,j

Parameterised optimal wind farm control problem:

min
θ1,...,θM

M∑

i=1

J ∗
i (φi, θi)

s.t.





[φ′
iθ

′
i]
′ ∈ Pi, i = 1, . . . ,M,

∑M
i=1 αiθi = β.

The i−th local control problem after evaluation for φi := φ̂i:

Ii = {Ii,j}
nr

j=1

Ii,j =
{
θi
∣∣Ii,j ≤ θi ≤ Ii,j

}

Ũ∗
i (θi) : Ii → R

ni
U , θi ∈ Ii,j 7→ wi,jθi + zi,j

J̃ ∗
i (θi) : Ii → R, θi ∈ Ii,j 7→ θ′ihi,jθi + gi,jθi + fi,j

Optimal cooperation problem:

min
θ1,...,θM

M∑

i=1

J̃ ∗
i (θi)

s.t.





θi ∈ Ii, i = 1, . . . ,M,

∑M
i=1 αiθi = β.

QP with separable cost, box constraints and an equality constraint

QP definition:

min
z

z′Hz + g′z

s.t.

{
I ≤ z ≤ I

α′z = β

Reduced QP:
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min
z

z′Hz + g′z

s.t.





zi = Ii, i ∈ SL

zi = Ii, i ∈ SU

α′z = β

SL set of indices i for which the optimal solution is z∗i = I i

SU set of indices i for which the optimal solution is z∗i = I i

S∗ set of indices i for which the optimal solution is I i < z∗i < Ii

k denotes the algorithm iteration

λ Lagrange multipliers of the reduced QP, candidate for optimal Lagrange

multiplier corresponding to the equality constraint of QP

µ, ν Lagrange multipliers of QP corresponding to inequality constraint

z∗ optimal primal solution

λ∗, µ∗, ν∗ optimal dual solution

λL lower bound for λ∗

λU upper bound for λ∗

ẑ(α) primal solution of reduced problem as function of Lagrange multiplier

for reduced problem

z(α) ẑ(α) curtailed to interval
[
I, I
]

δ(λ) value of left side of the equality constraint as function of Lagrange mul-

tiplier for reduced problem





Appendix B

Wind Turbine Modeling – A Simple

Structural Model

As discussed in Section 4.1, the models of wind turbine structure are spatially discrete

approximate models obtained by different complex approximations and numerical

procedures. As such they provide little insight in the basic nature of structural

deformations and stress. To obtain an explicit solution of structural behavior one

needs to limit the observations to simplified mathematical models. One very useful

mathematical abstraction of wind turbine structural response can be obtained by

studying the simple bending of cantilever beams. Both blades and tower of the wind

turbine can be abstracted as cantilevered beams undergoing transversal forces, see

Figure B.1. More complex wind turbine models such as FAST and Bladed use beam

approximations for modeling the dynamic responses of tower and blades within the

multi-body dynamics environment.

There are two focuses of wind turbine structure modeling and those are modeling

of structure deflections and modeling of bending moments. Modeling of deflections

for several reasons, most importantly to evaluate clearance between blade tip and

tower and to model the feedback that arises from relative movement of blades that

can lead to resonant behavior. Bending moment modeling is important for evaluation

of structural fatigue.

The cantilever beam is depicted in Figure B.2. We make the following assump-

tions on the beam properties: (a) shear deflections are negligible (this assumption is

valid for long beams, i.e. those whose length is much larger than its width, as result

the cross-sections of the beam remain plane during bending), (b) material is homo-

geneous, (c) material is perfectly elastic, i.e. stress is proportional to strain, (e) the

beam undergoes small deflections, (f) the beam root is perfectly cantilevered, (g) the

rotational inertia is negligible, (h) the beam has an axis of symmetry in the plane of

bending. A beam that satisfies these assumptions is called an Euler-Bernoulli beam.

The cantilever beams are a basic structural element in mechanical engineering

and multitude of literature contains some insight into the analysis of beam response.
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ft

Ft

Figure B.1. The wind turbine blades can be abstracted as cantilever beams fixed at the hub
under transversal forcing distributed along the blades obtained by thrust force component on
airfoils ft. The wind turbine tower can be considered a cantilever beam fixed at the ground
with forcing concentrated at fixed, which is the resultant thrust over the rotor Ft.

However, the detailed derivation and analysis of the solutions like the one given here

is lacking. The insight into beam static response can be found in [145], [146], [147],

while insight into beam vibration is available from [148], [149], [92], [150]. The wind

turbine model used for the tests is derived based on a 5 MW reference wind turbine

model developed by National Renewable Energy Laboratory [106].

B.1 Static bending

To describe the static bending of a beam we observe a beam undergoing distributed

loading per unit length f(x) depicted in Figure B.2. The x-axis of the coordinate

system is longitudinal to the beam, while the force acts in plane xy. The deflection

of the blade at longitudinal position x is denoted with w(x). For every beam element

of width dx we can draw a free-body diagram as in Figure B.2(b).

The external forces cause a bending moment M and a shear force Q to occur along

the beam length. The force equilibrium at an infinitesimal beam element derives:

− (Q + dQ) +Q+ f(x)dx = 0, (B.1)

which gives:
dQ

dx
= −f(x), (B.2)



233

The moment equilibrium around the center of beam element gives:

M + dM −M + (Q+ dQ)
dx

2
+Q

dx

2
= 0, (B.3)

dM +Qdx+ dQ
dx

2
= 0, (B.4)

where the higher order differential term vanishes leaving:

dM

dx
= −Q. (B.5)

f(x)

dx

w(x)

x

y

(a) Cantilever beam under external dis-
tributed load f(x)

f(x)dx

dx

Q

M

Q + dQ

M + dM

(b) A beam element

Figure B.2. Cantilever beam under transversal loading

The equilibrium equations (B.2) and (B.5) allow us to draw the distribution of

the bending moment and shear force along the beam for some typical loadings. One

typical loading considered is the point load F that acts at the free end of the beam,

see Figure B.3(a). Another typical load is uniform distributed load along the beam

with constant intensity f [N/m]. The forces and moments are obtained by integrals:

Q(x) = −

∫ L

x

f(ξ)dξ, (B.6)

and

M(x) = −

∫ L

x

Q(ξ)dξ, (B.7)

with initial conditions

Q(L) = −F, M(L) = 0, (B.8)

for end-loads, and

Q(L) = 0, M(L) = 0, (B.9)

for distributed loads. The obtained distributions of shear and bending moment for

concentrated load at the free end are:

Q(x) = F, M(x) = F (L− x), (B.10)
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Figure B.3. Distribution of bending moment and shear force along the beam

The shear force is constant along the beam, while the moment changes linearly and

attains maximum value equal to FL at the cantilevered end. For distributed loads

we obtain:

Q(x) = f(L− x), M(x) = −
f(L2 − 2Lx+ x2)

2
. (B.11)

In this loading case the shear force changes linearly and attains maximum of fL at

the cantilevered end. The bending moment is a second order polynomial in x and

attains its maximum of fL2

2
also at the cantilevered end. The loads are depicted in

Figure B.3.

