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ABSTRACT
The Gaussian product rule for two-electron wave functions is introduced. The two-electron Gaussian product rule enables a new way for solv-
ing two-electron integrals. The solution is demonstrated with an example of the two-center two-electron integral in solid harmonic Gaussian
basis. The solution is obtained by expanding inverse inter-electron separation and integrating in spherical coordinates. The resulting integral
separates into four integrals, three of which are straightforward to solve. The remaining integral can be solved with Boys-like functions. It is
demonstrated that the solution can deliver results with accuracy comparable with that of the McMurchie–Davidson scheme.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0101387

I. INTRODUCTION
The electrostatic potential between point charges is known to

be proportional to their inverse separation.1 Unfortunately, elec-
trons in molecules and solids cannot be approximated by point
charges but by their charge distribution, which is distributed in
space around nuclei. The charge distribution is defined2–4 as a prod-
uct of two wave functions (χ(a, rA)), centered on A and B, with
parameters a,

ΩA,B = χ∗(aA, rA)χ(aB, rB). (1)

Therefore, the electrostatic potential between electrons in molecules
or solids can be calculated by taking into account the inverse separa-
tion between each point of these two charge distributions, which is
accomplished by integration. That is why the inter-electron repul-
sion potential is usually referred to as the two-electron integral.
Two-electron integrals in general have the following form:5,6

GA,B,C,D(aA, aB, aC, aD) = ∫
v1
∫
v2

ΩA,BΩC,D

∣r12∣
dv1dv2. (2)

Wave functions in charge distributions from Eq. (2) depend on the
relative coordinates between their origins (usually nuclei) (A, B, C,
or D) and electrons, which are marked with numbers 1 and 2. Since
the mathematical description of each orbital is usually a linear com-
bination of a multitude of elementary wave functions7 and since the

evaluation of two-electron contribution to the molecular (or solid)
Hamiltonian requires two-electron integrals with every possible per-
mutation over each wave function on each nucleus, the number
of two-electron integrals surpasses numbers of every other type of
electron integrals in a giving system. That is why computation of
two-electron integrals is usually one of the slowest steps in ab initio
calculations.

In modern applications, wave functions are usually
Gaussians5,8,9 or plane waves.10 Other types of functions also
appear in the literature,11–15 but their usage is limited. While
electron interaction in a plane wave basis is dealt in approximate
manner, high precision molecular calculations are usually per-
formed in a Gaussian basis. Gaussian basis functions usually come
in two types: Cartesian Gaussian and solid harmonic Gaussian
(occasionally called spherical harmonic Gaussian),

ψ(rA, a) = (x − xA)
lx
(y − yA)

ly
(z − zA)

lz e−a∣r−rA ∣
2

, (3a)

ϕ(rA, a) = Y m
l (rA)e−a∣r−rA ∣

2

, (3b)

where rA is the coordinate relative to the center (usually on a
nucleus) A and Y m

l (rA) is the solid spherical harmonic,16,17 cen-
tered at A. Solid harmonic Gaussians [Eq. (3b)] have the advantage
of having the same form and number of wave functions as atomic
orbitals;9 however, computational procedures for evaluating inte-
grals with Cartesian Gaussians are simpler and more widespread.

J. Chem. Phys. 157, 084123 (2022); doi: 10.1063/5.0101387 157, 084123-1

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/5.0101387
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0101387
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0101387&domain=pdf&date_stamp=2022-August-30
https://doi.org/10.1063/5.0101387
https://orcid.org/0000-0002-3049-4182
mailto:gkova@irb.hr
https://doi.org/10.1063/5.0101387


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

Solid harmonic Gaussian integrals can always be computed as
a linear combination of previously evaluated Cartesian Gaussian
integrals.

The greatest problem in finding solutions to two-electron inte-
grals, represented by Eq. (2), is the presence of inter-electron sep-
aration (r12). Wave functions in charge distributions from Eq. (2)
depend on electron coordinates relative to wave function centers
(usually nuclei). It would be straightforward to solve the integral in
Eq. (2) if the inter-electron separation would be an explicit function
of electron–nucleus coordinates. The most common approach is to
express the inverse potential in the form of a one-dimensional inte-
gral over Gaussian function.6,18 That transform enables expressing
Coulomb-type electron integrals in a form that is separable in Carte-
sian axis. The resulting separated integrals are expressed in terms of
the following functions:

