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a b s t r a c t

Population dynamics depend on the growth and reproduction of individuals, which are dic-

tated by energy intake and budgeting. Here we show how to construct a simple matrix

population model from a dynamic energy budget model in a constant or seasonally vari-

able environment. The matrix model accurately predicts asymptotic population dynamics
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for a wide range of parameter values and environmental conditions. The model captures

some transients well, but more elaborate stage structure is necessary when the initial age

distribution within stages is far from the stable age distribution.

© 2006 Elsevier B.V. All rights reserved.

. Introduction

ood availability and the resulting energy intake and budget-
ng are major factors affecting growth and reproduction of in-
ividuals and, therefore, population dynamics. To investigate
hese effects, one needs demographic models that incorpo-
ate energy budgeting. In this paper, we use a physiological

odel describing individual energy acquisition, energy allo-
ation, growth and reproduction to calculate the vital rates of
simple demographic model.

When constructing such coupled energy budget/
emographic models, one must make two choices. First,
ne must choose a description of the energy budget of an

ndividual. We chose a simple model based on the most
omprehensive mathematical theory currently available:
he dynamic energy budget (DEB) theory (Kooijman, 2000;

∗ Corresponding author. Tel.: +1 5082893628.
E-mail address: tin@whoi.edu (T. Klanjscek).

see Section 1.1). This model has the advantage of being a
“supply-side model” in which food availability determines
growth, survival and reproduction. As such it enables one
to analyze the interacting effects of physiology and environ-
mental variability on population dynamics—effects that we
hope to study in the future.

Second, one must pick a framework for describing the de-
mography. Previous theoretical studies have used continuous-
time ordinary, delay, or partial differential equations for this
purpose. This is a mathematically natural choice because en-
ergy budget models typically treat time as continuous vari-
able. Practical or biological circumstances, however, often
make discrete-time matrix population models more conve-
nient, hence their frequent use in empirical population ecol-
ogy (Caswell, 1989, 1996; Ripley and Caswell, in press). De-
spite their popularity, we know of no supply-side energy bud-

304-3800/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
oi:10.1016/j.ecolmodel.2006.02.023
ECOMOD 4295 1–15

mailto:tin@whoi.edu (T. Klanjscek)
dx.doi.org/10.1016/j.ecolmodel.2006.02.023


R
R

E
C

TE
D

 P
R

O
O

F

2 e c o l o g i c a l m o d e l l i n g xxx (2006) x x x–x x x

Fig. 1 – The fluxes of energy in a �-rule DEB model. Energy from food is assimilated, stored into energy reserves, and then
utilized. A proportion � of the utilized energy is spent on growth and somatic maintenance. A proportion (1 − �) is either
spent on maturation and maturation maintenance, or stored into a reproductive buffer and spent on reproduction. In case of
energy shortage, the somatic maintenance has the absolute priority in energy allocation. Boxed compartments are explicitly
modeled in the DEB. Structure and newborns, although not measured in units of energy, represent sinks of energy.

get model linked with a matrix population model. Here, we32

have chosen a simple two-stage matrix model (described in33

Section 1.2) for our demographic model partly to demonstrate34

how to make such a link (in Section 2). We provide a recipe for35

linking more general energy budget models with more general36

matrix population models in Appendix A.37

In Section 3 we compare our model’s demographic pre-38

dictions to simulations of an individual based model (IBM)39

in which individuals are governed by the same physiological40

model. It turns out that the model accurately captures both41

long and short-term population dynamics when the popula-42

tion is initially close to the stable age distribution. When the43

population is not initially close to the stable age distribution,44

our model and the IBM may disagree; we describe the reasons45

for this disagreement, and how it can be ameliorated, in Sec-46

tion 4.47

1.1. The DEB model48

Energy budget models describe the acquisition and utilization49

of energy by individuals for maintenance, growth and repro-50

duction (e.g. Ren and Ross, 2001). We constructed a simple51

DEB model based on Kooijman (2000) and Muller and Nisbet52

(2000). The model describes the energy budget of an ectother-53

mic organism that grows, matures at a fixed size, and repro-54

duces in discrete periodic events during the breeding season55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

fraction � of the utilized energy to growth and somatic main- 71

tenance (i.e. increase and maintenance of the structure), and 72

the remaining fraction to maturation or reproduction, and to 73

maintaining the acquired level of maturity (Fig. 1). Somatic 74

maintenance takes precedence over any other energy need. 75

If the energy that can be extracted from the reserves is not 76

sufficient to satisfy the somatic maintenance, the organism 77

dies. 78

We use V (structural volume) and e (energy density [E] rel- 79

ative to maximum energy density [Em]) as state variables that 80

describe the structure and reserves of an individual of age s. 81

Throughout the text we simplify the discussion by treating V 82

as a measure of the size of the structure of the organism. See 83

Table 1 for a description of all the state variables and param- 84

eters of the model, and Table 2 for the parameter values we 85

used as a starting point for our analyzes. A sample solution of 86

the DEB model is given in Fig. 2. 87

1.1.1. Growth 88

The rate of energy intake f, which is measured relative to its 89

maximum value, is a function of food availability ((Kooijman, 90

2000). The rate of change of scaled reserve density, e, is propor- 91

tional to the difference between f and e, where the constant of 92

proportionality v is called the energy conductance: 93

de

ds
= v(f − e)V−1/3. (1) 94

95

96

97

98

99

100

101

102

103

104

105
U
N

C
O(birth-pulse reproduction). For a comprehensive review of DEB

models and their applications, see Nisbet et al. (2000).
In this DEB model, the organism is partitioned into two

