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ABSTRACT Most tumors have abnormal karyotypes, which arise from mistakes during mitotic division of healthy euploid cells
and evolve through numerous complex mechanisms. In a recent mouse model with increased chromosome missegregation,
chromosome gains dominate over losses both in pretumor and tumor tissues, whereas T-cell lymphomas are characterized
by gains of chromosomes 14 and 15. However, the quantitative understanding of clonal selection leading to tumor karyotype
evolution remains unknown. Here we show, by introducing a mathematical model based on a concept of a macro-karyotype,
that tumor karyotypes can be explained by proliferation-driven evolution of aneuploid cells. In pretumor cells, increased
apoptosis and slower proliferation of cells with monosomies lead to predominant chromosome gains over losses. Tumor karyo-
types with gain of one chromosome can be explained by karyotype-dependent proliferation, whereas, for those with two chro-
mosomes, an interplay with karyotype-dependent apoptosis is an additional possible pathway. Thus, evolution of tumor-specific
karyotypes requires proliferative advantage of specific aneuploid karyotypes.
SIGNIFICANCE In this study we explore the idea that an erroneous number of chromosomes leading to perturbed cell
division is the key driver of tumor evolution. The altered number of chromosomes arises from mistakes during cell division
and evolves through numerous complex mechanisms, including chromosome missegregation, cell proliferation, and cell
death. However, understanding the mechanisms leading to tumor evolution from healthy cells is a hot topic. Here we show,
by introducing a ‘‘macro-karyotype model,’’ that a perturbed number of chromosomes in tumor cells arises predominantly
from faster division of cell with a specific combination of chromosomes or together with irregular cell death. This finding,
strengthened by comparison with experimental studies of tumor development, provides an insight in processes underlying
tumor development.
INTRODUCTION

During cell division, errors in segregation of duplicated
chromosomes generate cells with perturbed karyotypes,
which include abnormal chromosome number, structural
changes in chromosomes, and polyploidy (1). Abnormal
chromosome number, known as aneuploidy, together with
other karyotype aberrations, has a detrimental effect on
cell vitality and proliferation and is linked with cancer
and other diseases (2–5). Although, in healthy cells, aneu-
ploidy causes a strong anti-proliferative response as a result
of gene dosage imbalances (6), this response can be over-
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come in cancer cells and in certain environmental condi-
tions, allowing the increased frequency of errors to
promote aneuploid karyotype evolution and acceleration
of tumor formation (7,8). These ideas have emerged from
extensive studies of aneuploidy in different systems,
including cell lines (9–11), organoids (12–14), animal
models (15–18), as well as theoretically (19–25). However,
how the interplay between chromosome missegregation,
cell proliferation, and other processes drives long-term kar-
yotype evolution is poorly understood.

One of key processes that drives karyotype evolution is
chromosome missegregation, which is increased for many
tumor karyotypes and termed chromosome instability
(CIN) (11,26,27). Missegregation includes gain or loss of
one or a few chromosomes due to incorrect attachment of
chromosomes to the mitotic spindle (9,28–31). Another
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Proliferation-driven tumor evolution
key process for karyotype evolution is cell proliferation,
which determines how the total number of cells with a
certain karyotype changes over time. In particular, it was
measured that aneuploid cells typically proliferate slower
than euploid cells (27,32). However, certain aneuploid kar-
yotypes with a favorable combination of chromosome gains
or losses can lead to enhanced cell proliferation (33–35). In
contrast, other aneuploid karyotypes can result in malfunc-
tional cell physiology and consequently apoptosis.

Studying how different processes affect long-term karyo-
type evolution is experimentally challenging because it
requires tracking of all relevant karyotypes over many gener-
ations. An alternative approach is mathematical modeling, in
which simple hypotheses can be explored beyond experi-
mental constraints (36,37). Modeling is powerful because it
allows to identify the dominant mechanisms in the existing
experiments and provides ideas for new experiments targeted
on testing specific model predictions. Theoretical models of
karyotype evolution have been designed to study certain
key aspects of this complex process. Early theoretical studies
investigated the role of chromosome missegregation on kar-
yotype evolution, leading to a theoretical upper limit for the
missegregation rate that allows diploid cells to survive
(21,22). To study how karyotype evolution depends on ge-
netic linkage, genes controlling cell proliferation, apoptosis,
and chromosome missegregation were placed on two
chromosomes in different combinations (24). A study of
karyotype evolution that includes the interplay between mis-
segregation and whole-genome duplication found that
population converges to near triploid state (20) and that het-
erogeneity is primary influenced by the missegregation rate
(19). Recently, a theoretical model was developed tomeasure
CIN from karyotype diversity within a tumor (25).

Development of novel mouse models with high levels of
chromosome missegregation enabled experimental explora-
tion of karyotype evolution during T-cell lymphoma initiation
and growth (15,16). Quantification of chromosomal gains
and losses in these mouse models revealed that chromosome
gains dominate over losses both in pretumor and tumor tis-
sues. In this mouse model, at early stages of T cell develop-
ment in the thymus, 90% of cells are euploid due to strong
selection, whereas, in later stages, cells accumulate more er-
rors and a larger fraction, up to 60%–80% of cells, become
aneuploid, where individual chromosomes are roughly
equally gained, on average 4% over aneuploid cells (16). In
contrast, when T_cell lymphomas start to develop, there is
a dramatic increase in gains of chromosomes 14 and 15 in
almost 100% of aneuploid cells, whereas the average gain
of other chromosomes remains around 8%. These results sug-
gested that lymphomas developed through clonal selection of
favorable aneuploidies. However, the quantitative under-
standing of clonal selection leading to tumor karyotype evo-
lution from euploid karyotypes remains unknown.