Now that the distribution of forces and moments along the beam is found, we

focus on the beam cross-section and the reactions of the material to forces. Under

transversal external forcing as depicted in Figure B.3 the upper part of the beam is

put in compression, while the bottom part is put into tension, i.e. the stress of the

material across a beam cross-section changes sign. Since the material is continuous,

the stress will change gradually, so there will be a point on the cross-section on which

stress is equal to zero. This region of the material is called the neutral axis. Since it

is not stressed the neutral axis does not change its length under deformation.

To describe the material stress within the cross-section we observe the geometry

of bending. An infinitesimal part of the beam under bending forms a circular arc,

depicted in Figure B.4. The angle Θ denoted in this Figure is called the beam

curvature, while the length of the line OA′ (and OB′) is denoted as R and referred

to as curvature radius. In the bottom part of the Figure we see an infinitesimal beam

element in an undisturbed state, while in the upper part the same part of the beam

is depicted in a bended form. The line AB denotes the part of the beam neutral axis

that belongs that belongs to the observed element. We denote the length of the line

AB as l. Since the neutral axis does not change its length under bending, the length

of the line A′B′ is also equal to l. Let us observe the layer of the material CD and

denote its distance to the neutral axis with y (i.e. the length of AC and BD is y).
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Figure B.4. Simple beam bending

We assume that y is negative if the point C is below the point A, as in the Figure.

When the beam is not deflected the length of the line CD is equal to the length of

AB, i.e. it is also l. However, the length of the arc C ′D′ is longer due to bending. If

we denote the length of the arc C ′D′ with l′ from the formula for the arc length we

get:

l = δΘ · R, l′ = δΘ · (R− y). (B.12)

The strain of the material ǫ, i.e. the relative deformation, on the arc C ′D′ is equal

to:

ǫ =
l′ − l

l
=

δΘ(R− y)− δΘR

δΘR
= −

y

R
. (B.13)

The term R is called curvature radius and its inverse 1
R

is referred to as curvature.

From this equation we see that the strain of the material is proportional to the

distance to the neutral axis and to beam curvature.

To depict the material strain entirely we need to provide the means of determin-

ing the curvature radius. For small deflections it can be shown that the following

approximation is valid:
1

R
≈

d2w

dx2
, (B.14)

i.e. that the curvature can be approximated by the slope of beam deflection. Thereby,

the strain of the material on distance y from neutral axis is:

ǫx = −y
d2w

dx2
. (B.15)

It can be shown that the neutral axis passes through the centroid of each cross-

section.

Since by assumption the bending is perfectly elastic, the stress σx and strain ǫX
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σx(y)

x

y

Figure B.5. Distribution of stress on beam cross-section

are according to Hooke’s law proportional:

σx = Eǫx, (B.16)

where E denotes the Young’s modulus. The distribution of stress on the beam cross-

section is given in Figure B.5.

Each of the cross-sections needs to be in equilibrium. Since the stress is symmet-

rically distributed on the cross-section the forces balance is obtained. The stress also

produces moment around the point O, which needs to be balanced by the bending

moment at position x:

0 = M(x)+

∫

A

σxydA = M(x)+

∫

A

−yE
d2w

dx2
ydA = M(x)−E

d2w

dx2

∫

A

y2dA. (B.17)

The quantity I =
∫
A
y2dA is the area moment of inertia with respect to the centroidal

axis. Finally, we get the expression for that describes the beam deformation via

bending moment:

M(x) = EI
d2w

dx2
. (B.18)

Now we can also relate the bending moment and the stress according to:

σx = −
1

I
M(x)y. (B.19)

Form this expression we see that the stress of the material at cross-section is propor-

tional to the bending moment. This relation is often utilised for control design.

Finally, from the force and moment equilibria (B.2) and (B.5) utilising (B.18) we

obtain the well known equation:

d2

dx2

(
EI

d2w

dx2

)
= f(x), (B.20)
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that describes the relationship between the applied load and beam deflection. It is

known as Euler-Bernoulli equation.

From the evaluated bending moment (B.10) by using (B.18) and boundary con-

ditions w(0) = 0, dw
dx
|x=0 = 0, we obtain the following expression for deflection of the

cantilever beam undergoing the concentrated loading F at its free end:

w(x) =
Fx2(3L− x)

6EI
. (B.21)

The deflection attains its maximum of FL3

3EI
at the free-end. For the cantilever beam

undergoing the constant distributed load per length f the deflection is given by:

w(x) =
fx2(6L2 − 4Lx+ x2)

24EI
. (B.22)

The deflection attains its maximum of fL4

8EI
at the free-end.

B.2 Beam vibration

Now we consider a beam under variable loading f(x, t) that causes beam deflections

to change in time, see Figure B.2. We proceed analogously to the static analysis,

just taking into account the inertial forces and allowing variables to change in time

as well as in space. For the beam section depicted in Figure B.2(b) we can write an

equation of motion using second Newton’s law as:

(Q +
∂Q

∂x
dx)−Q+ f(x, t)dx = ρA(x)dx

∂2w

∂t2
, (B.23)

which we rewrite to:

δA(x)
∂2w

∂t2
−

∂2Q

∂x2
= f(x, t), (B.24)

where Q is the shear force at beam element, f(x, t) is a distributed external force

per unit length, ρ is the density of the material and A(x) is the beam cross-sectional

area. From the moment equilibrium around the point P we obtain:

M − (M +
∂M

∂x
dx)−Qdx = 0, (B.25)

i.e.
∂M

∂x
= −Q. (B.26)
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Here M denotes the bending moment. From (B.24) and (B.26) we obtain:

ρA
∂2w

∂t2
+

∂2M

∂x2
= f(x, t). (B.27)

The bending moment is a function of the beam deformation according to (B.18),

so the beam equation can be stated as:

ρA
∂2w

∂t2
+

∂2

∂x2

(
EI

∂2w

∂x2

)
= f(x, t), (B.28)

where E is the Young elasticity modulus of the material, I is the second moment of

area of the beam cross-section about the y-axis, which in general depends on x. This

equation can be recognised as the Euler-Lagrange equation. If the beam is uniform

and the moment of area does not change the equation reduces to:

ρA
∂2w

∂t2
+ EI

∂4w

∂x4
= f(x, t). (B.29)