compartments: structure and energy reserves. The exact com-
position of these compartments depends on the species. In
general, the reserves are materials that can be utilized as an
energy source by the organism (e.g. non-structural lipids, glu-
cose and some proteins). The remaining tissue (e.g. bones,
muscle, structural lipids, etc.) compose the structure compart-
ment. Fueled by the energy from the reserves, the structure en-
ables the organism to interact with its environment and feed.

Organisms assimilate acquired food into the energy re-
serves, or excrete it as feces. They utilize energy at a rate
determined by the energy stored in the reserves. According
to Kooijman’s “�-rule” (Kooijman, 2000), organisms allocate a
ECOMOD 4295 1–15

The rate of increase of structure in DEB theory is deter-
mined by the energy allocated to growth and somatic mainte-
nance, after the somatic maintenance has been met:

dV

ds
= max

(
mg

e + g
(eV

1/3
m V2/3 − V), 0

)
. (2)

Note that the size of the structure cannot decrease.

1.1.2. Reproduction
We assume that the organism is mature, and allocates energy
to reproduction, whenever V ≥ Vp. In mature organisms, the
energy flux to reproductive processes (including maturation)
is

ER =
{

(1 − �)[Em] eg
e+g (vV2/3 + mV) when dV

ds
> 0

[Em](veV2/3 − mg�V) when dV
ds

= 0,
(3)
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Fig. 2 – Sample solutions of the DEB model as a function of age (s) using the parameter values from Table 2 for constant
energy intake (f (s) = 0.5) and oscillating energy intake (f (s) = 0.5 + 0.3 sin(2�s)). In the fluctuating environment, the
organism grows larger, commits less energy to reproduction, and accumulates less damage (lower h(s)). For additional
discussion see Muller and Nisbet (2000).

and the energy flux required to maintain maturity is106

EM = (1 − �)[Em]mgVp. (4)107

Hence, the flux of energy to the reproduction buffer (ˇ) is108

dˇ

ds
= max(ER(V) − EM, 0). (5)109

We assume that the energy buffer is emptied and utilized110

for reproduction at each breeding event, if the mother accu-111

mulated enough energy to produce at least one newborn.112

1.1.3. Mortality113

Probability that the organism dies by age s + ds, given that it114

survived until age s, is proportional to the hazard rate h(s):115

P(dead at s + ds|alive at s) = h(s) ds. (6)116

The hazard rate increases at a rate proportional to the117

density of damage-inducing compounds within the organism118

(Q/V):119

dh(s)
ds

= ha
Q

V
. (7)120

Damage inducing compounds are generated by respiration:121

dQ

ds
= �g[Em]

(
dV

ds
+ mV

)
. (8)122

Since h(s) is proportional to both � and ha, we can simplify123

a124

y125

pounds are assumed negligible in a newborn individual, so we 126

set these variables to zero at birth. 127

Throughout the paper we use the parameter values mostly 128

obtained from a DEB model for the mussel Mytilus edulis 129

(Table 2) (Muller and Nisbet, 2000). The value for [Em] was not 130

available in Muller and Nisbet (2000); we choose the one that 131

approximately matches the median value used by Fujiwara et 132

al. (2004). 133

1.2. The matrix population model 134

Matrix population models are discrete-time structured models 135

that divide population into discrete stages, and describe evo- 136

lution of the population through these stages through time: 137

n(t + ˛) = An(t). (9) 138

A is a projection matrix, ˛ is the projection interval, and the 139

vector n(t) gives the distribution of individuals among stages 140

at time t. 141

Although most applications require more complicated 142

structures, as a test case we used a two-stage matrix model 143

that distinguishes between immature and mature individu- 144

als. Individuals become mature when they reach a minimal 145

reproductive size (Vp). 146

The projection matrix is 147

[ ]
148
nalysis if assume that � is unity and vary only ha in the anal-

ses. The hazard rate and the mass of damage-inducing com-
ECOMOD 4295 1–15

A = P11 F

P21 P22
. (10)
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Table 1 – State variables as a function of age (s) and
parameters of the DEB model. For further discussion see
Kooijman (2000)

Descriptor Dimension Description

V(s) Length3 Volume of the structure
compartment

[Em] Energy/length3 Maximum energy reserve density
[E] Energy/length3 Energy reserve density
e(s) – Scaled energy density in the

energy reserves, [E]
[Em]

ˇ(s) Energy Cumulative energy committed to
reproduction

Q(s) Mass Mass of damage-inducing
compound

h(s) Probability/time Hazard rate: probability of death
per unit of time

� – Energy partitioning coefficient
�R – Fraction of reproduction energy

realized in a newborn
v Length/time Energy conductance
m Time−1 Maintenance rate coefficient: cost

of maintenance relative to cost of
growth

g – Energy investment ratio: cost of
growth relative to maximum avail
energy for growth

