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1 Introduction 

“Intelligent transport systems (ITS) encompass a broad range of wireless and 

wire line communications-based information and electronics 

technologies.  When integrated into the transport system's infrastructure, and 

in vehicles themselves, these technologies relieve congestion, improve 

safety and enhance productivity.” [1]. One of the main tasks in today’s 

modern intelligent transport systems is to forecast various traffic conditions 

such as traffic flow, mean speed and travel time. Among all of them, travel 

time estimation has been recognised as one of the most valuable, especially 

for Advanced Traveller Information System (ATIS) and Advanced Traffic 

Management System (ATMS). Since traffic conditions show considerable 

temporal dependency route guidance systems must be dynamic. For 

instance, the routes generally travelled fastest may not be the optimal choice 

during other parts of the day, such as rush hour.  Such dynamic guidance 

systems try to find the fastest route by using different algorithms but they all 

require a matrix of travel time duration that changes according to the trip’s 

start time. The most commonly used algorithms are modifications of 

Dijkstra’s shortest path algorithm [2, 3]. Dijkstra’s algorithm is a greedy 

algorithm used to solve single-source, shortest-path problems. Originally, it 

was defined for a directed graph with nonnegative edge weights. 

Although there are many explanatory models that try to model traffic 

conditions, there have been many applications in which data mining 

processes are used to estimate future conditions. This is facilitated by the 

emerging usage of various traffic data collection techniques. Aged 

techniques, such as roadside sensors, cannot ensure collection of traffic data 

on spatially complex traffic networks, due to their insufficient coverage ability. 

With the increase in usage of GPS technology, vehicles travelling through 

road networks collect traffic data that contains valuable information. That 

information is than used within the data mining process to form a model 

capable of estimating future conditions. Most of the work is done for 
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motorways and highways but only limited work has been done for urban 

networks where temporal dependence of the travel time is more complex. 

The prospect for the work performed within this thesis came with the 

availability of data collected by GPS equipped vehicles and the motivation 

was to examine the possibility to use the data to estimate travel time. The 

initial reason for the collection of data was to construct digital road map and 

the sampling was defined spatially and not temporally. Precisely, sampling 

was not performed with constant time step but with constant spatial step, 

i.e.100 meters. 

All analysed data in this work is obtained by 297 courier service vehicles 

travelling for the period of approximately 6 months (from October 2005 to 

April 2006) on the roads of the city of Zagreb (Croatia). All data was collected 

by Mireo Company with headquarters in Zagreb. 

The objectives for work elaborated within this thesis are: 

1. To investigate the differences between estimation of travel time 

duration in urban networks as opposite to highways and motorways. 

2. To explore differences between roadside data collection and vehicle 

data collection techniques and their respective usability. 

3. To study different available data mining models for travel time 

estimation and compare them. 

4. To find the most suitable models for travel time estimation in urban 

traffic networks based on data collected with GPS equipped vehicles.  

5. Investigate the applicability of selected models for GPS data. 

6. To propose the most appropriate model for travel time estimation in 

urban networks based on performed data mining analysis and 

performed validation. 

   

The thesis is organized in the following chapters. Chapter 1 gives 

introductory information and Chapter 2 gives background and state-of-the-art 

models in the travel time estimation. Chapter 3 describes data used for the 
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analysis and explains data preparation procedures while Chapter 4 gives 

theoretical foundations for the selected methods. Chapter 5 provides the 

results and Chapter 6 brings concluding remarks. 
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2 Background 

Travel time data can be collected in a variety of ways. There is also a 

difference if the travel time is observed in urban traffic conditions or on the 

highways. This chapter describes travel time collection techniques and travel 

time in urban networks as well as the latest traffic condition estimation 

methods. 

 

2.1 Travel time data collection techniques 

There are a large number of techniques available for acquisition of travel time 

data. Some of them, for instance, use loop detector surveillance [4, 5], image 

processing enabled by cameras located in road intersections [6, 7], automatic 

vehicle identification [8, 9], floating cars [10], cellular phone tracking [11, 12], 

GPS locating [13, 14] etc. Additionally, intelligent transport systems very 

often rely on multiple techniques and perform a blending of multiple data 

sources (referred as data fusion) for more accurate travel time estimation [15, 

16, 17]. 

 

2.1.1 Roadside techniques 

Roadside techniques entail collecting the travel time data by devices located 

by the road at specified checkpoints. The main advantage of these 

techniques is that it does not require test vehicles. Their main disadvantage 

is that they are not suitable to be used with spatially wide areas with complex 

road networks. For instance, it would be very expensive to lay an entire 

metropolitan area with such location-fixed devices. On the other hand, they 

are very appropriate for highways with controlled entrances and exits. Loop 

detectors surveillance, licence plate matching and automatic vehicle 

identification are among these techniques. 
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Conventional loop detectors are the most usual vehicle detectors used for 

freeway traffic surveillance. They are capable of measuring flow (the number 

of vehicles that pass the detector during a fixed sample period) and 

occupancy. Either single-loop detector or dual-loop detector systems are 

deployed. To determine the travel speed or travel time, single-loop detector 

systems conventionally make a common vehicle length assumption. Dual-

loop detectors consist of two consecutive single inductance loops spaced a 

few feet apart. The timer is started when a vehicle passes the first inductance 

loop. When the same vehicle is detected at the second inductance loop the 

timer is stopped. Recorded by a timer, link speed or link travel time can thus 

be extrapolated. 

Licence plate matching technique uses computer vision and image 

processing to record times when each vehicle passes every checkpoint. The 

travel time between two checkpoints is calculated as the difference between 

two times. 

Automatic vehicle identification (AVI) is technique used in many metropolitan 

areas as a means of collecting the spatially- and temporally-dependent travel 

times. These are disseminated to the public via dynamic route guidance, 

variable message signs and Internet. Travel time information can then be 

used to allow drivers to skip congested routes during the travel, or as pre-trip 

information. 

In AVI technique, transponder identification numbers are used in the same 

manner as the licence plates in the licence matching technique. The parts of 

an AVI system are in-vehicle transponders, roadside placed reading units, 

communication network and a central computer system. As a vehicle passes 

a roadside reading unit, it records the time and transmits it to the central 

computer. Travel time is thus the time a vehicle spends while it travels from 

one reading unit to another. 
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2.1.2 Vehicle techniques 

Vehicle technique is a term used to classify all the techniques in which travel 

time data is collected via devices carried inside the vehicles. For the sense of 

recording the travel times there is no need for additional sensors which are 

located by the road. The main advantage of the vehicle techniques is that 

they do not depend on the infrastructure and have a higher resolution and 

accuracy than roadside techniques. However, they rely on a limited number 

of probe vehicles and for now their usage for real-time monitoring is 

questionable. Examples for the vehicle techniques are floating car technique, 

automatic vehicle location and cellular phone tracking. 

Floating car technique represents a technique in which a single vehicle is 

driven in the direction of the traffic flow. It is a technique traditionally used 

because it does not require any technical devices. A technician, driving in the 

test vehicle manually records travel time and other data related to traffic 

conditions (e.g. queue durations, flow rates). The accuracy of the floating 

data technique is questionable because of its nature (i.e. manual 

measurement and storage of the travelling information) and depends on the 

person performing the task. To improve its accuracy, another vehicle is used 

driving in the opposite direction of the first vehicle. Furthermore, distance 

measuring instruments can be attached to the vehicle and can be used to 

automatically record distance, travel time and speed, or as it is common 

today, GPS receivers are used. 

Automatic vehicle location (AVL) is a term used for techniques that use 

receivers or on-board transmitters to determine vehicle location (i.e. latitude 

and longitude), course and speed. Both GPS and ground-based radio 

navigational systems are used. GPS is more convenient than the traditional 

ground-based radio systems since it does not require receiving towers. AVL 

systems are very appropriate not only for collecting travel times but for 

various other analyses as well. These other analyses will be discussed later 

in Chapter 3 within the usage of GPS data. 
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Cellular phone tracking involves locating cellular phones within vehicles with 

the usage of tower triangulation methods, as well as differences in signal 

arrival time to phone towers. The ability to track cellular phones depends on 

the user’s willingness and for that reason cellular phones are more 

appropriate for accident reports, a factor which directly influences travel times 

on surrounding areas. 

Vehicle techniques are used in most of the travel time studies. However, 

floating car techniques are most widely used, and due to the increased 

availability of GPS, travel time studies within the most recent literature have 

used GPS as a main source of data [13, 14, 18, 19].  

 

2.2 Travel time in urban traffic networks 

It has been shown that estimating travel time strongly depends on the type of 

the traffic network being analysed [20]. There are two effects which influence 

travel time in urban traffic networks. One of them is congestion and the other 

one is traffic signals.  

Congestion plays an important role in urban traffic networks. Studies have 

estimated that the cost of congestion (in time, energy and pollution) in 

industrially developed countries can be as high as 5% of its GDP [21].  An 

outcome of an insufficient capacity of roads, congestion strongly impacts 

travel time so there can be high fluctuations of travel times on main city 

arterials during the day. Usually there are two high peaks in values for travel 

time during the day. The first one is the consequence of people going to work 

in the morning and is called the morning rush hour. The second reflects the 

situation when people go home from work and is called the evening rush 

hour. The morning and the evening rush hour, primarily occurring during the 

work-week, can have travel times several times higher than during the off-

rush hours. 
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Figure 2.1 shows the location on the map for the link which is a section of the 

Jadranski Bridge, in the city of Zagreb. It is used to show morning and 

evening rush hour. Green dots represent the recorded locations of vehicles 

travelling through the specified link. 

 
Figure 2.1 Location of exemplar link which is a section the Jadranski Bridge. 

Figure 2.2 shows the travel time for the link shown in Figure 2.1. Aggregation 

(15 minute intervals) is used to minimise the effect of traffic signals and only 

work-days are used for the calculations. A substantial rise in travel time value 

can be seen during the morning and evening rush hour. This represents long-

term variability.   
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Figure 2.2 Work day travel time for exemplar link which is a section of the Jadranski Bridge 

with aggregation period of 15 minutes. 

Congestion is the main cause of the long-term variability of the travel time 

and it causes the evolution of travel time during the day. The short-term 

variability of the travel time is the result of traffic signals in urban networks. 

These are traffic lights, stops and give way signs. As vehicles travel through 

the link, they encounter non-continuous traffic conditions that cause short-

term variability of travel time. To represent the short-term variability, Figure 

2.3 shows the individual travel times extracted for the link shown in Figure 

2.1. 

 
Figure 2.3 Individual travel times extracted for exemplar link which is section of the 

Jadranski Bridge. 
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Short-term variability is typical for urban networks, and because of it travel 

time estimation in urban networks becomes more difficult than for freeways. 

Two methods for reduction of this kind of variability are discussed later in 

Chapter 3.3. 

 

2.3 Traffic condition estimation methods 

There are two types of travel time estimation models. The first is explanatory 

models and the second is extrapolation based models. Explanatory models 

are traffic models which use different parameters and simulation to forecast 

travel time. Extrapolation based models are statistical models that use 

historical and current data to predict future travel time. For an overview of 

methods used in prediction of traffic conditions, see [22]. 

 

2.3.1 Explanatory models 

Traffic assignment based models and traffic state models are explanatory 

models that are used to predict travel times.  

The most well-known assignment models are DynaMIT [23], DynaSMART 

[24], VISUM-online [25], STM and MIDA [26]. In these models, origin-

destination matrices are estimated and assigned to a network to determine 

future traffic conditions. 

Traffic state models are models in which the knowledge of the traffic state 

itself (e.g. intensities or speeds) is used to determine future traffic conditions. 

Schreckenberg’s cellular automata model [27] and Kerner’s jam front 

propagation model [28] are the most known ones. 
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Traffic explanatory models are models which rely mainly on prior knowledge 

about traffic and not on data. In that sense, they are not data mining models 

and because of that they are not elaborated upon in this thesis.  

 

2.3.2 Extrapolation based models 

As mentioned earlier, extrapolation based models are statistical models used 

for forecasting of travel time. These models are usually used in data mining.  

Regression models, ARIMA, STARIMA, ATHENA, Kalman filters, artificial 

neural networks, support vector machines and pattern based forecasting 

models are among them. 

 

2.3.2.1 Regression models 

Although many models can be regarded as regression models, discussed 

here are parametric linear regression models, parametric non-linear 

regression models and nonparametric regression models. 

Parametric linear regression models 

Parametric linear regression models assume linear relation between the 

predicted and input variables. Coefficients in linear relation can be either 

time-varying or constant over time. Parametric linear regression models have 

been used both for travel time forecast [29, 30] and for speed forecast [31]. 

Usually, forecast travel time is a linear combination of current travel time and 

historical mean value. These kinds of models have been used to forecast 

travel time on highways with forecast horizons up to 30 minutes and even 1 

hour being achieved with root mean square error of 10 minutes for segment 

48 miles long [30].  
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Parametric non-linear regression models 

In these kinds of models, the relation between predicted and input variables 

is not assumed to be linear. Parametric non-linear regression models have 

also been used both for speed and for travel time forecasting. For speed, 

forecasting loop speed data has been used [32]. For travel time forecasting, 

Self-Exciting Threshold Autoregressive Model (SETAR) has been developed 

[22]. It uses a unique time series to forecast a future variable in given time 

series. Forecast horizons of 5 minutes have been used and root relative 

square error of 6% has been achieved. 

