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Abstract. The Ekman boundary-layer model is extended analytically for a gradually varying
eddy diffusivity K(z) � 0, z � 0. A solution for the Ekman layer is provided having similar
structure to the constant-K case; that is, exponentially decaying sine functions for the two
horizontal wind components. The analytical asymptotic solution compares well with its

numerical counterpart for various K(z). The result can be useful in theoretical studies such as
Ekman pumping, for efficient estimation of the Ekman layer profiles in various analyses with
near-neutral stratifications, or for a rapid initialization of mesoscale models.
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1. Introduction

The Ekman layer model for geophysical boundary layers balances the pres-
sure gradient, Coriolis, and turbulent friction forces to yield a flow vector
that spirals with height (or depth). Grisogono (1995, hereafter G95) em-
ployed the WKB1 method to solve the Ekman model analytically for almost
any gradually varying eddy diffusivity K(z). However, for the WKB method
to be valid it was required that K(0) > 0 and, more naturally, that
Kðz!1Þ ! 0. In this way, the strange feature of the classic Ekman model
extending constant K up into the geostrophic flow is eliminated. This way of
solving the Ekman layer equations was used in more complex boundary-layer
studies by Berger and Grisogono (1998), Tan (2001) and Zhang and Tan
(2002). G95’s WKB solutions agreed with the numerical ones so long as the
basic assumption was fulfilled, i.e., that K(z) varied more gradually than the
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calculated quantities. However, the way that the WKB method was used in
G95 required that the value of K(0) be finite ( 6¼0). Although the requirement
of K(z) to vary smoothly may be met, the latter requirement of a finite, non-
zero value at the ground is basically unphysical and needs to be relieved. This
improvement is the focus of the present work.

In a mathematically similar problem, the Prandtl model for pure katabatic
flows, Grisogono and Oerlemans (2001a, b, hereafter GOa and GOb)
improved the same WKB method so that K(0) � 0 with no specific mathe-
matical restriction at z ¼ 0. That was done by a simple patching (i.e. local
matching) of the zero- and first-order WKB solutions. The improved model
of Prandtl was checked there against numerical solutions and a dataset, it
was justified a posteriori in Grisogono and Oerlemans (2002) and checked
against another, larger dataset by Parmhed et al. (2004). The dataset used by
Parmhed et al. (2004) is also less favourable than that used in GOa and GOb
in that the terrain where the observations are made is more complex. Also,
that area presents both a rough surface and experiences occasional distur-
bances from larger scale flows such as the north Atlantic storm track.

In this study, the above mentioned WKB improvement (from GOa and
GOb) is extended to the Ekman model using a gradual K(z) � 0, z � 0, i.e.,
allowing K(0) ¼ 0. The equation used to prescribe K(z) is the same as that
used in GOa and GOb, a generalization of the O’Brien third-order polyno-
mial often used in boundary-layer studies (see e.g., Stull, 1988). When
applying the approach devised by GOa and GOb to the Ekman layer,
however, we find it insufficient. The sharp near-surface gradients are strongly
smoothed. The method is then further improved in the present study by
determining the height at which to patch the zero- and first-order solutions
for optimal results. In this way, an approximate solution for the Ekman layer
is provided having a structure similar to that for constant-K cases and
requiring as input only the maximum value of the eddy diffusivity, or
equivalently the layer height, and the background geostrophic wind. This
means that almost all of the simplicity and generality of the Ekman layer is
retained while its significant limitation, the need for a finite non-zero eddy
diffusivity, is relieved. The only limitation remaining on the eddy diffusivity
profile, for the solution to exist mathematically, is that it should be smoothly
varying, a requirement that is readily met in nature.

2. Model

2.1. THE GOVERNING EQUATIONS

The Ekman layer is governed by the equations (see e.g., Stull, 1988; Holton,
1992; Kundu and Cohen, 2002):
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which is the single, complex, governing equation for the Ekman layer. Here,
u, v and w are the components of the wind in the x, y and z directions
respectively, p is the atmospheric pressure, q0 is the reference density, f is the
Coriolis parameter, t is time and K is the eddy diffusivity for momentum; U is
a complex variable, U ¼ ðu� ugÞ þ iðv� vgÞ. The boundary conditions are:
uð0Þ ¼ vð0Þ ¼ 0 and uð1Þ ¼ ug; vð1Þ ¼ vg.

