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Preface 

The present volume on Mathematical Analysis and Applications in Science and Engineering - Book of 
Extended Abstracts of the ICMASC’2022 collects the extended abstracts of the talks presented at the 
International Conference on Mathematical Analysis and Applications in Science and Engineering – 
ICMA2SC'22 that took place at the beautiful city of Porto, Portugal, in June 27th-June 29th 2022 (3 days).  

Its aim was to bring together researchers in every discipline of applied mathematics, science, engineering, 
industry, and technology, to discuss the development of new mathematical models, theories, and 
applications that contribute to the advancement of scientific knowledge and practice. Authors proposed 
research in topics including partial and ordinary differential equations, integer and fractional order 
equations, linear algebra, numerical analysis, operations research, discrete mathematics, optimization, 
control, probability, computational mathematics, amongst others. 

The conference was designed to maximize the involvement of all participants and will present the state-of-
the-art research and the latest achievements. 

Main topics included: 

• Ordinary and Partial Differential Equations: Theory and Applications 
• Mathematical Modelling involving time fractional ODEs and PDEs 
• Integral Equations and Integral Transforms 
• Uncertainty Quantification in Mathematical Modelling 
• Control Theory, Optimization and their Applications 
• Probability, Statistics and Numerical Analysis 
• Inverse Problems: Modelling and Simulation 
• Computational Methods in Sciences and Engineering 
• Fractional Dynamic Systems and Applications 
• Fractional Signals and Systems 
• Singularities Analysis and Integral Representations for Fractional Differential Systems 
• Special Functions Related to Fractional Calculus 
• Applications in Biological Systems and Cancer Dynamics. 
• Applications to Electrical Engineering, Electronics, Electromagnetism, Electrochemistry, 

Finance and Economics, Fractional Earth Science, Image Processing, Robotics, Automatic 
Control, Mechanics, Viscoelasticity, Thermal Engineering 

• History of Fractional Calculus 
• Mathematics Education 

The volume is dedicated to the memory of our colleague J.A. Tenreiro Machado (1957–2021), a visionary 
scientist, respected colleague, generous mentor. Professor Tenreiro Machado was a Portuguese scientist. 
He authored more than 1100 publications, including 11 books, 575 journal papers, 118 book chapters. He 
was member of the editorial boards and associate editor in several scientific journals and editor-in-chief of 
three of them. He was a Highly Cited Researcher in the category Cross-Field of Clarivate Analytics. His 
scientific legacy spreads in different topics namely Control & Robotics, Complex Systems and Fractional 
Calculus. J.A. Tenreiro Machado was a notable scientist, with a strong wisdom, passion for research, 
diligence, and integrity. The nonlinear dynamics, complexity science, and fractional communities were all 
transformed by his presence and legacy.  
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The collection of works in this edited volume opens with the contribution of Professor Candace Kent, and 
coworkers on the analysis of a model for epilepsy. This is followed by more than 160 papers on 
mathematical models in epidemiology, fractional order models, and applications in Engineering. 

We hope that the whole scientific community will benefit from this edited volume. 

July 2022, Porto, Portugal   

 

  

The Editors 

Carla M.A. Pinto 

Jorge Mendonça 

Lurdes Babo

Dumitru Baleanu
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LIST OF PLENARY SPEAKERS 

 
Ravi P. Agarwal 

Texas A&W University 

Kingsville, USA 

An Integral equation related to infectious disease  

A nonlinear integral equation related to infectious disease is 
investigated. Using a fixed-point theorem for convex-concave and 
nondecreasing operators defined in a Banach space with a normal 
solid cone,  we derive some existence and uniqueness results of 
positive solutions to the considered equation.  Moreover, an 
iterative algorithm that converges to the unique solution is 
provided.  Our results are supported by examples. 

Short bio 

Ravi P. Agarwal was born in Moradabad (India) on July 10, 1947. He earned his Master’s degree 
from Agra University in 1969, ranking 2nd among over 500 in that year. In 1973, he earned his 
Ph. D. (Mathematics) at the Indian Institute of Technology in Madras, India, which is one of the 
highest ranking universities in India. Since then, for the last 50 years, Dr. Agarwal has been 
actively involved in research and pedagogical activities. He has made significant contributions in 
various research fields, including Numerical Analysis, Differential and Difference Equations, 
Inequalities, and Fixed Point Theorems. He is an excellent scholar, a dedicated teacher, and a 
prolific researcher. He has published 50 research monographs, and more than 1,700 publications 
(with almost 680 mathematicians all over the world) in prestigious national and international 
mathematics journals. 

According to Google Scholar, Dr. Agarwal has been cited more than 46,783 times. On 
MathSciNet, his work has been cited more than 16,800 times by 6,800 scientists. Dr. Agarwal is 
the recipient of several notable honors and awards, including Doctor Honoris Causa (2015 by 
University of Constanta, Romania), Professor Honoris Causa (2015 by University of Cluj, 
Romania), Honorary Doctorate (2017 
by University of Nis, Serbia), Doctor Honoris Causa (2017 by Plovdiv University, Bulgaria), 
Doctor Honoris Causa (2017 by Constantin Brancusi, University of Targu-Jiu, Romania), Doctor 
Honoris Causa (2017 by University of Oradea, Romania, 2017), Doctor Honoris Causa (by 1 
December 1918, University of Alba Lulia, Romania), Honorary Doctorate (2019 by Istanbul 
Gelisim University, Turkey), and Doctor Honoris Causa (2019 by Transilvania University of 
Brasov, Romania). He was also nominated as a possible candidate for the Banco Bilbao Vizcaya 

https://www.isep.ipp.pt/Page/ViewPage/icmasc_plenary_agarwal
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Argentaria (BBVA) Foundation Frontiers of Knowledge Award, an international award scheme 
recognizing significant contributions in the areas of scientific research and cultural creation. Many 
BBVA award winners are Nobel laureates, including Stephen Hawkings. Florida Institute of 
Technology (USA) and King Abdulaziz University have recently offered him Distinguished 
University Professorship of Mathematics. 

  

Praveen Agarwal 

Anand International College of Engineering, Jaipur 

India 

 Some Properties and Applications of Extended 
Hypergeometric Function and Applications 

Euler’s beta, gamma functions (hypergeometric functions) are 
of the important members of the family of special functions and 
it plays a vital role in the whole theory of special 

functions.  These hypergeometric functions together with their extension have many applications 
in research fields such as engineering, chemical, statistics, fractional calculus, and physical 
problems. In this Symposium, our discuses have been focus on the extended Euler’s beta function, 
which is developed by using the 2-parameter Mittag-Leffler function as the kernel. We discuss 
various basic properties and formulas of the extended Euler’s beta function such as integral 
representations, transformation formulas, and summation formulas. We also introduce the 
logarithmicconvexity and some important inequalities for this extended Euler’s beta function. 
Then by using this extended Euler’s beta function as kernel, we have generalized hypergeometric 
functions and study various properties of these extended hypergeometric functions. For application 
point of view, we have also derived some relations between this extended Euler’s beta function 
and extended fractional derivative operators such as Caputo fractional derivative operator and 
Riemann-Liouville fractional operators. 

Keywords: Beta function, Gamma function, fractional calculus 

  

Short bio 

Dr. P. Agarwal was born in Jaipur (India) on August 18, 1979. After completing his schooling, he 
earned his Master’s degree from Rajasthan University in 2000. In 2006, he earned his Ph. D. 
(Mathematics) at the Malviya National Institute of Technology (MNIT) in Jaipur, India, one of the 
highest ranking universities in India. Recently, Prof. Agarwal is listed as the World's Top 2% 
Scientist 2020 and 21, Released by Stanford University 

https://www.isep.ipp.pt/Page/ViewPage/icmasc_plenary_praveen
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Dr. Agarwal has been actively involved in research as well as pedagogical activities for the last 20 
years. His major research interests include Special Functions, Fractional Calculus, Numerical 
Analysis, Differential and Difference Equations, Inequalities, and Fixed Point Theorems.  He is an 
excellent scholar, dedicated teacher, and prolific researcher. He has published 9 research 
monographs and edited volumes and more than 250 publications (with almost 100 mathematicians 
all over the world) in prestigious national and international mathematics journals. Dr. Agarwal 
worked previously either as a regular faculty or as a visiting professor and scientist in universities 
in several countries, including India, Germany, Turkey, South Korea, UK, Russia, Malaysia 
andThailand.  He has held several positions including Visiting Professor, Visiting Scientist, and 
Professor at various universities in different parts of the world. Specially, he was awarded most 
respected International Centre for Mathematical Sciences (ICMS) Group Research Fellowship to 
work with Prof. Dr. Michael Ruzhansky-Imperial College Londonat ICMS Centre, Scotland, UK, 
and during 2017-18, he was awarded most respected TUBITAK Visiting Scientist Fellowship to 
work with Prof. Dr. Onur at AhiEvran University, Turkey. He has been awarded by Most 
Outstanding Researcher-2018 (Award for contribution to Mathematics) by the Union Minister of 
Human Resource Development of India, Mr. Prakash Javadekar in 2018. According to Google 
Scholar, Dr. Agarwal is cited more than 4, 580 times, and on Scopus his work is cited more than 
2,689 times.  Dr. Agarwal is the recipient of several notable honors and awards. 

Dr. Agarwal provided significant service to Anand International College of Engineering, Jaipur. 
Under his leadership during 2010-20, Anand-ICEconsistently progressed in education and 
preparation of students, and in the new direction of academics, research and development. His 
overall impact to the institute is considerable. Many scholars from different nations,including 
China, Uzbekistan, Thailand and African Countriescameto work under his guidance.  The majority 
of these visiting post-doctoral scholars weresent to work under Dr. Agarwal by their employing 
institutions for at least one month. 

Dr. Agarwal regularly disseminates his research at invited talks/colloquiums (over 25 Institutions 
all over the world).He has been invited to give plenary/keynote lectures at international 
conferences in the USA, Russia,  India, Turkey, China, Korea, Malaysia, Thailand, Saudi Arabia, 
Germany, UK, Turkey,  and Japan. 

He has served over 50 Journals in the capacity of an Editor/Honorary Editor, or Associate Editor, 
and published 9 books as an editor. Dr. Agarwal has also organized International Conferences/ 
workshops’/seminars/summer schools. 

In summary of these few inadequate paragraphs, Dr. P. Agarwal is a visionary scientist, educator, 
and administrator who have contributed to the world through his long service, dedication, and 
tireless efforts. 



International Conference on Mathematical Analysis and Applications in Science and Engineering 

ICMA2SC’22 
 

xvi 
 

Maíra Aguiar 

University of Trento, Italy 

BCAM, Spain 

 ON THE ORIGIN OF COMPLEX DYNAMICS IN MULTI-
STRAIN DENGUE MODELS 

Dengue fever epidemiological dynamics shows large fluctuations 
in disease incidence, and several mathematical models describing 
the transmission of dengue viruses have been proposed to explain 
the irregular behavior of dengue epidemics. Multi-strain dengue 
models are often modeled with SIR-type models where the SIR 
classes are labeled for the hosts that have seen the individual 
strains. The extended models show complex dynamics and 

qualitatively a very good result when comparing empirical data and model simulations. 
However, modeling insights for epidemiological scenarios characterized by chaotic dynamics, 
such as for dengue fever epidemiology, have been largely unexplored. The problem is 
mathematically difficult and to make the urgently needed progress in our understanding of such 
dynamics, concepts from various fields of mathematics as well the availability of good data for 
model evaluation are needed. 
In this talk, I will present a set of models motivated by dengue fever epidemiology and compare 
different dynamical behaviors originated when increasing complexity into the model framework. 

 

Short Bio 

Dr. Maíra Aguiar is a mathematical epidemiologist working on infectious disease dynamics. With 
a multidisciplinary research profile, is trained in dynamical systems theory, stochastic processes, 
nonlinear dynamics, bifurcation analysis and biostatistics and her scientific interests addresses 
significant mathematical and fundamental questions in biology and medicine, with special focus 
on public health epidemiology modeling.  

Dr. Aguiar is a former Marie Curie Fellow at Trento University, Italy and she is presently the 
founder and the leader of the MTB group (Mathematical and Theoretical Biology Group) at 
BCAM (the Basque Center for Applied Mathematics in the Basque Country), Spain. Dr. Aguiar is 
member of the Board of Directors of the European Society for Mathematical and Theoretical 
Biology (ESMTB), serving as Vice-President from 2018-2020. As a member of the Basque 
Modeling Task Force, Dr. Aguiar is currently assisting the Basque Health Managers and the 
Basque Government during the COVID-19 responses. 

 

http://www.isep.ipp.pt/Page/ViewPage/icmasc_plenary_aguiar
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Dumitru Baleanu 

Cankaya University 

Turkey 

 Mathematical Biology: A Field Where the 
Fractional Calculus Operators Are Validated 

  

The fractional calculus is a powerful tool to get new 
insights of complicated dynamics. Among various 
fields of science and engineering where the fractional 
calculus operators found substantial real-world 

applications, perhaps the mathematical biology is one of the most representative. In my talk I will 
present some of the main results reported so far within fractional mathematical biology models 
and I will discuss some open problems in this filed. 