 Non-parametric regression models 

Non-parametric regression models do not require a training data set to 

calibrate parameters before applying the model, but rather rely on 

relationships within the data. In other words, they depend on knowledge 

already existing in the data and not on the knowledge of person who 

develops the model. Hence, they strongly depend on the coverage of the 

data present in the database. In those kinds of models, the neighbourhood of 

the past states is used to estimate the future value of the predicted variable.  

Examples of the non-parametric regression models used for travel time 

estimation are simple moving average, Kalman filters without parameters in 

the system model definition and k-nearest neighbour non-parametric time 

series model [33]. Experiments done with these kinds of models have shown 

that their accuracy is somewhat lower than ARIMA, but only limited work has 

been done in urban networks where their applicability should be much higher. 

Since there are strong theoretical foundations for their usage in urban traffic 

networks (see Chapter 4), k-nearest neighbour non-parametric regression is 

one of the methods used in this thesis for travel time estimation. 
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2.3.2.2 ARIMA model 

ARIMA models stands for Autoregressive Integrated Moving Average models. 

The objective in ARIMA is to find the systematic component of a non-

stationary time series. Firstly, a series is made stationary by removing the 

seasonality and lag. Secondly, a linear model is fitted through the recent 

points of the remaining time series to model the systematic component. 

Finally, a trend is extrapolated and superimposed with lag and seasonality to 

find the forecasted value. Travel time forecasting has been performed with 

ARIMA models. It outperformed neural networks and higher forecast horizons 

have been achieved [34]. Additionally, Smith et al. showed ARIMA 

outperformed a number of non-parametric k-nearest neighbour models for 

traffic flow forecasting on London Orbital Motorway [33]. They have obtained 

the Mean Absolute Percentage Error (MAPE) lower than 9%. On the other 

hand, since the fitting and maintaining of ARIMA models can be very time-

consuming, they may not be feasible for large scale networks. ARIMA 

models may not be optimal for urban traffic networks, either. To see if that is 

true, ARIMA is used in this thesis as one of the forecast methods. 

 

2.3.2.3 STARIMA model 

STARIMA is an acronym for Space-Time Autoregressive Integrated Moving 

Average models. STARIMA models are a generalization of ARIMA models. 

They are applicable to spatio-temporal domains that can be characterized by 

linearly dependent variables lagged in both space and time. For traffic 

condition forecasting, STARIMA models can be used when there are spatial 

time series collected at a specific location at constant time intervals. Until 

now, STARIMA has been used for traffic flow forecasting with data collected 

by loop-detectors [35, 36]. Kamarianakis and Prastacos [36] have shown that 

the accuracy of the model strongly depends on the number of loop-detectors. 

In that sense, usage of GPS data that can be obtained for every link should 
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yield even better results. STARIMA can, contrary to ARIMA, model shocks 

that are in one spatial point introduced to a system and then affect the rest of 

the system (e.g. accident on one link effects the traffic conditions on 

neighbouring links). With STARIMA the complete network can be 

characterized by only one model while with ARIMA every link requires one 

model. Kamarianakis and Prastacos [36] have built a STARIMA model that 

required only 7 parameters while corresponding ARIMA models required 75 

parameters in total. STARIMA model has also been modified to take into 

account the event-related feature information [37], and the usage in traffic 

flow forecasting should also be determined.  

 

2.3.2.4 ATHENA model 

The ATHENA model [38] represents a layered statistical approach. It uses a 

clustering technique to group data and a tuned linear regression model for 

each cluster. For forecast horizons of 2 hours, Danech-Pajouh and Aron [38] 

have achieved an absolute percentage error of less than 20% for 89% of all 

forecasts. These results are very good but the authors needed up to 192 

clusters for a single forecasting point and a large number of tuned 

parameters. That is the reason why ATHENA is perceived as very 

complicated method. 

 

2.3.2.5 Kalman filters 

Kalman filters are optimal recursive data processing algorithms. They can be 

optimal to virtually any criterion that makes sense. They are recursive 

because they use iterative prediction. Kalman filters use iterative prediction-

correction mechanism. In that sense they enable continually updated 

predictions as new data becomes available. 
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Kalman filters have been used to predict travel time with real-time and 

historic data [39, 40]. For 5 minutes forecast horizon, the authors [39] have 

achieved Mean Absolute Relative Error (MARE) of 0.0173 and Maximum 

Relative Error (MRE) of 0.0473.    

 

2.3.2.6 Artificial neural networks 

Neural networks represent statistical models. They capture the relationship 

between input and output variables without the knowledge about the 

fundamental relationships between the variables. Generally, one neural 

network consists of three layers. Input values are represented by the neurons 

in the input layer. Output or predicted value is assigned to neuron in the 

output layer. Hidden layer consists of neurons that code the relationship 

between the input variables and the output variables. Training data is fed into 

the neural network and the weights of the connections between the neurons 

are adjusted. For each set of input values output value is calculated by neural 

network. The weights are adjusted to minimise the difference between the 

calculated and the desired output. 

There has been a variety of different neural networks used to forecast speed, 

flow and/or travel times in both freeways and urban networks [41, 42, 43, 44, 

45]. In contrast, within the traffic forecast domain, there has been no report of 

the neural network being capable of achieving forecast horizons of more than 

30 minutes and there has been evidence that non-parametric regression 

outperforms neural networks [45].   

 

2.3.2.7 Support vector machines 

Support vector machines (SVM) have also been applied to travel time 

prediction [46]. The work has been done with data collected from loop 
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detectors to predict travel times on highway. It has been shown that support 

vector regression outperforms historic mean predictor (estimation based on 

past values of travel times) and current-time predictor (estimation based on 

values collected at time of prediction). Further work should be done to 

determine if the usage of SVM in predicting travel times outperforms other 

state-of-the-art models.  

   

2.3.2.8 Pattern based forecasting 

Generally, pattern based forecasting is achieved by performing three steps. 

Firstly, pattern transformation of current travel time series is performed. 

Secondly, pattern recognition and classification is performed. Knowledge 

used for classification is stored in a knowledge base and it is the basic 

knowledge for pattern classification. It may consist of, for instance, week-day 

groups, weather conditions and additional site-specific information. In the 

third step, forecasted value is figured by choosing a suitable pattern for the 

current time series. 

Pattern based forecasting has been used to predict traffic flows [47] and for 

forecast horizon of 1 hour Root Mean Square Error (RMSE) of 4.9 has been 

achieved.  
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3 Description of GPS data and spatio-temporal data 
preprocessing 

Global positional system (GPS) is a positional and navigational system, 

which can be used to determine the location (and speed) of the entity 

equipped with a GPS receiver. In the observed case, GPS receivers produce 

a tabular log of time, speed, latitude, longitude, course and GPS status. 

Example of such a log can bee seen in Table 3.1. The time is the time at 

which the record is generated. It is expressed as the number of seconds from 

1.1.1970 (i.e. in coordinated universal time - UTC). The speed is the speed of 

the vehicle acquired from GPS in km/h. The latitude and the longitude 

determining the location of the vehicle are in degrees. The course is the 

angle at which vehicle is travelling with reference to north. GPS status can 

have 3 values indicating the accuracy. GPS status 3 means that the 

information was acquired by 4 or more satellites. GPS status 2 means that 

there were 2 or 3 satellites used. GPS status 1 stands for the record whose 

accuracy is very questionable since it is generated with less than 2 satellites. 

Table 3.1 Example of spatio-temporal data acquired from GPS receiver. 

UTC time 
(s) 

Speed 
(km/h) GPS X (degrees) GPS Y (degrees) Course 

(degrees) 
GPS 
status

1112335933 15 15.998760674006466 45.748871113437005 269 3 
1112335945 41 15.997370105437684 45.74873933314413 262 3 
1112335953 40 15.996142256882719 45.748607552851247 262 3 
1112335961 45 15.994940191428533 45.748490096503247 262 3 
1112335969 43 15.993615513006191 45.748337689729745 253 3 
1112336009 34 15.992465013753568 45.748181272251671 316 3 
1112336017 54 15.991488693670666 45.748869967521415 316 3 
1112336025 61 15.990257980326724 45.749754614357101 316 3 
1112336029 59 15.989650645063886 45.750210115804229 318 3 

 

Since data is collected with multiple vehicles, before the data from each 

vehicle is sent, it is expanded with identification number of a GPS receiver 

device. As each car has one receiver, it can also be seen as an identification 

number of the vehicle.   
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The devices in the vehicles are set to periodically send the information. If the 

vehicle is moving, message is sent when vehicle moves every 100 meters. If 

the vehicle is stopped the message is sent every 5 minutes. The initial 

amount of GPS data used is 51,835,560 records. 

Fist step in data pre-processing is to clear the data of the records which have 

a GPS status of less than 3. Second step is to perform a map matching of the 

positions to put all off-road records to their appropriate road segments. Given 

that urban networks are regularly very dense, filtering out all the records 

which have GPS status less then 3 before map matching is very important in 

this context.  

 

3.1 Map matching 

Due to the limited GPS accuracy [48] data collected by GPS sampling 

contains a measurement error. This error is influenced by both the 

surrounding objects (such as buildings) and atmospheric conditions. Because 

of the error, a pre-processing step must be performed to match the trajectory 

of the vehicle movement to the road network. This technique is referred to as 

map matching [48].  

Figure 3.1 shows a part of a map of the city of Zagreb with locations of the 

vehicles. It can be seen that some records are not placed on the road. To 

determine a more accurate location of the vehicle (i.e. the link which vehicle 

travelled through) map matching is carried out. 

In Figure 3.1, every sample is pictured by a dot whose colour brightness 

corresponds to the recorded speed. Larger speeds are brighter. Because of 

that, one can visually determine which roads are travelled faster and which 

are not. It can also be noticed that parts of the road that are away from the 

crossroads are travelled faster; i.e. as expected, intersections present 

bottlenecks.  
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Figure 3.1 Map with recorded locations of the vehicles. 

The digital road network is stored in the database as a vector representation. 

On-board systems use information on road networks to map current vehicle 

positions onto appropriate road segments. Vehicle trajectory, given as a 

sequence of historic positions, is used. For real-time applications, the task of 

map matching can be quite time consuming. Because of that, to trade 

between speed and accuracy, not entire trajectories are used but only the 

most recent positions.  Also, if the on-board system is navigational as well as 

positional, the destination can be known in advance. If the location of the 

destination is known, this information can be used to assure effective 

mapping. 
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 There are many map matching algorithms currently in use (for more info see 

[48]) and it is a very interesting area for continuing scientific research. 

However, the development of a map matching algorithm was not performed 

since it was already available. 

The Mireo Company which is the provider of digital maps and navigational 

software in Croatia, supplied the implementation for the map matching 

algorithm and the digital map of Zagreb. A small application in C# was 

developed and used to map trajectories of each vehicle to road segments. 

For each vehicle, records are fetched from the database ordered by 

ascending time values. Map matching to the map of Zagreb is performed. 

Each record containing attributes shown in Table 3.1, along with their device 

identification number, is attached with a matched link identification number. 

The next step in the process is to identify the outliers. The outliers are 

sample travel time values that should not be used in the process of modelling. 

In a sense, one could say that map matching is also a process of identifying 

spatial outliers and the correction of their values. The correction of their 

values enables their usage in the modelling process.  

  

3.2 Outlier detection 

In the introduction it was explained that the data used for the analysis was 

acquired by courier service. Courier service vehicles perform delivery, so 

they make frequent stops. For that reason, some of the sample travel times 

have disproportionately higher values than other samples obtained for the 

same link.  

The values that do not follow the characteristic distribution of the data are 

referred as outliers. Outliers are not necessarily error values as they can 

indicate unusual behaviour within the underlying process and highlight 

anomalies. Identification of outliers is one of the main tasks in data mining. 
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In the modelling process, outliers can have a great impact on the accuracy of 

the final model. Specifically, in regression, where the sums of squares of 

distances are minimised to form a model, outliers have great influence on the 

regression line. Because of that, detection of outliers is obligatory before 

development of the models for the estimation of travel time.   

There are many ways to detect outliers. One of the most widely used is a Box 

Plot technique and has already been applied in travel time prediction [49, 50]. 

The Box Plot technique uses lower and upper quartiles (the 25th and 75th 

percentiles) to define lower L  and upper U  boundary for the data. The 

boundaries are given by equations 3.1 and 3.2. 

( )quartileLowerquartileUpperquartileLowerL −−= 5.1  (3.1)

( )quartileLowerquartileUpperquartileUpperU −+= 5.1  (3.2)

where: 

L  is the lower boundary; 

U  is the upper boundary; 

quartileLower  is the 25th percentile and 

quartileUpper  is the 75th percentile. 

Every sample below the lower boundary and above the upper boundary is 

marked as an outlier and excluded from the modelling of travel time.   

However, Box Plot technique is not appropriate for the distribution of sample 

travel times obtained for urban links of Zagreb. Box Plot for sample travel 

times is displayed in Figure 3.2. Due to the Box Plot technique, all samples 

having travel time higher than 41 s would be declared as outliers while the 

actual outliers are travel times higher than 200 s.  
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Figure 3.2 Box Plot of sample travel times obtained for the link shown in Figure 2.1. 

