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ABSTRACT 
 

Comprehensive beam tracing method is a simulation method that calculates refraction as well 
as reflection of sound. Due to the non-linear nature of Snell’s law, refraction (in contrast to 
reflection) is not a linear transformation. Because of this triangular beams used in 
comprehensive beam tracing simulation lose focus after refraction. In this paper the problem 
of non-linearity of refraction of beams is discussed. The solution used in comprehensive beam 
tracing method is an approximation used during calculation of geometry of refracted beams. 
This approximation is presented, and the error induced by this approximation is analyzed.  
Using the comprehensive beam tracing method, the propagation of ultrasound in a simple 
scene is simulated. Results obtained with this simulation are compared with theoretical 
prediction in order to check the influence of the approximation.  Results show that error 
induced by approximation can be tolerated, especially for narrow beams, and for 
environments where speed of sound between different entities doesn't differ much. 



 

1. INTRODUCTION 
 
Beam tracing is a well-established method for simulation of wave propagation. It is used in 
several areas, such as visualization [1], auralization [2] and calculation of radio-wave 
propagation [3]. Implementations of beam tracing for auralization were presented by several 
authors [4, 5, 2]. All implementations of acoustical beam tracing calculate the propagation of 
sound in only one medium - air, and in one type of environment - architecture. These 
algorithms calculate specular reflections from walls, and some of them calculate diffuse 
reflections and diffraction of sound.  To our knowledge, there is not a single implementation 
of beam tracing of sound, which traces propagation through different media, and subsequently 
calculates the refraction of sound. Author has developed a new beam tracing method called 
comprehensive beam tracing (CBTM), which traces the propagation of sound through several 
media [6]. On each boundary between two media the reflection as well as the refraction is 
calculated. Reflected beam is calculated in straightforward way, but during calculation of 
refracted beam a problem occurs - the focus of refracted beam is lost. The reason for this is 
the non-linear nature of Snell's law of refraction. This phenomenon was detected in the early 
stage of the development of beam tracing method for visualization [7], but until now it was 
not described and analyzed for simulation of sound propagation.  

 
2. BEAM PROPAGATION AND NON-LINEAR NATURE OF SNELL'S LAW 

 
Beams that are used for tracing wave propagation in CBTM have triangular section (Fig. 1a). 
They are defined by three edge rays that pass through three vertexes of triangular section. An 
initial beam has the form of a triangular pyramid. Three edge rays intersect in the position of 
the sound source, as is shown in Fig. 1a. This intersection is the focus of the beam. 
 

   
a)                                                      b) 

 
Figure 1. a) Geometry of the initial beam, b) An illustration of Snell's law 

 
When a beam encounters a boundary surface between two media, it is reflected and refracted. 
Reflected and refracted beams have the form of a clipped pyramid. Since geometry of beam is 
defined by its edge rays, in order to calculate the geometry of reflected and refracted beams 
one has to calculate the reflection and refraction of edge rays. The process of construction of 
reflected and refracted rays is shown in Fig. 1b.  
 
 
 



 

The incoming wave propagates through medium with specific density ρI and speed of sound 
cI. Reflected wave bounces back and propagates through the same medium as input wave, and 
refracted wave crosses the boundary, and continues propagation through second medium, that 
has specific density ρII, and speed of sound cII. 
The incoming wave hits the boundary surface with angle of θI to the surface normal (direction 
of y axis). The angle of reflected wave is same as the angle of incoming wave - θI, according 
to Snell's law of reflection. The angle of refracted wave is not the same, because the speed of 
sound in two media is different. The angle of refracted wave - θII is calculated according to 
Snell's law of refraction: 
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Eq. (1) shows that θII is not linearly dependant on θI. Because of this the focus of incoming 
beam is lost. Before the refraction, edge rays of incoming beam intersect in a single point - 
focus of a beam. But after the refraction, edge rays of refracted wave do not intersect in a 
single point - the focus of beam is lost.. The reason for such a behavior is that the angle θI of 
each edge ray is transformed with non-linear equation. The example of this process for one 
beam is presented in Fig. 2: 
 

             
a)                                     b)                                              c) 

 
Figure 2. a) Edge rays of the initial beam, b) Refraction of edge rays, c) Enlarged detail of intersection 

of refracted edge rays 
 
In Fig. 2a three edge rays of the incoming wave are displayed. In the Fig. 2b the refracted 
edge rays are constructed according to Snell's law (edge rays are displayed with dotted lines). 