Short bio 

Dumitru Baleanu is a Professor at  the Institute of Space Sciences, Magurele-Bucharest, 
Romania  and a visiting staff member at the Department of Mathematics,Cankaya University, 
Ankara, Turkey. Dumitru Baleanu got his  PhD from the Institute of Atomic Physics in 1996. His 
fields of interest include the  fractional dynamics and its applications, fractional differential 
equations and their applications, discrete mathematics, image processing, bio-informatics, 
mathematical biology,  mathematical physics, soliton theory, Lie symmetry, dynamic systems on 
time scales, computational complexity, the wavelet method and its applications, quantization of 
systems with constraints, the Hamilton-Jacobi formalism, geometries admitting generic and non-
generic symmetries. Dumitru Baleanu is one of the pioneers of the fractional variational principles 
and their applications in control theory. He is one of the co-authors of the seminal paper entitled 
“Anomalous diffusion expressed through fractional order differential operators in the Bloch-
Torrey equation”, published in Journal of  Magnetic Resonance  (2008),which  now plays a 
fundamental role within diffusion weighted MRI. Besides, together with  G.C. Wu, L.G. Zeng 
,X.C. Shi and F. Wu, Dumitru Baleanu is the coauthor of a Chinese  Patent No ZL 2014 1 
0033835.7 regarding the chaotic maps  and its important role in the information encryption. 
Dumitru Baleanu is co-author of 18 books published by Springer, Elsevier and World Scientific. 
His H index is 85 and he is highly cited researchers in Mathematics. Dumitru Baleanu won several 
awards: 

• 2020 - Best Research Award, given by the ITSR Foundation Award 2020  (organized by 
Institute of Technical and Scientific Research, India) and presented online on  September 13th, 
2020. 

https://www.isep.ipp.pt/Page/ViewPage/ICMASC_plenary_baleanu
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• 2020 - Distinguished Researcher Award, Given by the Jaipur Mathematical Society and 
presented during  the 3rd International Conference on Mathematical Modelling, Applied 
Analysis and Computation (ICMMAAC-20),7-9 August 2020 at JECRC University,Jaipur, 
India 

• 2019 - Award for 20 years of successful scientific activity in the field of fractional calculus 
and its applications by Istanbul Gelisim University, Turkey 

• 2019 - Obada Prize. The Obada-Prize recognizes and encourages innovative and 
interdisciplinary research that cuts across traditional boundaries and paradigms. It aims to 
foster universal values of excellence, creativity, justice, democracy, and progress and to 
promote the scientific, technological and humanistic achievements that advance and improve 
our world. 

• 2018 - Award of Merit given by the Embassy of Romania to the Republic of Turkey for the 
contribution to the development of the Romanian-Turkish relationship in the field of Education 

• 2018 - ICFDA2018 Award:Innovation in Fractional Calculus. This award is granted to 
inventors of new patents which address major problems and have a great perspective by use of 
fractional calculus in real world applications. 

 Dumitru Baleanu is the Editor in Chief of Progress in Fractional Differentiation and Applications 
and a Co-editor in Chief of Discontinuity, Nonlinearity and Complexity. Dumitru Baleanu is a 
member of several editorial boards of journals indexed in SCI. 

 

Martin Bohner 

Missouri University of Science and Technology 

USA 

 Hyers-Ulam and Hyers-Ulam-Rassias Stability of First-
Order Linear and Nonlinear Dynamic Equations 
 
We present several new sufficient conditions for Hyers–Ulam 
and Hyers–Ulam-Rassias stability of first-order linear and 
nonlinear dynamic equations for functions defined on a time 
scale with values in a Banach space. 

1. Maryam A. Alghamdi, Alaa Aljehani, Martin Bohner, and 
Alaa Hamza.  Hyers–Ulam and Hyers–Ulam–Rassias stability of first-order linear dynamic 
equations. Publ. Inst. Math. (Beograd) (N.S.), 109(123):83–93, 2021. 
2. Maryam A. Alghamdi, Mymonah Alharbi, Martin Bohner, and Alaa Hamza. Hyers–Ulam and 
Hyers–Ulam–Rassias stability of first-order nonlinear dynamic equations. Qual. Theory. Dyn. 
Syst., 20(2):14, Art. No. 45, 2021. 

Short bio 

http://www.isep.ipp.pt/Page/ViewPage/icmasc_plenary_bohner
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Martin Bohner is the Curators’ Distinguished Professor of Mathematics and Statistics at Missouri 
University of Science and Technology in Rolla, Missouri, USA. He received the BS (1989) and 
MS (1993) in Econo-mathematics and PhD (1995) from University Ulm, Germany, and MS (1992) 
in Applied Mathematics from San Diego State University. He was a Postdoc, sponsored by the 
Alexander von Humboldt-Foundation, at National University of Singapore (1997) and at San 
Diego State University (1998). Martin Bohner is a Past President of ISDE, the International 
Society of Difference Equations. His research interests center around differential, difference, and 
dynamic equations as well as their applications to economics, finance, biology, physics, and 
engineering. He is the author of six textbooks and more than 300 publications, Editor-in-Chief of 
six international journals, and Associate Editor for almost 100 international journals. His work has 
been cited more than 17000 times in the literature, including more than 5000 citations of his book 
“Dynamic Equations on Time Scales: An Introduction with Applications”, co-authored with 
Professor Allan Peterson. His h-index is 58, and his i10-index is 216. Professor Bohner’s honors 
at Missouri S&T include five Faculty Excellence Awards, one Faculty Research Award, and 
eight Teaching Awards. 

 

 Juan Carlos Cortés 

Polytechnic University of Valencia 

Spain 

Quantifying uncertainties in differential equations with 
Jumps 

Differential equations are powerful tools to model real-
world problems. However, their deterministic formulation 
neglects epistemic and aleatoric uncertainties coming from 
the lack of knowledge of the phenomenon under modeling 

and possible unpredictable facts often inherent to the random nature of the studied problem. Apart 
from randomness, the dynamics of many phenomena are often subject to abrupt changes such as 
shocks, harvesting or natural disasters. These short-term perturbations on rapid changes can be 
mathematically treated as having acted instantaneously using discontinuities or impulses. 
Combining the rigorous treatment of these two elements, uncertainties and impulses in the setting 
of differential equations is a significant challenge that is currently attracting the scientific 
community’s attention. However, more progress has been made using stochastic differential 
equations where randomness is driven by a specific stochastic process, typically white noise and 
the Poisson process. This talk will present some recent results about Uncertainty Quantification 
for differential equations with discontinuities and jumps using the so-called Random Differential 
Equations (RDEs) approach. In this setting, uncertainties can be directly assumed in all the terms 
(initial conditions, source term and coefficients) of the RDE using arbitrary distributions. 
Moreover, we will present a method to calculate the probability density function of the solution, 
which is a stochastic process, rather than obtaining only the first moments. The theoretical findings 

http://www.isep.ipp.pt/Page/ViewPage/icmasc_plenary_juancarlos
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will be illustrated using simulations and real-world examples where inverse Uncertainty 
Quantification techniques will be applied to reasonably fix the distributions of the model 
parameters from real data. 

Short bio 

Juan Carlos Cortés López (http://www.upv.es/ficha-personal/jccortes), is a full professor in the 
Department of Applied Mathematics at the Universitat Politècncia de Valéncia (UPV), Spain. 
Since 2009, he is the deputy director of the University Institute of Multidisciplinary Mathematics 
of the UPV, developing his research in the MUNQU group (Modeling and Uncertainty 
Quantification) https://munqu.webs.upv.es/. His research is oriented to the extension of the 
classical theory of differential equations (in a broad sense; ODEs, PDEs, equations with delay, 
fractional ODEs, etc.) to the random scenario under the approach of the so-called Random 
Differential Equations (RDEs) and their application in modeling with real data, paying attention 
to the development of inverse techniques for the estimation of the probability distributions of the 
parameters that appear in the RDEs so that they capture the uncertainty of the phenomenon being 
modeled. 

  

Walter Lacarbonara 

Sapienza University of Rome 

Italy 

E-mail: walter.lacarbonara@uniroma1.it 

 A multi-band gap metamaterial with multi-frequency 
resonators 

The main focus of this talk is on high-performance 1D and 2D 
metamaterials featuring a periodic distribution of highly tunable infinite-dimensional resonators. 
The embedded resonators are first treated as linear systems exhibiting eigenspectra with distinct 
features while the dispersion curves of the metamaterials show single or multiple band gaps across 
which no wave propagation occurs. The stop-bands sensitivity with respect to the design 
parameters is discussed. These resonators are then enriched by nonlinearities. The nonlinear 
wavefrequencies and waveforms away from internal resonances obtained via a perturbation 
approach are shown to exhibit a high nonlinear tunability which is a key for advanced applications. 
Various 3D printed metamaterial samples are tested experimentally using a 3D laser scanning 
vibrometer system to show very interesting wave propagation properties. 

Short bio 

http://www.upv.es/ficha-personal/jccortes
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Walter Lacarbonara is a Professor of Nonlinear Dynamics at Sapienza University and Director of 
the Sapienza Center for Dynamics. During his graduate education he was awarded a MS in 
Structural Engineering (Sapienza University) and a MS in Engineering Mechanics (Virginia Tech, 
USA), and a PhD in Structural Engineering (Sapienza/Virginia Tech). His research interests cover 
nonlinear structural dynamics; dissipation in carbon nanotube/polymer nanocomposites; 
asymptotic techniques; nonlinear control of vibrations; experimental nonlinear dynamics; dynamic 
stability of structures. He is Editor in Chief of Nonlinear Dynamics, former Associate Editor for 
ASME Journal of Applied Mechanics, Journal of Vibration and Acoustics, Journal of Sound and 
Vibration. He served as Chair of the ASME Technical Committee on Multibody System and 
Nonlinear Dynamics, General co-Chair and technical program co-Chair of the ASME 2015 
(Boston, USA) and 2013 (Portland, USA) IDETC Conferences. He has organized over 10 
international symposia/conference sessions and, very recently, the First, Second, and Third 
International Nonlinear Dynamics Conferences 
(NODYCON, www.nodycon.org/2019, www.nodycon.org/2021, www.nodycon.org/2023). His 
research is supported by national and international sources (EOARD/AFOSR, NSF, European 
Commission, Italian Ministry of Science and Education). He has published over 250 papers and 
conference proceedings, 4 international patents (EU/USA/China), 24 book chapters, 6 co-edited 
Springer books and a single-authored book  (Nonlinear Structural Mechanics, Springer, 
NY, https://link.springer.com/book/10.1007/978-1-4419-1276-3) for which he received the 2013 
Texty Award nomination by Springer US. 

  

Agnieszka Malinowska 

Bialystok University of Technology 

Poland 

Email: a.malinowska@pb.edu.pl 

Stability of multi-agents systems under DoS attacks 

We investigate multi-agent systems under Denial-of-Service 
(DoS) attacks. In the presence of DoS attacks, information 

can neither be received nor sent between the attacked nodes, and adversaries can attack partial or 
all channels at any time. Therefore, in multi-agent systems, these attacks may lead to a loss of 
stability. Our goal is to provide sufficient conditions for the stability of multi-agent systems under 
DoS attacks.  Two types of systems are considered: (i) systems with memory, and (ii) systems 
defined on hybrid time domains. 

Short bio  

Agnieszka B. Malinowska is the Associate Professor and Director of the Institute of Information 
and Communication Technology of the Faculty of Computer Science in the Bialystok University 

http://www.noydon.org/2019
http://www.nodycon.org/2021
http://www.nodycon.org/2023
https://link.springer.com/book/10.1007/978-1-4419-1276-3
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of Technology, Bialystok, Poland. She received the MS (1995) in mathematics from the Warsaw 
University (Bialystok Branch), PhD (2002) and habilitation (2014) in technical sciences on control 
engineering and robotics from the Systems Research Institute of the Polish Academy of Sciences. 
She was a Postdoc at the University of Aveiro, sponsored by the Ministry of Science and Higher 
Education, Republic of Poland, and at the University of Texas within the project Portugal - Austin 
UTAustin/MAT/0057/2008. Agnieszka B. Malinowska is the author and co-author of three 
monographs and more than 100 publications, an editorial board member of six international 
journals. Her scientific interests lie in the area of fractional calculus and time scales theory as well 
as their applications to optimal control and multi-agent systems. 

ORCID ID:  https://orcid.org/0000-0002-1309-8583  

 

 

Irina Perfilieva 

University of Ostrava 

Czech Republic 

Email: irina.perfilieva@osu.cz 

Laplace Operators in Hilbert manifolds initiated by 
fuzzy partition 

The goals are: 

- Propose a manifold organization of space (universe) based on a system of local coordinates that 
arose from a fuzzy partition; 

- Use the theory of Riemannian-Hilbert manifolds as a framework; 

- Define Laplace operators using the Laplace-Beltrami approach; 

- Characterize the Laplace spectrum 

Short bio  

Professor Irina Perfilieva, Ph.D., received the degrees of M.S. (1975) and Ph.D (1980) in Applied 
Mathematics from the Lomonosov State University in Moscow, Russia. At present, she is full 
professor in the University of Ostrava (CZ) and a Head of Theoretical Research Department in the 
Institute for Research and Applications of Fuzzy Modeling (IRAFM). She is: the author and co-
author of six books on mathematical principles of fuzzy sets, fuzzy logic and their applications; 
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area editor of International Journal of CIS (IJCIS), Soft Computing, editorial board member of the 
journals: Fuzzy Sets and Systems,  Journal of Uncertain Systems, IEEE Transaction on Fuzzy 
Systems, Advances in Artificial Intelligence and Machine Learning. She works as a member of 
Program Committees of the most prestigious International Conferences and Congresses in the area 
of fuzzy and knowledge-based systems. She is an EUSFLAT Honorary Member, and the IFSA 
Fellow. She received a special price at the 2010 Seoul International Invention Fair and several 
awards for the best paper, IFSA 2019 as the last. She has two patents. Her scientific interests lie in 
the area of applied mathematics and mathematical modeling where she successfully uses modern 
as well as classical approaches. For the past five years, she has been working in the field of fuzzy 
integro-differential equations, image processing, pattern recognition and the theoretical 
foundations of deep learning. 