� Mass/energy Mass–energy coupler:
damage-inducing compound
accumulated per energy respired

Vb Length3 Structural volume at birth
Vp Length3 Structural volume at maturation
Vm Length3 Maximum structural volume(

v
mg

)3

CN Energy Effective energy cost of a newborn
female

ha Probabability
length3/mass
time

Ageing acceleration—rate of
increase of the hazard rate

f – Energy intake scaled to maximum
energy intake

Table 2 – Standard parameter values

Parameter Value

� 0.8
�R 0.001
v 0.075 my−1

m 0.58 y−1

g 0.25
Vb 10−9 m3

Vp 1.73 × 10−6 m3

[Em] 0.7 aJa

ha 0.15 m3 d−1
DNA y−1b

f 0.5
a Converts a chosen proxy for energy (dry weight in Muller and

Nisbet (2000)) into Joules, and cancels out after parameterization
(Fujiwara et al., 2004).

b dDNA is a unit of the damage-inducing compound which cancels
out in calculations.

We assumed a birth-pulse population, with births occur- 149

ring at the end of the projection interval. The transition prob- 150

abilities depend on �, the maturation probability, and on �1 151

and �2, the survival probabilities in stages 1 and 2: 152

P11 = �1(1 − �), (11) 153

P21 = �1�, (12) 154

P22 = �2. (13) 155

We assume that the maturation probability is independent 156

of survival, and that the projection interval is less than the age 157

at maturity. 158

If all vital rates are constant, the asymptotic growth rate of 159

the population is given by the dominant eigenvalue �1 of the 160

projection matrix A, and the intrinsic rate of increase is 161

r = 1
˛

ln �1. (14) 162

The stable stage distribution is given by the right eigenvec- 163

tor w1 associated with �1. Other demographic statistics that 164

can be obtained from the model include the reproductive value 165

(v1, the left eigenvector associated with �1), and sensitivities 166

of the growth rate to changes of the elements in the matrix. 167

2. Methods

168

169

170

171
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173
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177

178

179
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182
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184

185

186
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188
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190

191

192

193

194
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In this section we derive the matrix model from solutions of
the DEB model. We assume that food availability f (t) is either
constant or periodic with a period equal to the projection in-
terval (this might represent seasonal variability, for example).

Under these assumptions the age (s) of an individual com-
pletely determines its size, the contents of its reproductive
buffer, and how likely it is to die.

Individuals of different ages within each stage of the ma-
trix model have different probabilities of survival and rates
of growth and reproduction. Hence, the parameters for each
stage are a weighted average of the DEB solutions. We use the
stable age distribution within a stage as the weighting func-
tion, although this will be strictly correct only when the dis-
tribution is stable.

The stable age distribution is

�(s) = K�
−s/˛
1 exp

(
−

∫ s

0

h(�) d�

)
, (15)

where K is the ratio of number of newborns to the total popu-
lation size in the stable age distribution (see Appendix B).

2.1. Maturation probability (�)

Growth in the DEB model is deterministic. Since the period of
food availability is equal to one projection interval, all indi-
viduals experience the same food at the same age and, conse-
quently, reach the reproductive size (Vp) and become mature
at the same age, �p. Therefore, organisms in stage i are of age
s ∈ [�i, �i+1). In our matrix model, �1 = 0, �2 = �p and �3 = ∞.

We have assumed that organisms cannot grow from birth
to maturity in less than one projection interval, so we restrict
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our attention to195