The sample travel times do not follow normal distribution and there is an 

explanation for that. During a typical day, the special conditions are during 

the morning and evening rush hours when vehicles experience especially 

long travel times. Outside the rush hour, which is in fact the majority of the 

day, vehicles have more or less similar travel times. If the records that are 

outside Box Plot Non-Outlier Range were removed, the travel times 

indicating congestion would be lost.  Thus, Box Plot technique is not used. 

Outliers are declared as sample times which are larger than 99.5th percentile.  

 

3.3 Reduction of travel time variability 

As mentioned earlier, short-term variability of vehicle travel time is the result 

of traffic signals in urban networks. Reduction of travel time variability plays a 

key role in the travel time estimation accuracy. Appropriate link definition and 

aggregation periods are keys in reducing this kind of variability and thus 

increasing the estimation accuracy. 
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3.3.1 Sublink definition 

Torday and Dumont [20] have used microsimulation and floating car data 

technique to show how to reduce short term variability in urban networks by 

appropriate sublink definition. The same procedure was used by Chen and 

Chien [39], but they used it for freeway traffic where short variability is not as 

troubling as in urban traffic. All of them have concluded that the definition of a 

link as a one-way arc connecting two intersections is somewhat responsible 

for short term variability, and suggested to define a sublink. Figure 3.3 shows 

the difference between the link and the sublink approaches.   

   
Figure 3.3 Example of the link (a) and the sublink (b) approaches. 

The sublink is a one-way arc connecting two intersections with respect to the 

exiting link. The most common case is when two roads intersect. In this case, 

at the intersection, the vehicle that travelled through the link can go straight, 

turn right or turn left. If there are traffic lights at the intersection it is very often 

that turning right (because of an additional traffic light) may be faster than 

going straight and that it could take considerably more time to turn left at the 

intersection. If there are no traffic lights and the vehicle turns left and goes off 

the main road, again, it will be slower than going straight or right. Figure 3.4 

shows sample travel times recorded on working days on the link shown in 

Figure 3.3 (a). It also shows the aggregated value of travel time during the 

day. A significant variability of sample travel times can be observed.  
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Figure 3.4 Travel time variability recorded in link approach. 

Figures 3.5 through 3.7 show sample travel times recorded on working days 

on the sublinks presented in Figure 3.3 (b). It can be seen that the variability 

of the travel time samples is reduced, and this is reflected in aggregated 

travel time. 

 
Figure 3.5 Travel time variability recorded in sublink approach (vehicles turning right).  
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Figure 3.6 Travel time variability recorded in sublink approach (vehicles going straight). 

 
Figure 3.7 Travel time variability recorded in sublink approach (vehicles turning left). 

Although the sublink approach has reduced the short term variability, it has 

also produced some new issues. Firstly, the complexity of the network has 

been considerably increased and it will cause the degradation of the 

performance of fastest route search algorithm. This issue is actually not the 

troubling one as it could be avoided with increased computing power. 

Another issue however is that the sample size has been reduced. Having the 

same amount of GPS equipped vehicles, the probability of having no 

samples during the same time interval is higher. 
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As explained in the introduction, there were problems with having a small 

sample size, due to the small amount of vehicles and the way sampling was 

performed. As a result, sublinks were not used in the modelling process, but 

it should be done if the sample size offers it, since it would improve 

estimation accuracy. When sublinks are not used one can take comfort in the 

fact that travel time will be biased by the most probable sublink, i.e. travel 

time that most vehicles encounter will have the most influence in the travel 

time for the respective link.  

 

3.3.2 Non-equidistant aggregation intervals 

Using the simulation, Torday and Dumont [20] have shown that minimization 

of the aggregation interval reduces the variability as well. They have also 

suggested that aggregation period should be a multiple of the duration of the 

traffic lights. 

As a result of the small sample size, it is not possible to model all the effects 

that could be present in travel time data. Therefore, the main motivation is to 

seize the long term variability caused by the congestion. Luckily, if there are 

two intervals with the same duration but in different time of day, the one 

compiled during congestion will have more samples. The other may not even 

have a single sample (e.g. on Sundays or during the night). 

That situation inspired the employment of a non-equidistant aggregation 

intervals approach. Different durations and placements of time intervals 

during the day were experimented with and finally the settings produced by 

the algorithm shown in Figure 3.8 are used. There are a few intuitive reasons 

for such division within the day but there is also a more formal one. Intuitively, 

during the night (i.e. from 20:00 to 06:00) there is no congestion and all the 

samples could be aggregated into one value; from 06:00 to 10:00 when 

congestion takes place, aggregation intervals are of 15 minutes; between 

10:00 and 14:00, to take into account medium term variability during the day,  
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aggregation intervals of 1 hour are used; from 14:00 to 18:00 aggregation 

periods are again 15 minutes; and finally from 18:00 to 20:00 aggregation is 

performed in 1-hour intervals. Since there is very little data for Saturdays and 

Sundays (data is obtained by courier service vehicles), the whole day is the 

aggregation interval.  

 
Non-equidistant time intervals (startDate, endDate, intervalTable) 
AS 
BEGIN 
   SET sDate=startDate 
   SET eDate=startDate 
   WHILE (eDate<endDate) 
   BEGIN 
      SET eDate=CASE WHEN datepart(dw,eDate) NOT IN (1,7) AND         
                          convert(char(8),endDate,108)=’20:00:00’ 
                     THEN dateadd(hh,10,eDate) 
      /* when weekday is not Saturday or Sunday and time is 8 pm 
      then add 10 hours, i.e. whole night is one aggreg. interval */ 
      WHEN datepart(dw,eDate) NOT IN (1,7) AND 
                          convert(char(8),eDate,108)='10:00:00'  
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 10 am 
      then add 1 hour, i.e. aggreg. interval is up to 11 am */ 
                     WHEN datepart(dw,eDate) NOT IN (1,7) AND 
                          convert(char(8),eDate,108)='11:00:00' 
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 11 am 
      then add 1 hour, i.e. aggreg. interval is up to 12 am */ 
                     WHEN datepart(dw,eDate) NOT IN (1,7) AND 
                          convert(char(8),eDate,108)='12:00:00' 
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 12 am 
      then add 1 hour, i.e. aggreg. interval is up to 1 pm */ 
                     WHEN datepart(dw,eDate) NOT IN (1,7) AND         
                          convert(char(8),eDate,108)='13:00:00' 
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 1 pm 
      then add 1 hour, i.e. aggreg. interval is up to 2 pm */ 
                     WHEN datepart(dw,eDate) NOT IN (1,7) AND 
                          convert(char(8),eDate,108)='14:00:00' 
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 2 pm 
      then add 1 hour, i.e. aggreg. interval is up to 3 pm */ 
                     WHEN datepart(dw,eDate) NOT IN (1,7) AND 
                          convert(char(8),eDate,108)='18:00:00' 
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 6 pm 
      then add 1 hour, i.e. aggreg. interval is up to 7 pm */ 
                     WHEN datepart(dw,eDate) NOT IN (1,7) AND 
                          convert(char(8),eDate,108)='19:00:00' 
                     THEN dateadd(hh,1,eDate) 
      /* when weekday is not Saturday or Sunday and time is 7 pm 
      then add 1 hour, i.e. aggreg. interval is up to 8 pm */ 
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                     WHEN datepart(dw,eDate) IN (1,7) AND 
                          convert(char(8),eDate,108)='06:00:00' 
                     THEN dateadd(hh,24,eDate) 
      /* when weekday is Saturday or Sunday and time is 6 am 
      then add 24 hour, i.e. aggreg. interval one day long */ 
                     ELSE dateadd(mi,15,eDate) END 
      /* in every other case add 15 minutes */ 
 
      INSERT INTO intervalTable VALUES (sDate,eDate) 
      /* insert aggregation interval into table of non-equidistant 
         aggregation intervals*/ 
      SET sDate=eDate 
      /* go to next aggregation interval*/ 
   END 
END 
 

 
Figure 3.8 The algorithm used to produce non-equidistant time intervals. 

Formal justification for such time division is that it outperformed all other 

divisions tested in terms of estimation accuracy. To test the non-equidistant 

time intervals division, an ARIMA model is constructed. It is then used to 

forecast travel times in the future that are contained in the validation subset 

of data (as opposed to data used in modelling phase).  Mean absolute 

percentage error is calculated and used to find the non-equidistant division 

with the lowest estimation error. 

When there is an aggregation interval for which there are no samples, its 

travel time duration is set to the median travel time. Interpolation of the value 

from the values of adjacent intervals is also performed, but it resulted in lower 

estimation accuracy. 

Methods used to estimate travel time are regression methods that require 

time series with fixed time step. In order to accomplish this all the 

aggregation intervals are broken into the same size, i.e. the size of the 

shortest time interval (15 minutes). For instance, if the duration of the 

aggregation interval is 1 hour it is broken into four 15-minute intervals for 

which the value of the time series is the same as for the original aggregation 

interval. 
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4  Methods used for travel time estimation 

Although there are a number of methods to estimate travel time, most of the 

work has been performed on the data collected by roadside sensors. 

Additionally, the majority of the work is concerned with the freeway traffic and 

not the urban traffic conditions. Given the nature of urban networks and that 

the travel time data is collected by vehicles equipped with GPS receivers, 

three methods for travel time estimation are used. These methods are: link 

travel time table, seasonal autoregressive integrated moving average and 

non-parametric k-nearest neighbour model. There is a sound basis for using 

each of these methods. 

Link travel time table is used because of the issues with sample size. To be 

exact, it is very hard to have large sample sizes for every aggregation period, 

for each historic date and for every link in a large-scale urban network. 

Therefore, narrower confidence intervals can be achieved with link travel time 

table. 

Since the references state that seasonal autoregressive integrated moving 

average model outperforms neural networks and non-parametric k-nearest 

neighbour regression [33, 34] it is used as one of the models. On the other 

hand, it is questionable whether the seasonal autoregressive moving average 

model would give satisfactory results given that it models processes that are 

non-deterministic with linear state transitions. It has been shown [51] that 

traffic flow shows chaotic behaviour, especially in cases frequently found in 

urban traffic networks (i.e. during congestion). Given that chaotic systems are 

described by transitions that are deterministic with non-linear state transitions, 

it motivated the usage of non-parametric k-nearest neighbour model. 
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4.1 Link travel time table 

A link travel time table is a very simple model in which every weekday 

presents one case that is described by series of aggregated values. Figure 

4.1 shows the graph in which every weekday is described by appropriate 

time series.  
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Figure 4.1 Weekday profiles of a link shown in Figure 2.1. 
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Time series are stored as records in the database. Each record has the 

weekday attribute (values from 1 to 7) defining the day of the week, its 

timestamp defining the 15-minute period of the day, and the duration giving 

the average travel time for the given link. 

Forecasts are made in the following manner. If the user (or appropriate 

optimization procedure) needs the estimated value for the travel time over 

the link, he/she queries the database. The user supplies the values for the 

required link identifier, weekday and time of day. A returned value presents 

the estimated link travel time. 

 

4.2 Seasonal autoregressive integrated moving average model 

Seasonal autoregressive integrated moving average model (seasonal ARIMA) 

was introduced by Box and Jenkins (1976) [52]. ARIMA is one of the most 

well-known time series models and it is founded on two concepts associated 

with time series. These two are stationarity and Wold’s Decomposition 

Theorem and they are elaborated in Chapter 4.2.2 and Chapter 4.2.3. 

 

4.2.1 Formal seasonal ARIMA process description 

The backshift operator B  has to be defined in order to formally define a 

seasonal ARIMA process. It is used to difference a time series. Differencing 

of the time series creates a transformed series that is formed of differences 

between the lagged series observations. The backshift operator B  with order 

of differencing j  for the time series { }tX  is defined by the expression: 

jtt
j XXB −=  (4.1)

Using the backshift operator first difference can be written as (4.2) and 

second difference as (4.3) and so on.  
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( ) 11 −−=− ttt XXXB  (4.2)

( ) ( ) 21
22 2211 −− +−=+−=− ttttt XXXXBBXB  (4.3)

The superscript j  in (4.1) is used to denote the degree of ordinal differencing. 

To seasonal differencing with seasonal period S  and order of seasonal 

differencing D  can be written as ( ) t
DS XB−1 . 

A more detailed version of seasonal ARIMA description is given in the books 

by Fuller [53] and Brockwell and Davis [54]. 

The time series is a seasonal SQ)D,q)(P,d,ARIMA(p,  process with seasonal 

period S if d  and D  are nonnegative integers and if the differenced series tY : 

( ) ( ) t
DSd

t XBBY −−= 11  (4.4)

is a stationary autoregressive moving average (ARMA) process defined by 

the expression: 

( ) ( ) ( ) ( ) t
S

t
S eBBYBB Θ=Φ θφ  (4.5)

where backshift operator B  is given by Equation 4.1 and φ , Φ , θ  and Θ  are 

given by equations 4.6 to 4.9, respectively. 