To study the inherent behavior of the beam structure we observe its unforced

vibrations. We assume that the beam undergoes an initial deformation and then it is

unloaded. Therefore, we solve the following equation, subjected to initial conditions:

ρA
∂2w

∂t2
+ EI

∂4w

∂x4
= 0. (B.30)

This is a fourth-order partial differential equation. It is solved by utilising the prin-

ciple of variable separation. The assumption of this principle is that there exists a

solution of the form:

w(x, t) = W (x) · T (t), (B.31)

i.e. the solution is given as a product of a spatial function W (x) and a time function

T (t). When (B.31) is substituted into (B.30) we obtain:

EI · T (t) ·
d4W (x)

dx4
= −ρA ·W (x)

d2T (t)

dt2
. (B.32)

By rearranging we get:

EI

ρA
·

1

W (x)
·
d4W (x)

dx4
= −

1

T (t)
·
d2T (t)

dt2
. (B.33)

We assume both sides of the equation (B.33) obtains a value of ω2. By introducing
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the parameter:

β4 :=
ρA

EI
· ω2 (B.34)

we can rewrite the problem as a set of two ordinary differential equations:

d4W (x)

dx4
− β4W (x) = 0, (B.35)

d2T (t)

dt2
+ ω2T (t) = 0. (B.36)

The equation (B.35) is a homogeneous ordinary linear differential equation so it

obtains the solutions in the form:

W (x) = Cesx, (B.37)

and obeys the superposition principle. The parameter s is obtained by solving:

s4 − β4 = 0. (B.38)

The solution to (B.35) is then:

W (x) = C1e
βx + C2e

−βx + C3e
iβx + C4e

−iβx. (B.39)

Here, the exponential functions can be replaced with sum of trigonometric and hy-

perbolic functions, which can be grouped at convenience, since the definition of

coefficients is arbitrary. We use the following formulation, which is convenient for

resolving initial conditions:

W (x) = C1(sin βx+ sinh βx) + C2(sin βx− sinh βx)+

+C3(cos βx+ cosh βx) + C4(cos βx− cosh βx).
(B.40)

Note that coefficients C1, C2, C3, C4 are different for equations (B.39) and (B.40)

The equation (B.36) is a second order ordinary differential equation so it obtains

a solution in the form:

T (t) = A cosωt+B sinωt. (B.41)

In modal analysis, the variable ω is referred to as the natural frequency of the

structure, while solutions W (x) are the mode shapes of the structure.

To determine the frequencies ω that constitute the free vibration of the beam

and the coefficients that determine the corresponding mode shapes C1, C2, C3 and

C4, it is necessary to determine the boundary conditions of the system.
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The boundary conditions for the cantilever beam are, see [150]:

W (0) = 0, ,W ′(0) = 0, W ′′(L) = 0, W ′′′(L) = 0. (B.42)

The first and second boundary conditions describe the fixed end of the beam, the

third boundary condition describes bending moment distribution under beam load-

ing, while the fourth boundary condition describes shear distribution. The fixed end

of the cantilevered beam has zero deflection and slope. The free end has zero bending

moment and shear, since the shear force and the bending moment are internal forces

of the material that develop due to stress on the beam element. The blade element

at the free end of the beam is unstressed and therefore there is no internal forces at

that element.

By inserting the first and second boundary condition in (B.40) one obtains C3 = 0

and C1 = 0, respectively. The third and the fourth boundary condition then yield

the set of equations:

C2(sinh(βL) + sin(βL)) + C4(cosh(βL) + cos(βL)) = 0

C2(cosh(βL) + cos(βL)) + C4(sinh(βL)− sin(βL)) = 0.
(B.43)

By applying Cramer’s rule to this set of equations it can be seen that the nontriv-

ial solutions arise only when the determinant of the matrix of coefficients is equal to

zero. One obtains:

sinh2(βL)− sin2(βL)− [cosh2(βL) + cos2(βL)]2 = 0, (B.44)

which resolves to:

cos(βL) cosh(βL) + 1 = 0. (B.45)

The establishment of this condition marks the birth of distinct natural frequencies

of the structure ωi, as well as to distinct mode shapes Wi(x) associated to the nat-

ural frequencies. This is a transcendental equation with infinitely many solutions,

we denote them βi. They can be found numerically. These solutions, along with

parameters of the structure L, E, I and µ define the eigenfrequencies of the system

as well as mode shapes. The eigenfrequencies of the system are given by:

ωi = (βiL)
2

√
EI

ρAL4
. (B.46)

From the third boundary conditions we obtain the relation between the coeffi-
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Figure B.6. Mode shapes for cantilever Euler-Bernoulli beam

cients C2 and C4:

C2 = −C4 ·
cos(βiL) + cosh(βiL)

sin(βiL) + sinh(βiL)
. (B.47)

Since the fulfillment of the last boundary condition is ensured by (B.45), the param-

eter C4 can be chosen to normalise the amplitude of the mode shape. It is customary

to normalise the mode shape at the free end of the beam so that W (L) = 1 holds:

1 = C4

[
−
cos(βiL) + cosh(βiL)

sin(βiL) + sinh(βiL)
(sin(βiL)− sinh(βiL)) + cos(βiL)− cosh(βiL)

]
. (B.48)

By trigonometric manipulations and using (B.45) one obtains:

C4 =
1

2
·
cos βiL (sin βiL+ sinh βiL)

sin βiL+ cos2 βiL sinh βiL
. (B.49)

By evaluating (B.49) for solutions of (B.45) one obtains C4 =
1
2
. The first five mode

shapes are depicted in Figure B.6. It is interesting to note that the mode shapes do

not depend on any property of the structure, except the initial conditions.

The mode shapes have a very important property of orthogonality. It can be

seen from the following observation. Let us write the modal equation (B.35) for two

distinct modes j and k:

W
′′′′

j − β4
jWj = 0, (B.50)

W
′′′′

k − β4
kWk = 0. (B.51)

Now we multiply (B.50) by Wk and (B.51) by Wj, integrate each equation along the

blade length and subtract the second equation from the first. We obtain:

∫ L

0

(W
′′′′

j Wk −WjW
′′′′

k )dx− (β4
j − β4

k)

∫ L

0

WjWkdx = 0 (B.52)
∫ L

0

WjWkdx =
1

β4
j + β4

k

(∫ L

0

W
′′′′

j Wkdx−

∫ L

0

WjW
′′′′

k dx

)
(B.53)
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By employing the rule of integration by parts twice we obtain:

∫ L

0

W
′′′′

j Wkdx = W
′′′

j Wk

∣∣∣
L

0
− W

′′

j W
′

k

∣∣∣
L

0
+

∫ L

0

W
′′

j W
′′

k dx, (B.54)
∫ L

0

WjW
′′′′

k dx = WjW
′′′

k

∣∣∣
L

0
− W

′

jW
′′

k

∣∣∣
L

0
+

∫ L

0

W
′′

j W
′′

k dx, (B.55)

and therefore:

∫ L

0

WjWkdx =
1

β4
j + β4

k

(
W

′′′

j Wk

∣∣∣
L

0
− W

′′

j W
′

k

∣∣∣
L

0
− WjW

′′′

k

∣∣∣
L

0
+ W

′

jW
′′

k

∣∣∣
L

0

)
. (B.56)

After checking the boundary conditions (B.42) we conclude:

∫ L

0

WjWkdx = 0 ∀j, k, (B.57)

which means the mode shapes are orthogonal.