  

Ruy Ribeiro 

Los Alamos National Laboratory 

USA 

Email: ruy@lanl.gov 

Dynamical models of within-host viral replication 

Mathematical models of viral replication in vivo, and viral 
interactions with the host afforded a dynamical understanding 
of viral biology. Application of these ideas, for example during 
primary infection or following drug treatment, has been used 
in the last two decades to study the biology of diverse virus. I 

will discuss, with examples from HIV and hepatitis C virus (HCV) infection, the principles and 
approach of this methodology. I will also present recent examples of insights into the biology of 
these viruses and SARS-CoV-2 gained with viral dynamics. 

Short bio 

Ruy M. Ribeiro got his Ph.D. in Mathematical Biology at the University of Oxford, UK. He then 
joined Los Alamos National Laboratory (LANL) in 2000, as a Postdoctoral Researcher, later 
becoming a staff scientist working on viral and immune system dynamics. His main research 
interests are the pathogenesis of infections, and the use of quantitative modeling tools to gain 
insight into viral and immune system dynamics. His work has always entailed close collaborations 
with experimental researchers to develop proper statistical and dynamic models to analyze 
experimental data. His modeling work spans multiple scales from the intracellular (eg. a model of 
the molecular details of HCV infection) to the epidemiological (including HIV and influenza 
epidemics). He was Professor of Statistics at the Medical School of the University of Lisbon, while 
on leave from LANL, between 2017 and 2020. Ruy Ribeiro has over 140 peer-reviewed papers in 
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this area, and he is/was the PI of several research projects funded by the National Institutes of 
Health, the European Union, and the Department of Energy. 

 ORCID ID: https://orcid.org/0000-0002-3988-8241 

 

Jan Sieber 

University of Exeter 

United Kingdom 

Email: j.sieber@exeter.ac.uk 

An unusual tipping mechanism - Mid-Pleistocene Transition  

The Mid-Pleistocene Transition (MPT) is a shift from 41,000-
year to about 100,000-year ice age cycles that occured roughly 
1,000,000 years ago, as shown in proxy records. It is often 

considered as a change in internal climate dynamics and studied using simple conceptual 
models such as the one proposed by Saltzman and Maasch (1988). We show for such a simple 
model that the astronomical forcing (changes in effective solar radiation incoming to the 
Earth) and internal bistability can lead to a form of tipping that replicates features of the 
MPT in the records. The tipping observed in the model is connected to the theory of 
quasiperiodically forced dynamical systems and strange non-chaotic attractors. 

Short bio  

Current and Previous Appointments, PhD 
Since 2016 Associate Professor in Mathematics, University of Exeter 
2001-2016 University of Portsmouth (UK), University of Aberdeen (UK), University of Bristol 
(UK), 
Humboldt University of Berlin (Germany) 
2001 PhD in Mathematics, Humboldt University of Berlin (Germany), Supervisors: L. Recke, 
K.R. Schneider 

 
Research area: 

Applications of Dynamical Systems (overall 56 publications, see 
http://empslocal.ex.ac.uk/people/staff/js543)  

Tracking dynamically unstable phenomena in experiments 
These methodologies have been taken up by experimenters in mechanical and civil engineering, 
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cell biology and fluid dynamics. The EPSRC (UK) Fellowship 2017-2021 expanded the scope of 
these methods to applications in complex systems in other areas such tipping points in Climate 
Science and Ecology. Generic stabilizability for time-delayed feedback control. PRSA 472 (2016), 
Controlling unstable chaos: Stabilizing chimera states by feedback. PRL. 112 (2014), 
Experimental continuation of periodic orbits through a fold. PRL. 100 (2008). 
Dynamical systems with delay. Rigorous mathematical results have informed contribution to 
development of the opensource software DDE-Biftool, which is widely used in the community 
(7,450 downloads since 2015).  Temporal dissipative solitons in time-delay feedback systems. 
PRL 123 (2019). Finding periodic orbits in state-dependent delay differential equations as roots of 
algebraic equations. DCDS-A 32 (2012). 

PhD students and Postdoctoral Researchers supervised 
PhD students Paul D. L. Ritchie (graduated 2016), Courtney Quinn (2019), Robert E. Carroll, 
Asim Alawfi, John Osei 
Postdocs Patricia Verrier (2011-2013), Ozkan Karabacak (2017-2018), Bert Wuyts (since 2018) 

Public Support and Recognition 
EPRSC (UK) funding 
Fellowship Exploring instability in complex systems 2017-2021, Grant Control-based 
Bifurcation Analysis for Experiments, 2012-2014 
EU funding ITN Critical Transitions in Complex Systems, 2015-2019, H2020 Project Tipping 
Points in Earth Systems, 2019-2023 
2016 Plenary lecture at XXXVI European Dynamics Days, Corfu (Greece) 2016 
2010-2021 Associate Editor on Editorial Board, SIAM Journal on Applied Dynamical Systems 
Member of LMS, SIAM 

 

  

Delfim F.M. Torres 

University of Aveiro 

Portugal 

Email: delfim@ua.pt 

Existence and uniqueness of solution for fractional differential 
equations with integral boundary conditions and the Adomian 
Decomposition Method 

We propose an Adomian decomposition method to solve a class of 
nonlinear differential equations of fractional-order with Caputo 
derivatives and integral boundary conditions. Our approach uses the 
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integral boundary conditions to derive an equivalent nonlinear Volterra integral equation before 
establishing existence and uniqueness of solution and a recursion scheme for the solution. The 
convergence of the method is proved and an error analysis given. Two numerical examples are 
solved by obtaining a rapidly converging sequence of analytical functions to the solution. Joint 
work with: Om Kalthoum Wanassi (University of Aveiro) and Rim Bourguiba (University of 
Monastir). 

Short bio 

Delfim F. M. Torres was born 16 August 1971 in Portuguese East Africa. He is, since 2015, a Full 
Professor of Mathematics at University of Aveiro (UA), Director of the Center for Research and 
Development in Mathematics and Applications(CIDMA), the largest Portuguese Research Center 
in Mathematics, and Coordinator of the Systems and Control Group. He obtained a MSc in 
Optimization and Control Theory in 1998, a PhD Mathematics in 2002, and Habilitation in 
Mathematics in 2011. His main research area is calculus of variations and optimal control; 
optimization; fractional derivatives and integrals; dynamic equations on time scales; and 
mathematical biology. Torres has written outstanding scientific and pedagogical publications. In 
particular, he has authored and co-authored two books with Imperial College Press, three books 
with Springer, being also an Editor of books with Springer and Elsevier. He has strong experience 
in graduate and post-graduate student supervision and teaching in mathematics. Moreover, he has 
been team leader and member in several national and international R&D projects, including EU 
projects and networks. He is, since 2013, the Director of the Doctoral Programme Consortium in 
Mathematics and Applications (MAP-PDMA) of Universities of Minho, Aveiro, and Porto. Prof. 
Torres is married since 2003, and has one daughter and two sons. Professor Torres is a 
Distinguished University Professor, a Highly Cited Researcher in Mathematics (2015, 2016, 2017 
and 2019), and Lifetime Member of The American Mathematical Society. He is one of the 
founders of fractional variational analysis and fractional optimal control, and has made tremendous 
contributions to the theory of variational analysis with applications to many other fields such as 
optimization, optimal control, time-scale analysis, and mathematical epidemiology and biology. 
Professor Delfim F. M. Torres is the recipient of several international awards, including the 325 
Years of Fractional Calculus Award, in Testimony of the High Regard for His Achievements in 
the Area of Fractional Calculus and Its Applications, is included in the World's Top 2% Scientists 
2020 by Stanford University, both as a Career-long Highly Cited Researcher and as a single 
calendar year Highly Cited Researcher, was considered by Thomson Reuters as one of the World's 
Most InfluentialScientific Minds, won a Publons Peer Review Award as a world's top peer 
reviewer, was recognized in the top 1% of reviewers, a Sentinel of Science Award, and so on. 
Many of his research works have beenconsidered top papers in the area, served as research 
highlights, and been awarded prizes. Besides being a great scholar, he is also a great teacher who 
has already educated twenty two Ph.D. students from all over the world. 
Special: https://www.mdpi.com/journal/axioms/special_issues/delfim 
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James Yorke 

University of Maryland 

USA 

Email: yorke@umd.edu 

Properties of “almost every” equation F(X)=C: pure 
math for the applied scientist 

 This work is in collaboration with Sana Jahedi, Tim Sauer, and Naghmen Akhaven. 

 We ask what are the properties that hold for ``almost every’’ system of equations? What does 
“almost every” mean?  “Almost every” is defined so as to be useful to the scientist. I think of this 
as pure math for the applied scientist. Systems of M equations in N unknowns are ubiquitous in 
mathematical modeling. These systems, often nonlinear, are used to identify equilibria of 
dynamical systems in ecology, genomics, control, and many other areas. Our goal is to describe 
the properties that will hold for ``almost every’’ F that has some structure, and in particular the 
global properties of solutions for structured systems of smooth functions. As an application of 
these ideas I will show examples of Lotka-Volterra systems of differential equations. One example 
has 14 species. We show that 3 must die out exponentially fast. The technique is rather unique. 
We produce a “team” of 24 Lyapunov functions, each of which gives different information about 
which species will die out. 

Short bio 

A.B., Columbia University 1963; James Yorke has been at the University of Maryland since 1963. 
Ph.D. in Mathematics: University of Maryland at College Park 1966. 

Currently: Distinguished University Research Professor of Mathematics and Physics, Univ. of 
Maryland, College Park, MD, USA. James Yorke is perhaps best known for coining the 
mathematical term chaos in his 1975 paper with Tien-Yien Li “Period Three Implies Chaos”. He 
came to the University of Maryland as a math graduate student in 1963 hoping to explore 
interdisciplinary mathematics. Those hopes were fully realized after he received his Ph.D. and 
joined the faculty of the University of Maryland. He feels that a Ph.D. in mathematics is a license 
to investigate the universe. His current research interests include simple models for covid-19, for 
ecosystems, for ergodic chaotic systems with multiple instabilities. In 2003 he was awarded the 
Japan Prize jointly with Benoit Mandelbrot for their work in chaos and fractals in a ceremony 
presided over by the Emperor of Japan. 
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AWARDS 
  

CAREER AWARD For extraordinary contributions in Nonlinear Dynamics 

Professor Martin Golubitsky - Info  

Hopf Bifurcation in Networks and Binocular 
Rivalry 

 

 

 

 

 

J.A. TENREIRO MACHADO AWARD For breakthrough achievements in Fractional 
Calculus 

 Professor Michele Caputo - Info 

 Memory, Mathematics and economics II 

 

 

 

 

 

JAMES YORKE AWARD For breakthrough achievements in Nonlinear Dynamics and 
Chaos 
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 Professor Miguel A.F. Sanjuán - Info 

Partial Control and Beyond: Forcing Escapes and 
Controlling Chaotic Transients with the Safety 
Function 

Abstract: A new control algorithm based on the partial 
control method has been developed. The general 
situation we are considering is an orbit starting in a 
certain phase space region Q having a chaotic transient 
behavior affected by noise, so that the orbit will 

definitely escape from Q in an unpredictable number of iterations. Thus, the goal of the algorithm 
is to control in a predictable manner when to escape. While partial control has been used as a way 
to avoid escapes, here we want to adapt it to force the escape in a controlled manner. We have 
introduced new tools such as escape functions and escape sets that once computed makes the 
control of the orbit straightforward. The partial control method aims to avoid the escape of orbits 
from a phase space region Q where the transient chaotic dynamics takes place. The technique is 
based on finding a special subset of Q called the safe set. The chaotic orbit can be sustained in the 
safe set with a minimum amount of control. We have developed a control strategy to gradually 
lead any chaotic orbit in Q to the safe set by using the safety function. With the technique proposed 
here, the safe set can be converted into a global attractor of Q. This is joint work with Gaspar 
Alfaro and Rubén Capeáns, URJC, Spain. 

keywords: partial control; chaotic transients; safety function 

[1] Juan Sabuco, Miguel A. F. Sanjuán and James A. Yorke. Dynamics of Partial Control. Chaos 
22, 047507, (2012). 