If K ¼ constant, (3) is analytically solvable exactly and, assuming the
coordinate system is aligned such that vg � 0, the real and imaginary parts of
U yield:

u ¼ ugð1� e�cz cos czÞ; ð4Þ

v ¼ uge
�cz sin cz; ð5Þ

c ¼
ffiffiffiffiffiffi
f

2K

r

; ð6Þ

which relates to the inverse of the layer height. G95 used the WKB method
(see e.g. Bender and Orszag, 1999) to allow K(z) to vary with height. The
basis of the WKB method is the assumption that the solution can be ex-
pressed as

U � e
1
dðS0þdS1þd2S2þd3S3þ���Þ; ð7Þ

where d is a presumably small parameter included to facilitate a determina-
tion of Sj (j ¼ 1, 2, 3,…) from a balance of terms in power of d; it is at a later
stage equated here to unity.

By again taking the real and imaginary parts of U, the WKB method
supplies us with the following solution:

uðzÞ ¼ ug 1� Aje�FðzÞ cos FðzÞ
� �

; ð8Þ
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vðzÞ ¼ ugA
je�FðzÞ sin FðzÞ; ð9Þ
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where now j ¼ 0 or 1. For the zero-order WKB solution, A0 ¼ 1, while
Equation (11) gives the first-order correction. Here Kp is the value of K(z) at
the level of patching.

In G95 the first-order solution (using A1) is used. The first-order solution is
not valid from the surface unless K(z) is larger than some value at the surface.
The work by G95 was extended for the Prandtl model for katabatic flow by
GOa and GOb. They used a more realistic K profile that may reach zero at
the surface, it is a ‘exponential’ generalization to that used by O’Brien (1970):

KðzÞ ¼ Kmaxe
1
2

h
ze�

1
2ðzhÞ

2

 !

; ð12Þ

where h is the height of the maximum in K and Kmax is the maximum value of
K. The relevance for atmospheric conditions of the K profile given in (12) is
presented in e.g., Stull (1988) and is rigorously discussed in GOa and GOb.

To achieve validity in the WKB method, GOa and GOb used the zero-
order solution from the surface. At the height zp the zero-order solution is
patched to the first-order solution. In GOa the patching was done at the
height h, corresponding to Kmax.

2.2. DETERMINING h AND zp

For theWKBmethod to be valid, theK profile must be varying only gradually
with respect to the solution variations.Thismeans thathmust be larger than the
height of the maximum wind speeds in u and v Kmax

h � jugj
� �

. Since the WKB
solution always will place the jets in u and v below the same heights calculated
through the constant K solutions ((4) to (6)), assuming that K! 0 at the sur-
face, themaximumof the jet heights from the constantK solution canbeused to
find h for a given Kmax. Thus, letting h be the height of the maximum in u (the
higher jet) in the constant K solution ((4) to (6)), it is given by:

h ¼ 3

4

p
ffiffiffiffiffiffiffiffiffiffiffi

f
2Kconst:

q : ð13Þ

Also, this can be written h ¼ 3
4

p
c.
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The height ðzpÞ where the first-order solution is patched to the zero-order
solution is important. It will facilitate a reasonably accurate, global asymp-
totic solution to Ekman layers for any gradual KðzÞ � 0; z � 0.

The validity of the WKB solution relies on the inequality jS0j > jS1j for
the terms in (7). Expanding KðzÞ for small z;KðzÞ � az, where

a ¼ Kmaxe
1
2

h ¼ ku� (depending on Kmax this is true within 1% to at least a few

tens of metres for a K profile of the type (12)), with k and u� being the von
Karman constant and turbulent friction velocity. Given this expansion of
KðzÞ, the necessary requirement on z can be found in terms of S0 �

ffiffi
z
a

p
and

S1 � � 1
4 lnðzÞ, leading to z

1ffiffi
z
p ¼ e

�4 1ffiffi
a
p
. The lowest height for a given value of

Kmax where the first-order solution may be valid is:
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1