To enable the simulation of the beam bending from an initial condition we need

to determine the coefficients of the time response T (t). The i-th mode shape corre-

sponds to the time response:

Ti(t) = Ai cos(ωit) +Bi sin(ωit). (B.58)

Since the equation (B.30) is homogeneous, we look for the general solution w(t, x) in

the form:

w(x, t) =

∞∑

i=1

Wi(x)Ti(t). (B.59)

The constants that describe the time animation of modal vibrations, Ai and Bi

in (B.58), are determined from initial conditions of the vibration. The aim is to

simulate the beam response when it is initially deformed by application of constant

force F at the free end of the beam. The force is then removed and the beam starts

vibrating. The initial conditions are:

ẇ(x, 0) = 0, w(x, 0) =
Fx2(3L− x)

6EI
. (B.60)

The first initial condition states that the beam is at rest at t = 0 and the second

describes the static deformation of the beam under constant force F applied at the

end (see (B.21)) from which the vibration is initiated. From (B.59) and (B.59) one
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obtains:

w(x, 0) =
∞∑

i=1

AiWi(x), and (B.61)

ẇ(x, 0) =

∞∑

i=1

BiWi(x). (B.62)

From (B.62) and the first initial condition we obtain Bk = 0.

The coefficients Ak are obtained by the expression:

Ai =

∫ L

0
w(x, 0)Wi(x)dx∫ L

0
Wi(x)Wi(x)dx

. (B.63)

This expression can be recognised as a coefficient of generalised Fourier series. It is

obtained from the following consideration. From (B.61) one obtains:

∫ L

x=0

w(x, 0)Wi(x)dx =

∫ L

x=0

∞∑

k=1

AkWk(x) Wi(x)dx (B.64)

=
∞∑

k=1

Ai

∫ L

x=0

Wk(x)Wi(x)dx (B.65)

= Ak

∫ L

x=0

Wk(x)Wi(x)dx. (B.66)

The last line follows from (B.57).

By performing the integrations by a computer program [151] one obtains:

∫ L

0
WiWidx = (−βiL cos(2βiL)+

+6(1 + cos(βiL) cosh(βiL))(cos(βiL) sinh(βiL)− cosh(βiL) sin(βiL))+

+βiL(cosh(2βiL) + 4 sin(βiL) sinh(βiL))) /
(
8βi(sin(βiL) sinh

2(βiL))
)

(B.67)

∫ L

0

w(0, x)Widx =

=
FL4

(
(βiL)

3 + cosh(βiL)((βiL)
3 cos(βiL)− 3 sin(βiL)) + 3 cos(FL4) sinh(FL4)

)

3EI(βiL)4 sin(βiL) + sinh(βiL)

(B.68)

The expression for parameters Ai are obtained by dividing the expression (B.68)

by (B.67). These parameters are a measure of presence of the modal shape in a

cumulative deformation.

Now that the tower deformations are determined it is straightforward to deter-

mine the bending moments along the tower. We use the equation (B.18) obtained

from the equilibrium equations for beam cross-section. We obtain:

M(x) = EI

∞∑

i=1

W
′′

i (x)Ti(x), (B.69)
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where:

W
′′

i (x) = C2β
2
i (− sin(βix)− sinh(βix)) + C4β

2
i (− cos(βix)− cosh(βix)), (B.70)

with C2 and C4 determined according to (B.47) and (B.49), respectively. Once we

obtained the bending moment one can easily determine the stress and strain of the

tower material.

B.3 Free vibration of wind turbine tower

The results are demonstrated on a wind turbine tower model whose parameters are

chosen to approximately match the wind turbine tower of large 5-MW commercial

wind turbines. The tower is 100 meter high and it is made of steel (E = 2.1 ·

1011 N/m2, ρ = 7850 kg/m). The tower weighs 300 tons and has a shape of a hollow

cylinder. It is assumed that the tower has constant cross-section. The thickness of

the steel is 2 cm. The inner radius of the cylinder is 3.03 meter and the outer radius

is 3.05 meter. Since its cross-section is an annulus, so the area moment of inertia

can be determined as I = π
4
(r4o − r4i ) = 1.7652 m4. Wind turbine experiences a wind

speed in lower speed range, at which the pitch angle is minimal and thrust forces

large. The rotor thrust force is kept steady at an amplitude of 250 kN. At time t = 0

a wind speed suddenly decreases to practically stand still and tower top suddenly

looses thrust. This (exaggerated) scenario initiates the unforced vibrations of the

tower.

The Table B.1 lists the natural frequencies of this tower and parameters of the

vibrational response. The natural frequencies obtained are close to those obtained by

a much more complex model that uses Finite Element Method approach and models

tower in much detail taking into account its complex shape and distributed properties.

The Figure B.7 depicts the animation of normalised modes, i.e. the components

Wi
Ti

Ai
for i = 1, ..., 5. One can clearly see that the mode number determines the

number of fixed nodes in the mode time evolution. The fixed nodes are a property

of orthogonal (normal) modes. This figure very nicely illustrates the "ingredients"

of tower vibration.

Table B.1. Parameters of tower vibration
Mode βiL [·] fi [Hz] Ai [·]

1 1.875 0.6221 -0.2182

2 4.694 3.8988 0.0056

3 7.855 10.918 -0.0007

4 10.996 21.395 0.0002

5 14.137 35.364 -0.0001
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Figure B.7. Tower modes (normalised) sampled every 0.02 s. Blue – mode 1, red – mode 2,
green – mode 3, magenta – mode 4.

The Figure B.8 depicts the contribution of first 5 modes in the tower deformation

at time instant t = 0, as well as the total tower deformation. It shows how much of

each mode is present in the vibration for the given initial condition. One can see that

the response of the first mode is by far the most pronounced in the total deformation.

The contribution of the modes decreases with increase in mode number. This is the

typical behavior expected of a structure.
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(a) Tower deformations at t = 0
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(b) Tower deformation at t = 0,
enlarged

Figure B.8. Components of deformation contributed to individual modes and total tower
deformation at t = 0.

