
LTO Heuristics for Capacitated Lot Sizing Problem

with Sequence Dependent Setups and Overtimes
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Abstract

The wellknown CLSP problem is generalized including sequence
dependent setup times and overtimes and modeling it as a quadratic
mixed 0-1 integer programming problem called Capacitated Lot Sizing
Problem with Sequence Dependent Setups and Overtimes. We develop
a heuristics based on Lagrangean relaxation and tabu search for solving
the problem. At the end, some computational results are presented.
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1 Introduction

Production planning is an activity that considers the best use of production
resources in order to satisfy production goals over a certain period named the
planning horizon. Lot sizing decisions give rise to the problem of identifying
when and how much of a product to produce such that setup, production
and storage costs are minimized. Making the right decision in lot sizing
will affect directly the system performance and its productivity, which are
important for a manufacturing firm’s ability to compete in the market.

In this paper we are generalizing the wellknown deterministic, single-
level dynamic lot sizing - the capacitated lot sizing problem (CLSP) in the
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sense that the setup times are sequence dependent and the overtimes are in-
troduced. Also, the availability of two machines is presented. The objects is
to minimize the sum of the costs of production, storage, setup and overtime.
A setup may imply two kinds of machine consumption. One is setup cost,
expressed in monetary terms; the other is setup time, consuming a certain
amount of machine-hours. Having the machine capacities expressed in time
units, it is important to have the setup time as small as possible because
in this way there is more time available for the production. Having more
time for the production, we are more able to satisfy the demands in each
of T periods. This problem can be formulated as a quadratic mixed 0-1
integer programming problem called Capacitated Lot Sizing Problem with
Sequence Dependent Setups and Overtimes.

Capacitated lot sizing problem has been shown to be NP-hard (Bitran
and Yanasse, 1982). Also, when setup times are included in the model,
finding a feasible solution to the capacitated lot sizing problem also becomes
an NP-complete problem (Garey and Johnson, 1979). Based on these results,
it is unlikely that we can develop any effective optimal algorithm for this
problem. Therefore, research on developing effective heuristics has been a
profitable research area for a long time.

In solving the problem considered in this paper we decided to develop our
LTO heuristics based on some relaxations and tabu search method. We are
using three kinds of relaxations. The first one is socalled ”decomposition”
based on the structure of the sequence dependent setup times. Depending
on them we are partitioning the items for the production on two available
machines. Since the problem is modelled as a quadratic mixed 0-1 integer
programming problem where the quadratic term appears in the capacity
limitation constraints, the second relaxation is to fix these quadratic terms
and overtimes in an appropriate way making the problem simpler. The
third relaxation is Lagrangean relaxation where we are dualizing the capacity
constraints (including the quadratic terms). The Lagrangean multipliers are
choosen in an appropriate way as a result of solving a linear programmning
problem defined using the second relaxation mentioned above.

The paper is organized as follows. In the second section we are pre-
senting the mathematical model describing the considered problem. In the
third section the relaxations mentioned above are describing. Combining
these relaxations we are constructing the LTO heuristics in the fourth sec-
tion and the computational results are presented. We performed three kinds
of numerical simulations. First, we linearized the problem for the small di-
mensions in order to get the optimal solution. The same problems were
solved using only Lagrangean relaxation and after that, applying the LTO



heuristics. For the problems of larger dimensions we applied the Lagrangean
relaxation and after that, the LTO heuristics. The comparison results are
presented in the table considering the quality of the solutions and compu-
tational times.

2 Formulation of the problem

In order to formulate the above problem, let us introduce the following
notations:

1. Index: i - item type, i = 1, 2, ..., n, j - machine type, j = 1, 2 and t -
planning period, t = 1, 2, ..., T .

2. Parameters: dit - the demand for product i in period t, pitj - the unit
production cost of product i in period t on machine j, hit - the unit storage
cost for product i in period t, kitj - the fixed setup cost for item i in period
t on machine j, uiltj - the setup time from item i to item l in period t on
machine j, qtj - the overtime cost of machine j in period t, ctj - the capacity
of machine j in period t, aij - the consumption of machine j per unit of item
i and Otj - the maximum overtime of machine j in period t.

3. Variables: xitj - the amount of item i produced in period t on machine
j, sit - the inventory (stock) of item i in period t, otj - the overtime of machine
j in period t

and

yitj =

{
1, if machine j is set up for item i in period t
0, otherwise

The quadratic mixed 0-1 integer programming formulation called (P ) is

minf(x, y, s, o) =
n∑

i=1

T∑
t=1

(
2∑

j=1

pitjxitj + hitsit +
2∑

j=1

kitjyitj) +
T∑

t=1

2∑
j=1

qtjotj

si,t−1 +
2∑

j=1

xitj = dit + sit ∀i, t (1)

n∑
i=1

n∑
l=1

uiltjyi(t−1)jyltj +
n∑

i=1

aijxitj ≤ ctj + otj ∀t, j (2)

xitj ≤ Mitjyitj ∀i, t, j (3)



n∑
i=1

yitj ≤ 1, ∀t, j (4)

otj ≤ Otj, ∀t, j (5)

xitj, sit, otj ≥ 0, yitj ,∈ {0, 1} (6)

where Mitj is the upper bound on the production capacities, Mitj = ctj+Otj

aij
.