 

In the Fig. 2c the area where refracted edge rays intersect each other is enlarged. It is clear 
that unlike incoming edge rays, refracted edge rays do not cross in single point. This means 
that the focus of refracted beam is lost.  
CBTM overcomes this problem by using an approximation. The geometry of refracted edge 
rays is slightly changed, so that after this change they intersect in a single point - new focus 
(red circle in Fig. 2c). The new focus is determined as an arithmetic average of intersections 
of three pairs of original refracted edge rays (black circles in Fig. 2b and 2c). This 
approximation introduces an error, because new edge rays do not satisfy the Snell' law 
exactly. In example show in Fig. 2, the approximation error is 0,13° (average angle difference 
between original refracted edge rays and approximated ones).  
It is important to stress that example shown here is the worst case scenario for refraction in 
CBTM. The input beam shown in this example is an undivided initial beam - widest possible 
beam in CBTM. All subsequent divided beams would be thinner, which means that difference 
between incoming angles of edge rays would be smaller. In case of nearly parallel edge rays, 
their incoming angles would be almost identical to each other. Because of that the effect of 
non-linearity of refraction, and error introduced with this approximation would be much 
smaller.  
 

2. TESTING CBTM  
 
In order to check the way refraction is simulated with CBTM, a simple scene was simulated 
(Fig. 3). Omni directional sound source, positioned in the left part of scene, has power of 100 
W, and frequency of 100 kHz. It is surrounded with glycerol (c = 1920 m/s, ρ = 1260 kg/m3, γ 
= 3*10-6 m-1). A sphere with diameter of 0.1 m, made of rubber (c = 900 m/s, ρ = 930 kg/m3, γ 
= 43*10-3 m-1) is positioned at distance of 0.7 m from source (right part of the scene). CBTM 
was used to compute the distribution of sound intensity levels (Fig. 3).  
 

  
 

Figure 3. A simple scene with refraction of sound. 
 
Sound waves propagate through glycerol until they encounter a rubber sphere. On the 
boundary between glycerol and rubber, the refraction occurs. Since the rubber has spherical 
form, the refraction produces the focusing of sound.  
An enlarged part of the simulated scene surrounding the rubber ball is shown in Fig. 4. In this 
enlarged detail, 18 sound rays shown in green are displayed over the results of CBTM 
simulation. These rays were constructed as radiating from the sound source, each spaced with 
angle of 10° from each other. The intersection of rays with the boundary between the glycerol 
and the rubber was constructed. Incoming angle between each ray and normal to boundary 
was measured. Refracted angle was calculated for each ray according to Snell's law of 
refraction. Finally refracted rays were constructed using intersection with boundary and 
refraction angle. Refracted rays constructed in this way cross each other in the area where 
refracted sound is focused. The position and the shape of area of focused sound constructed in 



 

such a way overlaps well with one simulated with CBTM. This means that error introduced in 
CBTM because of refracted beam refocusing can be tolerated, and doesn't influence 
significantly the geometry of simulation. 
 

    
 

Figure 4. Enlarged area of refraction example. 
 

4. CONCLUSION 
 
This paper presents the manifestation of non-linearity of refraction in beam tracing method. 
To cope with this problem the CBTM uses an approximation, which slightly alters the 
geometry of refracted beam in order to keep the beam focused. This approximation introduces 
a small angular error, which is discussed. In order to check how this approximation influences 
the results of simulation, a simple scene with refraction of sound was simulated with CBTM. 
Results of the simulation were compared with geometrically constructed rays. Comparison 
proves that approximation error doesn't significantly influence the geometry of results of the 
CBTM simulation.  
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