
1 INTRODUCTION 

Global energy demand is constantly growing. 
Burning fossil fuels leads to climate change and 
global warming. Renewable energy sources promise 
a sustainable alternative, so research in this direction 
has greatly increased in the last decade, especially in 
the electricity sector (Rosa-Clot & Tina 2020). 
Floating photovoltaics (FPV) are participating in this 
development, and the total production of FPV energy 
is almost doubling every year (Cazzaniga & Rosa-
Clot 2021). 

Photovoltaic (PV) technology has proven to be 
reliable and low maintenance. Costs have been 
declining rapidly in recent years (Lazard 2019). It is 
easy to build a photovoltaic power plant in different 
sizes of output power. One of the limitations that can 
be found is in the use of land due to the low relative 
efficiency of PV panels. For example, to build 
1 MWp, it is necessary to provide 10,000 m2 of land 
(Jager-Waldau 2018). 

FPV technology solves this limitation since PV 
plants can be installed on freshwater surfaces and 
existing water basins (Oliveira-Pinto & Stokkermans 
2020). Installation is relatively simpler because there 
are no fixed structures as in onshore plants. Reducing 
specific energy costs is achievable as there is no land 
management. Also, FPV plants can be integrated with 

hydropower plants to increase the capacity factor 
(Temiz & Javani 2020). PV panels are more efficient 
when placed above water, due to the cooling effect, 
compared to PV panels placed above land (Lee et al. 
2020). 

Recently, research has focused on FPV 
installations at sea (World Bank Group 2019). 
Coastal sites and sites with natural or man-made 
barriers that reduce more severe wave impacts were 
considered first. The impact of waves can also be 
significant on lakes (Kaymak & Şahin 2021). Solar 
energy is somewhat anti-correlated with wind energy. 
Thus, FPV can be combined with offshore wind farms 
using the already existing wind farm energy grid 
(Soukissian et al. 2021). This brings FPV plants to 
high-wave offshore locations. 

In 2021, Det Norske Veritas released the world’s 
first recommended practice (RP) for floating solar 
energy projects following a joint industrial project 
involving 24 industry participants (Det Norske 
Veritas 2021). RP provides a comprehensive set of 
requirements, recommendations, and guidelines for 
the design, development, operation, and 
decommissioning of FPV systems. RP can be applied 
to FPV systems located in protected and inland water 
bodies. It is also applicable to places close to the 
coast, which are reasonably protected, with 
significant wave heights up to 2 or 3 m. Offshore 
locations with more severe conditions are beyond the 
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reach of this RP. For these places, RP can be used as 
a set of general guidelines. 

Among other things, RP deals with so-called 
mismatch losses in photovoltaic systems. In addition 
to the usual mismatch losses that are known and 
resolved in onshore photovoltaic installations, the 
mismatch losses due to the motion of the FPV system 
due to waves should be considered. This mismatch 
occurs when photovoltaic modules are connected in a 
series, connected to a single inverter, tilted at 
different angles, and oriented to different azimuths 
due to incident waves. Changing the angle of 
inclination and azimuth affects the solar radiation 
observed by the PV module. Therefore, each PV 
module in series has a different voltage and current 
and therefore introduces additional loss due to 
mismatch. 

To estimate these losses, it is necessary to estimate 
the movements of the FPV. For this purpose, the 
boundary element model (BEM), also used for 
seakeeping analyses of ships and offshore structures, 
can be applied. The method determines the response 
amplitude operator (RAO) of the floating body (Det 
Norske Veritas 2021). However, there are some 
issues that need to be addressed when using this 
method since FPV are designed as a set of multiple 
floating bodies that are interconnected. When 
analyzing a set consisting of several floating bodies, 
the hydrodynamic coupling between the bodies must 
be taken into account. Also, the impact of 
interconnections needs to be considered. 

An easy way to estimate the wave-induced 
mismatch losses is to run a series of simulations that 
change the prescribed azimuth and tilt values over a 
given time interval (Det Norske Veritas 2021). The 
model for calculating the losses on an annual basis 
can be based on a simplified analysis of FPV 
movements. Such a motion model assumes that 
photovoltaic panels perfectly follow the height and 
inclination of the wave. Another motion analysis uses 
a simplified estimate of wave forces (Dörenkämper et 
al. 2019). The analysis of the performance of FPV at 
sea was also performed with a more advanced motion 
model based on the BEM method. The achieved 
optical performance of PV panels is determined by 
simulations in the time domain based on direct solar 
radiation (Diendorfer et al. 2014). 

A nonlinear mathematical model has been 
developed to estimate the energy production using PV 
modules installed onboard. Fluctuations of the PV 
power output due to ship roll are studied through 
different simulation scenarios (Liu et al. 2017). 
Experimental measurements were performed to 
investigate the characteristics of PV system installed 
on a ship in navigation (Wen et al. 2016). 
Experimental results were used to develop an interval 
optimization method to determine the optimal size of 
solar energy use and energy storage systems in the 
marine power system to reduce fuel costs. 

Part of the research on mismatch losses is a study 
on the effects of wave motions on the amount of solar 
insolation on FPV installations. The developed tool 
was verified by an experimental setup that simulated 
the response of a sinusoidal wave for different values 
of tilt and azimuth. In general, the wave induced 
displacements have led to a certain reduction in the 
amount of insolation on PV panels (Bugeja et al. 
2021). 