In this paper we explore the idea that karyotype-depen-
dent proliferation and apoptosis are key drivers of clonal se-
lection that leads to aneuploidy observed in tumor cells. To
describe a large number of karyotype combinations that
arise due to missegregation, we introduce a ‘‘macro-karyo-
type model,’’ a mathematical approach in which we follow
the copy number of specific chromosomes, together with
the total number of gains and losses for other chromosomes.
By solving the model, we find that only a small fraction of
chromosome missegregation events generate tumor-specific
karyotypes, but, thanks to their proliferative advantage, cells
with these karyotypes eventually overtake the population in
agreement with the experimentally observed karyotype evo-
lution. Thus, the central finding of our theory is that, under
conditions of high chromosome missegregation, tumor-spe-
cific karyotypes arise from proliferative advantage of spe-
cific aneuploid karyotypes.
THEORY

Mathematical model for tumor karyotype
evolution

Theoretical exploration of tumor karyotype evolution poses
two main challenges: tumor tissues consist of a large num-
ber of karyotype combinations and a large number of cells.
To tackle these problems, we design a novel mathematical
approach based on a concept of a macro-karyotype in which
we follow numerical chromosome aberrations. Macro-kar-
yotype represents a macrostate that encompasses many
different karyotypes that correspond to microstates. We
define a macro-karyotype as a karyotype that contains the
copy number of specific chromosomes that are crucial for
the process of interest, whereas, for other chromosomes,
only the total chromosome gains and losses are counted.
Macro-karyotypes contain all relevant information about
the exact cell karyotype, substantially reduce the number
of karyotype combinations, and allow the use of mean-field
calculations, which can describe large populations. Thus,
the strength of this approach lies in that it allows us to follow
karyotype evolution for a virtually unlimited number of
cells and generations.

In our macro-karyotype model, we calculate karyotype
evolution and a corresponding pedigree tree (Fig. 1 A). Kar-
yotype of a cell with n different chromosomes is described
by a vector, Khðc1;.;cnÞ, in which ci denotes copy num-
ber of i-th chromosome (Fig. 1 B). Because some karyotypes
are frequently used, we introduce a notation for them. First,
diploid karyotype is denoted as a vector K2nhðc1 ¼ 2;.;
cn ¼ 2Þ. Second, karyotypes with at least one chromosome
loss form a set of karyotypes K � ¼ fðc1;.;cnÞjdci ¼ 1;
i ¼ 1;.; ng, whereas karyotypes with chromosome gains
form a set Kþ ¼ fðc1; .; cnÞjdci R 3; i ¼ 1; .; ng.
Finally, we introduce a notation for a set of karyotypes
with gain of chromosome 15, Kþ15 ¼ fðc1; .;
cnÞj c15 R 3g, and a set of karyotypes with gain of chromo-
somes 14 and 15, Kþ14;þ15 ¼ fðc1; .; cnÞj c14 R 3;
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c15 R 3g. Note that karyotypes with chromosome losses
and gains belong to more than one set.

By constructing a pedigree tree, we follow multiple gen-
erations of cells, starting from a founder cell in generation
g ¼ 0 (Fig. 1 A). In generation g, the number of cells
(branches) can be up to 2g, where each cell (branch) has a
unique index j ¼ 0;.; 2g � 1. Because some branches
of the pedigree tree are pruned when a cell undergoes
apoptosis, cells with corresponding index j are missing
and the total number of cells in that generation is smaller
than 2g.

Cell lifetime, t0, depends on the karyotype and ends with
either division or apoptosis, which occur with probabilities
1 � pa and pa, respectively (Fig. 1 C). During cell division,
chromosomes can divide correctly, where each half of the
duplicated chromosome (chromatid) goes to one of the
two daughter cells, or missegregate, where both chromatids
end up in the same cell. These events depend on the karyo-
type and occur with probabilities pd and pm, respectively
(Fig. 1 C). In our model, chromosome missegregation events
634 Biophysical Journal 122, 632–645, February 21, 2023
are independent and the missegregation probability per
cell is calculated as pm ¼ Pn

i¼ 1pmi
. This approximative

expression holds for rare events, pm � 1. Missegregation
probability of the i-th chromosome, pmi

, is calculated as
the copy number of that chromosome multiplied by its prob-
ability to missegregate, p0, pmi

¼ p0ci. These probabilities,
together with cell lifetime and their positions in a pedigree
tree, define a discrete stochastic model for karyotype
evolution.
Rate equation for population of cells

Although the stochastic model can follow each individual
cell, the main disadvantage is that it cannot follow all cells
for a large number of generations. To circumvent this issue,
we develop a mean-field approach, which allows us to start
with a large number of cells and follow them over many
generations. Here, we first calculate the probability for
finding a cell with a given karyotype at the position within
the pedigree tree, Pg;jðKÞ, by taking into account that cells
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in the generation g appear by division of the cells in the pre-
vious generation, g � 1, whereas the cells in the generation
g disappear upon cell division or apoptosis. To calculate
how these probabilities evolve in time, t, we introduce the
following equation:
dPg;jðKÞ
dt

¼ kdðKÞP
g� 1;

�
j
2

�ðKÞþ 1

2

Xn
i ¼ 1

kmi
ðKþ eiÞP

g� 1;

�
j
2

�ðKþ eiÞ

þ 1

2

Xn
i ¼ 1

kmi
ðK � eiÞP

g� 1;

�
j
2

�ðK � eiÞ � ½kdðKÞþ kmðKÞþ kaðKÞ�Pg;jðKÞ :
(1)
Here, the first term on the right-hand side describes how
a cell with karyotype K in generation g � 1, which we
refer to as the mother cell, correctly divides into two cells
of the same karyotype in generation g, which we refer
to as daughter cells. The second and third terms
describe missegregation in which the mother cells with
karyotypes K5ei lose or gain the ith chromosome,
yielding one daughter cell with karyotype K. The last
term describes division or apoptosis of the daughter
cell and therefore appears with a negative sign. The unit
vector ei has the value 1 in the ith coordinate and
0 elsewhere.

Indices in Eq. 1 describe the position in the pedigree tree
where each daughter that belongs to generation g and branch
j originates from a mother cell in generation g� 1 with the
corresponding branch Pj =2R (Fig. 1 A). The floor function P:R
ensures that two daughter cells correspond to one mother
cell, one daughter cell with even, and the other with odd in-
dex j. In the case of missegregation, each daughter cell has
the same probability to acquire one chromosome extra or
less. However, only the daughter cell with karyotype K
will contribute to Eq. 1, and therefore we multiply these
terms by 1/2.