Fn(x) = ∫
1

0
t2next2

dt, (4)

which are often referred to as Boys functions.6,8,19,20 The evalu-
ation of Coulomb-type integrals with simplest possible Gaussian
functions [lx = ly = lz = 0 in Eq. (3a)] results in the most funda-
mental Boys function: F0(x); however, solutions involving non-
fundamental Gaussian functions are not so straightforward.6 The
solution was found by Živković and Maksić,21 introducing Hermite
Gaussian functions. This solution requires converting Cartesian
Gaussians [from Eq. (3a)] into Hermite Gaussians and evaluating
integrals in terms of Boys functions.21 Evaluation of Coulomb inte-
grals in many current implementations is based on computational
schemes such as McMurchie–Davidson,6,18,22 Obara–Saika,6,18,23

and Head-Gordon–Pople.18,24

There are alternative methods for solving electron inte-
grals, for example, by applying shift operators to Cartesian
Gaussians,25,26 by applying spherical tensor operators to solid
harmonic Gaussians,27–29 or by utilizing Fourier transform.30,31

In this paper, two-electron Gaussian product rule is intro-
duced (Subsection II A), which enables the separation of variables
in two-electron integrals. The simplest form of the two-electron
integral, viz., two-center two-electron integral, is solved by apply-
ing the two-electron Gaussian product rule in Subsection II B.
The presented solution allows the usage of solid harmonic Gaus-
sians, without the need for transformation or involvement of
Cartesian or Hermite Gaussians. In Sec. III, numerical imple-
mentation of solutions from Subsection II B is compared with
results obtained from the McMurchie–Davidson22 computational
scheme.

II. THEORY
A. Gaussian product rule
1. One-electron Gaussian product rule

The Gaussian product rule5,6,32 transforms a product of two
Gaussian functions that are not necessarily centered on the same
point into a product of two other Gaussian functions that depend on
the inter-center separation and the new center that is positioned on
a line between the original centers. In terms of nuclear and electron
coordinates, it can be defined as

e−aA ∣rA1 ∣
2

e−aB ∣rB1 ∣
2

= e−
aAaB ∣RAB ∣

2

aP e−aP ∣rP1 ∣
2

, (5a)

RAB = rB − rA, (5b)

rP =
aArA + aBrB

aA + aB
, (5c)

aP = aA + aB, (5d)

where A and B represent two nuclei, separated by vector RAB; 1 is
the electron coordinate; P is the point on the line between points A
and B; vectors rA, rB, and rP are radius vectors that define centers
A, B, and P, respectively; and rA1, rB1, and rP1 are vectors defined
by these points and the electron position. The Gaussian product rule
allows expressing the position of an electron [Eq. (1)] in terms of
only one vector (rP1) [see Fig. 1(a)], despite the electron’s charge
distribution being centered on two different points. In order to
avoid confusion, this type of Gaussian product rule (that works on
one-electron charge distributions) is referred to as the one-electron
Gaussian product rule in this work. Since solid spherical harmonics
can be arbitrarily translated,17,33

FIG. 1. Coordinate vectors (between nuclei: A and B; and electrons: 1 and 2) are
transformed by the Gaussian product rule to vectors: rP1 or RPQ, rSc , and r12.
(a) One-electron Gaussian product rule and (b) two-electron Gaussian product
rule.
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Y m
l (rA1) =

l

∑

λ=0

λ
∑

μ=−λ
Kλ,μ

l,mY
μ
λ(rAP)Y m−μ

l−λ (rP1), (6a)

Kλ,μ
l,m =

¿

Á
Á
Á
ÁÀ

2l + 1
(2λ + 1)(2l − 2λ + 1)

⎛

⎜

⎝

l +m

λ + μ

⎞

⎟

⎠

⎛

⎜

⎝

l −m

λ − μ

⎞

⎟

⎠

, (6b)

the one-electron Gaussian product rule makes it possible to
reduce Eq. (2) into a sum of two-center electron repulsion integrals,

GP,Q = ∫
v1
∫
v2

ϕ∗(aP, rP1)ϕ(aQ, rQ2)

∣r12∣
dv1dv2. (7)