FPV are not mounted on a single floating body. 
Instead, FPV installations consist of multiple floating 
bodies. The problem of multiple floating bodies has 
already been encountered in offshore structures. In 
the case of a floating storage and unloading unit 
(FPSO), a shuttle tanker is used to transport oil from 
the unit to onshore refineries. During unloading, 
usually the FPSO and shuttle tanker are moored in a 
configuration next to each other (Ganesan & Sen 
2016). A similar configuration is used for floating 
liquefied natural gas (LNG) terminals. The floating 
storage and re-gasification unit (FSRU) and LNG 
carrier during liquefied gas transshipment are also in 
a side-by-side configuration (Zhao et al. 2012). In 
addition to the oil and gas industry, the problem of 
multi-type floating bodies is also present in floating 
breakwaters and offshore cranes, (Ćatipović et al. 
2011, Ćatipović et al. 2019). 

These design problems in traditional offshore 
structures have prompted the development of 
numerical approaches, such as BEM, that can be used 
for FPV but with some modifications and 
improvements. The problem that must be addressed 
when considering FPV is in the modeling of 
connections between floating bodies. Another 
problem is the number of floating bodies, of which 
there may be hundreds, with the bodies being in 
hydrodynamic coupling. 

Based on the hydroelastic analysis of a floating 
body, a certain numerical framework was developed. 
FPV is considered a set of flexible floating modules 
with flexible connectors. Thus, the framework is 
based on natural wet modes of FPV. These modes are 
used to calculate the motion and forces inside the 
connectors (Michailides et al. 2013). A multi-
connected system of floating solar panels with 
vertical cylinders arranged in a parallel configuration 
was studied. The hydrodynamic coefficients of the 
cylinders are estimated using BEM. The effect of 
wake, due to the parallel arrangement, was not taken 
into account. Hinged joints were used between the 
floating modules (Song et al. 2022). 

To shed new light on the topic, the paper focuses 
on two issues. The analysis of the movement of FPV 
installations is first studied and carried out within the 
seakeeping analysis of FPV. The approach used is 
based on the hydrodynamics of multiple floating 
bodies. For this purpose, BEM is used, which 
assumes that the bodies are rigid. Hydrodynamic 
coupling between floating bodies is considered. An 



overview of the theoretical background adapted to 
FPV installations is given in Chapters 2.1 and 2.2. 

The contribution to the seakeeping analysis of 
FPV is given in Chapter 2.3, where the connections 
between floating bodies supporting FPV are studied. 
A stiffness matrix that can model a ball and a hinge 
joint between two bodies is presented. Also, the 
procedure for obtaining a stiffening matrix for the 
entire system of floating bodies with multiple joints 
is explained. Thus, a process for modeling 
connections between bodies is presented that is 
without theoretical limitations with respect to the 
number of connections or the number of bodies. 

Compared to current practice, the model 
developed here has certain advantages. The model is 
based on the motion of rigid bodies in the frequency 
domain, which is a less computationally demanding 
approach compared to hydroelastic analysis or 
analysis conducted in the time domain. This fact is 
important because future FPV installations are 
expected to consist of hundreds of floating bodies and 
perhaps more. 

The second part of the study is presented in 
Chapter 2.4, which deals with solar radiation on a 
moving surface, which is the first step in estimating 
the wave-induced mismatch losses. The basis for this 
part is the seakeeping analysis of FPV (developed in 
the first part of the study). With some simplifications, 
a closed-form expression has been derived that can be 
used for initial estimates of the relative value of 
radiation reduction due to PV panel movement. The 
expression is much easier to use compared to the 
same type of estimates based on time-domain 
simulations. The aim of the study is not to give an 
estimate of the radiation reduction for some period 
(like a year), but rather to develop an expression that 
can be used for a state of environmental conditions 
that includes sea state and solar radiation. 

In case studies, the developed models are tested on 
a conventional merchant ship and on interconnected 
floating pontoons carrying PV panels. In the first step 
the seakeeping assessments are conducted for a 
chosen set of sea states. Each sea state is defined by 
wave spectrum, significant wave height and incident 
waves direction. In the second step, the radiation 
reduction is calculated and compared with result 
obtained by time domain simulations to present the 
effectiveness of the derived closed-form expression. 

2 MATHEMATICAL MODEL 

2.1 Single floating body 

The response of a floating body due to an incident 
wave is described by the equation of motion in from 
(Faltinsen 1993) 

   ( )         M A B K f  + + + =  (1) 

where [M] is the mass matrix due to its own body 
mass, while [A] is the added mass matrix. The added 
mass is used to model the inertial forces caused by 
seawater as the body moves with certain acceleration 
values. [B] is the radiational damping that simulates 
damping induced by outgoing (radiation) waves. The 
hydrostatic stiffness caused by the buoyancy and 
weight of the floating body is presented by [K]. First-
order wave forces acting on the body are given by the 
vector {f }. 

Eq. (1) is formulated under the assumption that the 
body is rigid and can move freely in three-
dimensional space (assuming small displacements). 
Thus, 6 degrees of freedom (DOF) are considered, 
and all matrices are 6×6 while the vectors are 6×1. 