The rates in Eq. 1 describe correct cell division, kdðKÞ;
apoptosis, kaðKÞ; and chromosome missegregation,
kmðKÞ ¼ Pn

i¼ 1kmi
ðKÞ, where kmi

ðKÞ denotes the misse-

gregation rate of the ith chromosome (Fig. 1 C). The rates
of apoptosis and missegregation of the ith chromosome
are calculated as ka;mi

¼ bpa;mi
=ln 4, where the prolifera-

tion rate relates to the lifetime of a cell as b ¼ ln2=t0.
The corrective factor ln 4 appears because cell division in
Eq. 1 is considered as a Poisson process, where every cell
divides with equal probability independent of its age,
whereas, in more realistic cases, all cells live equally long
(see Appendix). The rate of correct division is implicitly
given by b ¼ kd þ km þ ka.

To understand karyotype evolution, it is important
to calculate the number of cells of a certain karyotype
in the population over time, irrespective of the position
in the pedigree tree. Thus, we define this number as
NðKÞhPN

g¼ 0

P2g � 1
j¼ 0 Pg;jðKÞ and calculate how it changes

in time by summing Eq. 1 over indices g and j (see
Appendix),
dNðKÞ
dt

¼ ½kdðKÞ � kmðKÞ � kaðKÞ�NðKÞ

þ
Xn
i ¼ 1

kmi
ðKþ eiÞNðKþ eiÞ

þ
Xn
i ¼ 1

kmi
ðK � eiÞNðK � eiÞ:

(2)
The dimensionality of this rate equation is 2gþ1 � 1

times lower than that of Eq. 1, but it retains the complete in-
formation about the karyotypes in a cell population.

Despite the reduced dimensionality, Eq. 2 cannot be
directly integrated on a supercomputer because of a huge
number of karyotype combinations. For this reason, we
solve Eq. 2 by reducing the space of vector K while retain-
ing all the important information about the karyotype; e.g.,
whether it is euploid or aneuploid, and whether aneuploid
karyotypes contain monosomies and trisomies. Thus, we
construct a vector that contains the information about the
karyotype, MðKÞhðx1;.; xLÞ, which we term macro-kar-
yotype. Here, component xlðKÞhPn

i¼ 1dl;ci denotes the
number of chromosomes with l copies, and index L
denotes the maximal copy number of each chromosome.
Because nullisomies are not described in our model, the
number of different chromosomes per cell is conserved,
x1 þ.þ xL ¼ n. Thus, the macro-karyotype defined in
this manner includes multiple karyotypes. A certain
macro-karyotype is obtained as a set of permutations of
vector components for each chromosome ci, and the num-
ber of cells with this macro-karyotype is ~NðMÞ ¼
ðx1!/xL!Þ� 1 � P

all perm:

NðKÞ. Note that the normalization

is correction for counting the same karyotype multiple
times.

To calculate how the number of cells with a certain
macro-karyotype changes in time, we sum Eq. 2 over all
Biophysical Journal 122, 632–645, February 21, 2023 635
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permutations reaching the final form of the rate equation for
macro-karyotype evolution (see Appendix):

d~NðMÞ
dt

¼ ½~kdðMÞ � ~kmðMÞ � ~kaðMÞ�~NðMÞ

þ
XL
l ¼ 2

~kml
ðM � el� 1 þ elÞ~NðM � el� 1 þ elÞ

þ
XL� 1

l ¼ 1

~kml
ðMþ el � elþ1Þ~NðMþ el � elþ1Þ:

(3)

This rate equation is derived with the assumption that
rates kd;m;aðKÞ have the same value for all permutations
of c1;.; cn that belong to the same macro-karyotype

M, and thus the rates obey ~kd;m;aðMÞ ¼ kd;m;aðKÞ, except
in the case where ~kml

ðMÞ ¼ lxlbp0=ln 4. The unit vec-
tors el, elþ1 and el� 1 have the value 1 in the lth, lþ 1

and l � 1 coordinate, respectively, and 0 elsewhere.
For studying karyotypes with a specific chromosome,
we generalize our approach by constructing an extended
macro-karyotype MextðKÞhðx1; .; xL; c15Þ, where the
last component, which corresponds to the specific chro-
mosome, accounts for number of copies of chromosome
15 (see Appendix).

The macro-karyotype approach is a mathematical tool
that allowed us to substantially reduce dimensionality of
the vector space, in comparison with the dimensionality of
the original vector space. For example, in the case of a
cell with L ¼ 6 and n ¼ 20, the number of possible
macro-karyotypes is Lðn � 1ÞL� 1z1:5$107, which is
eight orders of magnitude smaller than the number of
possible karyotypes, Lnz3:7$1015. Thus, Eq. 3 is a unique
mathematical tool that allows us to study tumor karyotype
evolution because it describes a large number of cells and
karyotype combinations.
RESULTS

Increased apoptosis and slower proliferation of
cells with monosomies lead to predominant
chromosome gains over losses

To understand the role of apoptosis and proliferation in tu-
mor karyotype evolution, we solve our model and compare
the obtained results with the experimentally found karyo-
types in pretumor and tumor cells from a mouse model
(16). First, we explore under what conditions chromosome
gains dominate over losses in pretumor cells, and subse-
quently how tumor-specific karyotypes arise.

To explore macro-karyotype evolution starting from
multiple diploid cells (Fig. 2 A), we solve Eq. 3, for which
we first have to estimate model parameters (see Table 1).
For euploid cells, we use the proliferation rate value
bðK2nÞ ¼ ln 2 d� 1, based on division time for the earliest
636 Biophysical Journal 122, 632–645, February 21, 2023
thymocyte, double-negative, stages (DN1–DN4) (38). For
aneuploid cells, the proliferation rate is bðKsK2nÞ ¼
0:8 ln 2 d� 1, because aneuploid cells proliferate roughly
20% slower compared with diploid cells (27,32). Given
that, in this mouse model in Ref. (16), all cells have the
same probability of missegregating their chromosomes in-
dependent of their karyotype, we use the same missegrega-
tion rate values for all karyotypes, including both euploid
and aneuploid cells. Because there is no direct measurement
of the missegregation rate for this mouse model, we roughly
estimate it from Eq. 2 in the regime of small chromosome
gains, gain � 100%, and small number of generations in
which linear relationship holds, gain ¼ p0t=t0 (see Appen-
dix). Therefore, the missegregation rate is obtained from
linear fit of experimentally measured chromosome gains
through DN1–DN4 stages, yielding p0 ¼ 0:0017 (Fig. 2
B, Table 1). Since the rate of apoptosis is not measured
for this mouse model, we use it as a free parameter and es-
timate it later by comparing results of our model with
experiments.