[2] Ruben Capeáns, Juan Sabuco, and Miguel A.F. Sanjuán. A new approach of the partial 
control method in chaotic systems. Nonlinear Dynamics 98, 873--887 (2019) 

[3] Gaspar Alfaro, Rubén Capeáns, and Miguel A. F. Sanjuan. Forcing the escape: Partial control 
of escaping orbits from a transient chaotic region. Nonlinear Dynamics 104, 1603–1612 (2021) 

[4] Rubén Capeáns and Miguel A. F. Sanjuán. Beyond partial control: Controlling chaotic 
transients with the safety function. Nonlinear Dynamics 107, 2903–2910 (2022)  
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driven by disease enhancement factor and temporary immunity in secondary infections, BCAM - 
Basque Center for Applied Mathematics, Bilbao, Basque Country – Spain. 
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BEST POSTER For best poster presentation in Mathematical Analysis and Applications 

Renato Colucci, Érika Diz-Pita and M. Victoria Otero-Espinar, for their work on The influence of 
indirect effect in the dynamics of a three-dimensional population model, Universitá Politecnica 
delle Marche, Ancona, Italy, and Universidade de Santiago de Compostela - CITMAga, Spain  
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LIST OF SYMPOSIA 

 
• SYMPOSIUM #1: Impact of fractional calculus in modelling and control applications 

Carla Pinto1, Eva Dulf2, Cristina Muresan2 

1School of Engineering Polytechnic of Porto, Portugal, mailto:mcap@isep.ipp.pt 

2Technical University of Cluj-Napoca, Romania, mailto:mcristina.pop@aut.utcluj.ro 

• SYMPOSIUM #2: State-of-the-art of fractional biological models 

Dumitru Baleanu1, Carla Pinto2, Devendra Kumar3, Necati Ozdemir4 

1Cankaya University, Turkey and Institute of Space Sciences, Romania, dumitru@ 
cankaya.edu.tr 

2School of Engineering Polytechnic of Porto, Portugal, mailto:mcap@isep.ipp.pt 

3University of Rajasthan, India, mailto:mdevendra.maths@gmail.com 

4Balikesir University, Turkey, mailto:mnozdemir@balikesir.edu.tr 

• SYMPOSIUM #3: Fractional differential theory and applications 

M. Manuela Rodrigues1, N. Loureiro Vieira1, Milton Ferreira2 

1CIDMA, University of Aveiro, mailto:mmrodrigues@ua.pt 

2School of Technology and Management, Polytechnic Institute of Leiria & CIDMA, 
University of Aveiro. 

• SYMPOSIUM #4: Mathematical analysis in medical applications 

Inês Domingues 

Medical Physics, Radiobiology and Radiation Protection Group, IPO Porto Research Centre 
(CI-IPOP), Portugal, mailto:minesdomingues@gmail.com 
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• SYMPOSIUM #5: Dynamical systems, special equations and applications 

Helena Reis1, Júlio C. Rebelo2 

1Faculty of Economics, University of Porto and Centre for Mathematics, University of Porto, 
mailto:mhreis@fep.up.pt 

2University of Toulouse, mailto:mrebelo@math.univ-toulouse.fr 

• SYMPOSIUM #6: Mathematical Modeling in Fuzzy-Structured Space 

Irina Perfilieva1, Alireza Khastan2, Stefania Tomasiello3 

1University of Ostrava, Czechia, mailto:mirina.perfilieva@osu.cz 

2Institute for advanced studies in basic sciences (IASBS), Zanjan, Iran, 
mailto:Khastan@iasbs.ac.ir 

3Institute of Computer Science, University of Tartu, Estonia, 
mailto:mstefania.tomasiello@ut.ee 

• SYMPOSIUM #7: Symmetries and Conservation Laws for Nonlinear Partial Differential 
Equations with Applications 

Stephen Anco1,Maria Santos Bruzón2, Maria Luz Gandarias2 

1Department of Mathematics and Statistics Brock University, St. Catharina On l2s3a1, 
Canada, mailto:msanco@brocku.ca 

2Department of Mathematics, University of Cadiz, Puerto Real, Spain, 
mailto:mmarialuz.gandarias@uca.es 

• SYMPOSIUM #8: Dynamics and Games 

Alberto Pinto1, José Martins2 

1LIAAD-INESC TEC and Faculty of Sciences, University of Porto, Portugal, 
aapinto@fc.up.pt 

2LIAAD-INESC TEC and School of Technology and Management, Polytechnic Institute of 
Leiria, Portugal, mailto:mjmmartins@ipleiria.pt 

• SYMPOSIUM #9: Difference & differential equations with applications 

Sandra Pinelas 
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Academia Militar, Portugal, mailto:msandra.pinelas@gmail.com 

• SYMPOSIUM #10: Stochasticity, nonlinearity and complexity in science and engineering 

Yong Xu1, Stefano Lenci2 

1Northwestern Polytechnical University, China, mailto:mhsux3@nwpu.edu.cn 

2Polytechnic University of Marche, Italy 

• SYMPOSIUM #11: Fractional viscoelasticity 

Magda Rebelo1, M. Luísa Morgado2, Luís Lima Ferrás3 

1Centro de Matemática e Aplicações (CMA) and Departamento de Matemática, Faculdade de 
Ciências e Tecnologia, Universidade NOVA de Lisboa, Portugal, mailto:mmsjr@fct.unl.pt 

2CEMAT, Instituto Superior Técnico, Universidade de Lisboa & Departamento de 
Matemática, Universidade de Trás-os-Montes e Alto Douro, UTAD, Vila Real, Portugal, 
mailto:mluisam@utad.pt 

3Centro de Matemática, Universidade do Minho (CMAT), Portugal, 
mailto:mluislimafr@gmail.com 

• SYMPOSIUM #12: Advances in differential equations with uncertainties and modeling 

Tomás Caraballo1, Juan Carlos Cortés2, Rafael Villanueva2 

1Departamento de Ecuaciones Diferenciales y Análisis Numerico, Facultad de Matemáticas, 
Universidad de Sevilla,  Spain, mailto:mcaraball@uv.es 

2Instituto Universitario de Matemática Multidisciplinar, Universitat Politècnica de València, 
Spain, mailto:mjccortes@imm.upv.es and mailto:mrjvillan@imm.upv.es 

• SYMPOSIUM #13: Mathematical models in epidemiology 

Maíra Aguiar1,2,*, Vanessa Steindorf1, Akhil Kumar Srivastav1 

1BCAM - Basque Center for Applied Mathematics, Bilbao, Basque Country, Spain 

2Ikerbasque, Basque Foundation for Science, Basque Country, Spain 

3Dipartimento di Matematica, Universita degli Studi di Trento, Italy 
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Abstract: In a monograph, we consider a phenomenological model of neuronal excitation
intended to mimic the focal (i.e. regional) seizures of a common form of epilepsy, mesial
(or middle) temporal lobe epilepsy. The model, originally introduced in a 2018 article by
Chan and colleagues [1], is a nonautonomous, second-order, reciprocal di↵erence equation
with maximum and threshold functions:

xn+1 = max

⇢
An +Dn ·H✏(xn)

xn
,
Bn

xn�1

�
, n = 0, 1, . . . ,

where H✏ is the Heaviside function defined by

H✏(x) =

⇢
0, 0 < x < ✏,

1, x � ✏.

We let the state variable xn represent the density of activated, or excited, neurons at the nth
time step in the middle structures of one of the temporal lobes of the brain. The parameter
✏, which we call the “seizure threshold,” and the initial densities of excited neurons, x�1

and x0, are positive. The coe�cient parameters {An}1n=0, {Bn}1n=0, and {Dn}1n=0 satisfy
the following three hypotheses:

(H1) {An}1n=0 and {Bn}1n=0 are positive periodic sequences with minimal period 2.

(H2) {Dn}1n=0 is a positive periodic sequence with minimal period 3.

(H3) A0 +D1, A1 +D1 < B0, B1 < A0 +D2, A1 +D2.

Observe that {An + Dn}1n=0 is thus a positive periodic sequence with minimal period 6.
Then this periodicity with minimal period a multiple of 3 and the inequalities in Hypothesis
(H3) are the su�cient conditions for unboundedness and nonpersistence. In our talk, we
will briefly discuss the following topics extensively covered in the monograph:

(i) Epilepsy and its associated seizures.

(ii) The connection between the model and epileptic seizures.

(iii) A foundation of analytic results showing that the model is consistent with reality.
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Abstract: From previous analyses of COVID-19 dynamics in the Basque Country on
the initial phases of exponential growth and first control measures in spring 2020 [1, 2, 3]
we extended the analysis of the ongoing epidemiological data into summer and autumn
2020, observing and modelling the dynamics which by then was under control of community
spreading, hence not in another exponential growth phase, but prone to isolated outbreaks
due to external import via relaxation of travel restrictions.

In such scenarios one would expect on general grounds large fluctuations close to the
critical threshold between community control and exponential explosion of cases [4], which
could finally be modelled for the present case of COVID-19 and its data in the Basque
Country [5]. The dynamics in autumn 2020 until close to the end of the year could be well
described by the sub-critical fluctuations and import.

Based on this analysis we then developed models to describe and analyze the impact of
the vaccination campaigns in the Basque Country, starting in January 2021, with various
vaccines applied at the same time. One has to take into account that the di!erent vaccines
have di!erent e"cacies not only after full vaccination scheme, but especially between single
dose and second does schemes. Here the question of protection against severe disease and
against any infection [6] turned out to be very important in the overall outcome of the vac-
cination campaigns [7]. Especially, new variants of the virus challenge the vaccine e"cacy,
still reported to be high against severe disease, but with significantly lowering protection
against mild and asymptomatic infection, well describable in SHAR and SHARUCD mod-
elling frameworks, as set up as early as spring 2020 [1, 3]. Some first considerations will be
made on such waning of vaccination immunity and its interplay with seasonal variation of
infectivity in respiratory diseases, leading to new complex dynamics [8], the new normal-
ity we are living in, with COVID-19 as one of many seasonal respiratory diseases and its
frequently appearing new variants.

keywords: epidemiology; critical thresholds; stochastic processes; large fluctuations;
Bayesian statistics; chaotic dynamics; Lyapunov exponents.
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Abstract: In this work, we provide a mathematical and computational framework to the
modeling and simulation of the spatial dynamics of infectious disease contagion, spreading,
control and prevention. Starting from lattice-based models, we present a stochastic cellu-
lar automata disease model based on the SHAR (Susceptible-Hospitalized-Asymptomatic-
Recovered) compartmentalisation of the population, show some simulation results, and re-
late them to real-life data for influenza and COVID-19 provided by the Health Department
and the Health Services of the Basque Country. By means of stochastic simulations, we
perform a numerical study to have an insight into the critical threshold of the SHAR perco-
lating system, as well as some numerical tools to seek infection clusters (groups of connected
individuals who have been infected by the same index case), count them and monitor their
sizes [1, 4]. Then, some concepts on network theory will be discussed in order to show how
networks can be employed as a valuable tool to model spatial spreading. In particular, we
discuss a kinetic model for the spread of a respiratory disease considering heterogeneous
populations [2, 3], focusing on the role of the network structure and connectivity on the
overall dynamics.

keywords: epidemiological models; spatial models; network theory; clusters.

MSC2020: 92C60; 92D30.

1 Introduction

Infectious diseases have shaped the global population throughout history, and (whether through
devastating epidemics or recurrent outbreaks of endemic diseases) they have been -and often still
are- responsible for a large number of deaths worldwide. The ongoing COVID-19 pandemic has
certainly brought significant attention to the important contribution that mathematical mod-
eling can have in monitoring the spread of infectious pathogens across a population, in better
understanding its underlying mechanisms, and in exploring the e↵ects of possible control mea-
sures aimed at containing the transmission of the considered disease (and possibly eradicating
it from the observed population).
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In this work, we firstly consider the SHAR extension of the SIR compartmental model and
develop a cellular automata stochastic formulation to explicitly account for spatial e↵ects in
the considered framework. We discuss the role of import and study the behavior of the system
in various parametric settings, determining the critical transmission threshold analytically in
the nonspatial formulation and exploring the e↵ect of spatial correlations on the more general
spatiotemporal model. Then, we introduce the concept of infection clusters and investigate their
evolution (in terms of the amount of clus- ters present in the system as well as their individual
size) as a function of di↵erent parameter combinations. Finally, using a multiscale network-based
model of contagion dynamics, we explore the role of heterogeneity in shaping and unfolding the
overall di↵usion process of an epidemic. An extensive simulation analysis considering di↵er-
ent social network structures is performed to investigate the impact of interactions during the
pandemic. Results are compared addressing the e↵ectiveness of social distancing policies. The
impact of an immunization strategy is also investigated to understand the e↵ectiveness of the
current COVID-19 vaccination policy prioritizing the most vulnerable individuals.

2 Results and discussion
Spatial epidemiological models

The SHAR model is an extension of the well-known SIR framework in which the I class is divided
into two groups labelled H and A, respectively: H stands for individuals developing a severe
form of the disease and likely being hospitalized, while A refers to infected individuals who are
asymptomatic or have a mild form of the disease. The model dynamics is described by the
following reaction scheme:

S +H
⌘���! H +H

S +H
(1�⌘)�����! A+H

S +A
�⌘���! H +A

S +A
�(1�⌘)������! A+A

S
%⌘���! H

S
%(1�⌘)������! A

H,A
��! R

R
↵�! S.

(1)

In addition to the infection rate �, the recovery rate �, and the waning immunity rate ↵ (already
present in the general SIR formulation), the SHAR approach includes two extra epidemiological
parameters: the severity ratio ⌘, that gives the fraction of infected individuals who develop severe
symptoms, and the scaling factor �, which di↵erentiates the infectivity �� of mild/asymptomatic
infections with respect to the baseline infectivity � of severe/hospitalized cases. The value of
� can be tuned to describe di↵erent situations: a value of � < 1 indicates that severe cases
have larger infectivity than mild cases (which in the case of an infectious respiratory disease,
for example, could be linked to enhanced coughing and sneezing), while � > 1 would be used
to describe the scenario in which asymptomatic individuals and mild cases contribute more to
the spread of the infection (e.g., due to their higher mobility and possibility of interaction) than
severe cases (that are more likely to be detected and isolated). It is important to consider as
well the import factor % which refers to the possibility of susceptible individuals contracting the
disease via an undetected infection chain which started outside the studied population.