Eq. (1) is a system of six second-order linear 
differential equations. Such a system is simplified by 
the assumption of harmonic motions of the body 
formulated as 

    i te  =  (2) 

where  is the frequency of the wave, and {} is the 
complex amplitude. The harmonic form is also used 
for wave forces as 

    i tf F e =  (3) 

where {F} is the complex amplitude of the force. 
With these assumptions, the equation of motion is 
reduced to a system of linear (complex) equations 

   ( )    ( )   2 M A i B K F  − + + + =  (4) 

Eq. (4) is solved in the frequency domain for a given 
wave frequency  to obtain the amplitude { } of the 
body motions. 

The determination of added mass, radiation 
damping, and wave forces is based on the linearized 
theory of radiation/diffraction potential theory 
governed by the Laplace equation. It is assumed that 
the fluid is non-viscous and incompressible and that 
the flow is irrotational. In addition to the Laplace 
equation, the flow must meet the boundary conditions 
on the free surface, the seabed, and the wetted surface 
of the body. 

The solution procedure is based on Green's 
theorems that allow mapping from the fluid domain 
to the domain edge. The problem is solved by 
defining the potential using distributed pulsating 
sources/ sinks that are placed on the edge of the 
domain. The approach described is known as the 
boundary element method (BEM) or the panel 
method. 

The solving procedure used in the practice so far 
has been proven to be sufficient for determining the 
added mass and wave forces. However, the total 
amount of damping that affects the floating body is 
underestimated. Because viscosity is neglected in the 
calculation process, the associated damping, which is 



a major component in the estimation of some degrees 
of freedom (such as roll), is also neglected. To 
overcome this drawback, it is necessary to define 
additional damping that acts as viscous damping. The 
simplest definition is based on critical damping 
(derived from vibrational analysis of structures), so 
additional damping is defined as a recommended 
percentage of critical damping. 

Equation (4) is solved for a regular wave given its 
frequency   and amplitude since it is assumed in a 
harmonic form. To solve the motion of a floating 
body on the high seas, seawater elevation is 
considered a stochastic process, and spectral analysis 
is used, so seawater elevation decomposes into a 
series of regular waves. 

2.2 Multiple floating bodies 

If the response of multiple floating bodies needs to be 
solved, in mathematical terms equation (4) can still be 
used, but with some modifications (Buchner et al. 
2011). Instead of 6 equations (as 6 DOF response), 
the total number of equations is now 6N, where N is 
the total number of observed bodies. Such a system 
represents a balance of forces and moments on every 
body. Consequently, the matrices assume a size of 
6N×6N while the vectors become 6N×1. 

The multi-body mass matrix takes form 
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where [Mj] is the mass matrix of the j-th body. This 
matrix should be defined with respect to the origin of 
the local coordinate system of the j-th body. It is 
assumed within equation (4) that the balance of forces 
and moments on each body is defined with respect to 
its local coordinate system. As can be observed, the 
nondiagonal matrices are equal to zero, i.e. there is no 
coupling (between the bodies) of inertial forces due 
to its own mass. Accelerations of one body do not 
cause inertial forces on another body. The inertial 
forces of a body are related only to its accelerations, 
and therefore the global mass matrix has a diagonal 
form. 

The inertial forces caused by the fluid in which 
bodies float are coupled. Thus, the global added mass 
matrix is filled as 
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where [Ajk] is the added mass matrix that relates 
accelerations of the k-th body to the inertial forces 
exerted on j-th body (and should be defined regards 
to the j-th local coordinate system). The coupling is 
also modeled in the diagonal matrices denoted as [Ajj] 
used for the determination of inertial forces of j-th 
body caused by its accelerations. When [Ajj] is 
determined (by radiation/diffraction potential 
theory), the presence of other bodies is considered, 
i.e., the fluid flow around all bodies is relevant when 
[Ajj] is formed. 

The global radiation matrix also includes 
couplings between bodies, so it has a form 
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where [Bjk] is the radiational damping matrix that 
connects the velocities of the k-th body to the 
attenuation forces acting on the j-th body. An 
analogous explanation for coupling can be given the 
same as for the added mass matrix. 

The global force vector given as 

 
T

1 k NF F F F=  (8) 

should also be determined in a coupled way, so when 
estimating the force on the k-th body, denoted as 
{Fk}, the flow of fluid around all bodies should be 
taken into account. 

If floating bodies are unconnected, the global 
stiffness matrix has a diagonal form 
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where [Kj] is the stiffness matrix of the j-th body. This 
matrix models hydrostatic forces with each body 
having its own buoyancy and weight, so that the 
displacements of one body do not cause forces on 
another body. 



The determination of added mass, radiation 
damping, and wave forces for multiple bodies is done 
in similarly to case of a single floating body. 
Linearized theory of radiation/diffraction potentials 
and boundary element methods are still used as a 
basis for numerical calculations. The main difference 
is in the modeling of the wetted surface, as the edge 
of the fluid domain, by the boundary elements. Now 
the wetted surface covers more bodies instead of just 
one body. Another difference is, of course, in the 
number of degrees of freedom being considered. 
However, the theoretical basis of the applied 
numerical approach easily supports this 
generalization. 

