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1. Introduction 

 For finite element analyses of plane elasticity problems, Turner et al. [1] formulated the first 

isoparametric three-node finite element known today as the CST (Constant Strain Triangle) 

element. Due to its simplicity and reliability, the CST element is still widely employed today, even 

though its performance is generally not on a desirable level. In order to improve its performance, 

many researches resorted to introducing (drilling) rotations as additional unknown parameters. 

Although that is not consistent with the theory since rotations are dependent on displacements, it is 

not actually against the finite element concept. Anyhow, difficulties were encountered in the early 

attempts of such an approach. One of the main difficulties is linking nodal rotations to the element 

side displacements, which is very well explained in Ref. [2]. 

 First successful realisation of introducing rotations as additional unknown parameters was 

presented independently by Allman [3] for plane elasticity problems, and by Carpenter et al. [4] for 

general shell problems. The authors introduced rotations with the quadratic interpolations of the 

displacement fields in a way known today as the linked interpolation. However, these finite 

elements possess the so-called spurious zero-energy mode, and generally, the rotational parameters 

are not representing true rotations at the nodes. 

 In finite element analyses, it is convenient to employ a membrane element with true rotations 

since the analyses would yield real nodal rotations and because such an element has an inherent 

ability to carry in-plane moments correctly. Additionally, if such an element is the in-plane part of 

the shell finite element formulation, it would secure the non-singularity of the global stiffness 

matrix in all cases and provide a full compatible connection with other finite elements. 

 Although many effective three-node membrane finite elements with drilling rotations have been 

developed so far, no element has been found capable of achieving the exact response for an 

arbitrary pure bending problem. This would be of a major importance in the finite element analyses 

(see Ref. [5]). In contrast, lowest-order linked interpolation beam and plate finite elements have 

such a capacity. Motivated by that, formulation for such a membrane element has been sought, and 

ultimately, one has been found which turns to be exact for specific cases only. 

2. New finite element 

 The finite element formulation is given in a standard displacement form. The displacement 

fields are quadratic polynomials written in the area coordinate system in which the linear 

coefficients are nodal displacements, and the quadratic coefficients are nonconforming and include 

both nodal displacements and nodal rotations, in addition to the geometric parameters and 

Poisson’s ratio. The displacement fields satisfy classical theory of plane elasticity definition of 

rotation in every point inside the element domain, which makes the finite element analysis yield 

true nodal rotations. Furthermore, the finite element always has a correct rank, i.e., it has no 

spurious zero-energy mode. 
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 The finite element is also capable of achieving the exact response for a pure bending problem of 

a simple beam described in Fig. 1., regardless of the Poisson’s ratio and the mesh regularity. 

However, this is only the case if the beam is directed in x or y global axis, i.e., if the beam is rotated 

by multiples of π/2. For the Timoshenko beam problem, the new element performs exceptionally 

well, on regular (R) or distorted (D) mesh, while its performance is somewhat lower for the Cook’s 

membrane problem, as shown in Table 1. 

 
Figure 1. Pure bending of a simple beam 

Table 1. Vertical tip displacement for Timoshenko beam (TB) and Cook’s membrane (CM) problems 

TB Allman [3] New FE CM Allman [3] New FE 

Mesh ν = 0.25 ν = 0.499 ν = 0.25 ν = 0.499 Mesh ν = 1/3 ν = 0.499 ν = 1/3 ν = 0.499 

4x1 (D) 0.24312 0.23260 0.34847 0.35228 2x2 20.084 19.884 14.826 14.230 

8x2 (D) 0.31884 0.30639 0.35803 0.35620 4x4 22.708 22.630 19.538 18.791 

4x1 (R) 0.27282 0.25061 0.35133 0.35399 8x8 23.611 23.694 22.331 22.005 

8x2 (R) 0.34007 0.32215 0.36349 0.35095 16x16 23.872 24.044 23.460 23.488 

16x4 (R) 0.35466 0.34726 0.35741 0.35239 32x32 23.941 24.154 23.816 23.986 

32x8 (R) 0.35608 0.35421 0.35579 0.35454 64x64 23.959 24.191 23.922 24.141 

Exact 0.35533 0.35865 0.35533 0.35865 128x128 23.965 24.205 23.953 24.190 

3. Conclusions 

 A new three-node membrane finite element with true rotations is developed. It is capable of 

achieving exact response for specific cases of pure bending problems regardless of the Poisson’s 

ratio and the mesh regularity. The element exhibits great resistance to mesh distortions and handles 

(nearly) incompressible materials with no issues. Additionally, it has no spurious zero-energy 

mode. However, there is a discrepancy in performance between some numerical examples which 

requires further numerical investigation. 

 

 

Financial support of the Croatian Science Foundation, project IP-06-2016-4775: "Assumed strain 

method in finite elements for layered plates and shells with application on layer delamination 

problem - ASDEL", is acknowledged. 

References 

[1] Turner, M. J., Clough, R. W., Martin, H. C., Topp, L. J., Stiffness and deflection analysis of complex 

structures. Journal of the Aeronautical Sciences, 23:9, 805-823, 1956. 

[2] Bergan, P. G., Felippa, C. A., A triangular membrane element with rotational degrees of freedom. 

Computer Methods in Applied Mechanics and Engineering, 50:1, 25-69, 1985. 

[3] Allman, D. J., A compatible triangular element including vertex rotations for plane elasticity analysis. 

Computers & Structures, 19:1-2, 1-8, 1984. 

[4] Carpenter, N., Stolarski, H., Belytschko, T., A flat triangular shell element with improved membrane 

interpolation. Communications in Applied Numerical Methods, 1:4, 161-168, 1985. 

[5] Felippa, C. A., A study of optimal membrane triangles with drilling freedoms. Computer Methods in 

Applied Mechanics and Engineering, 192:16-18, 2125-2168, 2003. 