The constraints (1) represent the flow conservation constraints for each item
in each period. Also, the constraints (2) describe the capacity limitations
and overtime decision for each machine in each period. The constraints (4)
refer to a single mode of production.

For small dimensions we linearized the model and applied the branch
and bound method offered by Cplex. But in this way the number of vari-
ables and constraints increased a lot. In order to solve the problem for
larger dimensions we introduce the heuristics based on tabu search and the
Lagrangean relaxation.

3 Relaxations

In order to solve the NP-hard problem defined in the previous section, we
propose three relaxations.

The first relaxation: decomposition (RP1)

The motivation for the generation of the heuristics starting points is as
follows. We introduced the 0-1 variables

zij =

{
1, if item i is produced on machine j
0, otherwise

and constraints yitj ≤ zij, ∀i, t, j. If zij = 1, ∀i, j (every item can be
produced on every machine), the dimension of the problem is very large.
The feasibility set is as large as possible. But, by fixing some zij to 0, we
decrease the number of variables and constraints. Let N = {1, ..., n}. We
assign the items to the machines in order to allow their productions on them.
Let N1 be the set of all items that are going to be produced on machine 1, let
N2 be the set of all items that are going to be produced on machine 2, and
let N0 be auxiliary set. We allow an item to be produced on both machines



as well. Because of machine deterioration, without a loss of generality we
can assume that setup times uiltj are proportional by some coefficient of
proportionality b > 1, i.e. uil,t+1,j = builtj. Therefore we fix time to be
t = 1. Then we fix the machine. If for the sum of the setup times on the
first machine for a pair of items i and l the inequality uil11 +uli11 ≤ k holds
for a certain value of k, then we allow both items i and l to be produced on
the first machine, i.e. i, l ∈ N1. We do the same for the second machine,
i.e. if uil12 + uli12 ≤ k, then we allow items i and l to be produced on the
second machine, i, l ∈ N2. If there exists an item i not assigned to any
machine, we put it to set N0 = {i ∈ N : i /∈ N1

⋃N2}. After we’ve done
this, the items from the set N0 are allowed to be produced on the machines,
randomly. Now the dimension of the problem (P ) is reduced significantly.

Using the notations N = {1, ..., n}, Nj = {i ∈ N : zij = 1}, j = 1, 2,
the indexing i = 1, ..., n; j = 1, 2 in every constraint is substituted by i ∈
Nj , j = 1, 2 resulting in the new problem (RP1).

The second relaxation: fixing Ftj and otj (RP2)

Let us consider the quadratic constraints (2). In order to eliminate the
quadratic term Ftj(y) =

∑
i

∑
l uiltjyi(t−1)jyltj in the capacity constraints

gtj(x, y, o) = Ftj(y) +
∑

i aijxitj − ctj − otj ≤ 0, we will fix Ftj(y) randomly
(using the uniform distribution offered by Cplex) to some value F r

tj from
the interval [0, maxFtj], where maxFtj = max{uiltj : i, l ∈ Nj}, j = 1, 2; t =
1, ..., T . Also, we will fix the term otj to some value or

tj from the interval
[0, Otj], where Otj is the maximum overtime of machine j in period t. In this
way we construct the problem (RP2) which has the same constraints as the
problem (P ), but the constraints (2) are substituted with the constraints
obtained in the following way:

∑
i

aijxitj ≤ ctj − F r
tj + Or

tj, j = 1, 2; t = 1, ..., T (7)

Let ctj − F r
tj + or

tj = br
tj. Now we can substitute the constraints (2)

by aijxitj ≤ br
tjyitj ∀i, t, j and reduce the constraints (3). Fixing Ftj and

otj and solving the resulting capacitated lot sizing problem without setup
times and overtimes, (RP2), R times will give us the sequence of optimal
solutions (xr, yr, sr, or), r = 1, ..., R . These optimal solutions may satisfy
all the constraints of (P ), except maybe the constraints (2). If some of the
solutions (xr, yr, sr, or) is feasible for (P ) we have an upper bound on the
optimal objective function value fmin. Having more than one upper bound,
we take the minimal one.