�p ≥ ˛. (16)196

Therefore, given that they survive, all individuals in stage i197

with ages:198

(�i+1 − ˛) ≤ s < �i+1 (17)199

will grow into stage i + 1 in one projection interval. The prob-200

ability of growing from stage i into the next stage, conditioned201

on survival, is therefore202

�i+1,i =
∫ �i+1

�i+1−˛
�(s) ds∫ �i+1

�i
�(s) ds

. (18)203

In our matrix model, individuals can only mature from the204

immature to the mature stage. Hence, the maturation proba-205

bility:206

� =
∫ �p

�p−˛
�(s) ds∫ �p

0
�(s) ds

. (19)207

2.2. Survival probabilities (�)208

Individuals in stage i at time t have age s ∈ [�i, �i+1). We assume209

their age distribution is �(s). After one projection interval, all210

individuals grow older by ˛ and have the distribution �(s)er˛.211

Survivorship is given by the ratio of number of individuals who212

l213

i214

�215

�216

2217

W218

t219

	220

221

N222

n223

C224

c225

C226

227

(228

(229

s230

o231

i232

Our model ignores respiration of the structure of the new- 233

born prior to birth, possibly variable duration of pre-natal de- 234

velopment and other less significant factors. The form we use 235

is simple, but still elaborate enough to capture the increase 236

in energy transfer from mother to child as the energy density 237

of the mother (e) increases. We assumed that the young were 238

born with energy density equal to the mother’s averaged over 239

the projection interval. 240

Fecundity (F) is the number of newborns at time t + ˛ per 241

adult at time t. In our birth-pulse population, it is the rate of 242

production of newborns per adult that survived to the end of 243

the projection interval ˛ (Caswell, 2001, pp. 172–173): 244

F = �2N2. (25) 245

Eqs. (19), (21) and (25) provide the necessary vital rates to write 246

down the projection matrix (10). However calculating �(s) re- 247

quires a value for �1. We can arrive at �1 through an iterative 248

process: start with �1 = 1, find the matrix model and calculate 249

the growth rate �′
1. Repeat the process with �1 = �′

1 until the 250

desired accuracy is reached (Caswell, 2001, p. 164). In this pa- 251

per we required that the growth rate converge to the accuracy 252

of 10−3. 253

2.4. The individual-based model (IBM) 254

To assess the ability of the matrix model to capture the dy- 255

namics of a population, we compared its asymptotic and tran- 256

257

258

259

260

261
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263
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ived through the projection interval and the initial number of
ndividuals:

i =
∫ �i+1+˛

�i+˛
�(s)er˛ ds∫ �i+1

�i
�(s) ds

, (20)

i = �1

∫ �i+1+˛

�i+˛
�(s) ds∫ �i+1

�i
�(s) ds

. (21)

.3. Fecundity (F)

e estimate the flux of energy to the reproductive buffer as
he average flux within the stage:

ˇi = ˛

∫ �i+1
�i

�(�) dˇ(s)
ds

∣∣∣
s=�

d�∫ �i+1
�i

�(s) ds
. (22)

If CN is the energy cost of a newborn, one adult produces:

2 = 	ˇ2

CN
(23)

ewborn females on average during each breading season.
onsidering both energetics and demography, the energetic
ost of one newborn female is

N = 1
�R

[Em](�g + e)Vb. (24)

This cost includes the energy used to create its structure
proportional to [Em]Vb), the energy given to it by its mother
e[Em]Vb). Furthermore, there is a cost associated with the tis-
ue mother discards at birth, and the demographic reality that
nly a fraction of newborns are female and survive. This cost

s represented by �R ∈ (0, 1] in Eq. (24).
ECOMOD 4295 1–15

sient dynamics with the simulations of an individual based
model (IBM) in which individuals grow according to the DEB
(Fig. 3).

In the IBM, at each time step individuals of age s grow older
by ds, grow by dV, die with probability h(s)ds, and commit dˇ(s)
energy to reproduction. Every projection interval (˛ units of
time) individuals reproduce according to the energy stored in
the reproductive buffer.

We calculated the number of newborn females produced by
one individual female in one breeding season (N) from the ratio
of the energy accumulated since the last reproduction (	ˇ)

Fig. 3 – Schematic of the assessment process. We created
an IBM based on the DEB model. We fitted the growth rate
and stable stage distribution (SSD) to the observed
population dynamics, and used the transition frequencies
observed in a simulation of the IBM to calculate the
observed vital rates. At the same time, we arrived at the
vital rates through the methods described in Sections
(2.1)–(2.3) and calculated the growth rate and SSD from the
resulting MP model. The performance of the matrix model
has been assessed through comparison between the two
sets of vital rates, growth rates and SSDs.
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and the energy needed to produce one newborn female (CN).268

The ratio is not an integer, whereas N needs to be. Therefore,269

we have to round the ratio so that the expected number of270

newborns is equal to it. Denoting the integer part of the ratio as271

floor
(

	ˇ
CN

)
, the number of female newborns for each individual272

is273

N =
{

floor
(

	ˇ
CN

)
+1 with probability

(
	ˇ
CN

− floor
(

	ˇ
CN

))
floor

(
	ˇ
CN

)
with probability

(
1 −

(
	ˇ
CN

− floor
(

	ˇ
CN

))) .

(26)
274

We eased the computational requirements by treating indi-275

viduals with age differences less than ds = 0.01 as having the276

same age. Because reproduction is seasonal, and all individu-277

als reproduce at the same time, the resulting age distribution278

is ‘spiked’, i.e. individuals can have only discrete ages corre-279

sponding to the reproductive events. This is in contrast with280

the continuous age distribution that has been assumed in the281

matrix model.282

From the IBM simulations, we measured population growth283

rate and the stable stage distribution (SSD) and compared284

them to those predicted by the matrix model. We also mea-285

sured �1, �2, and � from the the IBM. Let the number of transi-286

tions from stage j to stage i be nij, where stages 1, 2, and 3 are287

immature, mature and dead individuals, respectively (Table 3).288

Then289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

Table 3 – Transition counts nij from stage j to stage i

Immature (j = 1) Mature (j = 2)

Immature (i = 1) Immature that did
not mature (n11)

Newborns (n12)

Mature (i = 2) Immature that
matured (n21)

Mature that
survived (n22)

Dead (i = 3) Immature that
died (n31)

Mature that died
(n32)

Table 4 – Comparison of predicted and observed
demographic statistics and vital rates