To visualize karyotype evolution, we plot a pedigree tree
for the first five generations obtained from one run of sto-
chastic simulations starting with one diploid cell (Fig. 2
C). After several generations, missegregation events occur,
yielding daughter cells with chromosome loss and chromo-
some gain. Aneuploid cells need more time to divide and
therefore their branches are longer compared with branches
of euploid cells. Some cells undergo apoptosis, which is
visible as pruned branches in the pedigree tree.

To explore how karyotypes evolve, we solve Eq. 3 and
plot chromosome gains and losses in time. We find that
chromosome gains and losses closely follow each other
and reach a similar asymptotic value (Fig. 2 D). In contrast,
experimental data show two times more cells with chromo-
some gains compared with cells with chromosome losses.
To explain these experimental results, we explore two sce-
narios: cells with monosomies undergo increased apoptosis
(S1) or cells with monosomies proliferate slower (S2),
compared with cells with chromosome gains. To test sce-
nario S1, we use the probability of apoptosis for mono-
somies paðK �Þ ¼ 28%, whereas all other cells do not
undergo apoptosis. We explore the karyotypes after t ¼
17 d, because this time point corresponds to stage DN4,
the last stage with no significant gain of specific chromo-
somes. The model predicts on average 4.2% of cells with
chromosome gains and 1.8% of cells with chromosome los-
ses (Fig. 2 E). Similar results are obtained by analyzing kar-
yotypes of 125 cells randomly chosen from five runs of
stochastic simulations, which additionally yield information
about the variability in chromosome gains and losses
(Fig. 2 E).

The experimentally measured distributions of chromo-
some gains and losses for thymus cells in DN4 stage showed
preference of chromosome gains (Fig. 2 F), whereas vari-
ability among individual chromosomes is not statistically
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significant (16). By comparing our theoretical results with
the experimental distributions, we find that the model quan-
titatively explains the average chromosome gains and losses
as well as the variability of these distributions (two sample
Kolmogorov-Smirnov test, p value is 0.5 for chromosome
gains and losses). The difference between experimentally
measured values for individual chromosomes and the corre-
sponding theoretical values is most likely a consequence of
the stochastic nature of chromosome missegregation and
thus cannot be interpreted as a difference between experi-
TABLE 1 Parameters used in the model

Parameters

Proliferation of diploid cells bðK2nÞ
Proliferation of cells with chromosome gains bðKþÞ
Proliferation of cells with chromosome losses bðK �Þ
Missegregation probability p0
Apoptosis of diploid cells paðK2nÞ
Apoptosis of cells with chromosome gain paðKþÞ
Apoptosis of cells with chromosome loss paðK �Þ
ments and theory. Because experimentally observed average
gains and losses can be explained with the model with
increased apoptosis of cells with monosomies, we conclude
that gain/loss ratio can arise because of karyotype-depen-
dent apoptosis, supporting scenario S1.

To explore scenario S2, we vary the proliferation rate for
vanishing apoptosis (Fig. 2G, ordinate). As the proliferation
rate of cells with monosomies decreases, gain/loss ratio in-
creases, and, for relative proliferation of 0.48, the model
also yields the experimentally observed gain/loss ratio of
Value Source

ln 2d� 1 Ref. (38)

0:8 ln 2 d� 1 Ref. (27,32)

0:8 ln 2d� 1 Ref. (27,32)

0.0017 calculated from Fig. 2 B

0 estimated

0 varied here

0.28 varied here
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2.4 (Fig. 2 G, point S2). However, it is more likely that cells
with monosomies have altered both apoptosis and prolifera-
tion. Thus, we vary both parameters simultaneously, to
explore the interplay between scenarios S1 and S2. We
find a smooth transition from small to large gain/loss ratio
as apoptosis increases and proliferation decreases (Fig. 2
G, arrow). The experimentally observed gain/loss ratio is
obtained for combinations of apoptosis and proliferation
rates where both rates either increase or decrease, to
compensate the effect of each other (Fig. 2 G, white con-
tour). We expect that increased apoptosis and slower prolif-
eration of cells with monosomies will reduce their fitness,
which is generally considered as the ability of a cell to
reproduce and is defined as WðKÞ ¼ NðKÞ� 1dNðKÞ=dt.
We find cells with high fitness in the region of parameter
space where chromosome gains are as frequent as losses
and cells with low fitness in the region where gains domi-
nate over losses (compare Fig. 2, G and H). These results
lead us to conclude that both increased apoptosis and slower
proliferation of cells with monosomies can explain experi-
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mentally measured gain/loss ratio, and that they are
interchangeable.
Karyotype-dependent proliferation drives the
evolution of a tumor-specific karyotype with gain
of chromosome 15

In contrast to pretumor karyotypes, in which there is no bias
for gain of any specific chromosome, karyotypes of T_cell
lymphomas are characterized by high occurrence of a chro-
mosomes 14 and 15 (15,16). As the first step in understand-
ing the evolution of this tumor-specific karyotype, we use
our model to explore a simple case where a single chromo-
some, referred to as chromosome 15, appears with substan-
tially larger gain compared with other chromosomes,
whereas, in the second step, we explore a more realistic
case of simultaneous gains of two chromosomes. We ask un-
der what conditions the model reproduces experimental data
for gains of a specific chromosome and all other chromo-
somes throughout pretumor and tumor stages (Fig. 3 A).
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In a manner analogous to the theory for pretumor karyo-
type evolution, we explore two scenarios: cells with gain of
chromosome 15 have increased proliferation (S3) or
decreased apoptosis (S4) compared with other aneuploid
karyotypes. To test scenario S3, we varied the proliferation
rate of these cells. A pedigree tree depicts how faster
proliferation leads to domination of cells with gain of
chromosome 15 (Fig. 3 B). The whole evolution of this
macro-karyotype over pretumor and tumor stages is ob-
tained by solving Eq. 3 (Fig. 3 C). For the first 2–3 days,
gain of chromosome 15 and gain of other chromosomes
follow a similar trend. Later in time, gain of chromosome
15 increases faster than gains of other chromosomes. Strik-
ingly, after 20 days, 10%–40% cells gained chromosome
15 and, after 40 days, this fraction reaches 60%–98%. In
contrast, gain of other chromosomes is below 10% for all
time points.