However, one difficulty arises when using the 
theory described for multiple bodies if the bodies are 
located in close proximity. In real conditions, in the 
gaps between the bodies, there may be a resonant 
elevation of fluid (Molin 2009). As with other 
resonant phenomena, damping plays an important 
role and significantly affects the values of such 
elevations. If conventional radiation/diffraction 
theory is used, elevation predictions will be 
overestimated compared to measured data. The main 
reason lies in the neglect of fluid viscosity. The 
overestimation will also be in the calculated wave 
forces, and the design based on such determined 
forces will lead to oversized structural elements of the 
observed bodies. 

To overcome this difficulty, in the numerical 
approaches currently in use, a dissipation zone is 
introduced into the gaps between bodies (Bunnik 
2009). This zone mimics the damping mechanisms 
found in real conditions and provides more reliable 
values for wave forces, added mass, and radiation 
damping. The zone is calibrated with experimental 
data. 

Finally, the solution of the equation of motion, 
Eq. (4), is the global displacement vector in form 

 
T

1 k N   =  (10) 

where {k} is the displacement vector of the k-th 
body. 

2.3 Connected floating bodies 

Floating pontoons for PV panels are designed with 
connections between pontoons for practical reasons. 
In this case, the movements of one pontoon certainly 
affect the movements of the others. Moreover, 
pontoons are usually in a matrix-like formation (or 
two-dimensional array) so that one pontoon is 
connected to four adjacent pontoons. These 
connections should be taken into account when 
dealing with motions i.e. the forces and moments due 
to the connections should be introduced into the 
equation of motion as 

   ( )    ( )     2 cM A i B K F F  − + + + = +  (11) 

where {Fc} is the global contact force vector defined 
in the following form 
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where {Fc

k} represents the contact forces acting on k-
th body caused by all the other bodies directly 
interconnected with k-th body. Vector {Fc

k} should 
be defined according to the origin of the k-th local 
coordinate system. 

In the case of floating pontoons for PV panels, the 
structural design of the connection can be understood 
as a ball or hinge joint. The hinges (as well as the ball 
joints) have negligible damping, so within the 
equation of motion, the damping forces due to the 
joints can be omitted. The joints are an integral part 
of the pontoon structure, so the mass of the joint can 
be easily added to the mass of the pontoon to properly 
model the inertial forces. Therefore, from the point of 
view of damping and inertial forces, it is not 
necessary to change the equations of motion. 

Since the displacements of one pontoon affect the 
displacements of the other (when the pontoons are 
connected), the forces due to the connections should 
be modeled as stiffness forces (Ćatipović et al. 2019) 

    cF C = −  (13) 

and the motion equation can be transformed as 

   ( )      ( )   2 M A i B K C F  − + + + + =  (14) 

where [C] is the global connection stiffness matrix in 
size 6N×6N as well as other matrices in the equation. 
Eq. (14) is suitable for describing the motion of 
multiple floating bodies that are interconnected and 
can be solved by the same numerical approaches as 
Eq. (4). 

To formulate the global connection matrix, it is 
first necessary to observe one connection between 
two bodies. Each body has its own connection point 
where the joint is placed. These two points, since they 
are connected, should always occupy the same 
position in space and time. This is precisely the 
definition of the ball connection between bodies, and 
it is used when observing multi-body mechanisms. 
The mathematical model for the dynamics of such 
mechanisms is incompatible with Eq. (14) since they 
assume large displacements. Also, the application of 
such models is based on the reduction of DOF if there 
is a ball joint (between the bodies) or some other type 
of joint. Thus, the equation of motion used here 
should go through a procedure to reduce the total 
DOF number, i.e., some of the equations in Eq. (14) 
should be removed in a correct mathematical way. 



Here, the goal is to use existing, proven numerical 
approaches to model hydrodynamics (as presented) 
by doing as few modifications as possible. Therefore, 
the formulation for the connections used in this study 
is different from the one previously described and is 
based on the spring as a link between the two 
connection points. If the coefficient of spring stiffness 
is set to an appropriately high value, the ball joint 
would be acceptably mimicked. Connecting points 
would always be in very close positions in space. This 
model requires all DOF from interconnected bodies 
to correctly define the current length and force of the 
spring. Thus, DOF reduction is not necessary, and the 
model is compatible with Eq. (14). 

Based on the above, the connection stiffness 
matrix [Cjk] between the j-th and k-th bodies can be 
formulated as 
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where ks is a constant scalar value used for the 
coefficient of spring stiffness. [I] is a 3×3 unit matrix. 
The matrices [Rj] and [Rk] are substitutions, also 3×3 
in size, as 
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and 

 

( ) ( )

3 2

( ) ( )

3 1

( ) ( )

2 1

0

0

0

k k

k k

k

k k

r r

R r r

r r

 −
 

= − 
 − 

 (17) 

 
where r1

(j), r2
(j), and r3

(j) are the coordinates of the 
connecting point on the j-th body with respect to the 
origin of the local coordinate system of the body 
(which is usually in the center of gravity). The 
analogy holds for labels related to the k-th body, i.e., 
r1

(k), r2
(k), and r3

(k). 
As can be observed, [Cjk] is 12×12 in size. If the 

amplitudes of the displacements of the j-th and k-th 
body are multiplied by this matrix, the relations are 
obtained as 
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where {Fc
j,k} is a vector of the connecting forces, size 

6×1, acting on the j-th body due to its contact with the 
k-th body. The matrix [Cjk] is formulated in such a 
way as to ensure that the reference point for the vector 
{Fc

j,k} is at the origin of the local coordinate system 

of the j-th body, in order to be compatible with 
Eq. (14). The vector {Fc

j,k} contains moments (the 
last three components), so these moments are also 
defined with respect to the origin of the local 
coordinate system. The same is true for the {Fc

k,j} 
vector. 