The Figures B.9 and B.10 both serve to demonstrate that the tower deflection

can be modeled very accurately by considering only the first mode of vibration.
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The Figure B.9 depicts the total deflection of the tower as function of time, while

Figure B.10 depicts the motion of the tower top in time. The Figure B.9 explicitly

compares the outputs of the model consisting of 5 modes and the one that consists

of only one mode. The tower top motion in Figure B.10 is obviously very close to

sinusoid that is associated with the first vibration mode.
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Figure B.9. Comparison between cumulative tower deformations and the deformations in
mode 1.
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Figure B.10. Tower top motion

In the Figures B.11(a)–B.12 depict the bending moment of the tower. The mod-

eling of tower moment is very important since the bending moment is directly pro-

portional to material stress. The dynamic stress of the material induces material

fatigue that can lead to structural failure and therefore it is extremely important to

posses a tool for estimation of these loads.

The Figures B.11(a) and B.11(b) depict the tower bending moment at time t = 0.

In Figure B.11(a) one can see the contribution of individual modes. Unlike with the

deformations, the dominance of the first mode is not that emphasised in the case of

bending moments. The second mode also contributes significantly. In Figure B.11(b)

the static bending, which is the "correct" bending at time t = 0, is compared to one
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obtained by simulating mode 1, modes 1 and 2, and the first 5 modes. It can be seen

that all 5 modes simulate the full bending very well. The simulation that includes

first two modes is also relatively correct. The largest error in the model consisting

of two nodes occurs near the tower top, which is the least interesting part since it

endures the smallest bending moments. The simulation that uses only the first mode

can not be considered correct.
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(a) Components associated with individ-
ual modes.
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Figure B.11. Brakedown of bending moment at t = 0 s to modal components.

The Figure B.12 shows the complexity of bending moment variations during tower

vibration. In this Figure bending moment is depicted in a time-marching manner

for four different positions at the tower: at the tower bottom and at the first third,

second third and three-quarters of tower height, respectively. We see that the bending

moment fluctuations have a much richer frequency content than the one observed for

tower deflections. However, one can conclude that the first two natural frequency are

by far most pronounced. Therefore, when one trades-off computational complexity

and modeling accuracy, the model that consist of the two tower modes is appropriate.

This is indeed the choice most commercial wind turbine simulators make.

From Figure B.12 one can also conclude that fatigue-wise the bottom of the tower

is indeed the most interesting point, since it admits the largest bending moment

variations. However, at approximately two thirds of the tower the second natural

frequency becomes very pronounced and causes large number of moment reversals,

that can potentially also lead to large fatigue.
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Figure B.12. Comparison between simulated bending moment at different parts of the
tower. In the top plot 5 modes were used to simulate the bending moment, in the middle
plot 2 modes were used, while in the bottom plot the simulation was done using only one
mode.

B.4 Conclusion

In this chapter the partial differential equations that describe beam vibration are used

to model the wind turbine tower. The aim is to gain insight into tower vibration and

establish an appropriate model for wind turbine control system design. From the

perspective of control design it is very important to take tower top deformations and

bending moments into account. The tower deflections form an important feedback

during wind turbine operation, while the bending moments drive the tower fatigue.

Modeling of tower properties via beam vibrational analysis proved to be very

efficient and instructive in terms of depicting qualitative properties of tower response.

For tower deflection one vibrational mode was shown to be dominant, while in the

bending moment the first two modes were shown to contribute significantly. The first

natural frequency drives the bending moment oscillations at tower bottom, while the

second is most pronounced at approximately two thirds of tower height.



Appendix C

Wind Farm Modeling – Codes and

Data

C.1 Turbulence model for SimWindFarm

This is the Matlab code for generating turbulent wind field according to the procedure

described in Section 6.1.2.

function [v_turb S]=wind_model(farm,wind,fs_sim,Tsim)
% Input:
% farm contains wind farm data, fields: turb_num (number of w ind
% turbines), layout (wind turbine position (x,y))
% wind contains wind data, fields: direction (mean wind dire ction),
% mean (mean wind speed), turb_int (turbulence intensity),
% Lx (longitudinal turbulence length scale)
% fs_sim is desired sampling frequency of generated data
% Tsim is required simulation time
% Output:
% v_turb contains generated turbulent winds
% S contains spectra of generated winds

%adjust the wind farm layout in such manner that wind comes fr om the north
%(larger y − "closer" to wind)
theta_w=3 * pi/2 −wind.direction * pi/180;
rot=[cos(theta_w) −sin(theta_w);

sin(theta_w) cos(theta_w)]; %rotation matrix − conservative to norm
pos=(rot * farm.layout')';
N=farm.turb_num;
%sort wind farm to order in which the wind approaches them
[pom(1:N,2),index]=sort(pos(:,2),1, 'descend' );
for i=1:N

pom(i,1)=pos(index(i),1);
end ;
pos=pom;
v0=wind.mean;
d=zeros(N);tau=zeros(N);alpha=zeros(N);
for i=1:N

for j=i:N
% distances between wind turbines
d(i,j)=norm(pos(i,:) −pos(j,:),2);
d(j,i)=d(i,j);
% time which takes for the turbulence to travel from WT j to WT i

249
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tau(i,j)=abs(pos(i,2) −pos(j,2))/v0;
tau(j,i)= −tau(i,j);
% wind inflow angle − angle between the wind direction and y axis
alpha(i,j)=atan2(abs(pos(i,1) −pos(j,1)),abs(pos(i,2) −pos(j,2))) * 180/pi;
alpha(j,i)=alpha(i,j);

end ;
end;
%initialization for frequency space
fs=20;
dt=1/fs;
df=2e −5;
T=1/df;
Lx=wind.Lx;
f=0:df:fs/2;
Ns=2* length(f);
%coherence, autospectrum, crosspectrum
I=wind.turb_int/100;
a_long=15 * I;
a_lat=17.5 * I * v0;
% decay factor
a=sqrt((a_long * cos(alpha * pi/180)).^2+(a_lat * sin(alpha * pi/180)).^2);
gamma=zeros(N,N,Ns/2);
for i=1:N

for j=1:N
gamma(i,j,1:Ns/2)=exp( −a(i,j) * d(i,j)/v0 * f);

end ;
end;
% power spectrum
S=zeros(N,N,Ns/2);
for i=1:N

S(i,i,1:Ns/2)=4 * 2.329 * Lx./v0./(1+6 * f * 2.329 * Lx./v0).^(5/3);
end ;
S=S* Ns* fs/2;
for i=1:N