These theoretical results agree with experiments
that showed that gain of chromosomes 15 is around
90%, whereas gain of other chromosomes is around 10%
(Fig. 3 C). This pronounced gain of specific chromosomes
is a robust result of our theory because this gain appears
for different proliferations and persists afterward. Our the-
ory also reproduces the main features of karyotype evolu-
tion during earlier stages of T cell development, including
steady increase in chromosome gains during DN1–DN4
stages followed by a sharper increase in double-positive
(DP) stage (Fig. 3 C), supporting the idea of proliferation-
driven karyotype evolution.

We also tested robustness of our mean-field result by per-
forming stochastic simulations that corresponds to a realistic
situation with a finite number of cells. Indeed, stochastic sim-
ulations after 40 days showed the same trends as mean-field
theory, with pronounced gain of a specific chromosome and
lower average gain of other chromosomes (compare Fig. 3
C andD). In experiments, it was found that T-cell lymphomas
were highly aneuploid and almost all cells contained gain of
chromosome 15 (Fig. 3 E). By comparing the distributions
obtained by stochastic simulations and experiments, we
find that they are different for chromosome losses, but not
for chromosome gains (two sample Kolmogorov-Smirnov
test, p value is 0.2 for chromosome gains and 0.03 for chro-
mosome losses). The agreement between experiments and
theory suggests that increased proliferation of cells with
gain of chromosome 15 is the main reason for gain of specific
chromosomes in tumor karyotypes.

To test scenario S4, inwhich cells with gain of chromosome
15 have decreased apoptosis, we set that these cells and
euploid cells do not undergo apoptosis, whereas the probabil-
ity of apoptosis is 28% for other aneuploid cells. In contrast to
scenario S3, which resulted in a pronounced gain of chromo-
some15 (Fig. 3C),wefind that, in scenario S4, all gains stay at
a low value, below 2% (Fig. 3 F). Thus, the karyotype distri-
bution obtained by these parameters cannot reproduce the
experimentally observed high occurrence of chromosome 15
(Fig. 3 G). In particular, although this theoretical result can
explain early stages of T cell evolution, there is a big discrep-
ancywith experiments for later stages. Therefore,weconclude
that reduced apoptosis of cells with gain of chromosome 15
cannot explain the experimentally observed karyotype evolu-
tion, additionally strengthening the idea that this process is
driven by increased proliferation of these cells.
Tumor karyotypes with gains of two
chromosomes arise due to karyotype-dependent
proliferation alone or together with karyotype-
dependent apoptosis

To explore the case of simultaneous gains of two chromo-
somes (Fig. 4 A), as observed in experiments, we test the sce-
nario where cells with simultaneous gains of both specific
chromosomes, 14 and 15, have proliferative advantage
compared with all other karyotypes (S5) or scenarios in
which these two chromosomes regulate different processes,
apoptosis (S6) or missegregation rate (S7), in combination
with proliferation. In scenario S5, where the proliferation
rate of cells with gains of chromosomes 14 and 15 is
increased (Fig. 4 B and C), we find that, during the first
10 days, all chromosomes follow a similar trend, whereas,
later in time, gains of chromosomes 14 and 15 increase fast
and approach 100%, whereas the gains of other chromo-
somes remain at around 10%. The general trend in Fig. 4 B
is similar to scenario S3 based on increased proliferation
for gains of a single chromosome (Fig. 3 C), but, in Fig. 4
B, we observe that gain of specific chromosomes occurs later
in time compared with Fig. 3C. This time lag occurs because
it is less likely to gain two specific chromosomes than only
one. Interestingly, even though we required that karyotypes
have gain of two specific chromosomes, which seems a
more rigid constraint than gain of only one chromosome,
the agreement between experiments and theory additionally
improves (compare Fig. 3 C and 4 B). These results suggest
that enhanced proliferation of cells with gain of both specific
chromosomes can drive development of T-cell lymphomas.

In scenario S6, we explore the case in which cells with
gain of chromosome 14 have decreased apoptosis, whereas
cells with gain of chromosome 15 have increased prolifera-
tion. As expected, increased proliferation of chromosome 15
leads to its fast appearance (Fig. 4 D). Surprisingly, we find
that chromosome 14 also appears with high gains soon after
gain of chromosome 15, which is dramatically different
from results obtained in S4, where decreased apoptosis
alone was not enough to reproduce experimental points at
thymic lymphoma. Theoretically predicted high gains of
chromosomes 14 and 15 in S6 are a consequence of cooper-
ation between increased proliferation and decreased
apoptosis in cells with gain of both chromosomes. We
also explore whether a combination of missegregation and
cell proliferation can explain gains of specific chromosomes
(S7). Indeed, decreased missegregation rate of cells with
Biophysical Journal 122, 632–645, February 21, 2023 639
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FIGURE 4 Tumor karyotypes with gains of chromosomes 14 and 15 arise due to karyotype-dependent proliferation alone or together with karyotype-

dependent apoptosis. (A) Schematics showing cells containing two copies of chromosomes (gray rods) and three copies of two specific chromosomes (orange

rods) at two different time points. (B) Solutions of the mean-field model showing time evolution of gain of chromosomes 14 and 15 (full lines) and gain of

other chromosome (dashed lines) for three different proliferation rates, bðKþ14;þ15Þ ¼ 1:6 d� 1 (dark orange lines), bðKþ14;þ15Þ ¼ 1:8 d� 1 (orange lines),

and bðKþ14;þ15Þ ¼ 2:0 d� 1 (light orange lines). (C) Percentage of chromosome gains (orange bars) and losses (blue bars) calculated by stochastic simu-

lations after t ¼ 40 d for parameters from (B) (middle lines). (D and E) Solutions of the mean-field model showing time evolution of gains of chromosome 14