Eq. (18) can be used as a basis for a simplified 
explanation of how to construct the global connection 
stiffness matrix [C] from [Cjk] matrices instead of 
representing a rigorous mathematical definition. 
Eq. (18) is mathematically equivalent to the 
definition of nodal forces when the displacements of 
the nodes in the finite element method (for structural 
analyzes) are known. Now [Cjk] can be understood as 
the local stiffness matrix of the finite element, while 
[C] can be understood as the global stiffness matrix 
of the whole structure. Therefore [C] can be 
constructed using this premise. The proper position 
for adding matrix [Cjk] within [C] is defined by the 
displacement amplitude vector {} given by Eq. (10).  

The matrix [Cjk] is suitable for modeling a ball 
joint. Two ball joints, properly spaced apart, can 
model a hinge joint. Therefore, two [Cjk] should be 
used and summed in [C] for the correct definition of 
the hinge. 

2.4 Solar radiation on moving surfaces 

Total solar radiation on a surface consists of a beam 
and diffuse radiation. The beam radiation is received 
from the sun without the atmosphere scattering it. 
This radiation forms a major part of the total radiation 
and is often referred to as direct solar radiation. The 
diffuse part comes from the sun after its direction has 
been changed by scattering due to the atmosphere. 
This part is called sky radiation in some literature 
(Duffie et al. 2020). 

In solar engineering, it is also interesting to 
estimate the radiation on a surface that moves in a 
prescribed manner. For example, most concentrating 
collectors use only direct radiation, so they move to 
track the sun. In this case, the direct radiation to the 
surface at some point, denoted as GbT, is calculated 
according to 

( )cosbT bnG G =  (19) 

where 𝜃 is the incidence, i.e., the angle between the 
direction of beam radiation at the surface and the 
normal of that surface. Gbn is the beam radiation on a 
plane that is set normally in the direction of radiation 
propagation. Eq. (19) gives the rate at which the 
radiation energy falls on that surface (i.e., the power) 
per unit area of the surface. It is also referred as the 
solar irradiance, and it is given in W/m2. Eq. (19) is 
typically used for a one-hour period during a day, 
month, or year. For such a period, it is assumed that 
the value of Gbn is constant. 

Since beam radiation is the largest part of solar 
radiation, Eq. (19) can be used to estimate the 



radiation on a PV panel installed on a floating body 
that is moving due to waves. The motions of the PV 
surface are causing certain changes in the beam 
radiation that falls on the surface. In that case, the 
value of beam radiation can be defined as 

( )cosmov

bT bn dG G =  (20) 

where 𝜃d is the time-varying variable called the 

dynamic incidence angle (due to floating body 

motions). Decomposition of the angle can be given as 

d in  = +  (21) 

where 𝜃in is the initial value of the incident angle 
(constant in time), i.e., the value of this angle is 
determined in the initial state when the body is not yet 
moving. 

In Eq. (21), the variable part is the angle  which 
represents the angular motion of the body expressed 
as 
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Such a formulation is inherent in the seakeeping 
theory, which has been explained in the previous 
chapters. Each degree of freedom of motion is 
represented as the sum of harmonics, where r is the 
frequency of the incident wave and R is the total 
number of harmonics. The phase shift (between the 
incident wave and the motion) is denoted by r, while 
a,r is the amplitude of the motion.  

A floating body, in general, has three angular 
movements. These movements affect the 
photovoltaic surface orientation. Decomposition of 
the angle of incidence 𝜃d by a single angular motion 
simplifies the problem. Thus, a mathematical setting 
based on Eq. (20), (21), and (22) can be used as an 
estimate of the change in solar radiation, rather than 
as a precise calculation. The justification for such a 
simplified approach lies in the fact that most floating 
bodies have a single dominant angular motion (such 
as roll). Thus, an acceptable estimate of radiation 
change can be obtained with only one, yet dominant, 
angular motion. 

The orientation of the PV panel is three-
dimensional, i.e., three Euler angles are needed to 
define the orientation of the PV surface or if the 
orientation of the surface is defined by a normal 
vector, three components are required. Eq. (20), (21), 
and (22) do not consider this fact. Instead, the 
problem comes down to two dimensions, so the 
orientation of the PV surface is defined by only one 
parameter or one angle. In the initial state, this angle 
is 𝜃in. Such approach would be perfectly correct if the 
surface normal is in the same vertical plane as the 
radiation direction. In this case, the change in the 
angle of incidence causes the greatest changes in the 
radiation to the surface (compared to the states when 
the surface normal and the direction of the radiation 

are in different vertical planes). Thus, Eq. (20), (21), 
and (22) provide a conservative estimate of the 
change in the amount of radiation that can be 
considered useful in some practical applications. 