From the reaction scheme (1) we derived analytically the critical transmission threshold

�c =
�

⌘ + �(1� ⌘)
, (2)
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extending already existing results for the SIR model [1].

This transition of the dynamics from subcritical to supercritical regimes is also illustrated in
Figure 1, where the mean-field solution is plotted for di↵erent values of � both in natural and
log-log scales.
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Figure 1: Mean-field solution for infected H + A for di↵erent values of � in a) natural scale
and b) log-log scale. From bottom to top � = 0.95�c, � = 0.99�c, � = �c, � = 1.01�c and
� = 1.05�c.

The SHAR model was extended to a lattice structure in order to study the spatial propagation
of a disease and the critical threshold in that scenario. Until now, we could infer that spatial
correlations for the considered model contribute to keep disease transmission under control for
larger values of the infectivity �, in comparison to the non-spatial model [4]. However, we
have so far treated with quite small population sizes (lattices of about 60000 sites) due to the
computational demand of the numerical simulations.

Multiscale models and heterogeneity

Modeling of epidemiological phenomena can be performed at di↵erent scales, from the so called
within-host micro-scale to the macroscopic level of large populations with spatial distribution.
We dealt with the multiscale model [3] based on the kinetic theory. The derivation of the
mathematical structure can be obtained by a suitable balance of pedestrians in an elementary
volume of the space of microscopic states, considering the net flow into such volume due to
transport and interactions:

@tf(t, x, u) + divx(v[⇢](t, x, u)f(t, x, u)) = J [f ](t, x, u), i = 1, . . . , n, (3)

where f(t, x, u) denotes the probability to find a particle, at time t, in an elementary volume
surrounding position x and micro-state u, and v is the velocity. The left-hand term models the
transport of particles, while J [f ] represents transitions due to interactions.

Each single individual is seen as a particle, within which a competition dynamics between a
pathogen and the immune system takes place. As a result, the individual may end up recovering
or dying. This modeling approach is interesting since it let us introduce heterogeneity in a
very simple way, for example just di↵erentiating age or risk groups through a suitable choice of
microscopic variables.

The model was further extended to networks [2], where we explored the role of heterogeneity in
shaping and unfolding the overall di↵usion process of an epidemic. We performed an extensive
simulation analysis considering di↵erent social network structures is performed to investigate
the impact of social interactions, addressing the e↵ectiveness of social distancing policies, and
the impact of immunization strategies, to understand the e↵ectiveness of the current COVID-19
vaccination protocols prioritising the most vulnerable individuals.

The model is able to account for two forms of heterogeneity, namely between-individual hetero-
geneity on the basis of individual attributes influencing the epidemic growth, and social-structure
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heterogeneity, introducing alternative forms of networks influencing the contact dynamics as well
as di↵erent structured nodes within which contacts occur, namely schools, hospitals/nursing
homes, workplaces and households.

3 Conclusions and Future work

The proposed models were able to provide important answers to questions arising in public health
and epidemiology. There are, however, many open research lines to move forward. In particular,
we are trying to give a more precise estimate of the critical threshold for this spatial model,
considering larger lattice sizes (in order for the “abundance of susceptible” assumption to remain
valid for longer times) and longer simulations (with the corresponding heavier computational
burden), thus allowing to disambiguate between values of � corresponding to a super- or sub-
critical regime. This requires further development of our algorithms.

Another topic to be developed within this line of research is the development of algorithms
towards TTI (Testing, Tracing and Isolating) policies. The algorithm shall seek infection clus-
ters (groups of connected individuals who have been infected by the same index case) through
di↵erent tracing strategies. Clusters must be counted by means of a rapid routine (e.g., the
Hoshen-Kopelman algorithm). Finally, the algorithm shall decide the kind of disease mitigation
and containment actions to be adopted depending on the previous results. For example, isolation
and vaccination of clusters can be included by reducing the infection rate of infected sites.

Finally, we plan to perform a coupling with economic variables, in order to quantify the costs
and health outcomes of interventions (eg., lockdowns, vaccination, etc.) in a society through
cost-e↵ectiveness analyses.
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Abstract: We explore non-autonomous non-linear compartment models in epidemiology,
particularly the occurrence of rate-induced tipping phenomena induced by basin instability,
and of chaotic dynamics. If an autonomous compartment model in epidemiology has a
unique asymptotically stable equilibrium attracting all interior points, then basin instability
as well as rate-induced tipping can not occur for time-dependent parameters. Nonetheless,
we discuss existence of non-smooth systems nearby, where a second equilibrium on the
boundary attracts an open interior set and basin instability leads to rate-induced tipping.
As a consequence, not only the measures taken against an epidemic but also the rate of
implementation of these measures may have a drastic influence on the number of infectious.
Moreover, (almost) periodically varying parameters may lead to a chaotic epidemic.
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1 Introduction

We consider parameter-dependent compartment models in epidemiology given by an ODE

ẋ(t) = f(x(t),�) (1)

on the probability simplex

⌃n := {x 2 Rn |x � 0 , 1Tx  1} , (2)

and beneath positive invariance of ⌃n we assume persistence of a disease-free equilibrium (DFE)
x
⇤ 2 @⌃n at a corner, i.e. we assume fi(x,�) � 0 for every x � 0 with 1Tx < 1 and xi = 0,
nP

i=1
fi(x,�)  0 for every x � 0 with 1Tx = 1, and f(x⇤,�) = 0 for a corner x

⇤ 2 @⌃n.

After a generic local two-parameter bifurcation, where the formerly asymptotically stable DFE
loses stability and another locally asymptotically stable equilibrium arises in ⌃n, we are mainly
interested in two questions:

1. Does there exist a parameter path �(t), which connects �� := limt&�1 �(t) su�ciently
fast with �+ := limt&1 �(t) without crossing a bifurcation parameter, such that for an
initial state near the other locally asymptotically stable equilibrium the non-autonomous
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system (1) with � = �(t) tends to the DFE despite its instability, i.e. can rate-induced
tipping from the other locally asymptotically stable equilibrium to the DFE occur? Or in
other words, can implementing measures against an epidemic quickly enough lead to a die
out of the disease that would otherwise have spread if implemented too slowly?

2. Can (almost) periodic parameter changes � = �(t) lead to chaos, i.e. to chaotic outbreaks
of epidemic waves?

2 Results and discussion

2.1 Smooth unfolding

If f is smooth and a bifurcation of co-dimension two occurs at x
⇤ for � = �

⇤, then @f
@x (x

⇤
,�

⇤)
generically has a zero eigenvalue of algebraic multiplicity two, but geometric multiplicity one.
On a two-dimensional center manifold, the ODE (1) generically has the unfolding

ẋ = (⇣ � �)x+ ↵y � ⇣xy � ⇣x
2

ẏ = (� � ↵)y � �xy � �y
2
.

(3)

with parameters ↵,�, �, ⇣ > 0, and the two-parameter bifurcation occurs at x
⇤ = (0, 0)T for

⇣ = � and � = ↵. By the transformation x = R = 1 � S � I, y = I, this normal form (3)
occurs in epidemiology as an extension of the SIRS model, where susceptibles become directly
recovered with rate ⇣ > 0 on contact with a recovered. Yet, regardless how the parameters are
chosen, in this smooth case one equilibrium attracts all interior points of ⌃2. Thus, rate-induced
tipping induced by basin instability in the sense of Definition 1 can not occur.

Definition 1 ([3]) Suppose A(�) is a locally asymptotically stable equilibrium of the autonomous

ODE (1) for every � on a parameter path connecting �� with �+, and let B(A(�)) denote the

basin of attraction of A(�). Then, A(�) is said to be basin unstable on the parameter path, if

there are two �1,�2 on the parameter path such that A(�1) is outside the closure of the basin of

attraction of A(�2), i.e., A(�1) 62 B(A(�2)).

2.2 Non-smooth unfolding

This is di↵erent in the non-smooth case. Consider the non-smooth unfolding of the SIRS model

ẋ = ��x+ ↵y + g(x, y)

ẏ = (� � ↵)y � �xy � �y
2 � g(x, y) ,

(4)

with a continuous g : ⌃2 ! R smooth at every (x, y) 6= (0, 0) and satisfying limx&0
g(x,0)

x = 0 =

limy&0
g(0,y)

y , but not necessarily totally di↵erentiable at x⇤ = (0, 0)T , e.g.

g(x, y) :=

(
⇣

xy
x+y (x, y) 6= (0, 0)

0 (x, y) = (0, 0)
(5)

with ⇣ > 0. Assume that g is such that the nullclines ẋ = 0, ẏ = 0, intersect exactly at one
endemic equilibrium (ENE) in the interior of ⌃2 which is locally asymptotically stable. For
(5), this is the case if for � :=

p
↵(↵+ 2� + 2⇣) + (⇣ � �)2 the inequalities � + � > ↵ + ⇣ and
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(� + �)(��↵) + �(⇣ � �) > (�+↵)⇣ + (⇣ � �)2 are valid. Using polar coordinates x = r(1� �),
y = r� for r � 0, 0  �  1, w.r.t. the 1-norm on the simplex ⌃2, we obtain from (4)

ṙ = r (�(1� r)�� �(1� �))

�̇ = �

✓
(1� �)(� � ↵� �r � 1

r�
g(r(1� �), r�) + �)� ↵�� 1

r
g(r(1� �), r�)

◆
(6)

Thus, if both r and � are small, then in the first equation the negative term ��(1��) dominates
the bracket. For a similar result in the second equation, we need ��↵� 1

r�g(r(1��), r�)+� < 0
for r and � suficiently small. For (5), this is the case i↵ � � ↵ < ⇣ � �. Therefore, in (4) the
DFE attracts a subset with non-empty interior near the origin between the line y = 0 and the
nullcline ẏ = 0. If now � > ↵ and ⇣ > � decrease, then the basin of attraction of the ENE
shrinks so that the former ENE lies in the basin of attraction of the unstable DFE, i.e.

Proposition 1 There exist parameter paths not crossing a bifurcation parameter on which the

ENE of the non-smooth system (4) is basin unstable.

Proposition 1 paves a way for irreversible rate-induced tipping: If the parameter change is
su�ciently fast, then by the following theorem rate-induced tipping from the ENE to the DFE
occurs in the non-autonomous system, and Question 1 can be positively answered.

Theorem 2 ([3]) If a stable equilibrium A(�) of the autonomous frozen ODE (1) is basin

unstable on a parameter path, then there is a time-varying external input �(t) of su�ciently

fast rate that traces out the path and gives irreversible rate-induced tipping from A(�(t)) in the

non-autonomous system.

2.3 Chaotic behaviour

To show chaotic dynamics for (almost) periodic parameter changes � = �(t), let us consider (3)
in the case ⇣ = 0. After a scaling x = ✏q, y = ✏

2
p, t = ⌧/✏, � = ✏

2
⌫, � � ↵ = ✏µ, a division of

the second equation by p, a substitution of p for ln |p| and using q = |q| for q � 0, we obtain

q̇ = ↵(1 + p)� ✏⌫|q|+ ↵(exp(p)� 1� p)

ṗ = 1� ↵|q|� ✏(µ|q|+ ↵p)� ✏
2
µp .

(7)

For exp(p)�1�p of order ✏ and ✏ = 0, (7) is a non-smooth Hamiltonian system with Hamiltonian
H(q, p) := ↵

2 (1+p)2�q+ ↵
2 |q|q, in which the equilibrium (� 1

↵ ,�1) has a homoclinic orbit in the
level set H = 1

2↵ surrounding the equilibrium ( 1↵ ,�1). An explicit calculation of this homoclinic
orbit allows to apply Melnikov’s method to conclude occurence of chaotic behaviour for certain
(almost) periodic parameter changes � = �(t), and Question 2 can be positively answered.
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Abstract: With the identification of a new human coronavirus, causing a severe respira-
tory disease which quickly spreading across the world and become a pandemic, mathematical
models to understand and to predict the disease dynamics became an important tool to guide
public health authorities during the implementation of the available intervention measures
for disease control. In this work, a SIR (susceptible-infected-recovered) type-model is stud-
ied. Motivated by dengue fever epidemiology, two subsequent infections without pathogen
structure and two biological features, temporary immunity period after a primary infection
and disease enhancement in a secondary infection, are considered. The model has a rich
dynamical behavior, including fixed points, and limit cycles. A detailed bifurcation analy-
sis have shown a variety of bifurcation structures, including a backward bifurcation. The
results presented here can be used as additional information for a more extended modeling
development, for a better understanding of the biological mechanisms needed to generate
such rich dynamical behaviour in very simple epidemic models.

keywords: bifurcation analysis; temporary immunity period; secondary infections;
antibody-dependent enhancement factor.
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1 Introduction

In March 2020, the World Health Organization (WHO) [6] has declared COVID-19 a global
pandemic emergency. As a major public health concern, experts around the globe have created
modeling task forces to assist public health authorities to understand the dynamics of the disease
in the population, giving projections on disease incidence cases, and monitoring disease while
control measures were implemented over time.
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Infectious disease outbreaks are part of human history, causing premature deaths and significant
socio-economic problems. As of an example, dengue fever (DF) is a major public health problem,
with more than one-third of the world population being at risk of acquiring the disease.