(dotted lines), chromosome 15 (full lines), and other chromosomes (dashed lines). In (D), two different probabilities of apoptosis paðKþ14Þ ¼ 0:028 (orange

lines) and paðKþ14Þ ¼ 0:14 (dark orange lines). Apoptosis of other aneuploid karyotypes is set to paðKsK2nÞ ¼ 0:28 and proliferation rate is bðKþ15Þ ¼
1:8 d� 1. In (E), missegregation probability for cells with gain of chromosome 14 is p0ðKþ14Þ ¼ 0:0001 and the proliferation rate is bðKþ15Þ ¼ 1:25 d� 1.

Experimental points in (B), (D) and (E) are same as in Fig. 3 C. Parameters in (B)–(E) are given in Table 1 unless stated otherwise.
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gain of chromosome 14 increases their occurrence in time
(Fig. 4 E). However, the increase of chromosome 14 appears
later in time compared with chromosome 15 and it is not in
agreement with the experimental points at DP stage. Thus,
we conclude that simultaneous gain of two specific chromo-
somes can also appear as a result of increased proliferation
in combination with decreased apoptosis.

Taken together, our model predicts that tumor karyotypes
characterized by high occurrence of one specific chromo-
some can be explained by proliferation-driven evolution of
aneuploid cells. In the case of tumor karyotypes with two
specific chromosomes, the model predicts that such karyo-
types can arise by evolution that is driven by karyotype-
dependent proliferation or by an interplay of proliferation
and apoptosis.
DISCUSSION

In this study we developed a theoretical model by which we
explored karyotype evolution in a mouse model with
enhanced chromosome missegregation. By quantitative
640 Biophysical Journal 122, 632–645, February 21, 2023
comparison of our theoretical results and experimentally
observed karyotypes in different stages of development of
thymic lymphomas, we found that cell proliferation plays
a key role in selection of a specific chromosome. We also
found that, in the case with more than one specific chromo-
some, decreased apoptosis and missegregation can have a
role in selection of the specific karyotypes. Because this the-
ory cannot directly identify the key process behind selection
of two specific chromosomes, quantitative measurements of
parameters for aneuploid karyotypes are necessary (27).
Such measurements in combination with our theoretical pre-
dictions will greatly help in understanding tumor karyotype
evolution.

Interestingly, we found that decreased chromosome mis-
segregation in cells with specific karyotypes results in
increased number of such cells. At first glance, this result
contradicts experimentally observed increased missegrega-
tion of various aneuploid karyotypes (11,39,40). Although
missegregation of aneuploid karyotype is generally inc-
reased, different aneuploid karyotypes are characterized
by various missegregation rates (27,29). Our theoretical
result, in combination with these experimental findings,
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suggests that those cells with lower missegregation will be
selected among different aneuploid karyotypes.

The model introduced in this study describes gains and
losses of single chromosomes to describe T_cell lymphoma
evolution. However, cancer karyotypes often include not
only whole chromosome aneuploidy but also other types
of aberrations. Based on direct observations of tetraploidiza-
tion in tumor cell lines (41,42) and distributions of chromo-
some numbers in different tumors (43,44), it has been
suggested that tetraploidization is an important pathway to
aneuploidy in human cancer cells. Additionally, structural
chromosomal aberrations are present in cancer cells, and,
for understanding cancer evolution, it is important to include
genomic arrangements together with their role in genetic
networks (45–47). These aberrations can also be studied
theoretically, but our model has to be extended by including
whole-genome duplication as an additional choice of cell
fate at each division (19,20), whereas theoretical description
of structural chromosomal aberrations requires redefinition
of karyotype vector space.

Karyotypes in human tumors are characterized by the pro-
nounced gains and losses of specific chromosomes, similar to
the karyotype patterns studied here (13,48). Because of the
similarities among these karyotype patterns, we expect that
the driving mechanism of tumor karyotype evolution identi-
fied in this work is directly relevant for human tumors as
well. To explore this exciting idea, it will be crucial to imple-
ment a macro-karyotype model in human tumors, which will
give a direction for future experiments in identifying the key
processes underlying tumor development.
APPENDIX

Karyotype rate equation

To calculate how the number of cells with a certain karyotype changes in

time, we sum Eq. 1 over indices g and j,

d

dt

 XN
g ¼ 0

X2g � 1

j ¼ 0

Pg;jðKÞ
!

¼ kdðKÞ
XN
g ¼ 0

�
X2g � 1

j ¼ 0

P
g� 1;

�
j
2

�ðKÞþ 1

2

Xn
i ¼ 1

kmi
ðKþ eiÞ

XN
g ¼ 0

�
X2g � 1

j ¼ 0

P
g� 1;

�
j
2

�ðKþ eiÞþ 1

2

Xn
i ¼ 1

kmi
ðK � eiÞ

XN
g ¼ 0

�
X2g � 1

j ¼ 0

P
g� 1;

�
j
2

�ðK � eiÞ � ½kdðKÞþ kmðKÞþ kaðKÞ�

�
XN
g ¼ 0

X2g � 1

j ¼ 0

Pg;jðKÞ :