The relative change or relative deviation of 
radiation on a moving surface with respect to the 
same non-motion surface (which orientation is 
defined by 𝜃in) can be estimated in the form 

( )
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=   (23) 

Using Eq. (20) and (21) and with trigonometric 
identities, the expression can be further simplified. 
The deviation thus determined is valid for any time 
instant. When estimating the total power of FPV 
installations, the average power output is of interest, 
so the relative deviation is given in average form as 

( ) ( ) ( )cos tan sin 1 100%ind    = − − 
 

 (24) 

The average values in the above expression can be 
estimated by considering Eq. (22) as 
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where T is the time period of averaging and here is set 
in a mathematical sense, as limit to infinity, to ensure 
closed-form expression. Further derivations are based 
on the Maclaurin series up to the third order of the 
trigonometric functions 
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In Eq. (27), the first part on the right is simple to 
solve, and its limit goes to 1. The second part can be 
reformulated as 

( ) ( )

2

,

10

, ,

1 1 0

1
lim cos( )

1
lim cos cos

T R

a r r r
T

r

TR P

a r a p r r p p
T

r p

t dt
T

t t dt
T

  

     

→
=

→
= =

 
+ = 

 

= + +



 

 (29) 

Here the square of the sum is replaced by the product 
of the two sums. The limit on the left can be solved as 
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The integral itself is the internal product of the two 
functions. Harmonics of different frequencies are 
orthogonal functions, so in this case, the integral is 
zero. If the frequencies are equal (i.e., r = p), the 
integral has a non-zero value as well as the limit. By 
combining Eq. (27), (29), and (30), a new form of the 
average cosine function is obtained. 
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By the seakeeping theory, the sum in Eq. (31) can 
be replaced by another sum as 
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because the following equality is valid  

( ), 2a r rS  =   (33) 

where S is the response spectrum of the angular 
motion. 

The spectrum is the result of a seakeeping analysis 
of a floating body carrying the observed PV. The sum 
containing S can be understood as the Riemann sum 
that can be transformed into the following integral in 
Eq. (32). The integral value, i.e., the area under the 
curve S, which is called the zeroth moment of the 
surface, is denoted as m0. The area is used to calculate 
a significant value of angular motion. 

02s m =  (34) 

A combination of Eq. (31), (32), (33), and (34) leads 
to the final form of the averaged cosine function 

( ) 21
cos 1

8
s = −  (35) 

Simplification of Eq. (28) can be reported without 
formal mathematical evidence. The first limit is the 
mean of the harmonic sum, which is zero. The third 
power of the sum of harmonic functions is at the 
second limit. In general, the average of the odd power 
of the harmonic functions is zero, as so is this limit. 
Therefore, the value of the average sinusoidal 
function is equal to zero, i.e. 

( )sin 0 =  (36) 

The final form of a closed-form expression for the 
average value of the relative deviation in radiation on 
a moving surface is obtained by Eq. (24), (35), and 
(36) as 

21
100%

8
sd = −   (37) 

It is important to note here that the significant value 
of angular motions should be given in radians. The 
final form, even derived by the simplified approach, 
reveals some important facts about the deviation of 
radiation. The significant value is always positive (as 
the average of the largest third of the angular 
amplitudes), so the deviation is negative. This means 
that the deviation due to motions of PV panels leads 
to a reduction in radiation. Therefore, a moving PV 
panel will always have a lower average value of the 
beam radiation than a fixed one. 

The closed-form expression for the deviation does 
not depend on the initial angle of incidence 𝜃in nor on 
the beam radiation Gbn. Thus, Eq. (36) can be used for 
all the different expected solar radiation conditions 
and all possible PV orientations. Hence Eq. (36) can 
be used for initial estimates of radiation reduction at 
the design stage. 

3 CASE STUDIES 

3.1 Merchant ship 

A merchant ship with main properties given in 
Table 1 is used for this case study. Seakeeping 
analyses are performed with HydroStar, (Bureau 
Veritas 2018). The BEM model is presented in 
Figure 1. Roll viscous damping is set at 5% critical 
damping as recommended in Bureau Veritas (2018). 

 
Table 1. Main properties of the merchant ship  

Designation Quantity Unit 

Length b. p. 132.2 m 
Beam 19.1 m 
Depth 12.0 m 
Draft 5.875 m 
Displacement 7715 t 
Speed 20.0 kn 

 

 
Figure 1. BEM model of the merchant ship (view from below) 

 



The results of the analyses are presented in 
Table 2, where the roll significant values are listed 
related to incident wave directions , significant wave 
heights Hs and peak periods Tp. Here, the stern waves 
are denoted with 0O. JONSWAP spectrum is used for 
the definition of observed sea states. Table 3 gives 
associated values of the relative radiation reductions 
d  obtained by the close-form expression presented in 
Eq. (37). 

Table 4 gives comparisons of the relative radiation 
reductions calculated by time-domain simulations, as 
presented in Eqs. (24) and (25), and by the closed-
form expression given in Eq. (37). This table contains 
the differences in values between these two numerical 

approaches. The results of time-domain simulations 
are dependent on the phase shifts that are evaluated as 
random numbers in the range from 0 to 2, see Eq. 
(22). Therefore, ten consecutive simulations were 
performed in the time-domain with different sets of 
phase shifts for a significant wave height, and each 
final result, shown in Table 4, is obtained as an 
average of these ten simulations. Such an approach is 
common where time-domain simulations are 
necessary for offshore projects (American Petroleum 
Institute 2005). Only the wave direction of 67.5O is 
observed since this direction has the highest values of 
radiation reduction. 