4
W

2
ffiffiffi
a
p
� �� 	2

; ð14Þ

where W is Lambert’s W function.2 Although the Lambert W is difficult to
compute exactly, in this work the approximate series solution given by
Corless et al. (1997) is used:

WðcÞ � 1þ 1

2
ln

c

e

� �
þ 1

16
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e

� �2
� 1

192
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c
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; ð15Þ

where c is the independent variable (here equal to 2ffiffi
a
p ). Note that (15) is not

globally valid.
In summary, Equation (14) gives us a way of estimating zp, the lowest

height at which the first-order WKB solution can faithfully be applied. This is
the main improvement over G95, GOa and GOb and makes the core of this
study.

3. Results and Discussion

Model solutions have been computed for three cases. One similar to the one
used by G95, his Case 1, with a K profile decreasing continuously from a
finite value at the surface to zero at about 1500 m height. The other two
cases, one of which is shown for reference in Figure 1, both have K profiles of
the type (12).

The solutions are calculated in four ways:

(i) A numerical solution using an implicit, second-order, trapezoidal scheme
with Gaussian elimination. The numerical computation is time-dependent
and is terminatedwhen steady state is obtained (themost accurate solution).

(ii) The classic Ekman solution using a constant K, Equations (4)–(6). The
value forK isKmax/3, whereKmax for each case is that used for (iii) and (iv).

2 Lambert’s W(c) function is the solution to the transcendental equation WeW ¼ c.
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(iii) The WKB method, Equations (8)–(11). First-order solution starts at the
maximum in the K profile as in GOa and GOb, i.e., zp ¼ h using (13).
This solution will henceforth be denoted ‘WKB(I)’.

(iv) Like (iii), but the start of the first-order solution is now from (14). This
solution will henceforth be denoted ‘WKB(II)’.

The difference between case 2 and 3 is in the chosen strength of the maximum
in the K profile. The solution profiles of these two cases are, however, close to
self-similar. The difference (from self-similarity) depends only on the differ-
ence in height where the first-order solution starts. For this reason only case 2
is illustrated, in Figure 1. Case 3 uses a maximum value of the K profile that
is one fifth of that in case 2.

Figure 1 indicates that the constant K solution provides a far too deep
boundary layer. Too much cross-isobaric mass flux (v component) and
insufficient low-level mixing (too weak near-surface gradients) along the flow
are also clear features of the constant K solutions. This is partly remedied by
the WKB(I) solution. However, the WKB(I) solution gravely overestimates
the v maximum. In fact, the WKB(I) solution is only a minor alteration in
phase from the constant K solution in the v components and can only be
considered a minor improvement. In both components, the WKB(I) solution
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Figure 1. Components of the wind (u, v), eddy diffusivity (K, see Equation (12)) and hodo-
graphs for the constant K Ekman model (‘Constant K’), both WKB solutions (WKB(I) and

WKB(II)) and the numerical solution. Note that there is an almost complete overlap of the
constant K and WKB(I) solutions in the hodograph.
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provides sharper near-surface gradients than those provided by the constant
K solution, but without any major change in the magnitudes. The WKB(II)
solution gives both sharper near-surface gradients and acceptable wind
magnitudes, close to those in the numerical solution. Furthermore, the
WKB(II) solution to the v components shows a close resemblance to the
numerical solution in both phase and amplitude, exhibiting less than half the
maximum wind speed present in the constant K and WKB(I) solutions. A
minor drawback of the WKB(II) solution can be seen in the u component.
Although the WKB(II) solution displays a close resemblance in phase to the
whole numerical solution, its u component gives a somewhat lower magni-
tude (10% or so).This minor underestimate in the u maximum is, however,
less obvious and important than the improvement in the v component.

Here it is important to remember that the improvements shown are entirely
due to the chosen K profile, compared to the constant K profile. All of the
presented results are hidden within the governing equations given by Ekman
(1905). However, his simple analytic solution required the use of a constant
value for K leading to the deficiencies mentioned above.