Observed Predicted

� 1.13 1.13
SSD 0.61 0.59
� 0.26 0.26
�1 0.93 0.91
�2 0.84 0.72
F 0.71 0.77

Predicted and observed � and �1 agree extremely well; even 312

the greatest proportional differences1, for F and �2, are less 313

than 12%. As a result, the growth rates hardly differ. To see 314

whether these demographic statistics obtained from the ma- 315

trix model and the IBM agree for a wide range of parameters, 316

we compared the observed and predicted demographic statis- 317

tics for different values of the parameters ha, f, CN, �, Em and 318

˛. Unless noted otherwise, while changing one parameter, we 319

used values from Table 2 for others. 320

The results are shown in Figs. (4)–(9). Plot A of each 321

figure compares the growth rates. Plots B and C show 322

proportional differences between predicted and observed 323

growth rates, stable stage distributions, fecundities, and tran- 324

sition probabilities. Plot D shows the proportional differ- 325

ences between the observed and predicted survival probabili- 326

ties. 327

Population growth rates match very well across all the pa- 328

rameter ranges investigated. The estimates of the vital rates 329

show greatest discrepancies for low growth rates, mainly be- 330

cause populations went extinct in the IBM before reliable ob- 331

servation could be made. 332

Fecundity was, in general, overestimated. This is notable 333

in Fig. 4 for large hazard rates: F is overestimated by as much 334

as 7% for ha = 0.1 and more than 100% for large ha. The main 335

reason for the overestimate is that when ha is high, individ- 336

uals in the IBM die before they accumulate enough energy to 337

reproduce, and whatever they have accumulated is lost to the 338

339

340

341

342

343

344

345
U
N

C
O

R
R

E
C

T

�̂1 = 1 − n31

n11 + n21 + n31
, (27)

�̂2 = 1 − n32

n22 + n12 + n32
, (28)

�̂ = n21

n11 + n21
, (29)

F̂ = n12

n22 + n32
. (30)

The asymptotic comparisons of the rates and demographic
statistics required that the population converge to a stable
age distribution. We ran the simulations for 130 units of time
or until the population went extinct. We discarded the first
10% and the last 20% of the simulated time interval to al-
low for as much convergence as possible before the onset of
low-number effects, and used the remaining data as observa-
tions for comparison. We expedited convergence by using the
Eq. (15) to distribute the initial 1000 individuals through ages
using the predicted �1. The convergence, however, was not al-
ways attained, especially for parameter values that produced
very small growth rates. If the initial 1000 individuals did not
a provide sufficient number of observations to measure the
vital rates, we used an initial population of 106 individuals.

3. Results

3.1. Long term (asymptotic) dynamics

In Table 4 we compare observations of the IBM and the predic-
tions of the matrix model for the standard parameter values
listed in Table 2 for �p = 3˛.
ECOMOD 4295 1–15

population. The matrix model, however, pools the energy com-
mitted to reproduction from all adults, so the accumulated
energy for reproduction is not lost. We call this the pooling
effect.

The pooling effect is ubiquitous, but more notable when
adult life span is short and when it takes longer to accumulate
enough energy to reproduce, i.e. when ha, CN and [Em] are large,

1 proportional difference = observed value−predicted value
observed value .



N
C

O
R

R
E

C
TE

D
 P

R
O

O
F

e c o l o g i c a l m o d e l l i n g xxx (2006) x x x–x x x 7

Fig. 4 – Predicted and observed vital rates and demographic statistics vs. ageing acceleration (ha): the comparison of growth
rates (A), proportional difference between the predicted and observed � and SSD (B), F and � (C), and �1 and �2 (D). For
ha < 10−3 the agreement continued to be excellent (tested to ha = 10−5).

and f and � are small. Since all of these factors decrease the346

population growth rate, the pooling effect is also more notable347

for small growth rates.348

Figs. 5 and 7 provide further examples of the pooling ef-349

fect. In Fig. 5, we overestimate fertility by about 80% for small350

f (and small growth rates). In Fig. 7, the same happens for 351

large [Em]. 352

In Fig. 6 we changed the cost of newborns CN by chang- 353

ing the reproductive efficiency �R (24). For very large CN, both 354

the observed and the predicted growth rates asymptote to the 355

F stati
( ved
p

U

ig. 5 – Predicted and observed vital rates and demographic
A), proportional difference between the predicted and obser

opulations went extinct too fast to estimate vital rates from obs
stics vs. energy intake (f): the comparison of growth rates
� and SSD (B), F and � (C), and �1 and �2 (D). For f < 0.2
ECOMOD 4295 1–15

ervations.
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Fig. 6 – Predicted and observed vital rates and demographic statistics vs. cost of a newborn (CN): the comparison of growth
rates (A), proportional difference between the predicted and observed � and SSD (B), F and � (C), and �1 and �2 (D).

growth rate dictated by mortality alone (� ≈ 0.7). Although it356

should remain constant, the observed survivorship of adults357

(�̂2) changes with CN. It is not clear why �̂2 changes, but huge358

growth rate and finite possible age of adults are probable359

causes. When the number of individuals is large and increases360

quickly, significant rounding due to limited number of dig- 361

its represented in the computer takes place, influencing the 362

transition counts (nij in (27)–(30)) and the observed vital rates. 363

Furthermore, when the population is huge, a large number of 364

individuals live to very old age. Consequently, the maximum 365

stati
icte
U

Fig. 7 – Predicted and observed vital rates and demographic
of growth rates (A), proportional difference between the pred