 
 

Table 2. Roll significant values (in degrees) for the merchant ship  

  , O 
Hs, m Tp, s 0.0 22.5 45.0 67.5 90.0 112.5 135.0 157.5 180.0 

0.5 2.8 0.0 0.0 0.1 1.2 0.0 0.0 0.0 0.0 0.0 
1.0 4.0 0.0 0.0 0.4 3.2 0.1 0.1 0.0 0.0 0.0 
1.5 4.9 0.0 0.2 1.3 4.1 0.2 0.2 0.1 0.0 0.0 
2.0 5.6 0.0 0.4 3.1 5.3 0.2 0.5 0.1 0.1 0.0 
2.5 6.3 0.0 0.6 4.4 7.4 0.4 0.9 0.2 0.1 0.0 
3.0 6.9 0.0 1.0 5.5 10.1 0.6 1.2 0.4 0.1 0.0 
3.5 7.4 0.0 1.5 7.0 13.5 1.0 1.5 0.6 0.2 0.0 
4.0 7.9 0.0 1.8 8.8 17.9 1.4 1.9 0.9 0.3 0.0 
4.5 8.4 0.0 2.2 10.6 23.1 2.0 2.2 1.2 0.4 0.0 
5.0 8.9 0.0 2.6 12.3 29.9 2.8 2.6 1.5 0.6 0.0 

 

Table 3. Relative radiation reductions d  (in percentage) for the merchant ship  
 

  , O 
Hs, m Tp, s 0.0 22.5 45.0 67.5 90.0 112.5 135.0 157.5 180.0 

0.5 2.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
1.0 4.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
1.5 4.9 0.0 0.0 0.0 -0.1 0.0 0.0 0.0 0.0 0.0 
2.0 5.6 0.0 0.0 0.0 -0.1 0.0 0.0 0.0 0.0 0.0 
2.5 6.3 0.0 0.0 -0.1 -0.2 0.0 0.0 0.0 0.0 0.0 
3.0 6.9 0.0 0.0 -0.1 -0.4 0.0 0.0 0.0 0.0 0.0 
3.5 7.4 0.0 0.0 -0.2 -0.7 0.0 0.0 0.0 0.0 0.0 
4.0 7.9 0.0 0.0 -0.3 -1.2 0.0 0.0 0.0 0.0 0.0 
4.5 8.4 0.0 0.0 -0.4 -2.0 0.0 0.0 0.0 0.0 0.0 
5.0 8.9 0.0 0.0 -0.6 -3.4 0.0 0.0 0.0 0.0 0.0 

 

Table 4. Comparison of relative radiation reductions d  (in percentage) calculated by time domain simulations and by closed-form 

expression (for the wave direction of 67.5O) for the merchant ship.  

 = 67.5O 
Hs, m 

1.5 2 2.5 3 3.5 4 4.5 5 

Time. sim. -0.067 -0.112 -0.214 -0.395 -0.718 -1.257 -2.080 -3.310 
Closed-form ex. -0.066 -0.111 -0.215 -0.402 -0.727 -1.272 -2.124 -3.408 

Diff., % -2.6 -0.9 0.6 1.8 1.3 1.2 2.1 3.0 

 
 

3.2 Interconnected floating pontoons 

This case study is based on a set of generic floating 
pontoons that carry PV panels. The panels are 
horizontally placed on top of pontoons. The 
individual pontoon has a width and length of 
2500 mm, Figure 2. The pontoon height is 400 mm, 
while the draft is 130 mm. Nine pontoons are 
observed in a matrix-like configuration spaced apart 

700 mm. The topology with the schematic 
representation of the joints is in Figure 3. The pontons 
are interconnected with ball joints. HydroStar is used 
for seakeeping analyses with roll viscous damping set 
at 5% critical damping (for each pontoon). In the gaps 
between bodies, the damping zone is not modeled. 
The BEM model for the pontoon set is presented in 
Figure 4. 

The global connection stiffness matrix is 
calculated according to the topology of the FPV 



installation, Figure 3, and according to derivations 
presented in Chapter 2.3. In total, 12 ball joints are 
concerned. For the coefficient of spring stiffness, ks, 
the value 108 N/m of is chosen. The matrix is 
uploaded to HydroStar as an input (through the hsmec 
module). RAOs of the relative motion of connection 
points (belonging to the same ball joint) are checked 
for all joints. It was found that the maximum RAOs 
value is less than 1 mm. 

 

 
Figure 2. Floating pontoon carrying PV panels 

 
The results of the analyses are condensed in 

Table 5, where the roll significant values are listed. 
The observed range of incident wave directions is 
from 0O to 90O. The 0O direction coincides with the x-
axis, while 90O coincides with the y-axis, Figure 3. 
Roll is considered angular motion around the x-axis. 
Table 5 show only the maxim values of the significant 
roll related to the significant wave height. The 
maximum values are chosen from different wave 
directions. Table 6 shows the relative radiation 
reductions d  for the floating pontoons. 

 

 
Figure 3. 3.Configuration of interconnected floating pontoons. 