( ) ∑
=

−=
p

i

i
i zz

1
1 φφ  (4.6)

( ) ∑
=

Φ−=Φ
P

i

i
i zz

1
1  (4.7)

( ) ∑
=

−=
q

i

i
i zz

1
1 θθ  (4.8)

( ) ∑
=

Θ−=Θ
Q

i

i
i zz

1
1  (4.9)

te  is identically and normally distributed with mean zero, variance 2σ  and 

( ) 0,0,cov ≠∀=− kee ktt , in other words, { } ( )20,WN~ σte . Additionally, p  is the 

non-seasonal autoregressive order, q  is the non-seasonal moving average 

order, P  is the seasonal autoregressive order and Q  is the seasonal moving 
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average order. While, d  is the order of non-seasonal differencing and D  is 

the order of seasonal differencing. 

Background on theoretical seasonal ARIMA process and the usage in 

forecasting traffic conditions is also given in the work performed by Williams 

et al. [55] and Smith et al. [33]. 

 

4.2.2 Stationarity 

To describe the stationarity, the statistical (stochastic) process must be 

identified. Stohastic process is a process resulting in a time series with the 

property that a given time series is a single realization of such a process. Or, 

in other words, the time series is one possible realisation of a potentially 

infinite number of time series which can be the result of a specified statistical 

process.  

In that sense, the value of a time series tx  at any time it =  is a realisation of 

a random variable iX , where iX  has a probability density function )( ixp . Any 

set of iX  at different times has a joint probability density function. The 

process is strictly stationary if the joint probability density function is time 

independent, i.e. jixpxp ji ∀∀= ),()(  and it can be written as )(xp . The 

consequence is that than the stochastic process has a constant mean μ  

(4.10) and a constant variance 2
xσ  (4.11). 

[ ] ( )∫
∞

∞−

== dxxxpxE tμ  (4.10)

( )[ ] ( ) ( )∫
∞

∞−

−=−= dxxpxxE tx
222 μμσ  (4.11)
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The mean of the stochastic process μ  can be estimated by the mean x  of 

the time series (4.12) and the constant variance of the stochastic process 2
xσ  

can be estimated by the variance 2ˆ xσ  of the time series (4.13). 

∑
=

=
N

t
tx

N
x

1

1
 (4.12)

( )∑
=

−=
N

t
tx xx

N 1

22 1σ̂  (4.13)

The covariance between tx  and its value ktx +  separated by k  intervals of 

time is called the autocovariance at lag k  and is defined as: 

[ ] ( )( )[ ]μμγ −−== ++ kttkttk xxExx ,cov  (4.14)

Correspondingly, the autocorrelation at lag k  and is: 

( )( )[ ]
( )[ ] ( )[ ]

( )( )[ ]
222
z

ktt

ktt

ktt
k

xxE

xExE

xxE
σ

μμ

μμ

μμ
ρ

−−
=

−−

−−
= +

+

+  (4.15)

The autocorrelation at lag k  can be written as: 

0γ
γ

ρ k
k =  (4.16)

because for the stationary process variance 0
2 γσ =x  is time independent. 

There are a number of suggested autocovariance and autocorrelation 

function estimates, but the most commonly used ones are presented in (4.17) 

and (4.18), respectively [52]. 

( )( )∑
−

=
+ =−−=

kN

t
kttk Kkxxxx

N
c

1

...,,2,1,0,1
 (4.17)

0c
c

r k
k =  (4.18)

Weak stationarity assumes that mean, variance and autocovariance 

functions are time independent. The statistical properties of a Gaussian 

process ensure that for such a process, weak stationarity implies strict 

stationarity. A Gaussian process is a stochastic process which generates 
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samples over time { } TttX ∈  such that no matter which finite linear combination 

of the tX  ones takes, that linear combination will be normally distributed. 

Formal ARIMA model definitions apply to time series that are weakly 

stationary, or that can be made weakly stationary through differencing. 

 

4.2.3 Non-seasonal and seasonal differencing 

Differencing must be performed for time series that are not (weakly) 

stationary. Constant mean, variance and autocorrelation through time are 

achieved by both non-seasonal and seasonal differencing in one or more 

passes. The number of differencing passes is also called the order of 

differencing. Differencing is defined as the subtraction of a lagged value from 

the original value of time series, i.e. )(lagXXX −= .  Both the need for 

seasonal and non-seasonal differencing can be deduced from time series 

plot and autocorrelogram.   

As opposed to non-seasonal differencing, seasonal differencing is performed 

for seasonal patterns. It is quite usual that time series exhibit some kind of 

periodicity and the period determines the seasonal lag. 

Example 4.1 is used to show when it is necessary to apply non-seasonal and 

seasonal differencing and how to determine the order of non-seasonal and 

seasonal differencing.  

Example 4.1 Removal of the non-seasonal and seasonal dependency 

The time series has equidistant time steps. The consecutive values of time 

series are shown in Table 4.1 (only first 20 observations) while the Figure 4.2 

shows the appropriate time series plot (all 36 observations). It is necessary to 

say that real-life time series are not as “ideal” as the one in this example. 

Also, time series in practice usually have more observations - ideally it should 
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have at least 50 observations. For reasons of brevity, in this example only 36 

observations are used. Additionally, the example does not present GPS data 

used for travel time forecasting. As it will be shown later, ARIMA model used 

for travel time forecasting has a lag of 672 and it is not appropriate for an 

introductory example (i.e. the time series are too long). 

Table 4.1 First 20 observations of the time series. 

Time Obs. 
value Time Obs. 

value Time Obs. 
value Time Obs. 

value Time Obs. 
value 

1 4.01 5 5.98 9 8.02 13 9.99 17 12 
2 3.99 6 5.99 10 8 14 10 18 11.99 
3 5.02 7 7.01 11 9 15 11.01 19 13.01 
4 2.01 8 4 12 6.01 16 8.02 20 10.02 

 

 
Figure 4.2 Time series plot. 

The shown time series is not stationary. It can be seen that there is a 

seasonal pattern and that values in the following period are higher than 

values in the previous one. For identification of such properties 

autocorrelogram is used. The autocorrelogram for the given time series is 

shown in Figure 4.3. For every lag autocorrelation coefficient ( .Corr ) is given 

(see kr  in Equation 4.18), its standard error ( ..ES ) is determined under the 

assumption that the series are white noise process (i.e. all autocorrelations 
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are equal to zero) by the equation ( )
2

1
+
−

=
N

kN
N

rStdErr k , where N  is the 

number of observations in the series. Q  parameter is the Box-Ljung Q 

statistic defined by ( )∑
= −

+=
k

i

i
k N

r
NNQ

1

2

1
2 . When the number of observations 

is large, then the Q  statistic has a Chi-Square distribution with qpk −−  

degrees of freedom, where p and q are the number of autoregressive and 

moving average parameters, respectively. Confidence level for this and all 

other ACFs and PACFs is 95%. 

 
Figure 4.3 Autocorrelogram of the time series. 

From the autocorrelogam, it can be seen that there is a non-seasonal serial 

dependency on lag of one, i.e. autocorrelation for lag of one is the highest. 

The time series is non-seasonally differenced with the lag of one to remove 

the serial dependency. To see if there is another non-seasonal dependency 

or if there is a seasonal dependency autocorrelogram is used once more. 

Figure 4.4 shows the autocorrelogram of the time series non-seasonally 

differenced with the lag of one. 
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Figure 4.4 Autocorrelogram of the differenced time series with the lag of one. 

As autocorrelations are serially dependent most of the other serial 

dependencies have vanished but higher order seasonal dependencies have 

emerged. The autocorrelogram in Figure 4.4 shows that there is dependency 

for lag of 4 and the multiples of 4 (lag of 8 and lag of 12).  To remove this 

kind of seasonal dependency, non-seasonally differenced time series is 

seasonally differenced with lag of 4. The appropriate autocorrelogram is 

shown in Figure 4.5. 

 
Figure 4.5 Autocorrelogram of the seasonally differenced time series with the lag of 4 after it 

was non-seasonally differenced with the lag of 1. 
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Most of the autocorrelations have been substantially reduced. Although there 

are some autocorrelation values which are two times higher than standard 

error it is wise to stop the procedure. If the time series were over-differenced 

the coefficient estimates might be less stable. 

 

Generally speaking, large number of time series does not require differencing. 

Or, if they do, they might not have both non-seasonal and seasonal 

dependencies. 

 

4.2.4 Wold’s Decomposition Theorem 

Wold’s Decomposition Theorem is the most fundamental justification for time 

series analysis. It says that every stationary time series { }tX  can be written 

as: 

t
j

jtjtX μεθ += ∑
∞

=
−

0

 (4.19)

where 10 =θ  and ∞<∑
∞

=0

2

j
jθ ; { } ( )20,WN~ σε t ; { }tμ  and { }tε  are uncorrelated; 

tε  is a limit of linear combinations of sX , ts ≤  and tμ  is deterministic [53, 54]. 

The formal proof for the theorem states that any stationary time series can be 

decomposed in two parts. The first part can be described by its past, i.e. the 

first part is a linear combination of past values. It is a deterministic part which 

is described by autoregressive process. The second part is a moving 

average component of a finite order. It accounts for past random error 

components.  
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4.2.5  Autoregressive part of ARIMA 

In most time series, there can be found elements that are serially dependent. 

It means that coefficients (or set of coefficients) can be estimated in such a 

way that they describe successive time series elements from time-lagged or 

previous elements. Autoregressive part of ARIMA can be written as: 

tptIttttt xxxxX εφφφφξ ++++++= −−−− )()3(3)2(2)1(1 ...  (4.20)

where: 

 tξ  is a constant; 

 iφ are autoregressive coefficients with { }pi ...,,2,1∈ ; 

)( itx −  are values at time it −  with { }pi ...,,2,1,0∈  and 

tε  is a random error component or random shock. 

As explained earlier, time series must be stationary. That requirement can be 

tested when autoregressive model is produced for a given time series. From 

the Equation 4.20 it can be seen that if the coefficients where not in a certain 

interval, past effects would accumulate and the consecutive values of time 

series would move towards infinity. In other words, the modelled time series 

would not be stationary. If there is a single autoregressive parameter, its 

value must lay within 11 1 <<− φ  interval. Similar restrictions on parameters 

could be defined if there were more than one autoregressive parameter. 

Partial autocorrelation function (PACF) is defined for the autoregressive 

process. The partial autocorrelation coefficients are defined as the last 

coefficient of a partial autoregression equation of order k . If by kjφ  is denoted 

the j th coefficient in an autoregressive process of order k  in such way that 

kkφ is the last coefficient than kjφ  has to satisfy the set of equations: 

( ) kjkjkkkjkkjkj ...,,2,1... 1111 =+++= −+−−− ρφρφρφρ  (4.21)

which are called Yule-Walker equations [52] and can be written as: 
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 (4.22)

If the autocorrelation jρ  is substituted by its estimate jr  (see Equation 4.18) 

partial autocorrelation function estimate llφ̂  is given by Durbin [52] as: 

⎪
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⎪
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,11

1

φ

φ
φ  (4.23)

Partial autocorrelations are together with autocorrelations important in 

ARIMA model fitting and their usage is explained in Chapter 4.2.7. 

 

4.2.6 Moving average part of ARIMA 

An autoregressive part of ARIMA cannot describe past errors that affect each 

value of the time series. Moving average process is used for that purpose. It 

can be written as: 

)()3(3)2(2)1(1 ... qtqttttttX −−−− −−−−−+= εθεθεθεθεμ  (4.24)

where: 

 tμ  is a constant; 

 jθ are moving average coefficients with { }qj ...,,2,1∈ ; 

)( jt−ε  are random error values at time jt −  with { }qj ...,,2,1,0∈ . 

The Equation 4.24 shows that each observation is made up of a random 

error component or a random shock ε and a linear combination of past 

random errors { }qjjt ...,,2,1,)( ∈−ε . 

Similarly as with autoregressive part, the moving average part is bounded 

with stationarity requirements. To be precise, the moving average part can be 

rewritten into an autoregressive part of infinite order. That can only be done if 
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the model is invertible; that is, if the moving average parameters follow a 

certain condition.    

 

4.2.7 Seasonal ARIMA model description and model fitting 

Each ARIMA model is defined by a set of parameters. A time series is 

modelled as SQ)D,q)(P,d,ARIMA(p,  process (see Chapter 4.2.1), where: 

p  is the number of non-seasonal autoregressive parameters; 

d  is the order of non-seasonal differencing; 

q  is a number of non-seasonal moving average parameters; 

P  is a number of seasonal autoregressive parameters; 

D  is the order of seasonal differencing; 

Q  is a number of seasonal moving average parameters and 

S  is a models seasonal period length. 

In Chapter 4.2.3 it was shown how to determine the orders of non-seasonal 

d  and seasonal D  differencing. The model that is produced should be 

parsimonious. It means that it has to have the fewest parameters and the 

largest number of degrees of freedom among all the models that fit the data. 

For that reason, autoregressive p  (or P ) and moving average q  (or Q ) order 

is rarely greater than 2. 

There are two ways to determine number of required parameters. One is 

visually oriented and it relays on correlograms of autocorrelations (ACF) and 

partial autocorrelations (PACF) [56]. The other is based on information 

criteria such as the Akaike information criterion (AIC) and the Schwarz 

Bayesian criterion (SBC). For this thesis, to identify the number of required 

parameters correlograms are used but as it will be shown the required 

number of parameters match the one obtained by applying the information 

criterion. Table 4.2 gives the direction on how to choose the number of 
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parameters based on the shape of autocorrelogram and partial 

autocorrelogram. 