The range was adopted from Fujiwara et al. (2004).
stics vs. maximum energy density ([Em]): the comparison
d and observed � and SSD (B), F and � (C), and �1 and �2 (D).
ECOMOD 4295 1–15
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Fig. 8 – Predicted and observed vital rates and demographic statistics vs. energy allocation ratio (�): the comparison of
growth rates (A), proportional difference between the predicted and observed � and SSD (B), F and � (C), and �1 and �2 (D).

possible age assumed in the IBM may not be adequate: some366

individuals may be assumed dead just because they exceed367

the maximum age assumed by the IBM, thereby increasing368

adult mortality (decreasing �̂2).369

The fraction of energy used for growth and somatic mainte-370

nance (�) is probably the most important parameter in the DEB371

theory. In Fig. 8 we changed � to represent a range of organ- 372

isms, from reproduction-oriented (small �) to growth-oriented 373

(large �). We observed the greatest discrepancies in the sta- 374

ble stage distribution (up to 25% for small �), mostly due to 375

similarly large overestimate of fecundity due to the pooling 376

effect. 377

F stati
( ce b
(

U

ig. 9 – Predicted and observed vital rates and demographic
˛): the comparison of growth rates (A), proportional differen
C), and �1 and �2 (D).
stics vs. age to maturity measured in projection intervals
etween the predicted and observed � and SSD (B), F and �
ECOMOD 4295 1–15
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Fig. 10 – Predicted and observed vital rates and demographic statistics vs. amplitude of sinusoidal food intake fluctuations
(fA): the comparison of growth rates (A), proportional difference between the predicted and observed � and SSD (B), F and �

(C), and �1 and �2 (D).

We varied the relationship between the projection interval378

and the age at maturity by changing the length of the pro-379

jection interval (Fig. 9). A shorter projection interval implies a380

longer time to maturity measured in projection intervals be-381

cause the growth of organisms measured in units of time (from382

the DEB model) is not affected by the chosen projection inter-383

val (˛). The observed ratio of mature to immature individuals384

shows a sawtooth pattern as the time to maturity deviates385

from integer multiple of the projection interval.386

This is a consequence of spiked age distributions charac-387

teristic of birth-pulse populations (discussed in Section 2.4).388

Changing the projection interval changes the ages at which389

spikes occur at the census time, while the age at maturity al-390

ways stays the same. The interaction between the two can391

influence transition counts. For example, if time to maturity392

is 2.00 projection intervals, a cohort of newborns is counted393

as mature two censuses later. If the time to maturity is 2.01394

projection intervals, the cohort is counted as immature. Nei-395

ther cohort produces any newborns. Therefore, one can expect396

large discrepancies when comparing the ratios of individuals397

in each stage as the time to maturity changes, but not when398

comparing population-level statistics, such as the growth rate.399

3.2. Seasonal environmental variability400

In many systems, the environment varies strongly between401

402

403

404

405

406

the energy intake f in our DEB model and then assessing its 407

effects on the population growth rate. 408

If we assume that the projection interval represents 1 year 409

we can represent seasonal variability by a periodic energy in- 410

take with period equal to 1 year: 411

f (t) = f0 + fA sin
(

2


˛
t

)
, (31) 412

with fA representing the amplitude of oscillations, and average 413

energy intake f0 = 0.5. 414

We calculated population growth rates (Fig. 10) for the 415

range of fA from the minimum (constant energy intake, fA = 0) 416

to the maximum (fA = f0). We assumed that the newborns are 417

born with the average energy density (e(0) = 0.5) in the calcu- 418

lations; this assumption guarantees that all individuals follow 419

the same developmental path. 420

The abrupt changes of the proportional differences in SSD, 421

F and � in Fig. (10) at fA � 0.3 are due to a sudden increase in the 422

observed fecundity and decrease in the observed transition 423

probability as the seasonal variability increases above fA > 0.3. 424

Even though the predicted vital rates do not follow that trend, 425

the predicted and observed population growth rates agree well 426

over the whole range of fA. 427

The growth rate is highest when the seasonal variability is 428

limited, and lowest when the seasonal variability is extreme. 429

In a variable environment, both the energy committed to re- 430

431

432

433

434
Uany 1 year, but there is little year to year variations for any
given season. Most long-lived organisms have ways of coping
with that variability, e.g. energy reserves to carry them through
times of scarcity. In this section, we ask if the matrix model can
successfully account for such variability. We do this by varying
ECOMOD 4295 1–15

production and the hazard rate are smaller than in a constant
environment (Fig. 2). For small seasonal variability the benefits
of a smaller hazard rate outweigh the detriments of a smaller
commitment of energy to reproduction; the reverse holds for
large seasonal variability.
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3.3. Short-term (transient) dynamics435