DF dynamics have been largely studied by Aguiar and Colleagues [1, 2, 3, 4, 5]. Using dif-
ferent extensions of the classical SIR (susceptible-infected-recovered) model including multiple
strains combined with important biological features such as, temporary cross-immunity and the
antibody-dependent enhancement (ADE) factor, the proposed models have shown complex dy-
namics, with various bifurcation structures been identified, such as Hopf, torus, and tangent
bifurcations, including deterministic chaotic behaviour [3]. With a good qualitative agreement
between model simulation and empirical data, the findings indicate that deterministic chaos is
much more important in multi-strain models than previously thought.

Aiming to understand the role of biological mechanisms generating complex behavior in simple
epidemiological models, we analyse a two infection SIR type model without strain structure, and
consider two well known biological mechanisms observed in dengue epidemiology, the temporary
immunity period, occurring after a primary infection, and the ADE e↵ect, occurring during a
secondary infection eventually changing the individual transmission rate. A detailed bifurca-
tion analysis is performed showing that the combination of immunity and ADE factor play an
important role in changing the dynamics in the system.

2 Results and discussion

The compartmental two infection model divides the total population into six classes: susceptible
(S), infected for the first time (Ip), recovered from the first infection (Rp), susceptible with a
previous infection (Sp), infected for the second time (Is), and recovered from the second infection
(R). The rate � represents the transmission rate. Individuals recover from the first infection
with recovery rate �, and after a temporary immunity period ↵, become susceptible again.
Individuals can be reinfected transmitting the disease with infection rate ��. The parameter
� described the contribution of the secondary infections to the overall force of infection, where
0 < � < 1 decreases the infectivity of secondary infection, while � > 1, enhances the infectivity
of secondary infection. The complete ODE system can be written as

dS

dt
=� �

N
S(IP + �IS) + µ(N � S) (1)

dIP
dt

=
�

N
S(IP + �IS)� (� + µ)IP (2)

dRP

dt
=�IP � (↵+ µ)RP (3)

dSP

dt
=� �

N
SP (IP + �IS) + ↵RP � µSP (4)

dIS
dt

=
�

N
SP (IP + �IS)� (� + µ)IS (5)

dR

dt
=�IS � µR . (6)

We analyzed qualitatively the ODE system, showing the existence of disease-free equilibrium
and the disease endemic equilibrium. It is also demonstrated that the system can exhibit a
backward bifurcation and has two unstable endemic equilibria if, R0 =

�
�+µ < 1, and

� > �c =
↵+ µ

↵

� + µ

�
> 1.

The tangent bifurcation was proved to occur at �T = �̃
4�̃�̃�(�̃��̃)2

, confirmed by numerical ex-

periments, as shown in Figure 1.
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Figure 1: Backward bifurcation diagram. Tangent, transcritical and global homoclinic bifurca-
tion represent by T, TC and G, respectively.

3 Conclusions and Future work

Motivated by dengue fever epidemiology, an extension of the classical SIR type model is studied.
The model describes the transmission of an infection disease with two subsequent infections.
With no strain structure, a temporary immunity period after a primary infection, and a disease
enhancement during a secondary infection are assumed.

In order to investigate the role of the ADE e↵ect on disease modelling, we fixed the temporary
immunity period and varied the ADE factor as a bifurcation parameter. A backward bifurcation
was found in a set of parameter regions generated by the change in the value of the ADE factor.
Although a backward bifurcation was found, both endemic equilibria are unstable, and thus, the
reproduction number still determines whether the disease persists or dies out.

Moreover, tangent, Hopf, and global homoclinic bifurcations were also identified and its occur-
rence are dependent on the force of infection and immunity period. For high force infection
and high enhancement factor, Hopf bifurcation occurs, see Figure 2, thus periodic solutions are
observed. In this case, it is possible to predict the periodicity of the new outbreaks. Further-
more, the numerical approach used is important since, without the restriction of non-negative
solutions, a chaotic dynamic can be observed, see Figure 3.

This model allows the investigation of the role of real biological features acting as mechanisms
that are able to generate rich dynamical behaviour in very simple models without additional
migration factor, nor external forces. The temporary immunity period and the disease enhance-
ment factor play an important role in changing the system dynamics and special attention should
be taken to these epidemiological features for future disease modelling.

Numerical experiments in a more biological parameter space for temporary-protection period,
considering, for example, ↵ = 2 y�1, i.e. six months, as observed on dengue disease, are ongoing,
providing insights for public health intervention measures for disease control on epidemiological
scenarios.
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Figure 2: Time series for ↵ = 52 y�1, � = 52 y�1, � = 104. Solution tend to (a) the endemic
equilibrium, (b) and (c) limit cycle.
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[4] Máıra Aguiar, Nico Stollenwerk, Bob W. Kooi, Scaling of stochasticity in dengue hemor-
rhagic fever epidemics. Mathematical Modelling of Natural Phenomena, 7 (2012), 1–11.
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Abstract: With more than a half of the world’s population being at risk of dengue infec-
tion, at present dengue fever is a major public health problem in the tropics and subtropics.
Nevertheless, a threat of possible outbreaks in Europe should not be underestimated. It
is caused by four antigenically related but distinct serotypes (DENV-1 to DENV-4), infec-
tion by one serotype confers life-long immunity to that serotype and a period of temporary
cross-immunity (TCI) to other serotypes. Although most of the cases recover following
a self-limiting non-severe clinical course, there is good evidence that sequential infection
increases the risk of developing severe disease, due to a process described as antibody-
dependent enhancement (ADE). There is no specific treatment for dengue, and severe cases
require hospitalization. A safe, e↵ective and a↵ordable dengue vaccine against the four
strains would represent a significant advance for the control of the disease and could be an
important tool for reducing disease transmission and mortality.
Mathematical modeling is often used for understanding infectious diseases dynamics and
to evaluate the introduction of intervention strategies like vector control and vaccination.
A careful review of deterministic dengue modeling was recently published [3], where three
structural approaches were studied, the vector-host, the host-to-host and the within-host
dynamic models. While the first two approaches aim to describe disease transmission at
population level, the within-host framework is built to describe viral replication and anti-
body responses a↵ecting the disease outcome in primary and recurrent infections, see e.g.
[1, 2]. Understanding the immunopathogenesis of severe illness during recurring infections
is critical for future research directions to evaluate the impact of dengue vaccines.
In this work, we analyse the deterministic and stochastic models describing the immuno-
logical responses mediated by antibodies during a primary dengue infection. A detailed
sensitivity analysis of the parameters involved in the model is performed. The deterministic
framework recently proposed by [1, 2] is extended to its stochastic counterpart for a better
understanding of the variation observed in the available data following the same method
used in [4]. Using numerical simulations, we investigate features of viral replication, anti-
body production and infection clearance over time. Results presented here will be used as
baseline to investigate a more complex within-host dengue model, giving insights into the
immunopathogenesis of severe diseases during secondary infections caused by heterologous
serotypes.
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Abstract: The burden of sexually transmitted infections (STIs) poses a challenge globally
due to its high prevalence and its high health and economic intervention costs. Despite
simple interventions and treatment e↵orts, vaccines are the main precaution for some viral
STIs and for the prevention of diseases associated with these infections. In this work, the best
way of distribution of prophylactic vaccines between sexes for the prevention and control
of sexually transmitted infections in a heterosexual population is investigated. Various
vaccination programs described by distinct budged constraints that mimic a scarce vaccine
stockpile is compared. The vaccination programs are obtained as solutions to an optimal
control problem subject to a two-sex Kermack-McKendrick-type model where the control
variables are the daily vaccination rates for females and males, respectively. An important
and novelty aspect of the approach taken in this work relies on conceptualizing a limited
but specific vaccine stockpile via an isoperimetric constrain. The optimal control problem
is solved via the Pontryagin Maximum Principle and a numerical approximation for the
solution using a modified version of the forward-backward sweep method that handles the
isoperimetric budget constraint in our formulation is obtained. Conclusively, the results
suggest that for a limited and small vaccine supply (20%� 30% vaccination coverage), one-
sex vaccination appears to be more beneficial than the inclusion of both sexes into the
vaccination program. On the other hand, if the vaccine supply is relatively large (enough
to reach 40% coverage), vaccinating both sexes, with a slightly higher rate for females, is
optimal and provides an e↵ective and faster approach to reducing the prevalence of the
infection.
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Abstract: Dengue fever is caused by four dengue virus serotypes: DEN-1, DEN-2, DEN-
3, and DEN-4. This study presents a mathematical host-vector model considering multiple
strains of dengue fever and the dynamics between human and mosquito population. For this
model, the sensitivity analysis (PRCC Method) is conducted in order to identify the key
parameter that has more influence in the transmission of dengue. Further, in order to find
the optimal strategies for suitable control interventions that reduce the dengue prevalence
and economic burden, an optimal control problem is proposed by considering vaccination,
use of preventive measures and killing mosquito population as control interventions. A
weighted sum of various costs incurred in applied controls and the cost due to dengue disease
(productivity loss) is incorporated in the proposed cost functional. The analysis of control
system using Pontryagins Maximum Principle leads the existence of the optimal control
profiles. Further, an exhaustive comparative study for three di↵erent control strategies is
conducted numerically. Our findings ensure that every individual control strategy has their
own impact on reducing the cumulative count of infection. The combined impact of all
control interventions is highly e↵ective in controlling the prevalence of dengue. We observed
that the comprehensive use of controls keeps a strong tab on the infectivity even if the
severity of epidemic is high.
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Abstract: Epidemiological models, such as the prototypical compartmental SIR model,
are widely used to describe the evolution of infectious diseases. Even though this kind of
simplistic models fairly capture the phenomenology of the spreading disease, under certain
circumstances are not capable of describing its long-term behavior. Sometimes, this lack of
reproducibility of real data is not due to a deficiency of the model but to the non-linear
nature of the phenomenon itself (associated with the emergence of chaos). A theoretical
tool used to determine the stability of the solution and to define the prediction horizon are
the Lyapunov’s exponents �j (equal in number to the dimensionality of the phase space).
In general, the solution is stable when the largest exponent is negative, while if at least one
of the exponents is positive, it entails an exponential instability: infinitesimally close orbits
in the phase space tend to separate exponentially in time with a rate � (a hallmark of
deterministic chaos). In particular, the unpredictability of chaos and the onset of complex
dynamics that arises as a consequence of the seasonally modulation in the transmission
rate [1, 2] poses a challenge when it comes to establishing timely seasonal control measures
(such as seasonal vaccination campaigns or lock-downs) for recurrent disease outbreaks (i.e.
influenza, dengue or COVID-19).

Stochastic versions of deterministic models are used to explore the e↵ects of external
noise or random environments (introduced as stochastic terms in the di↵erential equations
system or as fluctuations in the parameter values) in the simulated population dynamics.
On average, the stochastic solution should match the deterministic one (mean-field approx-
imation). But, when the system is not ergodic, time-averages of a given observable may not
correspond with the obtained when using ensemble-averages (also known as phase-space
averages).

In practice, the ergodicity of the problem is a feature often overlooked. However,
the ergodicity breaking has implications that must be taken into account in order not to
reach misleading or erroneous conclusions [3]. Here, from a practical point of view, the
direct consequences of the non-ergodicity will be shown in a concrete physical example.
From experimental measurements (physical observables of a granular system and some
time variables), the ergodicity has been quantified in statistical terms (by means of
di↵usive properties) and rationalized (through a Continuous-Time Random Walk (CTRW)
sub-di↵usive model) [4].

Finally, our ongoing research will be presented and some preliminary results on the
stability of a seasonally-driven SIR model with waning immunity and imported infected
population, which has been characterized in terms of the Lyapunov spectrum, and to bring
some thoughts on ergodicity from a merely pragmatic perspective.
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Abstract: The Human Immunodeficiency Virus (HIV) impairs a person’s immune system,
which can lead to Acquired Immunodeficiency Syndrome (AIDS), a condition marked by
co-infection of other severe diseases. In the Philippines, HIV infections have more than
doubled from 2010 to 2016, and a sterilizing cure is yet to be discovered. Here, we have
constructed a mathematical model to capture the HIV dynamics in the Philippines. The
model equilibria and basic reproduction number have been calculated, and public data have
been used to identify model parameters. Under the framework of optimal control theory,
the e�ciency of precautionary measures, HIV screening, Anti-Retroviral Therapy, and Pre-
Exposure Prophylaxis (PrEP) as disease controls has also been investigated. Each strategy,
and combinations thereof have been compared in terms of their cost-e↵ectiveness and ability
to reduce infections. The PrEP-only scenario has been shown to be the most cost-e↵ective
strategy among all the possible combinations.
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Abstract: The e↵ect of environmental random fluctuations on the growth dynamics of
individual animals is not captured by regression models and so we use stochastic versions of
a quite general class of models that includes the classical growth curves as particular cases.
They take the form of stochastic di↵erential equations (SDE). These more realistic models
can help farmers optimize the profit obtained by raising and selling an animal. To that end,
we obtain the expected value and the standard deviation of the profit as a function of the
selling age under the more general and realistic market situation where the feeding costs
vary with the animal’s weight and the selling price per kg paid to farmers depends on the
animal’s age and weight category. We apply results to real weight data from cattle males of
the Mertolengo breed. Sensitivity analysis to model parameter estimates is also performed.

keywords: stochastic di↵erential equations; cattle growth; profit optimization; sensitivity
analysis; maximum likelihood estimators.
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1 Introduction

The commonly used deterministic growth curve models for the size Xt of an animal or plant at
age t can be obtained as solutions of particular cases of the general ODE model dYt = �(↵�Yt)dt,
where Yt = h(Xt) is a modified size, with h a model specific monotonous C1 function, ↵ the
asymptotic value of Yt (A = h�1(↵) being the asymptotic actual size), and � a growth coe�cient.
Indeed, for h(x) = x, h(x) = x�1, h(x) = xc (c > 0), and h(x) = lnx, one obtains, respectively,
the monomolecular, the logistic, the Bertalan↵y-Richards, and the Gompertz models.
The traditional use of classical regression models (with mean given by deterministic growth
curves) to handle random variations in data does not capture the dynamics of the growth
process nor the e↵ect produced by the environmental random fluctuations on such dynamics.
So, as proposed by [6], we adopt the stochastic di↵erential equation (SDE) version of the general
ODE model:

dYt = �(↵� Yt)dt+ �dWt, (1)
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with � > 0 an environmental noise intesnsity parameter adn Wt a standard Wiener process.
SDE models have been applied in forestry, agriculture and animal growth (e.g., [2, 3, 5, 6,
9, 10, 11, 12]). The solution of (1) with initial condition Yt0 = y0 is (see, for instance, [1])
Yt = ↵� (↵� y0)e��(t�t0) + �e��t

R t
t0
e�sdWs and is Gaussian with mean ↵� (↵� y0)e��(t�t0)

and variance �2

2�

�
1� e�2�(t�t0)

�
. So, we know the p.d.f. fXt(x) of Xt = h�1(Yt).