S_ii(1:Ns/2)=S(i,i,1:Ns/2);
for j=1:N

S_jj(1:Ns/2)=S(j,j,1:Ns/2);
if (i~=j)

gamma_ij(1:Ns/2)=gamma(i,j,1:Ns/2);
S(i,j,1:Ns/2)=gamma_ij. * sqrt(S_ii. * S_jj). * ...
exp(sqrt( −1). * 2. * pi. * f. * tau(i,j));

end ;
end ;

end;
S(1:N,1:N,1)=S(1:N,1:N,1). * eye(N);
H=zeros(N,N,Ns/2);
V_turb=zeros(N,Ns/2);
randn( 'state' ,sum(100 * clock));
for f=1:Ns/2

S_f(1:N,1:N)=S(:,:,f);
H(1:N,1:N,f)=chol(S_f);
phi_r=randn(N,1). * (2 * pi);
X=exp(sqrt( −1). * phi_r);
V_turb(1:N,f)=H(:,:,f) * X;
for i=1:N

V_turb(i,f)=V_turb(i,f)./abs(V_turb(i,f)) * sqrt(S(i,i,f));
end ;

end;
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V_turb(1:N,1)=zeros(1,N);
% inverse Fourier
V_turb=[V_turb fliplr(conj(V_turb(1:N,2: end )))];
v_turb=zeros(size(V_turb));
for i=1:N

v_turb(i,:)=ifft(V_turb(i,:));
end ;
% return the order of wind turbines that is stored in farm stru cture
for i=1:N

pom(index(i),1:size(v_turb,2))=v_turb(i,:);
end ;
v_turb=pom;
% resampling
t=0:dt:T;
tsim=0:1/fs_sim:Tsim;
v_turb_sim=interp1(t,v_turb',tsim);
if sum(size(v_turb_sim)==size(tsim))

v_turb=[tsim;v_turb_sim];
else
v_turb=[tsim;v_turb_sim'];
end ;

C.2 Dynamic wind turbine control design model

The dynamic wind turbine control design model is provided here. It is a linearised

model for a general operating point of a wind turbine defined by the mean wind

speed and the mean wind turbine power reference, as described in Sec. 6.3.2. Given

the mean wind speed and the mean power reference it is possible to obtain the

static values of other wind turbine variables according to the model described in

Algorithm 1.

Due to the hybrid nature of wind turbine controller (see Section 4.3), at different

operating points the system dynamics is considerably different. Therefore, different

models are developed for different regions of wind controller operation. The models

are linear time-invariant state-space models of the form:

ẋ = A · x+B · u+Bd · d,

y = C · x+D · u+Dd · d.

The following notation is used:

• Jg, Jr are inertias of the rotor and the generator, respectively, while J is the

equivalent inertia for the simplified shaft model, J = Jr + I2Jg,

• KP, KI, Kcorr are parameters of the pitch controller, where KP and KI are fixed

parameters and Kcorr depends on operating point, see Figure 6.2,
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• a1, b1, a2, b2, Ωg,min, Ωg,opt, Ωg,Opt are the parameters of the optimal torque

characteristic, depicted in Figure 6.1.1

• β0, Ωg0, Ωr0, V0 are the system states at the operating point, which can be

obtained from the static model.

The partial derivatives of the thrust force and aerodynamic torque are given by:

KvTr =
∂Tr

∂v

∣∣∣∣
Ωr0,β0,V0

=
1

2
ρπR3 (CQ(λ0, β0)) · 2 · V0 − Ωr0R ·

∂CQ(λ, β)

∂λ

∣∣∣∣
λ0,β0

(C.1)

KβTr
=

∂Tr

∂β

∣∣∣∣
Ωr0,β0,V0

=
1

2
ρπR3V 2

0

∂CQ(λ, β)

∂λ

∣∣∣∣
λ0,β0

(C.2)

KωTr =
∂Tr

∂ωr

∣∣∣∣
Ωr0,β0,V0

=
1

2
ρπR3V 2

0

∂CQ(λ, β)

∂λ

∣∣∣∣
λ0,β0

(C.3)

KvFT
=

∂FT

∂v

∣∣∣∣
Ωr0,β0,V0

=
1

2
ρπR2 (CT(λ0, β0)) · 2 · V0 − Ωr0R ·

∂CT(λ, β)

∂λ

∣∣∣∣
λ0,β0

(C.4)

KβFT
=

∂FT

∂β

∣∣∣∣
Ωr0,β0,V0

=
1

2
ρπR2V 2

0

∂CT(λ, β)

∂λ

∣∣∣∣
λ0,β0

(C.5)

KωFT
=

∂FT

∂ωr

∣∣∣∣
Ωr0,β0,V0

=
1

2
ρπR2V 2

0

∂CT(λ, β)

∂λ

∣∣∣∣
λ0,β0

(C.6)

Power controlled wind turbine

The wind turbine is power controlled when the available power is larger than the

power reference. Then pitching is used to control the rotational speed of the turbine,

while generator torque is used to track the power reference.

The state vector is given by x := [β ωr ωg,filt]
′ , the control input is u := Pref ,, the

disturbance input is d := veff , while the output vector is defined as y := [P FT TLSS]
′.

The model matrices are given by:

A =




0 − KP·I
Kcorr·Tω

KP

Kcorr·Tω
− KI

Kcorr

1
J
·KβTr

1
J

(
KωTr

+ Pdem·I
µ·Ω2

g0

)
0

0 I
Tω

− 1
Tω


 ,

B =




0

− 1
J

1
µΩg0

0

0



, Bd =




0
1
J
KvTr

0

0



,
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C =




0 0 0

KβFT
KωFT

0

I2 · Jg

J
·KβTr

I2 · Jg

J
·KωTr

− I Jr

J
· Pref0·I

µ·Ω2
g0

0


 ,

D =




1

0
1

µΩg0


 , Dd =




0

KvFT

I2 · Jg

J
·KvTr


 .

Power maximisation region

The wind turbine enters the power optimisation operating region when the power

reference is larger than the available power. The power reference does not influence

the wind turbine operation in such case. Therefore, the models relevant in power

optimisation operating region do not have a control input. These models can be

used, for example, to predict the production of the wind turbine, which can be used

to plan production on other wind turbines.

Since the pitch angle is kept constantly at zero, the state vector is defined as

x := [ωr ωg,filt]
′.

The shape of optimal torque characteristic is twofold – quadratic while the tip-

speed ratio is kept optimal and linear in the transient regions close to minimal

operating generator speed and nominal speed, see Figure 6.1.1. Since the system

dynamics depends on the shape of the optimal torque characteristic, two different

models are developed. Which one is appropriate for a given operating point can be

determined from the static model.