(A1)
In the first term on the left-hand side (LHS) and last term

on the right-hand side (RHS), we recognize the definition of the

number of cells NðKÞhPN
g¼ 0

P2g � 1
j¼ 0 Pg;jðKÞ. To calculate the exp-

ression
PN

g¼ 0

P2g � 1
j¼ 0 Pg� 1;b j

2cðKþeiÞ we first include the substitution

f ¼ g � 1,

XN
g ¼ 0

X2g � 1

j ¼ 0

P
g� 1;P j

2 R
ðKÞ ¼

XN
f ¼ 0

X2$2f � 1

j ¼ 0

P
f ;P j

2 R
ðKÞ : (A2)

Note that summation starts with value f ¼ 0 because negative generations

do not exist, P� 1;b jcðKÞ ¼ 0. The floor function,
�
j
2

�
, has the same value
2

for two values of index j, and therefore we divide sum over index j into two

sums, one for j ¼ 2a and other for j ¼ 2bþ 1, each of them being equal to

number of cells,

XN
f ¼ 0

X2f � 1

a ¼ 0

Pf ;aðKÞþ
XN
f ¼ 0

X2f � 1

b ¼ 0

Pf ;bðKÞ ¼ 2NðKÞ: (A3)

With this, Eq. A1 reads,

n
dNðKÞ
dt

¼ kdðKÞ$2NðKÞþ 1

2

X
i ¼ 1

kmi
ðKþ eiÞ$2NðKÞ

þ 1

2

Xn
i ¼ 1

kmi
ðK � eiÞ$2NðKÞ � ½kdðKÞ

þ kmðKÞþ kaðKÞ�NðKÞ :
(A4)

After rearranging Eq. A4, we get the final form of the rate equation,

Eq. 2.
Calculations of rates of missegregation and
apoptosis

To calculate rate of missegregation and apoptosis, which we use in our

mean-field approach, from corresponding probabilities, we integrate Eq.

2 and compare obtained number of cells with number of cells calculated

from discrete cell divisions. In the case when initially all cells are diploids,

number of cells with karyotypes K2n5ei is negligible during the first gen-

eration, and thus we ignore these contributions in Eq. 2, yielding

dNðK2nÞ
dt

¼ ½kdðK2nÞ � kmðK2nÞ � kaðK2nÞ�NðK2nÞ:
(A5)

Because all terms in Eq. A5 depend on the same karyotype,K2n, we omit it

from our notation in the rest of the derivation. By using expression
kd þ km þ ka ¼ b and the definition for rates of missegregation and

apoptosis, km;a ¼ bp0m;a, where p0m;a denotes the effective probabilities

for missegregation and apoptosis, our equation reads,

dN

dt
¼ �

1 � 2
�
p0m þ p0a

�	
bN: (A6)

This equation has analytical solution, and number of cells after time t0
equals N0e

½1� 2ðp0mþp0aÞ�bt0 . By taking into account expression bt0 ¼ ln 2,

we obtain,

Nðt ¼ t0Þ ¼ N0e
ln 2e� 2ðp0mþp0aÞln 2: (A7)

Finally, after linear approximation of the exponential function, we get,
Biophysical Journal 122, 632–645, February 21, 2023 641



Ban et al.
Nðt ¼ t0Þz2N0

�
1 � 2

�
p0m þ p0a

�
ln 2
	
: (A8)

On the other hand, in our stochastic approach, cell divisions occur after

time t0, and number of cells is given by Nstoch: ¼ 2N0½1 � ðpm þpaÞ�.
Because number of cells should be equal by using both approaches, effec-

tive probabilities are given by p0m;a ¼ pm;a=2 ln 2, yielding the correspond-

ing rates km;a ¼ bpm;a=2 ln 2.
Macro-karyotype rate equation

The macro-karyotype is key tool in reducing the dimensionality of karyo-

type vector space; therefore, we derive the rate equation for macro-karyo-

type evolution. Macro-karyotype is a vector M ¼ ðx1; .; xLÞ, and

components xl ¼
Pn

i¼ 1dl;ci denote number of chromosomes with l copies,

where l ¼ 1;.;L. Index L denotes the maximal copy number of each chro-

mosome. Note that all permutations of one set of components c1;.; cn,

belong to the same macro-karyotype.

To derive the rate equation for macro-karyotype, we sum Eq. 2 over

chromosome permutations,
1

x1!.xL!

X
all perm:

d

dt
NðKÞ

¼ 1

x1!.xL!

X
all perm:

(
½kdðKÞ � kmðKÞ � kaðKÞ�NðKÞ

þ
Xn
i ¼ 1

kmi
ðKþ eiÞNðKþ eiÞþ

Xn
i ¼ 1

kmi
ðK � eiÞNðK � eiÞ

)
:

(A9)
Here, operator
P

all perm: denotes sum over all permutations of chro-

mosome copy numbers c1;.; cn for a given karyotype K, whereas,

in the case of composed karyotypes, such as Kþ ei ¼ ðc1; .;

ci þ1; .; cnÞ, it denotes sum over all permutations of the composed

karyotype.

It is useful to define number of cells that belong to the same macro-

karyotype, ~NðMÞ ¼ ðx1!.xL!Þ� 1 P
all perm:

NðKÞ. Equation A9 simplifies

dramatically in the case when the rates kd;m;aðKÞ have the same value for

all permutations of components of vector K; i.e., these rates have one

value for the same macro-karyotype. We implement this constrain by

introducing rates that are functions of macro-karyotype and have the

same value as rates for corresponding karyotypes, ~kd;m;aðMÞ ¼
kd;m;aðKÞ, where M ¼ MðKÞ. In this case, the terms on the RHS

simplify to ðx1!.xL!Þ� 1 P
all perm:

kd;m;aðKÞNðKÞ ¼ ~kd;m;aðMÞ~NðMÞ. The

rate of missegregation for a given karyotype reads kmðKÞ ¼ ðln 4Þ� 1

p0b
Pn

i¼ 1ci. For a given macro-karyotype, this rate becomes ~kmðMÞ ¼
ðln 4Þ� 1p0b

PL
l¼ 1lxl. The sums stand for the total number of chromo-

somes,
Pn

i¼ 1ci ¼ PL
l¼ 1lxl.