Using the Markov property and independence among di↵erent animals, maximum likelihood
parameter estimates for data from di↵erent animals can be seen in [2, 7]. For mixed models
(not used here), in which the parameter ↵ and/or the parameter � may vary randomly among
animals to account for their genetic and other di↵erences, a new parameter estimation method
(delta method) and its comparison with existing methods can be seen in [8].
In order for farmers to optimize their profit, the use of more realistic stochastic models can be
an important tool. In [4] these models were applied to the optimization of the mean profit (by
age or by weight) obtained by raising and selling an animal, considering a simple raising cost
structure and assuming a constant price per kg paid to the farmers.
This Talk, described by this Extended Abstract, is founded on our results in [7] and concerned
with the more general, realistic and challenging profit structure where the price paid per kg
to the farmers depends on the animal’s age group and weight category and the feeding costs
vary with the animal’s weight. For this profit framework, we have obtained the expressions for
the expected value and the standard deviation of the profit as a function of the selling age and
developed the methodology to obtain the selling age that maximizes the expected profit.
We have applied the results to bovine males of the PDO (Protected Designation of Origin) Mer-
tolengo breed raised in the Alentejo region of Portugal. Provided by the producer’s association
Associação de Criadores de Bovinos Mertolengos (ACBM), we have used two datasets, one from
its database containing 16029 males having between 3 and 33 weight observations (at ages vary-
ing from birth to a maximum age ranging between 0.2 and 16 years, totaling 96204 observations),
and the other from a test group of 18 animals (weighted monthly to an upper age ranging from
24 to 30 months). We have used the stochastic Gompertz model-SGM (h(x) = lnx) and the
stochastic Bertalan↵y-Richards model-SBRM (h(x) = x1/3). We also evaluate the sensitivity of
the optimal selling age and the optimal expected profit to the parameter estimates.

2 Results and discussion

2.1 Optimization

The profit obtained from raising an animal since age t0 (having a known weight Xt0 = x0) in
order to sell it at an age t > t0 depends on t and on the animal’s weight Xt (in kg) and is given
by Lt = Lt(Xt) = Vt(Xt) � Ct(Xt), where Vt is the selling price and Ct the acquisition (if it is
the case) costs and the animal raising costs.
The carcass weight in kg is RXt, where R is the dressing proportion (around 0.52 for Mertolengo
males), and so Vt(Xt) = Pt(Xt)RXt, where Pt(Xt) is the sale price per unit carcass weight.
Let Pt(Xt) = Pt,j for an animal of age t having a carcass weight in the interval [at,j�1, at,j [
(j = 1, . . . , k), where �1 = at,0 < at,1 < . . . < at,k�1 < at,k = +1. Then, using the indicator

function I, Pt(Xt) =
Pk

j=1 Pt,jI[at,j�1,at,j [(RXt) =
Pk

j=1 Pt,jI[at,j�1/R,at,j/R[(Xt).

The raising costs are given by Ct(Xt) = C1 + C2(t � t0) + C2
R t
t0
Xsds, where C1 are the fixed

costs (in Euros), C2 the maintenance costs per unit time (in Euros/year) and C3 the feeding
costs per unit time and animal’s weight (in Euros/(year ⇥ kg)).
This structure poses a challenging problem in determining the expected profit E[Vt] and the
standard deviation of the profit as functions of the selling age t, but we were able in [7] solve this
problem for the general model (general choice of the function h) and to give explicit expressions
(not shown here) for the particular cases of the SGM (h(x) = lnx) and the SBRM (h(x) = x1/3).
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2.2 Application

We obtain the parameter maximum likelihood (ML) estimates and their approximate 95% in-
tervals for the SGM and the SBRM for the test group of 18 animals and for all 16029 database
animals. We consider for this illustration the situation of the finishing phase starting at the
typical weaning age of t0 = 0.7 years with the animal weighting x0 = h�1(y0) = 170.5 kg (typ-
ical average weight at that age) and look at the profit from raising the animal from that age
up to the selling age to the meat market. According to the available data at the time, we have
considered for the Mertolengo breed a fixed cost of C1 = 57.35 Euros (commercialization and
transportation, sanitation, Promert tax). Because it does not a↵ect the optimal selling age, we
ignore in the illustration the value of the animal at age t0, but it can be considered as a cost
and added to C1. We assume handling costs of C2 = 0.435 Euros per day and, due to lack of
detailed information, we assume aa an approximation (that works quite well) that, during the
finishing phase, the feeding cost is independent of the animal weight and amounts to C4 = 2.248
Euros per day, so that C(t) ⇡ C1 + (C2 + C4)(t� t0).
The price (in Euros) per kg of carcass weight, Pt(Xt), varies according to the age group (there
are 3 groups) and the carcass weight RXt category (the lower age group has 5 carcass weight
categories, the middle group has 3 categories and the older group has 7 categories). For example,
the sale price per kg, Pt(Xt), is 3.60 Euros for the age group 10 months< t  15 months and
this group carcass weight category 160 kg RXt < 180 kg.
Using the theoretical results in subsection 2.1, we determine and plot (see [7]) the expected value
(and the standard deviation) of the profit Vt as a function of the selling age t. We determine
the optimal selling age t and the corresponding optimal expected profit. For example, for the
parameter values of the test group, we conclude that the typical average selling age of 1.16 years
is slightly under the optimal selling age of 1.25 years (15 months), resulting in an expected profit
9 to 10 Euros (depending on the model) below the optimal expected profit.

2.3 Sensitivity to model parameters

Since the model parameters used are ML estimates and not the true parameter values, we use
the test group data to study (see [7]) the sensitivity of results to their values. The parameter �
has a negligible influence. The parameters ↵ and � have a considerable influence on the optimal
expected profit but negligible or no influence on the optimal selling age. Similar conclusion
arises when we study (by Monte Carlo simulation) the joint influence of the parameters.

3 Conclusions and Future work

Using an SDE general model for individual animal growth that takes into account random envi-
ronmental fluctuations, we have obtained the expected profit (and also the standard deviation
of the profit) as a function of the selling age for a farmer that raises and sells an animal under
complex realistic cost and price structures. The theoretical results were applied to cattle males
of the Mertolengo breed in order to determine the optimal selling age of an animal (slightly
higher than the actual average selling age) and the corresponding (improved) optimal expected
profit. A user friendly software was developed by RuralBit to made the optimization available
to farmers. Sensitivity analysis w.r.t. model parameters showed that they have a negligible
e↵ect on the optimal selling age but, with the exception of �, they have a sizable e↵ect on the
optimal expected profit.
Mixed models, in which the animal’s growth parameters may depend on its genetic values (avail-
able in the database), are under study (with already preliminary results), so that optimization
can be performed more precisely on an individual animal basis.
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1 Introduction

Mathematical models of infectious diseases have been used for centuries to analyze the mech-
anisms governing the spread of infection, predict possible outbreaks and the course of disease,
and evaluate measures for preventing and controlling an epidemic [1, 2]. The design of the first
mathematical model in epidemiology is attributed to Daniel Bernoulli who suggested a model
in support of the inoculation against the smallpox back in 1760 [3]. Recent outbreak of Coro-
navirus pandemic in 2019 fuelled the interest in mathematical modeling in epidemiology and
posed many questions which the research community attempted to answer with the modification
of existing models and design of new ones.

2 Results and discussion

In this paper, we address the impact of travel patterns on the spread of infection. Our goal
is to analyse how the restrictions on travel (or lack of such) impact the epidemic situation.
Our default assumption is that individuals that travel have higher chances of getting infected
because the number of other individuals encountered during the travel increases, whereas the
environment (humidity, temperature, atmospheric pressure) may change quite rapidly, possibly
accompanied with the travel stress. To explore this, we modify the classic SIR model [1, 2, 3]
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dividing the susceptible cohort S into two, not traveling (S1) and traveling (S2). Individuals in
the latter cohort are supposed to be traveling at time t and we assume that the transmission
rate of infection for S2 is higher than that for S1. We do not exclude the possibility that some
individuals completely recover after the disease and remain permanently immune to the infection
afterwards but there always exists a possibility for reinfection for recovered patients who return
to traveling and not traveling susceptible cohorts.

The epidemic situation we attempt to model is therefore described by the system of four dif-
ferential equations for the four cohorts: not traveling susceptible S1, traveling susceptible S2,
infected I, and recovered R. A modification of the classic SIR model to our case assumes the
form

Ṡ1 = �↵I(t)S1(t)� �S1(t) + !S2(t) + ✓(1� ⇠)R(t), (1)

Ṡ2 = ��I(t)S2(t) + �S1(t)� !S2(t) + ✓⇠R(t), (2)

İ = ↵I(t)S1(t) + �I(t)S2(t)� �I(t), (3)

Ṙ = �I(t)� ✓R(t), (4)

where the coe�cients ↵ and � are the rates of infection for not traveling and traveling indi-
viduals respectively, and the bidirectional flow between the not traveling and traveling cohorts
is described in terms of inter-cohort transition rates � and !. Furthermore, individuals recover
at the rate � and ✓ is the transition rate from recovered to susceptible population, whereas ⇠
governs the distribution of individuals into traveling and not traveling cohorts after recovery
with a possibility for further reinfection.

Observe that adding equations (1) - (4), we have Ṡ1 + Ṡ2 + İ + Ṙ = 0 and thus in our model
the total population N (t) = S1(t) + S2(t) + I(t) + R(t) remains constant. This assumption is
reasonable for our model since we consider the e↵ect of the travel during relatively short periods
of time. For convenience, we re-scale all variables so that N (0) = 1 and thus, for all t � 0,

S1(t) + S2(t) + I(t) +R(t) = 1. (5)

Lemma 1. Assume that S10 , S20 , I0, R0 � 0. Then the solution ~x(t) = (S1(t), S2(t), I(t), R(t))T

to the system (1) - (4) with the initial conditions

(S1(0), S2(0), I(0), R(0))T = (S10 , S20 , I0, R0)
T

is non-negative for all t � 0.

We find equilibria for the system (1) - (4) by equating the right-hand sides of each of the
di↵erential equations to zero. The infection-free equilibrium E0 is obtained when I = 0, in
which case we have

E0 =

✓
!

� + !
,

�

� + !
, 0, 0

◆
.

For the endemic equilibrium E? we look for a positive root I⇤ of the quadratic equation

A2I
2 +A1I +A0 = 0 (6)

where the coe�cients A2, A1, and A0 are defined as follows: A2 = ↵� (✓ + �) , A1 = �(�✓ �
�✓⇠ + �✓ + ��) + ↵(!✓ + !� + �✓⇠ � �✓), A0 = ✓ (!(� � ↵) + �(� � �)) .

Lemma 2. Assume that 0 < � < ↵ < �. Then A0 < 0 and quadratic equation (6) has two real
roots of opposite signs.

Given the only positive root I⇤ of (6), the remaining three positive coordinates of the endemic
equilibrium E? can be computed. To analyse the stability properties of both equilibria, we
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eliminate one of the equations in the system (1) - (4) using the property (5). The reduced
system of three di↵erential equations assumes the form

İ = ↵I(t)S1(t) + �I(t)S2(t)� �I(t),

Ṡ1 = �↵I(t)S1(t)� �S1(t) + !S2(t) + ✓(1� ⇠)(1� I � S1 � S2),

Ṡ2 = ��I(t)S2(t) + �S1(t)� !S2(t) + ✓⇠(1� I � S1 � S2).

Theorem 1. The infection-free equilibrium E0 of the system (1) - (4) is locally asymptotically
stable if the basic reproduction number

R0 =
↵! + ��

� (� + !)
< 1

and unstable if R0 > 1.