 

Table 4.2 Determining the number of autoregressive and moving average parameters based 

on the shape of autocorrelogram and partial autocorrelogram [57]. 

Shape of ACF and PACF Number of parameters 

Autocorrelogram shape Partial autocorrelogram 
shape 

Autoregressive 
order ( p ) 

Moving average 
order ( q ) 

Exponential decay Spike at lag 1, no 
correlation for other lags 1 0 

Sine-wave shape or set 
of exponential decays 

Spikes at lag 1 and 2, no 
correlation for other lags 2 0 

Spike at lag 1, no 
correlation for other lags Damps out exponentially 0 1 

Spikes at lag 1 and 2, no 
correlation for other lags 

Sine-wave shape or set of 
exponential decays 0 2 

Exponential decay 
starting at lag 1 

Exponential decay starting 
at lag 1 1 1 

 

The same procedure is used to obtain the number of seasonal 

autoregressive ( P ) and seasonal moving average ( Q ) parameters. The only 

difference is that for seasonal time series, autocorrelogram and partial 

autocorrelogram show considerable coefficients at multiples of seasonal lag. 

The following example (Example 4.2) shows how to determine the 

appropriate ARIMA model. 

Example 4.2 ARIMA model identification 

The time series introduced in Example 4.1 is used to show the procedure for 

ARIMA model identification. In Example 4.1 it was concluded that time series 

should be once non-seasonally differenced with lag of 1 and once seasonally 

differenced with lag of 4.  

In Figure 4.5 autocorrelogram of the differenced time series is shown. To 

determine the appropriate model partial autocorrelogram must be used as 

well. It is shown in Figure 4.6. 
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Figure 4.6 Partial autocorrelogram of the seasonally differenced time series with the lag of 4 

after it was non-seasonally differenced with the lag of 1. 

Based on ACF and PACF the suitable ARIMA model is determined to be 

40)(2,1,0)ARIMA(2,1, . Or in other words, the time series will be differenced 

non-seasonally with lag 1 and seasonally with lag 4. There will be two non-

seasonal autoregressive parameters and two seasonal autoregressive 

parameters. There will be no moving average parameters extracted. 

 

4.2.8 Seasonal ARIMA parameter extraction 

For parameter extraction, different methods can be used. There are 3 

methods which were analysed. To determine the parameters values function 

minimization algorithm is used. It is also referred as a quasi-Newton method. 

It maximizes the probability of the time series, given the values of the 

parameters, and for that reason the sum of squares of the residuals must be 

calculated. Three different methods can be used to compute the sum of the 

squares of the residuals. They are shown, together with their characteristics 

in Table 4.3. 
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Table 4.3 Methods used to compute the sum of squares of the residuals while estimating 

ARIMA parameter values[57]. 

Method Characteristics 
The approximate maximum 
likelihood method according 
to McLeod and Sales 

The fastest method; 
To be used for very long time 
series 

The approximate maximum 
likelihood method with 
backcasting 

Method used by Box and 
Jenkins 

The exact maximum 
likelihood method according 
to Melard 

May become inefficient when 
used to estimate parameters 
for seasonal models with 
long seasonal lags 

 

Generally speaking, all the methods produce very similar parameter 

estimates. Usually, the decision on what method to use depends on the 

length of the time series. In this thesis, for travel time estimation, the exact 

maximum likelihood method according to Melard is used.  

4.2.9 ARIMA model validation and forecasting 

The usual way to validate the ARIMA model is to construct the model based 

on the partial data and then check whether the forecasts are accurate 

enough. However, there is also a need to check whether the model is 

parsimonious and if there are serial dependencies in the residuals, i.e. the 

residuals should contain only noise without systematic components. 

To accomplish this analysis of the residuals is performed. Firstly, normal 

distribution of residuals is tested. This is done by constructing a normal 

probability plot (or detrended normal probability plot) and histogram of the 

residuals to see how well the distribution of residuals fits the normal 

distribution. Secondly, ACF of the residuals is constructed. It helps to 

determine if there is a dependency between the residuals. Finally, by plotting 

together the time series and the residuals, one could check if the variability of 

residuals is about equal across the entire time series. If not, it could be 

caused by a trend or a drift.  
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Example 4.3 shows how to perform the validation of the ARIMA model for the 

time series introduced in Example 4.1 and further on elaborated in Example 

4.2. 

Example 4.3 ARIMA model validation 

In the Example 4.2 it was concluded that observed time series can be fitted 

as an 40)(2,1,0)ARIMA(2,1, model. For that model parameters are extracted 

using the exact maximum likelihood method according to Melard (observe 

that time series in the example are really short). Table 4.4 shows the values 

of the extracted parameters and their standard errors. It can be seen that all 

the parameters have high absolute value and that implies that they are 

required for modelling the observed time series. 

Table 4.4 Estimates of the 40)(2,1,0)ARIMA(2,1, parameters for the observed time 

series. 

 p(1)    p(2) Ps(1) Ps(2) 
Estimate: -0.5309 -0.6583 -0.7290 -0.1884 
Std.Err.: 0.14497 0.14541 0.22300 0.23659 

 

Figures 4.7 and 4.8 show the normal probability plot and histogram of the 

residuals, respectively. Looking at both figures one can conclude that 

residuals follow normal distribution, i.e. they all lay close to the line for the 

normal probability plot, and the histogram is roughly approximated by 

expected normal distribution. 
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Figure 4.7 Normal probability plot of the residuals for the fitted 

40)(2,1,0)ARIMA(2,1, model of the observed time series. 

 
Figure 4.8 Histogram of the residuals for the fitted 40)(2,1,0)ARIMA(2,1, model of the 

observed time series. 

To check the other assumption - whether there the residuals are serially 

independent - ACF is shown in Figure 4.9. As it can be seen, the 

autocorrelation coefficients are very small, so there are practically no serial 

dependencies in the fitted model. 
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Figure 4.9 Autocorrelogram of the residuals for the fitted 40)(2,1,0)ARIMA(2,1, model of 

the observed time series. 

It appears that the model describes the data very well and a forecast is 

performed. Figure 4.10 shows that given model estimates observed values 

within given confidence interval (95%). It also shows the future values of the 

time series which seam to be reasonable.  

Figure 4.10 Observed time series and 40)(2,1,0)ARIMA(2,1, forecast. 
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The final plot to be reviewed is the plot of time series and the residuals to 

check if the variability of residuals is about equal across the entire time series 

(see Figure 4.11). It can be seen that the residuals show similar variability 

across whole time series.  

 
Figure 4.11 Plot of the time series and the residuals to check the variability. 

 

To perform the forecast, all the differenced lags (non-seasonal and seasonal) 

must be added by an operation inverse to differentiation. It is called 

integration. Hence, there is an “I” in the ARIMA acronym. 

 

4.3 k-nearest neighbour non-parametric regression 

In Chapter 4.2 a linear parametric model (ARIMA) was introduced. There, the 

main idea was to form a model which could approximate well over the entire 

instance space. Oppositely, in instance-based learning, whose representative 

is k-nearest neighbour model, only a local approximation of the target 

function that applies in the neighbour of the new forecasted instance is 

constructed [58, 59, 60]. For that reason, there are no restrictions on data 

being modelled (such as the need for stationarity in ARIMA model). The 
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model consists of past (historical) values which are stored and later used to 

determine the values for new instances. 

k-nearest neighbour (kNN) is the most basic instance-based method. For this 

method all the instances are viewed as points in n-dimensional space, where 

each dimension corresponds to one of the features or attributes of the 

instance. To be precise, each instance is described by the feature vector or 

state space. Output, target function that is estimated, can be either discrete-

valued or continuous. Problems which have discrete values of the target 

function are called classification problems, while continuous-valued target 

function problems are referred as regression problems. Time series 

forecasting is by nature regression. 

4.3.1 Formal k-nearest neighbour model description 

If an arbitrary instance x  is represented by attributes (or features) denoted 

as ia , di ...,,2,1= its feature vector or state space is defined as: 

[ ]daaaa ...,,,, 321  (4.25)

The observed instance can than be viewed as a point in a d-dimensional 

space represented by the values of the attributes )(xai ,  di ...,,2,1=   

( ) ( ) ( ) ( )( )xaxaxaxa d...,,,, 321  (4.26)

Each training sample has a known target function value )(xf  and it can be 

written as: 

( )xfx,  (4.27)

k-nearest neighbour forecasting can than be defined as follows. Given the 

test point x  and N training samples ( )ii xfx , , Ni ...,,2,1= , find the k 

nearest training inputs kxxx ...,,, 21  to x  with the respect to the given distance 

metric ( )ixxD , , Ni ...,,2,1= . The forecasting differs if it is a classification 

problem or a regression problem. 

For the classification problem, forecast is given by the equation [58]: 
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( ) ( )( )∑
=∈

=
k

i
i

Vv
xfvxf

1
,maxargˆ δ  (4.28)

where ( ) 1, =baδ  if ba = and ( ) 0, =baδ otherwise, and V is the set of all 

possible discrete target function values. The forecast shown in Equation 4.28 

can be distance weighted  

( ) ( )( )∑
=∈

=
k

i
ii

Vv
xfvwxf

1
,maxargˆ δ  (4.29)

with 
( )2,

1

i
i xxD

w = . If that kind of modification is introduced closer 

neighbours have greater weight. 

If the forecasting is a performed for a regression problem then the forecasted 

value is 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )kkk xxDxfgxxDxfgxxDxfghxf ,,...,,,,,,,ˆ
222111=  (4.30)

If ( ) ( )( ) ( )iiii xfxxDxfg =,, ,  ki ...,,2,1=  and h  is a simple average function 

then the regression problem forecasting is given by (4.31). 
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Another simple model, usually used, is achieved if 

( ) ( )( ) ( )
( )i

i
iii xxD

xf
xxDxfg

,
,, = ,  ki ...,,2,1=  and h  is defined as a quotient of 

sum of ( ) ( )( )iii xxDxfg ,, ,  ki ...,,2,1=  and sum of inverses of distances  

( )ixxD , , ki ...,,2,1= . Then the regression problem forecasting is given by 

(4.32). 
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Example 4.4 shows one classification and one regression problem with their 

possible state spaces. 

Example 4.4 Nearest Neighbour classification and regression 

(a) Classification example 

For instance, there is a need to classify people either as “thin”, “normal 

weight” or “overweight”. For the classification two features are used: weight 

and height. Figure 4.12 shows 10 instances which have already been 

classified and one which needs to be classified plotted in the feature space. 

 
Figure 4.12 Classification example instances in the state space. 

The state (feature) space for the classification example is [ ]heightweight,   and 

target function can have one of the values form the set 

{ }"","","" overweightweightnormalthin . 

Classification of the new instance #11 (marked by question mark in the 

Figure 4.12) is done by examining the neighbourhood of the instance. It will 

be shown later how to determine the neighbourhood of the instance. 
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(b) Regression example 

As this thesis deals with time series, the example for regression is time 

series. However, it should be noted that generally regression does not imply 

time series modelling. 

Time series shown in Figure 4.13 is considered for this regression example. 

Time series has 20 observation and the intention is to estimate the value of 

the 21st observation using the Nearest Neighbour regression  

 
Figure 4.13 Nearest Neighbour example time series. 

The state space is determined based on forecasting accuracy as it will be 

demonstrated later on. One possible state space could be constructed of 

past few values and current value of time series, e.g. past 2 values. Then the 

state space vector x(t)  could be written as [ ]2)-V(t1),-V(tV(t),)( =tx , where 

V(t) is the present value of the time series and 1)-V(t  and 2)-V(t are 

previous values of time series. Now that state space is selected, past 

instances can be extracted from the observed time series. They are shown in 

Figure 4.14. It should be observed that although there were 20 observations 

for the initial time series, there are 18 instances for nearest neighbour 

regression. 
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Figure 4.14 Regression example instances in the state space. 

As with the classification problem, the forecast of the time series values is 

performed by examining the neighbourhood of the new instance.  

 

Usage of high-dimensional spaces could be misleading, i.e. the distance 

between the instances could be dominated by large number of irrelevant 

features. This is referred as the course of dimensionality [58]. It can be 

suppressed if each attribute is weighted differently when calculating instance 

distances.  

The task of defining the neighbourhood is not simple. If the neighbourhood is 

too small there could be no instances but on the other hand if the 

neighbourhood is too big it could contain all the instances and result in 

density estimate that is the same in all the state space. The neighbourhood 

can be defined in two ways - by using the kernel model or by using the 

nearest neighbour model. 
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4.3.2 Kernel and nearest neighbour neighbourhoods 

Kernel neighbourhoods are those with constant bandwidth in the state space, 

while nearest neighbour neighbourhoods are defined as those with constant 

k number of instances. In former ones, neighbours of the observed instance 

are all the past instances which lay in the defined interval. In latter ones, 

every observed instance has the same number of past instance neighbours. 

Nearest neighbour neighbourhoods will always produce a forecast but the 

same is not the case with kernel neighbourhoods. For some observed 

instances, there could be no neighbouring past instances in the kernel model. 

For this thesis, nearest neighbour neighbourhoods are used because they 

always produce the forecast. 