Optimal torque characteristic T ref
g = Kopt · ω

2
g

A =

[
1
J
·KωTr

− 1
J
· I · 2 ·Kopt · Ωg0

I
Tω

− 1
Tω

]
, Bd =

[
1
J
KvTr

0

]

C =




I ·Kopt · Ω
2
g0 · µ I · 2 ·Kopt · Ωr0 · Ωg0 · µ

KωFT
0

I2 · Jg

J
·KωTr

2 · I · Jr

J
·Kopt · Ωg0


 , Dd =




0

KvFT

I2 · Jg

J
·KvTr




Affine torque characteristic T ref
g = a · ωg + b
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A =

[
1
J
·KωTr

− 1
J
· I · a

I
Tω

− 1
Tω

]
, Bd =

[
1
J
·KvTr

0

]
,

C =




I · µ · (aΩg0 + b) a · I · µ · Ωr0

KωFT
0

I2 · Jg

J
·KωTr

I · Jr

J
· a


 , Dd =




0

KvFT

I2 · Jg

J
·KvTr


 .

(C.7)

Power tracking below nominal generator speed

There exists a narrow operating region in which the power reference is such that it

can not be delivered by a wind turbine at the nominal wind speed, but it is still

lower than the available power, i.e. it can be achieved at lower rotational speed

(which leads to tip-speed ratio closer to optimal). The pitch angle is saturated at

zero, but the system operation is influenced by the power reference. The state vector

is x := ωr. The system dynamics is described by matrices:

A =
[
1
J
·KωTr

+ 1
J
· I · Pref

µ·Ω2
g0

]
, B =

[
− I

J
1

µ·Ωg0

]
, Bd =

[
1
J
KvTr

]
,

C =




0

KωFT

I2 · Jg

J
·Kω·Tr

− I Jr

J
· Pref0·I

µ·Ω2
g0


 , D =




1

0
1

µ·Ωg0


 , Db =




0

KvFT

I2 · Jg

J
·KvTr


 .

The dynamic models presented here are tested and compared to the complex

nonlinear model in [33]. A very good agreement is demonstrated. In Section 6.3 a

validation using the measurements from the experiments on an operating wind farm

are presented.



Appendix D

Wind Turbine and Wind Farm

Optimal Controllers – Formulations

The matrices appearing in control problem formulations of wind turbine and wind

farm optimal controllers developed in Chapters 8 and 9 are defined here.

D.1 WT controller – Formulation of CFTOC as QP

The linear prediction model is defined as:

xt+1 = Axt + But,

yt = Cxt +Dut,
(D.1)

where x ∈ Rnx, u ∈ Rnu and y ∈ Rny . Then the system prediction over a horizon

N ∈ N is given by:
X = Ax0 + BU

Y = Cx0 +DU,
(D.2)

where U :=
[
u′
0, . . . , u

′
N−1

]′, X :=
[
x′
0, . . . , x

′
N−1

]′ and Y :=
[
y′0, . . . , y

′
N−1

]′, while the

matrices are defined as

A :=




Inx

A

A2

...

AN−1




, B :=




Onx,nu Onx,nu Onx,nu . . . Onx,nu

B Onx,nu Onx,nu . . . Onx,nu

AB B Onx,nu . . . Onx,nu

...
. . .

. . .
. . .

...

AN−2B . . . AB B Onx,nu




,

C :=




C

CA

CA2

...

CAN−1




, D :=




D Ony,nu Ony,nu . . . Ony,nu

CB D Ony,nu . . . Ony,nu

CAB CB D . . . Ony,nu

...
. . .

. . .
. . .

...

CAN−2B . . . CAB CB D




.
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The system constraints are given by:

xmin ≤Mxxk ≤ xmax,

umin ≤ uk ≤ umax,
(D.3)

where xmin ∈ Rn′
x, umax ∈ Rn′

x , umin ∈ Rnu , umax ∈ Rnu and Mx ∈ Rn′
x×nx. The

matrix Mx is used when some states of the system are not constrained, as in (8.16).

Then by using vector notation and the above definitions one can rewrite the system

constraints in the form CuU ≤ Cm where:

Cu :=




INnu

−INnu

(IN ⊗Mx)B

−(IN ⊗Mx)B



, Cm :=




1N ⊗ umax

−1N ⊗ umin1N ⊗ xmax − (IN ⊗Mx)Ax0

−1N ⊗ xmin + (IN ⊗Mx)Ax0



.

Using the defined notation, the control problem (8.16):

min
u0,...,uN−1

N−1∑

k=0

(yk − y)′Q(yk − y) + (uk − u)′R(uk − u)

subject to





xk+1 = Axk +Buk,

yk = Cxk +Duk,

xmin ≤Mxxk ≤ xmax,

umin ≤ uk ≤ umax,

k = 0, ..., N − 1.

(D.4)

can be recast as:
min
U

1
2
U ′QuuU +QuU +Qc,

subject to CuU ≤ Cm,
(D.5)

where:

Quu := 2(R+D′QD), Qu := 2(x′
0CQD − Y

′
QD − U

′
R),

Qc := x′
0C

′QCx0 + Y
′
QY + U

′
RU − 2x′

0C
′QY ,

Q := IN ⊗Q, R := IN ⊗ R, Y = 1N ⊗ y, U = 1N ⊗ u.

For optimiser computation the constant part of the cost function Qσ can be disre-

garded, since it does not change the optimiser. Then one obtains the formulation

(8.17).
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D.2 WT controller – Formulation of CFTOC as mpQP

According to (8.19) the parameter vector is defined as θ := [x0, u, y, umax], θ ∈ Rnθ .

The parameter space is bounded by:

θmin ≤ θ ≤ θmax, (D.6)

where θmin ∈ Rnθ and θmax ∈ Rnθ . Then the problem (8.16) can be reformulated to

(8.19):
J∗(θ) = 1

2
θ′Qθθθ+ min

u

1
2
U ′QuuU + θ′QθuU

subject to CuU ≤ Cc + Cθθ,

(D.7)

where the matrices are:

Quu := 2(R+D′QD), Qpu := 2




C′QD

−1′N ⊗R

−(1′N ⊗Q)DOnu,Nnu



,

Qpp :=




C′QC Onx,nu −C′(1N ⊗Q) Onx,nxOnu,nx −NR Onu,nx Onu,nu

−(1′N ⊗Q)C Onx,nu −NQ Onx,nuOnu,nx Onu,nu Onu,nx Onu,nu



,

Cu :=




INnu

−INnu

B

−BO2np,Nnu




, Cc :=




0Nnu

−1N ⊗ umin1N ⊗ xmax

−1N ⊗ xmin

θmax

−θmin




, Cp :=




[ ONnu,nu+2nx 1N ⊗ Inu

]ONnu,nΘ
 A ONnx,2nu+nx

A ONnx,2nu+nx




Inθ

Inθ




.