2. Two-electron Gaussian product rule
The product of two wave functions that belong to two different

electrons [like in Eq. (7)] cannot be reduced into a one-center wave
function by the one-center Gaussian product rule as described in
Subsection II A 1. Thus, the two-electron Gaussian product rule is
introduced,

e−aP ∣rP1 ∣
2

e−aQ ∣rQ2 ∣
2

= e−(aP+aQ)∣rSc ∣
2

e
−

aP aQ ∣r12−RPQ ∣
2

aP+aQ , (8a)

rS =
aPrA + aQrB

aP + aQ
, (8b)

rc =
aPr1 + aQr2

aP + aQ
, (8c)

rSc = rc − rS, (8d)

r12 = r2 − r1, (8e)

RPQ = rQ − rP, (8f)

where rSc is the vector between the weighted center between elec-
trons (the center is denoted as c and electron positions are denoted
as 1 and 2) and the weighted center between wave function origins
(the center is denoted as S and wave function origins as P and Q),
r12 is the vector defined with electron positions, and RPQ is
the vector between centers P and Q [see Fig. 1(b)]. Proof
for the two-electron Gaussian product rule is provided in the
Appendix.

B. Two-electron Coulomb integral
The integration variables (v1 and v2) in Eq. (7) and the cor-

responding spatial elements (dv1 and dv2) are arbitrary at this
point. The inverse r12 potential could be expressed as the irregu-
lar solid spherical harmonic that can be expanded into two centers;
however, in that case, the entire space has to be separated into sev-
eral domains in order to meet convergence conditions for the solid
spherical harmonic bicentric expansion.17,34 Even in that case, the
mathematical expression for some domains is complicated and dif-
ficult to numerically evaluate.35,36 Rather, the problematic inverse
r12 potential can be expanded17 along two vectors: (r12 − RPQ)

and −RPQ,

(9)
Here, the symbol represents the projection of vector R to the
unit sphere in order to use vector arguments in surface spherical

harmonics consistently with solid spherical harmon-
ics. Combining Eqs. (3b), (6), (7), (8a), and (9) gives the analytic
expression for the two-center electron repulsion integral in terms of
rSc, r12, and RPQ,

(10)

In Eq. (10), solid spherical harmonics Y mP
lP
(rP1) and Y mQ

lQ
(rQ2) are expanded in terms of vectors rSc and r12 − RPQ [see Eqs. (A1) and

(A2) for their relation], according to Eq. (6). Moreover, the property of solid spherical harmonics being homogeneous polynomials17 is used
in Eq. (10).
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1. Separation of variables

Equation (10) can be more easily solved if the integration variables are chosen as rc and r12. Since the integration is performed across the
entire space, it is irrelevant where the origin is chosen. Therefore, for convenience, the coordinate system is translated by vectors R and rS in
order to express radial functions in terms of ∣rc∣ and ∣r12∣. Integration is carried out in spherical coordinate systems,

(11)

Equation (11) is embarrassingly easy to separate into four integrals,

(12)

The integral over θc and ϕc is equal to the Kronecker delta,37 as
a consequence of orthonormality of spherical harmonics,

∫

π

0
∫

2π

0
Y∗μP
λP
(θc,ϕc)Y

μQ
λQ
(θc,ϕc) sin θcdθcdϕc = δλP ,λQδμP ,μQ. (13)

The integral over θ12 and ϕ12 is the definition of the Gaunt
coefficient,38–40

∫

π

0
∫

2π

0
Y∗mP−μP

lP−λP
(θ12,ϕ12)Y

mQ−μQ
lQ−λQ

(θ12,ϕ12)

× Yμ
λ (θ12,ϕ12) sin θ12dθ12dϕ12

= ⟨lP − λP mP − μP∣lQ − λQ mQ − μQ∣λ μ⟩. (14)

The solution for the integral over the radial coordinate rc is
readily available in mathematical handbooks (Gradshteyn, Ryzhik:
3.461.2),37

∫

∞

0
exp(−(aP + aQ)r2

c )r
λP+λQ+2
c drc =

√

π(2λP + 1)‼
2λP+2

(aA + aB)
λP+

3
2

. (15)

The integral over r12 breaks into two integrals,

∫

∞

0
exp(−

aPaQr2
12

aP + aQ
)

min (r12, RPQ)
λ

max (r12, RPQ)
λ+1 rlP+lQ−λP−λQ+2

12 dr12

=
1

Rλ+1
PQ

I lP+lQ−λP−λQ+λ+2
(R,

aPaQ

aP + aQ
)

+ Rλ
PQI

lP+lQ−λP−λQ+λ+2
(R,

aPaQ

aP + aQ
). (16)

These two auxiliary integrals can be solved recursively (see Subsec-
tion II B 4).