Since the number of neighbours is constant in nearest neighbour 

neighbourhoods and it is typically denoted with k, method is usually referred 

as k-nearest neighbours (kNN). 

To find the k-nearest neighbours distance metrics need to be introduced. 

 

4.3.3 Distance metrics 

Distance between the samples is usually determined by Minkowski distance 

metrics that are defined by the expression: 

( )
mmn

r
jrirji xaxaxxd

/1

1
)()(,

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−= ∑

=

 (4.33)

where: 

ji xx ,  are two instances; 

n  is the dimensionality of the state vector; 

)(),( jrir xaxa  are features of two instances. 
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Table 4.5 shows commonly used distances. Standard Euclidean distance is 

the most commonly used in kNN models.  

Table 4.5 Commonly used distances. 

m  Equation Name 

1=m  ( ) ∑
=

−=
n

r
jrirji xaxaxxd

1

)()(,  
City-block 
(Manhattan) 
distance 

2=m  ( )
2

1
)()(, ∑

=

−=
n

r
jrirji xaxaxxd Euclidean 

distance 

∞→m  ( ) )()(, jrirji xaxaMaxxxd −=  Chebychev 
distance 

 

Distance metrics can also be weighted in such way that some features 

contribute more or less to the overall distance. There is an infinite number of 

distance metrics and standard Euclidean distance is chosen as the measure 

of the distance between the instances for the travel time forecasting. 

 

4.3.4 Determining the state space 

Different state vectors can be used for kNN regression, or more precisely 

there is an infinite number of possible state vectors. The most reasonable 

features to be used are present and time-lagged values of the time series 

[ ]d)-V(t2),...,-V(t1),-V(tV(t),)( =tx  where d is the selected lag. However, 

while forecasting traffic flow, Smith et al. [33] have shown that the usage of 

past average values yields more accurate forecasts. They have used a 

hybrid model [ ]1)(tV(t),V2),-V(t1),-V(tV(t),)( histhist +=tx . If their traffic flow is 

observed as the travel time, than V(t) is the travel time at present interval and 

(t)Vhist  and 1)(tVhist +  are the historical average travel time for the weekday 

and the time of day associated with time t . There is a sound justification for 

the usage of past average values. The attractor of the chaotic system is the 

value to which system settles when time reaches infinity and as kNN tries to 
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rebuild the attractor of the process which generates the time series [61] the 

average of past values puts each instance on the cyclic pattern.    

Various state spaces have been investigated and the results can be seen in 

Chapter 5.3. Mean absolute percentage error (MAPE, for formal definition 

see Chapter 5) is used to determine which state space should be used and 

the state space that produced the lowest MAPE for forecasts is determined. 

  

4.3.5 Determining the required number of neighbours 

The required number of neighbours k must be experimentally determined. 

This is done by determining the MAPE for models with different number of 

neighbours and selecting the one with the lowest value for forecasts.  

The small number of neighbours could have too much variance and could 

result in loss of generalization while too large number of neighbours could 

introduce too much bias in the forecast [62]. 

 

4.3.6 Forecast generation 

Forecast is performed differently for classification and for regression. For 

classification, new instance is forecasted to be in the same class as the 

majority of its neighbours. For regression, there is an infinite number of 

possible forecast estimations. The most common ones are straight average 

(see Equation 4.34) and weighted by inverse of distance (see Equation 4.35). 

Some other forecasts include heuristics to assure more accurate estimates. 

While forecasting traffic flow, Smith et al. [33] obtained best kNN forecasts 

using the hybrid approach, which adjusts by both (t)Vhist  and 1)(tVhist + , and 

weights by inverse of distances approach (see Equation 4.36). Again, to find 

the most accurate forecast estimation MAPE is used. 
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where: 

k  is the number of nearest neighbours; 

1)(t +
∧

V  is the estimated time series value at time 1t + ; 

)1( +tVi is the time series value of the i -th nearest neighbour at time 1t + ; 

id is the distance between the instance being forecasted and i -th nearest 

neighbour; 

 )(tVc  is the current time series value; 

)1(, +tV chist  is the historic average value for the estimated time series value, 

aggregated by weekday and day of the week with respect to 1t +  and 

)1(, +tV ihist  is the historic average value for the i -th nearest neighbour time 

series value, aggregated by weekday and day of the week with respect to 

1t + . 

Example 4.5 shows how to generate kNN forecasts for classification and for 

regression by elaborating cases presented in Example 4.4. 

Example 4.5 kNN forecast for classification and regression 

(a) Classification example 

The example shown in Figure 4.12 is used to explain the forecasts for 
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classification. Before the distances are calculated, features have been 

standardized, i.e. the mean has been subtracted and the result has been 

divided by standard deviation. This is done to prevent the weight attribute 

from being dominant. Euclidean distances are calculated between observed 

instance which should be classified and all other historic instances (see 

Table 4.6).  

Table 4.6 Euclidean distances calculated for classification example. 

Instance Euclidean distance 
#2 0.74314345 
#10 1.14407964 
#5 1.59511311 
#1 1.73904168 
#4 1.79799606 
#8 2.21409027 
#3 2.58042036 
#7 3.01610293 
#9 3.06438334 
#6 3.21499371 

 

In classification, the number of nearest neighbours is always an odd number. 

For example, if 3=k , three instances which are closest to the observed 

instance are used. In Table 4.6 it can be seen that three closes instances are 

#2, #10 and #5 and they correspond to classes “normal weight”, “normal 

weight” and “overweight”. Since the highest number of neighbours is of class 

“normal weight”, the observed instance is classified as such as well. 

It can be noted that if 5=k , the observed instance would be classified as 

“normal weight”, too. It is as expected. For the observed instance (case #11) 

body mass index is the one of a person who is neither thin nor overweighted. 

 

 (b) Regression example 

For the regression example (see Example 4.4) [ ]2)-V(t1),-V(tV(t),)( =tx  

state space is used. Again the Euclidean distances are calculated between 
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observed instance and all other historic instances. Since all the features 

represent the same value there is no need for the standardization. 

The closest k-neighbours to the observed can be determined by looking in 

the Figure 4.14 The instance after which forecast should be made is the 

instance #18.  

For example, if 3=k than the nearest neighbours would be cases #10, #17 

and #11 and if 5=k  than the nearest neighbours would be cases #10, #17, 

#11, #4 and #3. 

Let forecasts be done with straight average and weighted by inverse of 

distance approach. The required values are shown in Table 4.7 and the 

forecasted values together with forecast characteristics are given in Table 

4.8. 

Table 4.7 Values for the forecast of the regression example. 

Nearest 
neighbour 
i  

Instance 
Euclidean 
distance 

id  

Time series value of the i -th nearest 
neighbour at time 1t + , 

)1( +tVi  

1 #10 0.1141 0.5198 
2 #17 0.2215 0.2244 
3 #11 0.3163 0.7429 
4 #4 0.4582 0.8668 
5 #3 0.4679 0.6603 

 
Table 4.8 Forecasted values of the regression example. 

Number of Nearest 
neighbours k  Forecast calculation 

The estimated time series 

value at time 1t + , 1)(t +
∧

V  

3 Straight average 0.4957 

5 Straight average 0.6028 

3 Weighted by inverse 
of distance 0.4816 

5 Weighted by inverse 
of distance 0.5405 
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The time series forecasted by both 3=k  and 5=k and with straight average 

and weighted by inverse of distance approaches is shown in Figure 4.15.  

Figure 4.15 kNN forecasted example time series. 

 

It must be stated that although kNN presents a very powerful modelling 

method with no restrictions on the data being modelled, there are some 

serious disadvantages. The first one is that they may require large number of 

past historical instances for accurate forecast. The second is that the search 

for the neighbours is computationally very expensive.  

 

4.4 Implementation details 

All the data used for the analysis was stored in Microsoft SQL Server 2005. 

The data consists of GPS data obtained from vehicles equipped with GPS 

receivers as well as the data describing road network. 

Microsoft Visual Studio 2005 was used as the environment for development 

of two applications in C#. One was used to display the data on the digital 
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road map and the other one was used for the process of map matching. For 

both applications connection to the SQL Server 2005 was established to 

fetch (update) the data. Controls used for display of the records on the map 

and the DLL file containing implementation of the map matching algorithm 

were obtained form the Mireo Company that supplied the data. 

Link travel time table and k-nearest neighbours non-parametric regression 

methods were implemented with stored procedures and functions written in 

Transact-SQL for Microsoft SQL Server 2005. All the experiments were 

performed in centralized environment (all the data, procedures and functions 

were stored and executed on one server).  

Seasonal ARIMA model, autocorrelations, partial autocorrelations and ranks 

from non-parametric Friedman ANOVA by ranks (see Chapter 5) were 

available from Statistica 7.1 [57]. The data for the analysis was acquired 

through the connection with the database. 
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5 Travel time estimation results 

The research presented in this thesis is performed on the data collected from 

1 October 2005 to 21 April 2006. The data is divided in two groups. First 

group contains the data from 1 October 2005 to 7 April 2006, and it is used 

for the development of the model. The other group contains the data form 7 

April 2006 to 21 April 2006, and it is used for the evaluation of the model. 

Note that the validation group has data which corresponds to two weeks. 

Two weeks are taken because they correspond to 2 seasonal lags in the 

obtained ARIMA model (see Chapter 4.2).  

Non-equidistant time intervals are used for the averaging of the travel time. 

Final time series resolution is 15 minutes. Before the final model is developed, 

all the non-equidistant intervals are divided into 15-minute intervals each 

having the same value as the original non-equidistant interval. Sub-links are 

not defined because of the very small sample size. Value for the intervals 

that did not have any samples is set to the median value of the travel time. 

Results are given for the links shown in Figure 5.1 to Figure 5.10. The links 

presented here are chosen because they are an element of roads in different 

parts of the city, each with different characteristics. Link 4562 (see Figure 5.1) 

is a section of a bridge. It has only one input and one output connecting link. 

That is the reason why it has lower travel time variability than other links. A 

similar situation is with link 1171 (see Figure 5.5) as it is a section of a bridge 

as well. Links 2619 (see Figure 5.2), 1177 (see Figure 5.6) and 6678 (see 

Figure 5.10) have more than one dominant output link so they present the 

completely opposite situation. Other links - link 2775 (see Figure 5.3), 947 

(see Figure 5.4), 6028 (see Figure 5.7), 7011 (see Figure 5.8) and 3361(see 

Figure 5.9) - are somewhere between those two extreme cases.  
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Figure 5.1 Location of link 4562 (section of Jadranski Bridge). 

 
Figure 5.2 Location of link 2619 (section of Heinzelova Street). 
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Figure 5.3 Location of link 2775 (section of Ljubljanska Avenue). 

 
Figure 5.4 Location of link 947 (section of Dubrovnik Avenue).  
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Figure 5.5 Location of link 1171 (section of Većeslava Holjevca Avenue).  

 
Figure 5.6 Location of link 1177 (section of Savezne Republike Njemačke).  
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Figure 5.7 Location of link 6028 (section of Marina Držića Avenue).  

 
Figure 5.8 Location of link 7011 (section of Ilica).  
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Figure 5.9 Location of link 3361 (section of Horvaćanska Street).  

 
Figure 5.10 Location of link 6678 (section of Grada Vukovara Street). 



Mining spatio-temporal data for travel time estimation in urban traffic networks 
 

 

 
69 

Table 5.1 gives the details for selected links to be presented in the results. 

Name of the corresponding link together with the length of the link are shown. 

Additionally number of GPS records that have been matched to the 

respective link is given. It can be seen that for some links median travel time 

is rather small (links 4562 and 6028) with value around 20 s, while for some it 

is quite high (link 2619) with value of 96 s. The similar situation is with upper-

outlier boundary for the travel time. If the upper-outlier boundary travel time 

for a link is related to the layout of the link, it can be seen that, as expected, 

links which have complex crossroads generally have higher upper-outlier 

boundary travel time (i.e. links 518, 3361 and 6678).  

Table 5.1 Details for selected links to be presented in the results. 

Link 

identifier 

Name of the 

corresponding 

street 

Length 

of the 

link (m) 

Number of 

matched 

records 

Median 

travel time 

(s) 

Upper-outlier 

boundary for the 

travel time (s) 

4562 Jadranski Bridge 339 17331 20 200 

2619 Heinzelova Street 429 15619 96 518 

2775 Ljubljanska Avenue 1101 55366 60 418 

947 Dubrovnik Avenue 396 22678 32 257 

1171 Većeslava Holjevca 
Avenue 467 22687 28 184 

1177 Savezne Republike 
Njemačke 367 31378 36 112 

6028 Marina Držića 
Avenue 295 21066 16 477 

7011 Ilica 635 18588 48 644 

3361 Horvaćanska Street 547 16383 40 859 

6678 Grada Vukovara 
Street 287 16153 64 783 

 

Used measures for the model’s forecast performance are: mean absolute 

percentage error – MAPE (see Equation 5.1), mean error – ME (see 

Equation 5.2) and root mean squared error - RMSE (see Equation 5.3). 
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where: 

n  is the number of samples; 

iA  is the known (observed) value of the i -th sample and 

iF  is the forecasted value of the i -th sample. 