To assess accuracy of the matrix model for predicting tran-436

sient dynamics we examined two sets of scenarios, loosely437

corresponding to colonizations and catastrophes. In the colo-438

nization scenarios, we initialized the IBM with 1000 newborns439

or with 1000 individuals that had just matured. In the catastro-440

phe scenarios, we allowed the population to converge for 20441

projection intervals and then eliminated all the juveniles or442

all the mature individuals. We used the standard parameters443

(Table 2).444

Age distributions extremely different from the stable age 445

distribution in the colonization scenarios proved to be a sig- 446

nificant challenge to the simple two-stage matrix model. Two 447

effects cause the large discrepancies in transients when new- 448

borns only are considered: the pooling effect and the numer- 449

ical diffusion. The pooling effect, discussed in Section 3.1, re- 450

sults from the ability of the adults in the matrix model to pool 451

their reproductive resources and produce newborns immedi- 452

ately, while in reality individuals must accumulate enough en- 453

ergy to reproduce. The numerical diffusion is a consequence 454

of the inability of the matrix model to distinguish individ- 455

F
m
a
m
s

C
TE
U
N

C
O

R
R

E

ig. 11 – Colonizations. Plots: (A) initial population is comprised o
atures and immatures (A2) shown; (B) initial population is com

nd ratio of matures and immatures (B2) shown. Catastrophes. Pl
atures and immatures (C2) shown; (D) all matures die. Populati

hown.
ECOMOD 4295 1–15

f newly born individuals. Population size (A1) and ratio of
prised of newly matured individuals. Population size (B1)
ots: (C) all immatures die. Population size (C1) and ratio of
on size (D1) and ratio of matures and immatures (D2)
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uals within a stage, i.e. individuals ‘diffuse’ throughout the456

stage. Therefore, the matrix model overestimates maturation457

following colonization by newborn individuals because a cer-458

tain proportion of individuals in the matrix model matures at459

each projection interval, while in reality individuals must stay460

in the immature stage until age �p.461

Both effects result in an overestimate of the number462

of newborns, and the matrix model predicts quicker-than-463

observed population recovery (Fig. 11). Adding more stages to464

the matrix model would help ameliorate both effects.465

4. Discussion

The physiological responses of individuals to their environ-466

ment determine their growth, survival and reproduction. In467

turn, these vital rates determine the dynamics of populations.468

In this paper, we have demonstrated how one can connect the469

physiological responses of individuals to population dynam-470

ics by constructing a matrix population model whose transi-471

tion probabilities are determined by a DEB model. Although472

the analyses in this paper use a particular DEB model based473

on Kooijman’s DEB theory, the developed framework (summa-474

rized in Appendix A) is general.475

The construction process involved a number of approxima-476

tions. To asses the impact of those approximations we com-477

pared the predictions of the matrix model to observations of478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

Roos, 1988, 1997; de Roos et al., 1997). Ross et al. (1994) connect 512

rudimentary zooplankton energy balance models to ecosys- 513

tem dynamics using ordinary differential equations (see also 514

Ross et al., 1993a,b), while Nisbet et al. (1997) use the same 515

type of equations to represent biomass dynamics of a Daphnia 516

population starting from partial differential equations for 517

individual growth based on simple physiological consider- 518

ations. Dougherty et al. (2002) link a physiological model of 519

bacterial growth to population dynamics through ordinary 520

differential equations representing sugar availability, acid 521

concentrations and energy storage. McCauley et al. (1996) in- 522

vestigate dynamics of a stage-structured demographic model 523

formulated using delay-differential equations starting from 524

physiology of a herbivorous zooplankton (see also Gurney et 525

al., 1983; Nisbet and Gurney, 1983; Nisbet et al., 1989). Kooi 526

and Kooijman (1997) investigate differences between discrete 527

and continuous approaches to reproduction by incorporating 528

a DEB model into partial differential equations describing two 529

physiological stages of their demographic model, and then 530

using a finite difference scheme to project the population 531

through time (see also Murphy, 1983; Metz and Diekmann, 532

1986; Kooijman et al., 1989). In addition to connecting a phys- 533

iological model to the McKendrick–von Forester population 534

conservation equation (Kot, 2001, pp. 391–400), Ault et al. 535

(1999) add a spatial model to investigate population dynamics 536

of sea trout and pink shrimp. These studies highlight the 537

fact that there are demographic models other than matrix 538

539
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an IBM whose individuals were governed by the DEB model.
We found that, in general, predictions of the vital rates (fe-
cundity, maturation probability, and survivorships) and of two
asymptotic demographic statistics (population growth rate
and stable stage distribution) closely matched the observa-
tions. Our approach tends to underestimate adult survivorship
and overestimate fecundity. These mismatches are typically
small, but are largest for rapidly declining populations. The
mismatches can be attributed to two causes. First, it is difficult
to estimate the vital rates from observations of the IBM when �

is small because the number of stage transitions observed be-
fore extinction is limited. Second, the pooling effect (discussed
in Section 3) becomes more important when � is small. This
effect, present in other structured models (e.g. Nisbet et al.,
1997), is caused by pooling the reproductive energy of organ-
isms unable to reproduce individually into a common pool,
which then provides enough energy to produce offspring.

In addition to comparisons of asymptotic statistics, we also
compared transient population trajectories under a number
of ecological scenarios. The match between the matrix-based
predictions and the IBM-based observations were good when
the initial age distribution within each stage was close to the
stable distribution. However, when these distributions were
not close, the matrix model poorly captured the transient dy-
namics, principally as a result of numerical diffusion (dis-
cussed in Section 3.3). The effects of numerical diffusion can
typically be ameliorated by the inclusion of additional stages
in the matrix model.