 
Table 7 shows comparisons of the relative 

radiation reductions that are calculated by time-
domain simulations and by the closed-form 
expression. Here, the same procedure as for the 
merchant ship is used for time-domain simulations. 
For this purpose, the first pontoon is chosen since it 
has the largest values of radiational reduction. 

In terms of computational time, most time is used 
to calculate hydrodynamic reactions and wave forces, 
which is the order of magnitude of hours. The 
motions calculations that consider connections are 
done in seconds. In seakeeping analysis, this ratio of 
the calculation times is usual. So, the total calculation 
time with and without connections is almost the same. 
Or, the connection model developed here will not 
cause a significant increase in computational time. 

 

 
Figure 4. BEM model of the floating pontoons (view from 
below) 

4 CONCLUSION 

The paper presented the numerical approaches for 
two relevant issues when FPV installations are 
installed at sea. The first issue is concerned with 
seakeeping analyses of floating pontoons carrying PV 
panels. The connections between pontoons are 
especially observed in the numerical model, so the 
connection matrix is derived and successfully 
applied, in this study, on generic FPV installation. 
There was no additional computational time due to 
the model of connections. So, the developed model 
has an advantage when considering the computational 
time compared to current practice based on the 
hydroelastic type of analysis or on time-domain 
simulations. The second part deals with solar 
radiation on a moving surface (as the first step in 
estimating the wave-induced mismatch losses). The 
closed-form expression is derived, with some 
simplifications, that gives the value of the relative 
radiation reduction on a moving PV panel. The 
benefit is again in computational time since the 
closed-form expression can be readily applied, due to 
its simplicity, after seakeeping analyses. The case 
studies showed that the expression is effective in the 
calculation of the reductions by comparison with the 
time-domain simulations. The case studies, 
conducted on the merchant ship and the 
interconnected floating pontoons, presented that the 
difference in obtained values of the reductions was 
approximately 3%. 

 



 
Table 5. The maximum values of the significant roll (in degrees) for interconnected floating pontoons  

 Hs, m 
Pontoon No. 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 

1 3.3 6.8 8.5 9.7 10.5 11.1 11.6 12.0 12.4 12.7 
2 3.2 6.6 8.4 9.5 10.3 11.0 11.5 11.9 12.3 12.6 
3 3.3 6.7 8.5 9.6 10.4 11.1 11.6 12.0 12.4 12.7 
4 2.7 6.1 8.1 9.4 10.4 11.2 11.8 12.4 12.8 13.2 
5 2.4 5.7 7.8 9.2 10.2 11.0 11.6 12.2 12.6 13.0 
6 2.4 5.9 7.9 9.3 10.3 11.1 11.7 12.3 12.7 13.1 
7 1.6 3.5 4.7 5.7 6.4 7.0 7.5 7.9 8.3 8.6 
8 1.0 3.1 4.5 5.5 6.2 6.8 7.4 7.8 8.2 8.5 
9 1.0 3.1 4.5 5.5 6.3 6.9 7.4 7.9 8.3 8.6 

 

Table 6. The maximum values of the relative radiation reductions d  (in percentage) for interconnected floating pontoons 
 

 Hs, m 
Pontoon No. 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 

1 -0.04 -0.17 -0.28 -0.35 -0.42 -0.47 -0.51 -0.55 -0.58 -0.61 
2 -0.04 -0.16 -0.27 -0.34 -0.41 -0.46 -0.50 -0.54 -0.58 -0.60 
3 -0.04 -0.17 -0.27 -0.35 -0.41 -0.47 -0.51 -0.55 -0.58 -0.61 
4 -0.03 -0.14 -0.25 -0.34 -0.41 -0.48 -0.53 -0.58 -0.63 -0.66 
5 -0.02 -0.13 -0.23 -0.32 -0.39 -0.46 -0.51 -0.56 -0.61 -0.65 
6 -0.02 -0.13 -0.24 -0.33 -0.40 -0.47 -0.52 -0.57 -0.62 -0.66 
7 -0.01 -0.05 -0.09 -0.12 -0.16 -0.19 -0.21 -0.24 -0.26 -0.28 
8 0.00 -0.04 -0.08 -0.11 -0.15 -0.18 -0.21 -0.23 -0.26 -0.28 
9 0.00 -0.04 -0.08 -0.12 -0.15 -0.18 -0.21 -0.24 -0.26 -0.28 

 

Table 7. Comparison of relative radiation reductions d  (in percentage) calculated by time domain simulations and by closed-form 

expression (for Pontoon No. 1).  

Pontoon No. 1 
Hs, m 

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 

Time. sim. -0.040 -0.170 -0.273 -0.350 -0.412 -0.464 -0.508 -0.547 -0.582 -0.611 
Closed-form ex. -0.040 -0.170 -0.273 -0.351 -0.414 -0.465 -0.510 -0.549 -0.584 -0.613 

Diff., % 0.38 0.38 0.03 0.20 0.37 0.35 0.33 0.29 0.33 0.45 

 
 
 
The closed-form expression is derived based only 

on roll motions as the dominant angular motions. In 
future research, the term should be extended to 
consider other angular movements such as pitch and 
yaw. Also, in future research, the whole model of the 
wave-induced mismatch losses should be considered, 
where the closed-form expression would be just the 
first step. 
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