MAPE is used to get an idea of the size of the forecasting error, ME is used 

to determine whether the forecasts are biased, and RMSE is used to 

determine if there are any unusually big errors or to see if the error 

distribution has outliers.   

Although MAPE gives guidelines on which method could be better than 

others it does not provide any statistical confidence. For that, non-parametric 

Friedman ANOVA by ranks is used to test how much confidence one can 

have that one method is better than others. To achieve that, for every 

forecast point and for every method, absolute percentage error is calculated. 

Friedman ANOVA by ranks is performed on the matrix which has absolute 

percentage forecasting errors as columns and methods as rows. The H0 

hypothesis is that the medians of the errors for all the methods are equal. If 

the p-value is small enough (for all cases <0.05), then there is the evidence 

that H0 hypothesis can be rejected.  

 

5.1 Link travel time table 

Table 5.2 gives the results obtained with link travel time table model. It can 

be seen that for some links MAPE is rather large (e.g. more than 40% for 
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links 2619, 1177 and 6678). These are the links which connect to 

intersections with more than on desirable output links. For them it would be 

reasonable to use the sublink approach (see chapter 3.3.1). However, as it 

was explained earlier the sublink approach is not used because it would 

result in decrease of number of records used for modelling and evaluation. 

For one link (i.e. link 2775) ME is somewhat large (6.2421 s) and it could 

point out that the forecast could be biased. For two of the links RMSE is quite 

big as well (46.3489 s for link 2619 and 41.6678 s for link 7011). Although it 

was expected for link 2619, it was interesting that such a high value was 

obtained for link 7011 also. It points out that for that link there are effects that 

cannot be modelled as time of the day, day of the week dependence used in 

link travel time table model. It will be very interesting to compare this result 

with the ones obtained with seasonal ARIMA model because it models 

weekly patterns as well. 

 Table 5.2 MAPE, ME and RMSE for all links calculated by link travel time table models. 

Link 

identifier 
MAPE ME (s) RMSE (s) 

4562 0.3203 -4.0887 12.9628 

2619 0.4297 -4.6992 46.3489 

2775 0.1577 6.2421 17.8734 

947 0.2920 -1.3579 17.9966 

1171 0.2294 -2.3429 12.1504 

1177 0.4315 -2.7985 16.0515 

6028 0.2965 -1.7880 15.5142 

7011 0.3873 -0.5474 41.6678 

3361 0.2509 -1.6331 20.5958 

6678 0.4992 -6.8782 26.3773 

 

5.2 Seasonal autoregressive integrated moving average model 

Using ACFs and PACFs, travel time is determined to be 

6721)(0,1,1)ARIMA(1,0,  process and that matches the results obtained by 
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Smith et al. [33] for traffic flow forecasting. Seasonal lag of 672 corresponds 

to one week, i.e. one week has 672 15-minute intervals. Log transformation 

is used to reduce the variability of the travel time before the process is 

modelled as seasonal ARIMA process. 

Figures 5.11 and 5.12 give the histogram of the residuals and the 

autocorrelations of the residuals for the fitted process for link 4562.  It can be 

seen that the distribution of the residuals is almost symmetrical. Additionally, 

autocorrelogram shows that serial dependences in the model can be 

neglected. In the interests of brevity, histograms and autocorrelograms for 

other links are omitted. 

As it was investigated for all the links, travel time was described by the same 

6721)(0,1,1)ARIMA(1,0,  model. Obtained results are given in Table 5.3. 

 
Figure 5.11 Histogram of the residuals for the fitted 6721)(0,1,1)ARIMA(1,0,  model of the 

travel time series for link 4562. 
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Figure 5.12 Autocorrelogram of the residuals for the fitted 6721)(0,1,1)ARIMA(1,0,  model 

of the travel time series for link 4562. 

Table 5.3 MAPE, ME and RMSE for all links obtained by 6721)(0,1,1)ARIMA(1,0,  model. 

Link identifier MAPE ME (s) RMSE (s) 

4562 0.1428 -0.9453 6.5076 

2619 0.3261 4.4679 36.6840 

2775 0.1171 4.0258 15.1251 

947 0.1758 0.7577 15.1605 

1171 0.1506 -0.5040 8.4131 

1177 0.4720 -3.1617 16.5176 

6028 0.1537 -0.5012 5.5053 

7011 0.2550 4.9689 26.8387 

3361 0.1205 2.2219 10.2501 

6678 0.3118 0.0268 17.2570 

 

It can be seen that the smallest MAPE values are obtained for links 4562, 

2775, 1171 and 3361 which are either sections of the bridges (and have only 

one output link), or sections with one dominant output link. The highest 

RMSE values are obtained for links 2619, 1177 and 6678. For those two links 

seasonal ARIMA is maybe not the most suitable model since it also results in 

quite high MAPE values.  
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5.3 k-nearest neighbour non-parametric regression 

Experiments with a range of lagged values in state spaces and with different 

number of neighbours have been performed. Simulations included lag values 

from 0 to 10 and from 1 to 30 nearest neighbours. Additionally, hybrid state 

space and forecast with weighted by inverse of distance have also been used. 

Table 5.4 gives the results with smallest MAPE obtained for link 4562. It 

gives two best settings for each method which resulted in smallest MAPE. 

It can be seen that although all methods gave similar results, the simplest 

one - straight average with non-hybrid state space produced the smallest 

MAPE and RMSE. For that method ME is little bit higher than for some others 

but it is still really small and it does not point out that the method is biased. 

Table 5.4 MAPE, ME and RMSE for link 4562 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) which gave two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

5 2 0.0433 0.3905 6.1627 Straight average with non-

hybrid state space 1 20 0.0446 0.3026 6.2156 

5 2 0.0446 0.3584 6.3473 Weighted by inverse of distance 

with non-hybrid state space 1 20 0.0447 0.2517 6.2428 

6 1 0.0459 0.3842 6.5163 Weighted by inverse of distance 

with hybrid state space 1 1 0.0472 0.5026 6.8678 

 

Figures 5.13, 5.14 and 5.15 are presented to show the dependence of MAPE, 

ME and RMSE on the number of lagged values in the state space and 

number of nearest neighbours for link 4562. All the figures show results 

achieved by non-hybrid state space and straight average approach, since it 

was the most accurate forecast method 
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Figure 5.13 Dependence of MAPE on the number of lagged values (lag) and the number of 

nearest neighbours (k) for link 4562. Non-hybrid state space and straight average approach 

forecast are used. 3D surface plot is achieved with the usage of distance weighted least 

square fit. 

 
Figure 5.14 Dependence of ME on the number of lagged values (lag) and the number of 

nearest neighbours (k) for link 4562. Non-hybrid state space and straight average approach 

forecast are used. 3D surface plot is achieved with the usage of distance weighted least 

square fit. 
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Figure 5.15 Dependence of RMSE on the number of lagged values (lag) and the number of 

nearest neighbours (k) for link 4562. Non-hybrid state space and straight average approach 

forecast are used. 3D surface plot is achieved with the usage of distance weighted least 

square fit. 

Generally, from the 3D surface plots, it can be seen that higher lag values 

produce higher MAPE, ME and RMSE. From all of these, it can be concluded, 

that the biggest errors are produced with high lag values and a small number 

of neighbours. Intuitively this seems sound, because if the profiles are very 

long, it was hard to find one or two records which had equal historical profiles. 

Similar results are obtained for other links as well. Tables 5.5 to 5.13 give the 

best results obtained for the respective link. They also give the two best 

settings for each method that resulted in smallest MAPE. 
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Table 5.5 MAPE, ME and RMSE for link 2619 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

1 6 0.0782 2.1084 28.7654 Straight average with non-

hybrid state space 1 5 0.0784 1.9483 28.7909 

1 5 0.0771 2.1346 28.5662 Weighted by inverse of distance 

with non-hybrid state space 1 6 0.0772 2.2323 28.6666 

1 5 0.7700 2.0291 28.5839 Weighted by inverse of distance 

with hybrid state space 1 4 0.0774 2.0440 28.6808 

 

Table 5.6 MAPE, ME and RMSE for link 2775 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

1 1 0.0529 1.3656 10.5451 Straight average with non-

hybrid state space 1 2 0.0533 1.6943 9.5997 

1 1 0.0529 1.3656 10.5451 Weighted by inverse of distance 

with non-hybrid state space 1 2 0.0533 1.6956 9.5973 

1 2 0.0519 1.5421 9.5350 Weighted by inverse of distance 

with hybrid state space 1 1 0.0542 1.3976 10.6217 

 

Table 5.7 MAPE, ME and RMSE for link 947 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

0 11 0.0790 1.9955 15.1949 Straight average with non-

hybrid state space 0 10 0.0798 1.9543 15.2636 

0 11 0.0817 1.8735 15.7806 Weighted by inverse of distance 

with non-hybrid state space 4 6 0.0819 1.2999 15.2290 

1 2 0.0789 1.6136 16.0324 Weighted by inverse of distance 

with hybrid state space 1 1 0.0837 1.4162 16.9757 
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Table 5.8 MAPE, ME and RMSE for link 1171 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

0 1 0.0426 0.4631 7.4746 Straight average with non-

hybrid state space 1 1 0.0439 0.3202 7.2760 

0 1 0.0426 0.4631 7.4746 Weighted by inverse of distance 

with non-hybrid state space 1 1 0.0439 0.3202 7.2760 

0 1 0.0410 0.4080 7.3414 Weighted by inverse of distance 

with hybrid state space 1 1 0.0433 0.3548 7.2093 

 

Table 5.9 MAPE, ME and RMSE for link 1177 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

1 1 0.0815 0.1623 8.3454 Straight average with non-

hybrid state space 0 1 0.0947 1.0246 9.8781 

1 1 0.0815 0.1623 8.3454 Weighted by inverse of distance 

with non-hybrid state space 0 1 0.0947 1.0246 9.8781 

1 1 0.0816 0.2606 8.4037 Weighted by inverse of distance 

with hybrid state space 7 29 0.0927 0.3965 7.8893 

 

Table 5.10 MAPE, ME and RMSE for link 6028 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

4 11 0.0554 0.0425 4.9705 Straight average with non-

hybrid state space 4 10 0.0556 0.0507 4.9748 

6 5 0.0557 0.0552 5.5139 Weighted by inverse of distance 

with non-hybrid state space 6 7 0.0569 0.0491 5.3092 

6 8 0.0613 0.0897 5.5460 Weighted by inverse of distance 

with hybrid state space 5 6 0.0613 -0.0149 5.7750 
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Table 5.11 MAPE, ME and RMSE for link 7011 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

1 1 0.0397 0.9218 12.9648 Straight average with non-

hybrid state space 1 3 0.0610 2.9839 14.2579 

1 1 0.0397 0.9218 12.9648 Weighted by inverse of distance 

with non-hybrid state space 1 24 0.0549 2.6664 13.5002 

1 17 0.0597 3.3742 13.9023 Weighted by inverse of distance 

with hybrid state space 1 18 0.0600 3.4167 13.9333 

 

Table 5.12 MAPE, ME and RMSE for link 3361 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

1 1 0.0366 0.4051 8.5462 Straight average with non-

hybrid state space 4 3 0.0389 0.2331 7.7923 

1 1 0.0366 0.4051 8.5462 Weighted by inverse of distance 

with non-hybrid state space 4 4 0.0379 0.2519 7.7333 

4 5 0.0389 0.2315 8.2284 Weighted by inverse of distance 

with hybrid state space 4 6 0.0393 0.2602 8.0758 

 

Table 5.13 MAPE, ME and RMSE for link 6678 obtained with different forecast methods. 

Number of lagged values (lag) and number of used nearest neighbours (k) that gave the two 

lowest MAPE values for every method are shown. 

Method lag k MAPE ME (s) RMSE (s) 

4 19 0.0905 -0.0959 11.4526 Straight average with non-

hybrid state space 4 18 0.0907 -0.1113 11.4992 

5 16 0.0932 -0.1173 12.5218 Weighted by inverse of distance 

with non-hybrid state space 5 14 0.0933 -0.1059 12.5668 

4 8 0.0945 0.1646 13.3917 Weighted by inverse of distance 

with hybrid state space 4 7 0.0949 0.2748 13.4085 
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From the tables 5.4 to 5.13, it can be seen that for six out of ten links the 

smallest MAPE is achieved by straight average with non-hybrid state space 

model. For four of them (i.e. links 2619, 2775, 947 and 1171) the smallest 

MAPE is achieved by weighted by inverse of distance with hybrid state space 

model. However, the differences not only between MAPE but between ME 

and RMSE for all kNN methods are very small. Hence, it would maybe be 

sound to commonly use the straight average with the non-hybrid state model, 

since it is the simplest one and computationally less demanding.   

 

5.4 Forecast performance of the models 

For every analysed link, results obtained by all methods are compared. For 

all the links, with respect to Friedman ANOVA by ranks, null hypothesis was 

rejected with p-value under 0.05. The results can be seen in Table 5.14. 

 

Table 5.14 Mean rank by Friedman, MAPE, ME and RMSE for all links obtained with 

different forecast methods. 