The improvement in the v component motivates a comparison of the cross-
isobaric mass flux, important for Ekman pumping, cyclonic spin-down and
parameterization of the lower boundary in models of large-scale geophysical
circulations. Table I shows the cross-isobaric mass flux normalized by q0, for
the four solutions for each of the K profiles discussed. From Table I summa-
rizing the main finding in this study, it is obvious that the WKB(II) solution
constitutes a clear improvement in the description of the Ekman layer. Here, it
is interesting to note the difference in the mass flux between the threeK profiles
considered. In the first case, relating toG95, themass flux is underestimated by
the constant K solution, because K(z) has a maximum at the surface. In the
second and third case, theK(z) profiles have zero values at the surface,meaning
that the constantK solution overestimates themass flux. The relative difference
between the constantK,WKBandnumerical solutions is also not so large in the
first, least realistic, case as in the second and third cases.

The hodographs in Figure 1 illustrate the effect of theWKB solutions on the
mass flux calculations. Horizontal transports of mass and momentum toward

TABLE I

Cross-isobaric wind integrated in vertical ð
R1

0 vdzÞ½m�2s�1	 for the three cases considered.
Also given is the difference relative to the numerical solution, in percent.

K (case number) Constant K WKB (I) WKB (II) Numerical

1 1826 ()33%) 2548 ()0.7%) 2548 ()0.7%) 2730

2 1826 (+243%) 1979 (+272%) 477 ()10%) 532

3 816 (+224%) 883 (+250%) 279 (+11%) 252

EKMAN LAYER SOLUTION FOR SMOOTH EDDY DIFFUSIVITY 405



the lower pressure calculated numerically and via theWKB(II) generally agree.
A kink seen in the hodograph in Figure 1 is another small drawback of the
WKB(II) solution. The kink appears after the lowest wind values. It is caused
by transition from the zero-order (where the v component is still increasing) to
the first-order (where the v component is already decreasing) solutions. Again,
while the WKB (II) solutions align reasonably closely to the numerical solu-
tions, the constantK andWKB(I) solutions fail primarily in determining viable
magnitudes of the v component. Needless to say, the vertical momentum fluxes
ðK @u

@z ;K
@v
@zÞ are overestimated by the constant K and WKB(I) solutions, while

in the WKB(II) they are very close to the numerical solutions.
The analysis presented here can be extended back to GOa and GOb,

including local katabatic/anabatic flows. There, for given slopes and other
input parameters, surface fluxes can be estimated. Improving the surface-flux
calculations is essential for numerical modelling – to avoid artificial low-level
decoupling and to provide triggering for deep convection.

4. Conclusion

In this study, the Ekman boundary-layer model is extended analytically for a
gradually varying eddy diffusivity, K(z) ‡ 0, z ‡ 0, by using the WKB
method, following the work by G95, GOa and GOb. The improvements in
this study, the WKB (II), are:

(i) The extension of the model from K(z) > 0, z ‡ 0 to K(z) ‡ 0, z ‡ 0.

(ii) The determination of the height (zp) from where the first-order WKB
solution (WKB(II)) should be applied (cf. Equation (14)).

The corresponding improvement in the description of the Ekman layer is seen
in Figure 1 and is also summarized in Table I. Namely, the much improved
cross-isobaric mass flux, determining the boundary-layer pumping, is quanti-
fied in Table I. Moreover, the hodographs illustrate that theWKB(II) spiral is
close to that obtained numerically. The new solution is always within
approximately 10% of the corresponding numerical solution. We find that the
description of the Ekman boundary layer, and the associated boundary-layer
pumping, is considerably improved using the presented method. With more
realistic K(z), such as a generalized O’Brien (1970) profile (e.g., Pielke, 1984;
Stull, 1988) from (12), the Ekman layer mass transport toward the lower
pressure becomes two to three (or even up to four) times smaller than in the
constant K case. This is lacking in the classic description of the Ekman layer.
The solutions obtained here, in particular, the hodographs, also compare
favourably with the evidence of an Ekman spiral presented by Chereskin
(1995).
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This result can be useful in both theoretical and practical applications
offering an elegant and accurate, but still simple and analytic, description of
the near-neutral, horizontally homogeneous geophysical boundary layer. For
example, improving numerical model parameterizations almost exclusively
evolves from analytical reasoning.
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