D.3 WF controller – Formulation of CFTOC as QP

In Section the parameter matrices of QP (9.13) that defines the CFTOC problem

(9.12). Since the wind turbines are considered dynamically decoupled, the matrices

that describe predictions of states and outputs can be written for separately for each
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wind turbine, similar as in Sec. D.1:

Ai :=




Inx

Ai

A2
i

...

AN−1
i




, Bi :=




Onx,nu Onx,nu Onx,nu . . . Onx,nu

Bi Onx,nu Onx,nu . . . Onx,nu

AiBi Bi Onx,nu . . . Onx,nu

...
. . .

. . .
. . .

...

AN−2
i Bi . . . AiBi Bi Onx,nu




,

Ci :=




Ci

CiAi

CiA
2
i

...

CiA
N−1
i




, Di :=




Di Onz ,nu Onz ,nu . . . Onz ,nu

CiBi Di Onz ,nu . . . Onz ,nu

CiAiBi CiBi Di . . . Onz ,nu

...
. . .

. . .
. . .

...

CiA
N−2
i Bi . . . CiAiBi CiBi Di




.

Then the following auxiliary matrices related to individual turbines can be computed

off-line:

Quu,i := 2

[
(IN ⊗Ri) + C

′
i(IN ⊗Qi)Di ONnuO′

Nnu
Qi

ǫ

]
, Qpu,i := 2




C′i(IN ⊗Qi)Di Onx

−1′N ⊗Ri Onu

−(1′N ⊗Qi)Di OnyOnu,Nnu Onu



,

Qpp,i :=




C′i(IN ⊗Qi)Ci Onx,nu −C′i(1N ⊗Qi) Onx,nuOnu,nx −NRi Onu,ny Onu,nu

−(1′N ⊗Qi)Ci Ony,nu −NQi Ony,nuOnu,nx Onu,nu Onu,ny Onu,nu



,

Cu,i :=




INnu ONnu

−INnu ONnu

INnu −1NnuO′
Nnu

1O2nφ,Nnu O2nφ



, Cc,i :=




1N ⊗ umax,i

−1N ⊗ umin,iONnu

0

φmax,i

−φmin,i




, Cp,i :=




ONnu,nφONnu,nφ[ONnu,nφ−nu 1N ⊗ Inu

]

0

−Inφ

Inφ




.

At each sampling time, given the measurements x′
0,i, u

′
i, y

′
i, u

′
Ms,i, for i = 1, . . . ,M

and uΣ, the problem matrices can be determined by the following expressions.

Quu = diag(Quu,1, . . . , Quu,M ),

Qu =
[ [

x′0,1 u
′
1 y′1 u

′
Ms,1

]
·Qpu,1 . . .

[
x′0,M u′M y′M u′Ms,M

]
·Qpu,M

]
,
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Cu =




diag(Cu,1, . . . , Cu,M )1′M ⊗ [ Inu Onu,(N−1)nu

]

−1′M ⊗ [ Inu Onu,(N−1)nu

]


 , Cm =




Qp,1

[
x′0,1 u

′
1 y′1 u

′
Ms,1

]′
+ C ′

c,1

...

Qp,M

[
x′0,M u′M y′M u′Ms,M

]′
+ C ′

c,M

uΣ

−uΣ




.

D.4 WF controller – Formulation of CFTOC as mpQP

Consider the CFTOC problem (9.12) decomposed and parameterised as in Sec-

tion 9.2. Each wind turbine admits a local parameter Φi defined according to (9.15):

φi := [x0,i
′ u′

i yi
′ uMs,i

′]
′
,

and a cooperation parameter Θi defined according to (9.16):

θi := u0,i.

The optimisation vector is defined according to (9.19) as:

Ui := [u1,i . . . uN−1,i ǫi]
′ .

With matrices Ai and Ci defined as in Sec. D.1, the matrices of the mpQP (9.21) are

defined as follows.

Bi,0 :=




Onx,nu

Bi

AiBi

...

AN−2
i Bi




, Bi,1 :=




O2nx,nu O2nx,nu . . . O2nx,nu

Bi Onx,nu . . . Onx,nu

AiBi Bi . . . Onx,nu

...
. . .

. . .
...

AN−3
i Bi . . . Bi Onx,nu




,

Di,0 :=




Di

CiBi

CiAiBi

...

CiA
N−2
i Bi




, Di,1 :=




Onx,nu Onx,nu . . . Onx,nu

Di Onx,nu . . . Onx,nu

CiBi Di . . . Onx,nu

...
. . .

. . .
...

CiA
N−3
i Bi . . . CiBi Di




,

Quu,i := 2

[
IN−1 ⊗Ri +Di,1

′(IN−1 ⊗QiDi,1 O(N−1)nuO′
(N−1)nu

Qǫ,i

]
,
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Qpu,i := 2




C′i(IN ⊗Qi)Di,1 Onx

−1′N−1 ⊗Ri Onu

−(1′N−1 ⊗Qi)Di,1 OnuOnu,(N−1)nu
Ony

Di,0
′(IN−1 ⊗Qi)Di,1 Onu



,

Qpp,i :=




C′i(IN−1 ⊗Qi)Ci Onx,nu −C′i(1N ⊗Qi) Onx,nu −C′i(IN−1 ⊗Qi)Di,0Onu,nx (N − 1)Ri Onu,ny Onu,nu Onu,nu

−(1′N ⊗Qi)Ci Ony,nu (N − 1)Qi Ony,nu −(1′N ⊗Qi)Di,0Onu,nx Onu,nu Onu,ny Onu,nu Onu,nu

Di,0
′(IN−1 ⊗Qi)Ci Onu,nu −C′i,0(1′N ⊗Qi) Onu,nu C′i,0(IN−1 ⊗Qi)Ci,0



,

Cu,i :=




I(N−1)nuOnu,(N−1)nu

−I(N−1)nuOnu,(N−1)nu

I(N−1)nuOnu,(N−1)nuO2nΦ+2nΘ,(N−1)nu




, Cc,i :=




1N ⊗ umax,i

−1N ⊗ umin,iONnu

φmax,i

θmax,i

−φmin,i

−θmin,i




,

Cp,i :=




O(N−1)nu,nφ+nθ[ Onu,nφ
−Inθ

]O(N−1)nu,nφ+nθ[ Onu,nφ
Inθ

]

[ Onu,nφ−nθ
Inθ

Onu,nθ

]

[ Onu,nφ−nθ
Inθ

−InΘ

]O2nφ+2nθ,nφ+nθ




.
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