J. Chem. Phys. 157, 084123 (2022); doi: 10.1063/5.0101387 157, 084123-4

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

2. Selection rules
Equations (13) and (14) add selection rules that considerably

limit the extent of summations in Eq. (12),

λP = λQ, (17a)

μP = μQ, (17b)

∣lP − lQ∣ ≤ λ ≤ lP + lQ − 2λP, (17c)

lP + lQ − 2λP + λ = 2n; n ∈ N, (17d)

μ = mP −mQ. (17e)

Selection rules (17a) and (17b) are the consequence of Eq. (13).
Selection rules (17c)–(17e) are selection rules for Gaunt
coefficients.38,39 One of the consequences of the selection rule
(17a) is that the integral given by Eq. (15) contains only even expo-
nent of rc. That is why only even solution is presented in Eq. (15).
Another consequence is that auxiliary integrals in Eq. (16) always
come in same parity: I N

(R, a) is always even (with even N) and
IN
(R, a) is always odd. Selection rule (17e) causes all summands

except the one in sum over μ in Eq. (12) to be zero. Moreover,
all summands that do not satisfy selection rule (17c) in sum over
λ in Eq. (12) are zero, which effectively makes the summation
finite.

3. Solution of the two-electron repulsion integral
With the selection rules applied, Eq. (12) can be written with

finite summations,

GP,Q(aP, aQ) = 4π
min(lP ,lQ)

∑

λP=0

λP

∑

μP=−λP

KλP ,μP
lP ,mP

KλP ,μP
lQ ,mQ
(−

aQ

aP + aQ
)

lP−λP

(
aP

aP + aQ
)

lQ−λP

×

√

π(2λP + 1)‼
2λP+2

(aA + aB)
λP+

3
2

(2)
λmax

∑

λ=λmin

1
2λ + 1

⟨lP − λP mP − μP∣lQ − λP mQ − μP∣λ μ⟩

× [Z μ
λ(−RPQ)I lP+lQ−2λP+λ+2

(RPQ,
aPaQ

aP + aQ
) + Y μ

λ(−RPQ)I
lP+lQ−2λP−λ+1

(RPQ,
aPaQ

aP + aQ
)], (18a)

λmin = ∣lP − lQ∣, (18b)

λmax = lP + lQ − 2λP, (18c)

where Z μ
λ(−RPQ) is the irregular solid spherical harmonic.17 The

superscript (2) implies that summation is performed with even or
odd λ values.

The solution of the two-electron integral requires evalua-
tion of a number of Gaunt coefficients, regular and irregular
solid spherical harmonics, and two types of auxiliary integrals
(see Subsection II B 4). Strategies for computing Gaunt coefficients
have been developed by several authors.40–45 Spherical harmonics
(both solid and surface) can be defined in complex and real form,
which makes it possible to define solid harmonic Gaussian wave
functions in these two forms. While in this paper, conjugated com-
plex values are used, indicating the usage of complex wave functions,
it is possible to solve two-electron integrals in the real form. For
solution in the real form, Eq. (18a) must be adapted by using real
Z μ

λ(−RPQ) and Y μ
λ(−RPQ) as well as the real form of Gaunt coeffi-

cients.39 Moreover, constants Kλ,μ
l,m should be adapted for expansion

of real solid spherical harmonics,

Kλ,μ
l,m =

U±μλ,μU±m
l−λ,m−μ

U±m
l,m

¿

Á
Á
Á
ÁÀ

2l + 1
(2λ + 1)(2l − 2λ + 1)

⎛

⎜

⎝

l +m

λ + μ

⎞

⎟

⎠

⎛

⎜

⎝

l −m

λ − μ

⎞

⎟

⎠

,

(19)

where factors Um
l,m are matrix elements used for conversion between

complex and real spherical harmonics, defined by Homeier and
Steinborn.39

4. Auxiliary integrals
Two auxiliary integrals can be related to incomplete gamma

functions,37,46

I N
(R, a) = ∫

R

0
rN e−ar2

dr =
γ(N+1

2 , aR2
)

2a
N+1

2
, (20a)

I
N
(R, a) = ∫

∞

R
rN e−ar2

dr =
Γ(N+1

2 , aR2
)

2a
N+1

2
. (20b)

Integration by parts enables recursive calculation of γ(s, x) and
Γ(s, x) (Abramowitz, Stegun: 6.5.2, 6.5.3, 6.5.16, 6.5.22)46 (Grad-
shteyn, Ryzhik: 8.350.1, 8.350.2, 8.356.1, 8.356.2, 8.359.3),37