The third relaxation: Lagrangean relaxation (LR)

In order to obtain the Lagrangean relaxation, we do as follows. Let us
dualize the constraints (2) of the problem (P ) obtaining the problem (LR):

v(λ) = {minf(x, y, s, o)+
∑
t,j

λtjgtj(x, y, o)}

subject to (1), (3), (4), (5) and (6) of the problem (P ). The problem
max{v(λ) : λ ≥ 0} is the Lagrangean dual of (P ) relative to the complicating
constraints gtj(x, y, o) ≤ 0, ∀t, j.

How to select an appropriate value for the λ? Having the sequence of
optimal solutions for (RP2), (xr, yr, sr, or), r = 1, ..., R, let us solve the
problem (D)

max w

w ≤ f(xr, yr, sr, or) +
∑
t,j

λtjgtj(xr, yr, or), r = 1, ..., R (8)

λtj ≥ 0, t = 1, ..., T, j = 1, 2

The optimal solution λ = (λtj), t = 1, ..., T, j = 1, 2 of the (D) repre-
sents the initial Lagrangean multipliers for (LR). Let us note the optimal
solution of (LR) by (x(λ), y(λ), s(λ), o(λ)). Now, we have the lower bound
for the optimal objective function value of the problem (P ) as follows:

f(x(λ), y(λ), s(λ), o(λ))+
∑
t,j

λtjgtj(x(λ), y(λ), o(λ))≤ fmin

Let (x(λ), y(λ), s(λ), o(λ)) = (xR+1, yR+1, sR+1, oR+1) and solve the prob-
lem (D) for r = 1, ..., R+ 1. We applied the constraint generation method
also called cutting plane method (CP ). One substantial advantage of (CP )
over subgradient algorithms for (LR) is the existence of a true termination
criterion incorporated in the algorithm.

4 LTO Heuristics and Computational Results

In order to define finaly the tabu search heuristics, we have to construct
the neighborhood. For each point of the tabu search heuristics we construct
exactly four neighborhood points. First we find the pair of items i and l



allowed to be produced on the first machine for which the setup time uilt1 is
maximum. Then we construct the first neighborhood point by leaving item
l to be produced on the first machine and sending item i to be produced
on the second machine, and second neighborhood point by leaving item i
to be produced on the first machine and sending item l to be produced on
the second machine. The other two neighborhood points are obtained by
finding the pair of items allowed to be produced on the second machine for
which the setup time uilt2 is maximum, and by sending either item i or l to
be produced on the first machine.

The heuristics is implemented in the AMPL programming language and
uses CPLEX. All computations were performed on a PC having Pentium IV
2.4 GHz processor and 1Gb RAM.

Each problem was solved in three ways: by solving the linearized
model using standard CPLEX branch-and-bound procedure, by using La-
grange relaxation where the variables zij are fixed only in order to get the
initial solution of the subproblem (RP2) and, at the end, by using the tabu
search heuristics (where the Lagrangean relaxation is used to solve the sub-
problems appearing in the heuristics. Because of this, while performing the
tabu search heuristics we put the upper bound on the Lagrangean relaxation
execution time).

The next table shows the comparison of the results in terms of computa-
tional time, where Time-Imp LL denotes the average improvement (in %) of
the computational time of Lagrange relaxations compared to the linearized
problem, and Time-Imp TL denotes the average improvement of the compu-
tational time (in %) of the tabu search heuristics compared to the linearized
problem

Average time (in seconds)
Problem Class Linearized Lagrange Tabu search Time-Imp Time-Imp

(T,n) model relaxation heuristics LL (in %) TL (in %)
(10, 5) 2.8 2.4 11.9 14.29 −
(15, 5) 4.8 2.8 16.8 41.67 −
(15, 8) 4301.9 265.7 354.3 93.82 −
(20, 5) 8.4 4.2 21.1 50 −
(20, 10) 110425.1 > 130000 483.5 − 99.56
(20, 15) > 130000 > 130000 1523.4 − > 98

Table 1. Comparison of results in terms of computational time

Table 2 shows the comparison of the results in the terms of the quality
of solutions, where GAP-LL represents the average difference (expressed in



percents) between the objective function value obtained by Lagrange relax-
ation and obtained by solving the linearized model, and GAP-TL represents
the average difference (expressed in percents) between the objective func-
tion value obtained by tabu search heuristics and obtained by solving the
linearized model.

Problem Class GAP-LL GAP-TL
(T,n) (in %) (in %)
(10, 5) −0.80 0.85
(15, 5) −0.22 0.80
(15, 8) −0.04 1, 05
(20, 5) −0.62 0.84
(20, 10) − 0.91
(20, 15) − −

Table 2. Comparison of results in terms of quality of solution

In terms of computational time, for smaller dimensions of the problem tabu
search heuristics is not as effective as Lagrange relaxation method, or even
linearized model. However, for higher dimensions of the problem it is by
far the most effective method in terms of computational time, producing
solutions within 1% gap and significantly reducing computational time.
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