Many previous studies relate continuous-time physiologi-
cal models to demographic models. For example, de Roos et al.
(1992) connect size-dependent growth, mortality and repro-
duction, obtained from a physiological model, to demographic
dynamics using escalator boxcar train technique (see also de
ECOMOD 4295 1–15

population models that we could have used.
Choices among these demographic models depend both

on biological considerations – the life cycle of the organism,
the form of the data, and the biological question at hand –
and on the tastes of the scientist. Matrix models have several
strengths. For many organisms, classification by stage is more
useful than classification by age, and stage-classified models
are particularly easy to develop in matrix form. In addition,
matrix models are currently used in the theory of life his-
tory evolution more than other stage-structured models (Roff,
1992; Stearns, 1992), as an approximation to McKendrick–von
Forester population equations (Kooi et al., 2001), as well as a
way to incorporate toxic effects observed in individuals into
demographic models (Lopes et al., 2005). We hope to use our
modelling framework to address evolutionary questions at an-
other time.

Our analyses in this paper is based on a specific �-rule DEB
model. The approach we use requires only the solutions of
our individual model: size, energy committed to reproduction,
energy needed to reproduce, and the risk of death as func-
tions of age. The same approach can be used with any other
�-rule DEB model (Kooijman, 2000), as well as any other indi-
vidual model that produces these outputs (e.g. von Bertalanffy,
1957; Kilgore and Armitage, 1978; Wunder, 1978; Paloheimo
et al., 1982; Huntley et al., 1987 (review); Hallam et al., 1990;
Markussen et al., 1990; Persson et al., 1998; Hickie et al., 2000).

The principal advantage of a �-rule model is that it is a
supply-side model, i.e. a model in which food availability deter-
mines the growth, survival and reproduction of individuals.2

2 A demand-side model, in contrast, determines what the energy
intake must have been to have produced a prescribed pattern of
growth and reproduction.
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As such, it enables us to analyze the interacting effects of568

physiology and environmental variability on population dy-569

namics. We plan to investigate these interactions in the570

future.571
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Table A.1 – DEB model equations

Description Equation no.

Rate of change of energy
density

(1)

Rate of change of volume of
the structure

(2)

Flux of energy committed to
reproduction

(5)

Number of newborns in a
breading season (for one
female)

(26)

Rate of change of the hazard
rate

(7)

Rate of accumulation of
damage-inducing
compounds

(8)

gence. In such cases, in each iteration change �assumed
1 614

by only a fraction of the difference between �assumed
1 and 615

�calculated
1 from the previous iteration. 616

Appendix B. Calculating the stable age
distribution

Let N(s, t) be number of individuals of age s at time t. Then the 617

total number of individuals at time t is 618

NT(t) =
∫ ∞

0

N(s, t) ds, (B.3) 619

and the age distribution: 620

�(s) = N(s, t)
NT(t)

. (B.4) 621

From the definition of the hazard rate (6), we can calculate 622

the probability that an individual survives to age s: 623

�1(s) = exp

(
−

∫ s

0

h(x) dx

)
. (B.5) 624

The number of individuals of age s at time t is, then, the 625

number of individuals born at time t − s that survived until 626

the time t: 627

628

629

630

631
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633

634

635
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1. Pick a projection interval ˛.
2. Obtain age-dependent size (V(s)), age-dependent commit-

ment of reproductive energy (ˇ(s)), and age-dependent
probability of death conditioned on survival up to that age
(h(s)) of an individual. For a DEB, use equations outlined
in Table A.1.

3. Estimate energetic cost (CN) of newborns.
4. Determine stages of the matrix model by dividing indi-

viduals into those younger than and older than the age at
which individuals mature (�p).

5. Assume a growth rate �1, e.g.:

�assumed
1 = 1. (A.1)

6. Calculate the normalized stable age distribution using
(15).

7. Calculate the transition probability (�) using (19) or (18) in
case of more than two stages.

8. Calculate survivorships (�i) for each stage using (21).
9. Calculate the average energy committed to reproduction

per projection interval per mature individual from (22), the
average number of newborns from (23), and the resulting
fecundity (F) using (25).

0. Assemble the projection matrix using (10).
1. Calculate the maximum eigenvalue of the projection ma-

trix, �calculated
1 .

2. Repeat steps 6–12 with

�assumed
1 = �calculated

1 . (A.2)

until satisfactory convergence of the growth rate is ob-
tained. When �calculated

1 is very different from �assumed
1 , the

iterative process may be unstable because of possible over-
shoots that can lead to oscillations, rather than conver-
ECOMOD 4295 1–15

N(s, t) = N(0, t − s)�1(s). (B.6)

Furthermore, assuming the age distribution is constant and
the intrinsic growth rate of the population r, the number of
individuals of any age changes exponentially, so

N(s, t) = e−rsN(s, t + s). (B.7)

Inserting (B.6) and (B.7) into (B.4) gives:

�(s) = e−rsN(0, t)�1(s)
NT(t)

. (B.8)

Since the age distribution is stable, the ratio of newborns
to the total population is constant. Hence:

�(s) = Ke−rs�1(s). (B.9)
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Combining (B.5) and (14) with (B.9) and simplifying gives638

the stable age distribution (15).639
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