Γ(s + 1, x) = xse−x
+ sΓ(s, x), (21a)

Γ(1, x) = e−x, (21b)

Γ(1 + n, x) = n!e−x
(

n

∑

m=0

xm

m!
), (21c)

γ(s + 1, x) = sγ(s, x) − xse−x, (21d)

γ(
1
2

, x) =
√

π erf (
√

x). (21e)
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Gamma functions with integer parameters can be calculated non-
recursively [Eq. (21c)], which can be a convenient starting value for
a series of integrals that begin from a value of N, larger than 1. Even
I N
(R, a) integrals depend on γ(s, x) functions with s equal to a

half-number, while odd IN
(R, a) integrals depend on Γ(s, x) func-

tions with integer s. Recurrence relation (21a) can be used to create
a recurrence in IN

(R, a) with odd N,

I
N+2
(R, a) =

1
2a
[RN+1e−aR2

+ (N + 1)IN
]. (22)

The I N
(R, a) integral can be related to the Boys function,

I N
(R, a) = RN+1F N

2
(aR2
). (23)

As N is always even in I N
(R, a), the resulting Boys functions are

always of integer order. The recursive calculation of I N
(R, a) is also

possible and analogous to the recurrences for Boys functions.19

Unfortunately, numerical errors arising in some cases in recur-
rences for Boys functions also arise in recurrences for I N

(R, a)
integrals and can be avoided by selecting upward or down-
ward recurrence.6,19 Downward recurrence is preferred for small
aR2 since upward recurrence introduces errors in each step, lead-
ing to a numerical erosion. The recurrence for the IN

(R, a) integral
[Eq. (22)], although similar to recurrences used for calculating
Boys functions,6,19 does not suffer from numerical erosion prob-
lems, since addition in Eq. (22) cannot produce small numbers as
difference can.

III. DISCUSSION
A. Numerical implementation and examples

Table I demonstrates solutions of two-center two-electron inte-
grals with the methodology presented in this paper. The results
are calculated on a computer with a Pentium E5500 CPU with
Eq. (18a) coded in C with double precision floating point arith-
metic. Values are computed with a wide range of exponents and
internuclear distances. As a reference, a demonstration code47

for electron integrals is adapted by adding summations of Carte-
sian two-electron integrals according to equations for real solid

spherical harmonics in terms of Cartesian axes. The resulting
code calculates two-center two-electron repulsion integrals in solid
Gaussian basis. The values in Table I demonstrate that two-
center two-electron integrals can be computed by Eq. (18a) to
significant accuracy. The largest relative error in data, shown in
Table I, is about 5 ⋅ 10−15, which is surprisingly small consid-
ering that the demonstration code contains operations (change
in coordinates) that might degrade accuracy. An optimized code
is expected to avoid these operations, have reduced number of
numerical operations, and, therefore, have increased numerical
accuracy.

B. Numerical complexity
The total number of I N

(R, a) and IN
(R, a) auxiliary integrals

required for the evaluation of a four-center Coulomb integral is
lA + lB + lC + lD + 1 and ⌊(lA + lB + lC + lD + 1)/2⌋. In addition, eval-
uation of Y μ

λ(−RPQ) and Z μ
λ(−RPQ) solid spherical harmonics up

to the maximal orbital quantum number, lA + lB + lC + lD, is also
needed. Y μ

λ(−RPQ) and Z μ
λ(−RPQ) with same quantum numbers

differ only by the factor R2λ
PQ, so only one set of these functions needs

to be calculated.
Once all two-center Coulomb integrals are evaluated by

Eq. (18a), the four-center Coulomb integrals can be calculated
by taking into account translations of solid spherical harmon-
ics [Eq. (6)]. The translation of each wave function requires
the calculation of additional (l + 1)2 solid spherical harmonics
of the type Y μ

λ(rAP). The number of summation terms to com-
pute four-center Coulomb integrals from two-center integrals is
(lA + 1)2

(lB + 1)2
(lC + 1)2

(lD + 1)2. That is the slowest step in the
computation of four-center integrals.