Method 
Mean 

rank  
MAPE ME (s) 

RMSE 

(s) 

Link 4562 

Link travel time table 3.9560 0.3203 -4.0887 12.9628 

6721)(0,1,1)ARIMA(1,0,  4.0974 0.1428 -0.9453 6.5076 

kNN with straight average and non-

hybrid state space (lag=5, k= 2) 
2.1365 0.0433 0.3905 6.1627 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=5, k=2 ) 

2.3947 0.0446 0.3584 6.3473 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=6, k=1 ) 

2.4154 0.0459 0.3842 6.5163 
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Method 
Mean 

rank  
MAPE ME (s) 

RMSE 

(s) 

Link 2619 

Link travel time table 3.9353 0.4297 -4.6992 46.3489 

6721)(0,1,1)ARIMA(1,0,  4.0233 0.3261 4.4679 36.6840 

kNN with straight average and non-

hybrid state space (lag=1, k=6) 
2.1989 0.0782 2.1084 28.7654 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=1, k=5) 

2.4263 0.0771 2.1346 28.5662 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=1, k=5) 

2.4162 0.7700 2.0291 28.5839 

Link 2775 

Link travel time table 3.8835 0.1577 6.2421 17.8734 

6721)(0,1,1)ARIMA(1,0,  3.8684 0.1171 4.0258 15.1251 

kNN with straight average and non-

hybrid state space (lag=1, k=1) 
2.3049 0.0529 1.3656 10.5451 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=1, k=1) 

2.4631 0.0529 1.3656 10.5451 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=1, k=2) 

2.4801 0.0519 1.5421 9.5350 

Link 947 

Link travel time table 4.1872 0.2920 -1.3579 17.9966 

6721)(0,1,1)ARIMA(1,0,  3.8477 0.1758 0.7577 15.1605 

kNN with straight average and non-

hybrid state space (lag=0, k=11) 
2.2267 0.0790 1.9955 15.1949 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=0, k=11) 

2.7838 0.0817 1.8735 15.7806 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=1, k=2) 

1.9545 0.0789 1.6136 16.0324 
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Method 
Mean 

rank  
MAPE ME (s) 

RMSE 

(s) 

Link 1171 

Link travel time table 4.0159 0.2294 -2.3429 12.1504 

6721)(0,1,1)ARIMA(1,0,  4.1797 0.1506 -0.5040 8.4131 

kNN with straight average and non-

hybrid state space (lag=0, k=1) 
2.2184 0.0426 0.4631 7.4746 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=0, k=1) 

2.2981 0.0426 0.4631 7.4746 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=0, k=1) 

2.2878 0.0410 0.4080 7.3414 

Link 1177 

Link travel time table 4.1462 0.4315 -2.7985 16.0515 

6721)(0,1,1)ARIMA(1,0,  4.1391 0.4720 -3.1617 16.5176 

kNN with straight average and non-

hybrid state space (lag=1, k=1) 
2.1271 0.0815 0.1623 8.3454 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=1, k=1) 

2.2887 0.0815 0.1623 8.3454 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=1, k=1) 

2.2989 0.0816 0.2606 8.4037 

Link 6028 

Link travel time table 3.8357 0.2965 -1.7880 15.5142 

6721)(0,1,1)ARIMA(1,0,  3.9733 0.1537 -0.5012 5.5053 

kNN with straight average and non-

hybrid state space (lag=4, k=11) 
2.0399 0.0554 0.0425 4.9705 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=6, k=5) 

2.5417 0.0557 0.0552 5.5139 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=6, k=8) 

2.6094 0.0613 0.0897 5.5460 
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Method 
Mean 

rank  
MAPE ME (s) 

RMSE 

(s) 

Link 7011 

Link travel time table 4.0793 0.3873 -0.5474 41.6678 

6721)(0,1,1)ARIMA(1,0,  4.0880 0.2550 4.9689 26.8387 

kNN with straight average and non-

hybrid state space (lag=1, k=1) 
2.0771 0.0397 0.9218 12.9648 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=1, k=1) 

2.1741 0.0397 0.9218 12.9648 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=1, k=17) 

2.5816 0.0597 3.3742 13.9023 

Link 3361 

Link travel time table 4.1316 0.2509 -1.6331 20.5958 

6721)(0,1,1)ARIMA(1,0,  4.0665 0.1205 2.2219 10.2501 

kNN with straight average and non-

hybrid state space (lag=1, k=1) 
2.1789 0.0366 0.4051 8.5462 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=1, k=1) 

2.2011 0.0366 0.4051 8.5462 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=4, k=5) 

2.4218 0.0389 0.2315 8.2284 

Link 6678 

Link travel time table 4.0301 0.4992 -6.8782 26.3773 

6721)(0,1,1)ARIMA(1,0,  3.7816 0.3118 0.0268 17.2570 

kNN with straight average and non-

hybrid state space (lag=4, k= 19) 
2.3079 0.0905 -0.0959 11.4526 

kNN weighted by inverse of 

distance with non-hybrid state 

space (lag=5, k=16) 

2.6289 0.0932 -0.1173 12.5218 

kNN weighted by inverse of 

distance with hybrid state space 

(lag=4, k=8) 

2.2515 0.0945 0.1646 13.3917 
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From Table 5.14 it can be seen that k-nearest neighbour non-parametric 

regression is by far the best performing method. It results in smallest MAPE, 

ME, RMSE and mean rank for all the links. Out of all kNN approaches, the 

simplest one - straight average with non-hybrid state space - usually gives 

the smallest errors. Just for one link (link 947) the mean rank calculated by 

Friedman ANOVA by ranks is lower for weighted by inverse of distance 

approach with hybrid state space than for straight average with non-hybrid 

state space approach. Link 947 is a part of the road which leads to the 

freeway so theoretically travel time on that link could be strongly attracted by 

feature )1(, +tV chist  in the state space, since it presents the pattern describing 

the weekday and time of the day average. Again, however, the differences 

between best performing kNN approaches are very small, and even for link 

947, straight average with non-hybrid state space approach gives very good 

results. 

In most cases the smallest errors are produced with a small lag number and 

a small number of nearest neighbours. For five out of ten links, the best 

results are produced with lag = 1 (i.e. current and just previous historic travel 

time value in state space) and with k values of 1 or 2. That was for links 2775, 

947, 1177, 7011 and 3361.  For link 2619, the most appropriate lag is also 1 

but 6 neighbours are required to produce smallest estimation errors. For link 

1171, the best performing state space has only current travel time value (i.e. 

lag is 0) and just one neighbour is required. Three links (links 452, 6028 and 

6678) are best described with lag values of 5, 4 and 4, respectively. However, 

for two of them higher number of neighbour are required (k = 11 for link 6028 

and k = 19 for link 6678). For link 4562 only k=2 is needed. This shows that 

the link has strong serial dependency on past values. It could be explained 

by the fact that link 4562 has just one input and output link, so travel time 

variability is small. 
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6 Conclusion 

One of the main tasks of this thesis was to define a model that is capable of 

estimating spatio-temporally dependent travel times for the streets in the city 

of Zagreb from the GPS data used for automatic digital road map creation. 

The majority of the work presented in scientific literature on travel time 

estimation was performed on data collected by roadside techniques. 

Additionally, the data are for motorways and highways. In this work, a model 

based on GPS data collected for urban road networks is presented. In this 

framework a methodology on how to prepare the GPS data for modelling is 

given. Map matching, outlier detection and different methods for travel time 

variability reduction have been demonstrated. 

Three different travel time estimation methods have been investigated and 

implemented. Travel time table, the most basic method, was used only for 

reference and, as expected, it produced very poor results. Seasonal 

autoregressive integrated moving average model and k-nearest neighbours 

models were other two methods. Seasonal ARIMA was used because 

available literature commonly presents it as the most suitable one for travel 

time estimation for motorways and highways. Since there are some effects 

which are typical for urban networks, it was expected that seasonal ARIMA 

may not be the most suitable method for this type of data. Surprisingly, in all 

the examined cases, k-nearest neighbours is the most accurate method. 

Moreover it is shown that the simplest kNN approach (straight average with 

non-hybrid state space) produced the lowest errors and even had lowest 

average rank by Friedman for all but one link.  

The main contributions of this thesis are that it gives a methodology on how 

to mine GPS data in order to estimate travel time and with performed 

experiments gives strong foundations for usage of k-nearest neighbours 

method in travel time estimation. To the best of the knowledge, there is no 

reference that has shown that the kNN approach will perform better than 

seasonal ARIMA, and the experiments have shown just the opposite. There 
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are two reasons for this. Firstly, GPS data was used for travel time estimation, 

and secondly, data was for urban traffic networks. Since seasonal ARIMA 

and kNN non-parametric regression are usually used to model different 

systems (non-deterministic with linear state transitions opposite to 

deterministic with non-linear state transitions), the contribution could point out 

the chaotic behaviour of traffic in urban networks.  

Because of the lack of coverage and the way that sampling of the GPS data 

was performed, some very interesting methods could not be performed. One 

of them is certainly space-time ARIMA. Future work should be conducted to 

see if STARIMA would be the most appropriate method since it is able to 

model the influences neighbouring links have on each other. Additionally, 

although the proposed methodology can be used to estimate travel time in 

some of the links in urban networks, only the increased quality of GPS data 

will enable a system that will be able to give more accurate travel time 

estimation for an entire trip, or produce more accurate dynamically optimal 

fastest route. 
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ARIMA Autoregressive Integrated Moving Average 
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kNN  k-nearest neighbours 

MAPE  Mean Absolute Percentage Error 

MARE  Mean Absolute Relative Error 

ME  Mean Error 

MRE  Maximum Relative Error 

PACF  Partial Autocorrelation Function 

RMSE  Root Mean Square Error 

SBC  Schwarz Bayesian Criterion 
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Summary 

Title: Mining spatio-temporal data for travel time estimation in urban traffic 

networks 

This master thesis investigates travel time estimation by mining spatio-

temporal data acquired from vehicles equipped with GPS receivers in urban 

traffic networks. GPS based travel time estimation is a novel approach and 

urban traffic networks that are examined in this work present more complex 

networks than motorways or highways.  

Differences faced when using GPS data in contrast with data collected from 

roadside sensors are investigated. Topics such as map matching, outlier 

detection and travel time variability reduction are also covered. Three 

different models for travel time estimation (travel time table, seasonal 

autoregressive integrated moving average model and k-nearest neighbour 

model) are investigated. It has been shown that the model commonly giving 

most accurate estimation in motorways and highways (such as seasonal 

ARIMA that is presented in this work) is not the most suitable for travel time 

estimation with GPS data in urban networks. This work has shown that the 

most suitable model for GPS data in urban networks is k-nearest neighbour 

non-parametric regression model. 

The experimental portion is performed on GPS data collected by vehicles 

travelling through the road network of city of Zagreb. The model identified as 

the most suitable one for travel time estimation, k-nearest neighbour non-

parametric regression, can easily be integrated in already available fastest-

route guidance systems. Since the model gives dynamically dependent travel 

times, those systems can be upgraded into dynamic fastest-route guidance 

systems. 

Key words: mining spatio-temporal data, travel time estimation, urban traffic 

networks, GPS data, seasonal ARIMA, k-nearest neighbour non-parametric 

regression 
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Sažetak 

Naslov: Dubinska analiza prostorno-vremenskih podataka za procjenu 

trajanja putovanja u urbanim prometnim mrežama 

Ovaj magistarski rad istražuje procjenu trajanja putovanja pomoću dubinske 

analize prostorno-vremenskih podataka prikupljenih pomoću vozila s GPS 

uređajima u urbanim prometnim mrežama. Procjena trajanja putovanja 

pomoću GPS podataka predstavlja novi pristup, a u ovom su radu istražene 

urbane prometne mreže koje su složenije od međugradskih cesta ili autoputa.  

Prikazane su razlike koje nastaju kod korištenja GPS podataka za razliku od 

podataka prikupljenih pomoću senzora postavljenih uz cestu. Također su 

pokrivene teme kao što su pridruživanje podatka odgovarajućem cestovnom 

segmentu, otkrivanje ekstremnih vrijednosti i redukcija varijabilnosti vremena 

trajanja putovanja. Istražena su tri različita modela (tablica trajanja putovanja, 

sezonski ARIMA model i model k-najbližih susjeda). Također je pokazano 

kako model koji često daje najtočnije predviđanje kod međugradskih cesta ili 

autoputa (kao što je sezonski ARIMA model predstavljen u ovome radu) nije 

odgovarajući za procjenu trajanja putovanja pomoću GPS podataka u 

urbanim mrežama. Ovaj je rad pokazao kako je neparametarska regresija k-

najbližih susjeda odgovarajući model za GPS podatke u urbanim mrežama.  

Eksperimentalni je dio izveden na GPS podacima prikupljenim pomoću vozila 

koja su vozila cestama grada Zagreba. Predloženi model za procjenu trajanja 

putovanja, neparametarsku regresiju k-najbližih susjeda, je moguće 

jednostavno integrirati u već postojeći sustav za pronalazak najbržeg puta. 

Kako model daje dinamički ovisna vremena trajanja putovanja, takve je 

sustave moguće nadograditi u sustave za pronalaženje najbržih putova koji 

ovise o vremenu polaska.  

Ključne riječi: dubinska analiza prostorno-vremenskih podataka, procjena 

trajanja putovanja, urbane prometne mreže, GPS podaci, sezonski ARIMA 

model, model k-najbližih susjeda 
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