In the case of the composed karyotypeKþ ei, which appears in the sec-

ond term on the RHS, the number of cells of the associated macro-karyo-

type is ~Nðx1; .; xci � 1; xciþ1 þ1; .; xLÞ ¼ ðx1!;.; ðxci � 1Þ!;
ðxciþ1 þ 1Þ!;.; xL!Þ� 1 P

all perm:

NðKþ eiÞ. Similar applies for composed kar-

yotype K � ei in the third term. With this, our equation reads
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d~Nðx1;.; xLÞ
dt

¼ ½~kdðx1;.; xLÞ � ~kmðx1;.; xLÞ
� ~kaðx1;.; xLÞ�~Nðx1;.; xLÞ

þ p0
ln 4

Xn
i ¼ 1

ðci þ 1Þ xciþ1 þ 1

xci

� bðx1;.; xci � 1; xciþ1 þ 1;.; xLÞ
� ~Nðx1;.; xci � 1; xciþ1 þ 1;.; xLÞ

þ p0
ln 4

Xn
i ¼ 1

ðci � 1Þ xci � 1 þ 1

xci

� bðx1;.; xci � 1 þ 1; xci � 1;.; xLÞ
� ~Nðx1;.; xci � 1 þ 1; xci � 1;.; xLÞ:

(A10)
Here we used the definition of kmi ðK5eiÞ ¼ ðln 4Þ� 1p0ðci 51ÞbðK5eiÞ.
To group the elements with respect to the copy number, we used the identityPL

l0 ¼ 1dl0 ;ci ¼ 1, as well as the definition xl0 ¼ Pn
i¼ 1dl0 ;ci , so Eq. A10

reads

d~NðMÞ
dt

¼ ½~kdðMÞ � ~kmðMÞ � ~kaðMÞ�~NðMÞ

þ p0
ln 4

XL� 1

l0 ¼ 1

ðl0 þ 1Þðxl0þ1 þ 1ÞbðM � el0 þ el0þ1Þ

� ~NðM � el0þel0þ1Þþ p0
ln 4

XL
l0 ¼ 2

ðl0�1Þðxl0 � 1þ1Þ

� bðMþ el0 � 1 � el0 Þ$~NðMþ el0 � 1 � el0 Þ:
(A11)

Note that, in Eq. A11 we write composed macro-karyotypes by using a

unit vector, el0 , which has the value 1 in the l
0th coordinate and 0 elsewhere.

The upper summation limit in the second term is L � 1 to avoid copy

numbers greater than maximal copy number L, and the lower summation

limit in the third term is 2 because cells with copy number 0 are not viable.

Last, we consider substitution l ¼ l0 þ 1 for the second and l ¼ l0 � 1 for

the third term, with which we yield the final form of the macro-karyotype

rate equation,
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d~NðMÞ
dt

¼ ½~kdðMÞ � ~kmðMÞ � ~kaðMÞ�~NðMÞ

þ p0
ln 4

XL
l ¼ 2

lðxl þ 1ÞbðM � el� 1 þ elÞ

� ~NðM � el� 1 þ elÞ þ p0
ln 4

XL� 1

l ¼ 1

lðxl þ 1Þ

� bðMþ el � elþ1Þ~NðMþ el � elþ1Þ:

(A12)

The final form of this rate equation is given in the main

text, Eq. 3, where we recognize rate of chromosome loss
~kml ðM � el� 1 þelÞ ¼ p0

ln 4
lðxl þ1ÞbðM � el� 1 þelÞ and similarly for the

rates of chromosome gain.

For studying karyotypes with a specific chromosome, we generalize our

approach by constructing an extended macro-karyotype MextðKÞh ðx1;.;

xL;c15Þ, where the last component, which corresponds to the specific chro-

mosome, accounts for number of copies of chromosome 15 and rate equa-

tion for extended macro-karyotype yields
d~Nextðx1;.; xL; c15Þ
dt

¼ ½~kdðx1;.; xL; c15Þ�~kmðx1;.; xL; c15Þ
� ~kaðx1;.; xL; c15Þ�~Nðx1;.; xL; c15Þ

þ
XL
l ¼ 2

kml
ðx1;.; xl� 1 � 1; xl þ 1;.; xL; c15Þ~Nextðx1;.; xl� 1

� 1; xl þ 1;.; xL; c15Þ

þ
XL� 1

l ¼ 1

kml
ðx1;.; xl þ 1; xlþ1 � 1;.; xL; c15Þ~Nextðx1;.; xl

þ 1; xlþ1�1;.; xL; c15Þ
þ km15

ðx1;.; xL; c15 � 1Þ~Nextðx1;.; xL; c15 � 1Þ
þ km15

ðx1;.; xL; c15 þ 1Þ~Nextðx1;.; xL; c15 þ 1Þ:

(A13)
Where the rates km15
ðx1;.; xL; c15 H1Þ ¼ p0

ln 4
ðc15 H1Þbðx1;.; xL; c15 H1Þ

describe the missegregation of chromosome 15.
Approximative form for chromosome gains

To estimate chromosome gains we calculate number of cells with three

copies of ith chromosome, NðK2n þeiÞ, by using Eq. 2. Initially, all cells

are diploids and, in the regime of a small missegregation probability and

for small number of generations, where the majority of cells have diploid

karyotypes, NðK2n þeiÞ � NðK2nÞ, Eq. 2 simplifies to

dNðK2n þ eiÞ
dt

¼ bNðK2n þ eiÞ þ ð2 ln 2Þ� 1
p0cibNðK2nÞ:

(A14)

Number of cells NðK2nÞ in the second term on the RHS is obtained

from rate equation dNðK2nÞ=dt ¼ bNðK2nÞ and grows exponentially
in time, NðK2nÞ ¼ N0e
bt , where N0 is initial number of cells. By

solving Eq. A14 we find the expression for number of cells with chro-

mosome gains,
NðK2n þ eiÞ ¼ ð2 ln 2Þ� 1
p0cibN0te

bt: (A15)

Generally, we define gain as the number of cells with gained chromosome

with respect to total number of cells, gain ¼ NðK2n þeiÞ=NðK2nÞ, and in

this case gain equals

gain ¼ ð2 ln 2Þ� 1
p0cibt: (A16)

Finally, by considering that b ¼ ln 2=t0 and that ci ¼ 2, the final form of

the equation for gain yields
gain ¼ p0t=t0: (A17)
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