A set of solid spherical harmonics with orbital quantum num-
bers in the range 0 − l contains (l + 1)2 values. Not all values from
the set are needed in a particular integral, since the selection rules
can make some terms equal to zero. Nevertheless, all Coulomb inte-
grals with the same l values share the same auxiliary functions, but
selection rules eliminate different terms. Efficient implementation
would store entire sets of solid spherical harmonics and auxiliary
integrals in memory, regardless of them being unnecessary in a
particular integral. The stored values can be reused in all those
integrals.

TABLE I. Values of two-center two-electron repulsion integrals, calculated with Eq. (18a) (Gthis work
P,Q ) and with the McMurchie–Davidson scheme (GMD

P,Q).

lP mP aP lQ mQ aQ RPQ (bohr) Gthis work
P,Q (hartree) GMD

P,Q (hartree)a

0 0 0.103 0 0 0.129 2.3129 98.894 232 020 178 549 98.894 232 020 178 464
0 0 3.319 0 0 1.159 2.3129 2.473 035 674 525 160 2.473 035 674 525 156
0 0 33.87 0 0 1235.0 2.3129 0.002 328 060 634 278 0.002 328 060 634 278
1 −1 0.121 1 0 0.388 2.3129 1.461 344 027 920 480 1.461 344 027 920 478
2 −2 1.057 3 1 0.761 2.3129 −0.313 874 367 910 363 −0.313 874 367 910 363
5 2 0.326 5 −5 0.761 2.3129 0.173 460 271 893 370 0.173 460 271 893 370
0 0 0.103 0 0 0.129 5.5852 68.139 187 112 142 451 68.139 187 112 142 380
1 0 0.103 2 1 0.129 5.5852 −6.334 231 066 169 176 −6.334 231 066 169 156
1 0 0.103 2 1 0.129 13.7480 −0.784 004 095 554 673 −0.784 004 095 554 669
4 2 0.103 3 0 0.129 13.7480 −0.054 459 416 315 339 −0.054 459 416 315 339
ahttps://github.com/jjgoings/McMurchie-Davidson.
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APPENDIX: PROOF FOR THE TWO-ELECTRON
GAUSSIAN PRODUCT RULE

Proof. Let the position of electron 1 relative to the center P be
defined with the vector rP1. Then, the vector rP1 can be expressed as
the linear combination of vectors r12, RPQ, and rSc,

rP1 = r1 − rP = (aP + aQ)
r1

aP + aQ
− (aP + aQ)

rP

aP + aQ

= (
aPr1

aP + aQ
+

aQr2

aP + aQ
) − (

aPrP

aP + aQ
+

aQrQ

aP + aQ
)

− (
aQr2

aP + aQ
−

aQr1

aP + aQ
) + (

aQrQ

aP + aQ
−

aQrP

aP + aQ
)

= rc − rS −
aQ

aP + aQ
r12 +

aQ

aP + aQ
RPQ

= rSc −
aQ

aP + aQ
(r12 − RPQ). (A1)

Let the position of electron 2 relative to the center Q be defined with
the vector rQ2. The procedure in Eq. (A1) can be used for the vector
rQ2,

rQ2 = r2 − rQ = rSc +
aP

aP + aQ
(r12 − RPQ). (A2)

The sum of dot product squares of rP1 and rQ2 multiplied with
aP and aQ is

aP∣rP1∣
2
+ aQ∣rQ2∣

2
= aP(rSc −

aQ(r12 − RPQ)

aP + aQ
) ⋅ (rSc −

aQ(r12 − RPQ)

aP + aQ
) + aQ(rSc +

aP(r12 − RPQ)

aP + aQ
) ⋅ (rSc +

aP(r12 − RPQ)

aP + aQ
)

= aP∣rSc∣
2
+

aPa2
Q

(aP + aQ)
2 ∣r12 − RPQ∣

2
−

2aPaQ

aP + aQ
rSc ⋅ (r12 − RPQ) + aQ∣rSc∣

2
+

a2
PaQ

(aP + aQ)
2 ∣r12 − RPQ∣

2

+
2aPaQ

aP + aQ
rSc ⋅ (r12 − RPQ) = (aP + aQ)∣rSc∣

2
+

aPaQ

aP + aQ
∣r12 − RPQ∣

2. (A3)

Changing signs in Eq. (A3) and raising it to the power of e result
in the two-electron case of the Gaussian product rule,

e−aP ∣rP1 ∣
2

e−aQ ∣rQ2 ∣
2

= e−(aP+aQ)∣rSc ∣
2

e
−

aP aQ ∣r12−RPQ ∣
2

aP+aQ . (A4)

◻
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