For analyzing the stability of the endemic equilibrium E⇤ = (S⇤
1 , S

⇤
1 , I⇤, R⇤), we calculate the

Jacobian matrix at E⇤ and check the roots of the characteristic polynomial p (�) = �3 + b2�2 +
b1�+ b0, where

b2 = � + ! + ✓⇠ + ↵I⇤ + �I⇤ � ✓ (⇠ � 1) ,

b1 = (� + ↵I⇤ � ✓ (⇠ � 1)) (! + ✓⇠ + �I⇤)� (� � ✓⇠) (! + ✓ (⇠ � 1))

+ ↵I⇤ (↵S
⇤
1 � ✓ (⇠ � 1)) + �I⇤ (✓⇠ + �S⇤

2) ,

b0 =
�
✓�2S⇤

2 + �2�S⇤
2 + ↵2!S⇤

1 + ✓�� + ✓↵! + ✓↵2⇠S⇤
1

�
I⇤

�
�
✓�2⇠S⇤

2 + ↵2�I⇤S
⇤
1 � ↵�2I⇤S

⇤
2 + ✓↵�I⇤

�
I⇤

+ (�✓↵�S⇤
2 + ↵��S⇤

1 + ↵�!S⇤
2 � ✓↵�⇠S⇤

1 + ✓↵�⇠S⇤
2) I⇤.

Theorem 2. The endemic equilibrium E⇤ for the system (1) - (4) is asymptotically stable if
and only if the coe�cients b0, b1 and b2 of the characteristic polynomial p (�) are positive and
satisfy the condition b2b1 > b0.

We explain the selection of important parameters in the system and their impact on the dynamics
illustrating theoretical findings with numerical simulations. In the final part of the paper, we
discuss how the presence of delay and periodic perturbation in the system (1) - (4) a↵ect its
evolution. The limitations of the model are also addressed.
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1 Introduction

Mathematical modeling of Atlantic salmon population is challenging due to variability of biolog-
ical parameters describing its life cycle [1, 2, 3]. Castellani et al. [2] pointed out the scarcity of
research on the impact of numerous ecologic and genetic factors on the evolution of populations
and emphasized an urgent need for new models incorporating these elements. They suggested
an Individual-Based Salmon Eco-genetic Model (IBSEM) describing the demographic and pop-
ulation genetic change of an Atlantic salmon population through its entire life-cycle. IBSEM
uses stochastic processes for simulating individuals’ growth, maturation, and mortality. Em-
pirical data were parameterized to match the environmental conditions and the characteristics
of a wild population inhabiting a Norwegian river. Aas et al. [1] divide the life history of the
Atlantic salmon in the wild into three main phases: embryonic, juvenile and oceanic (adult).
The embryonic phase in freshwater splits into two sub-phases: egg and alevin. It is followed
by the freshwater juvenile phase divided into two sub-phases: parr and smolt; these groups are
structured according to their age. Parr stay in freshwater while smolts migrate to sea to enter
the adult phase. In this paper, we suggest a deterministic model for Atlantic salmon population
using discrete equations.
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2 Results and discussion

We design a stage-structured model describing the life cycle of Atlantic salmon. The main source
of data for our model is the paper [3, Tables 3-6] where useful estimates for the survival proba-
bilities between di↵erent stages in the river are collected. As it is common for simpler models,
several important factors (stochasticity, density dependence, immigration and emigration) are
omitted. Although we balance between model error and parameter error due to simplifying
assumptions and a limited set of data, the analysis of the model provides an important insight
into the dynamics of the system. Following the description in [2], we model the life cycle of
Atlantic salmon as shown in Figure 1 where the arrows represent transitions between stages.
The numbers pi are the probabilities that an individual survives to the next stage during the
period between (t) and (t + 1), while the loop arrows mean that an individual remains at the
same stage with the given survival probability. One important parameter not included in the
diagram is the fecundity f7 of a female adult individual.

E +0 +1

+2

S2

S3, S4 Adults
p1 p2

p3

p6

p4

p5

p6

p03

p7

Figure 1: The transition between stages

Our model is described by the di↵erence equation

N(t+ 1) = AN(t), (1)

with the matrix A defined by

A =

0

BBBBBBBB@

0 0 0 0 0 0 7180.16
0.307 0 0 0 0 0 0
0 0.333 0 0 0 0 0
0 0 0.335 0.5 0 0 0
0 0 0.011 0 0 0 0
0 0 0 0.129 0 0 0
0 0 0 0 0.1 0.1 0.05

1

CCCCCCCCA

,

where the reference values are f7 = 7180.16, p1 = 0.307, p2 = 0.333, p3 = 0.335, p03 = 0.5,
p4 = 0.011, p5 = 0.129, p6 = 0.1, p06 = 0.1, and p7 = 0.05. It is clear that the matrix A
is neither a Leslie, nor a Lefkovitch matrix, and we deal with a general population projection
matrix which accounts for several additional stages. Since A is non-negative, we first verify that
it is irreducible. For this purpose we use the following results [4, Theorems 16 and 14].

Theorem 1 (i) A non-negative square matrix A of order n is irreducible if and only if I +A is
primitive, where I is the unit square matrix of order n.
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(ii) A necessary and su�cient condition for an irreducible square non-negative matrix A to be
primitive is that Am is positive for some positive integer m.

Theorem 1 yields the following

Theorem 2 The matrix A in equation (1) is irreducible and primitive.

We also verify that A is primitive by computing successive powers of A until all elements of the
matrix became positive for A8 for the first time. Since A is primitive, Perron-Frobenius Theorem
can be applied assuring the existence of a positive dominant eigenvalue with the corresponding
positive eigenvector. In our case, the characteristic polynomial is

�7 � 0.55�6 + 0.025�5 � 0.80742044�2 � 2.7683511�

and the spectral radius is equal to the dominant eigenvalue �d = 1.3607 > 1. This implies that
the population is growing since the stable stage distribution is N(t) ⇡ cd�t

dvd where vd is the
right eigenvector corresponding to the eigenvalue �d.

To explore the robustness of the salmon life cycle from the ecological point of view, we con-
ducted a number of numerical experiments including “worst case scenarios” where the survival
probabilities are taken one by one with minimal values found in [3]. It turns out that even in
a “worst case scenario” the value of the dominant eigenvalue �d remains larger than 1 which
ensures the persistent population growth.

Numerical experiments were done by using MATLAB; the results are collected in Table 1. The
header of the table contains the list of all parameters in our model. We ran fourteen numerical
experiments modifying the values of the elements in the matrix A as follows. In each row, the
values colored red are fixed. All other values for parameters in that row are minimal values which
ensure that the population is still growing in the long run provided that values of remaining
parameters are set as the reference values from the top row.

Test f7 p1 p2 p3 p03 p4 p5 p6 p06 p7

Ref. 7180.16 0.307 0.333 0.335 0.5 0.011 0.129 0.1 0.1 0.05
1. 960 0.0408 0.0443 0.0076 0 0 0.00291 0 0.00226 0.05
2. 1004 0.043 0.0466 0.011 0 0 0.00393 0 0.00304 0
3. 804 0.035 0.0373 0 0 0 0 0.1 0.0127 0.2
4. 302 0.013 0.014 0 0 0 0 0 0 0.7
5. 1576 0.0674 0.0775 0.0136 0.5 0 0.00525 0 0.00406 0.05
6. 1701 0.0728 0.07891 0.01499 0.01 0 0.0058 0 0.00446 0.05
7. 3590 0.0816 0.0885 0.0577 0.5 0 0.0223 0 0.0173 0.05
8. 3590 0.1455 0.1578 0.1143 0.01 0 0.044 0 0.0341 0.05
9. 718 0.4079 0.4424 0.4591 0.5 0.043 0.1768 0.3909 0.1371 0.05
10. 718 0.7271 0.7887 0.9089 0.01 0.0858 0.35 0.7798 0.2713 0.05
11. 1063 0.0454 0.0493 0.046 0.5 0 0.0177 0.01 0.0138 0.05
12. 2078 0.0888 0.0964 0.0909 0.01 0 0.035 0.01 0.0272 0.05
13. 4733 0.2023 0.2195 0.0753 0.5 0.0043 0.029 0.0391 0.01 0.05
14. 6050 0.2586 0.2805 0.1491 0.01 0.0086 0.0575 0.078 0.01 0.05

Table 1: Parameters in A: reference values and minimal values for the population growth.

Many components are important for the persistence of the species under di↵erent natural and
man-a↵ected ecologic changes. To identify these components, we conducted both sensitivity and
elasticity analyses of the matrix A observing that the most significant parameters are f7, p1 and
p2, closely followed by p3, p5 and p06. We believe that our analysis provides an interesting insight
into sustainability of the life cycle of Atlantic salmon presented schematically in Figure 1.
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3 Institute for Advanced Environmental Research, West University of Timişoara, Romania
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multiple time scales. Numerical simulations are also included to exemplify the theoretical
results.
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1 Introduction

The hypothalamic-pituitary-adrenal (HPA) axis plays an essential role on how the body responds
to stress and is influenced by the interactions of several hormones, such as corticotropin-releasing
hormone (CRH), corticotropin (ACTH), and cortisol (CORT). The andrenal glands release cor-
tisol in response to stress and the blood levels of cortisol vary throughout the day causing a
fluctuation named the ”circadian rhythm”, which is a cycle that repeats every 24 hours. Ad-
ditionally, we also have biological rhythms with a shorter period and higher frequency than
the circadian rhythm named the ’ultradian rhythm’. In the past few decades, mathematical
modelling has been used as a tool to gain a better understanding of hormonal behaviour and
to seek explanation about endocrine and physiological regulation. Most of the existing models
[2,4] considered so far in the literature have suggested that the circadian rhythm is the result
of an external input to the HPA axis, which can only exhibit ultradian behaviour in the ab-
sence of an external input. In some of the studies [1,3] it has been shown that the ultradian
rhythms are produced independently of the CRH secretion and based on this assumption, we
will only consider a two-dimensional mathematical model involving the ACTH hormone and
cortisol levels.

The main aim of this paper is accomplish a thorough analysis of the e↵ect of di↵erent types
of distributed time delays on the dynamics of the pituitary-adrenal axis. Time delays appear
naturally in endocrine processes, due to the transportation of hormones between the endocrine
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glands. Moreover, we consider distributed time delays in the proposed mathematical model, to
provide a more accurate reflection of biological variability. It is important to emphasize that the
exact delay distribution is not known, and consequently, approaches using general delay kernels
may prove to be appropriate.

2 Results and discussion

The proposed mathematical model is based on the simplified HPA axis model considered in [2],
which focuses on the interaction between ACTH and CORT. As described above, we include
distributed time delays in this two-dimensional model. Denoting the concentrations of ACTH
and cortisol by A(t) and C(t), we consider the following system of di↵erential equations with
distributed delays: ⇢

Ȧ(t) = f
�R1

0 hc(s)C(t� s)ds
�
� �aA(t)

Ċ(t) = g
�R1

0 ha(s)A(t� s)ds
�
� �cC(t)

(1)

The elimination constants �a,�c are positive real numbers. The functions f, g : [0,1) ! (0,1)
represent the negative and the positive feedback functions, respectively. The function f is
assumed to be strictly decreasing, smooth and bounded on [0,1) and the function g is assumed
to be strictly increasing, smooth and bounded on [0,1). Examples of such functions are given
below:

f(x) = �

✓
1� µ

x
m

um + xm

◆
, g(x) = ⌘

x
n

vn + xn

with m,n � 1, � > 0, u, v > 0 and µ, ⌘ 2 (0, 1).

The delay kernels ha, hc : [0,1) ! [0,1) are probability density functions representing the
probability that a particular time delay occurs, and they are assumed to be bounded and piece-
wise continuous.

An equilibrium point of system (1) is a solution of the following algebraic system:

⇢
f(C) = �aA

g(A) = �cC
(2)

It follows that the system (1) has a unique equilibrium point E = (A?
, C

?).

In what follows we study necessary and su�cient conditions for the local asymptotic stability
of the equilibrium point. We construct the liniarized system at the equilibrium point E and we
rely on the associated characteristic equation:

(z + �a) (z + �c) + bHa(z)Hc(z) = 0 (3)

whereHi(z) =
R1
0 e

�zs
hi(s)ds represent the Laplace transforms of the delay kernels hi, i 2 {a, c}

and
b = �f

0(A?)g0(C?) > 0.

We show that in the non-delayed case, the equilibrium point E is locally asymptotically stable.
Additionally, we also determined the simple inequality b < �a�c which guarantees that the equi-
librium point E of system (1) is locally asymptotically stable for any delay kernels ha(t), hc(t).

We also discuss the bifurcation analysis of system (1), considering two types of delay kernels:
Dirac kernels and weak Gamma kernels. The bifurcation parameter that we take into account is
⌧ = ⌧a + ⌧c,, where ⌧a and ⌧c represent the average delays of the kernels ha and hc respectively.
Hence, ⌧ is the average time delay of the convolution of the kernels ha and hc.

Our main findings are as follows:
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1. In the case of Dirac kernels, we have an infinity of critical values for the bifurcation parameter
⌧ . However, relying on the transversality condition, we prove that the equilibrium point E is
asymptotically stable if and only if

⌧ <
(�a + �c) arccos(u0)

b

p
1� u

2
0

where u0 =

p
(�2

a � �2
c )

2 + 4b2 � (�a + �c)2

2b
,

and there is no stability switching.

2. In the case of weak Gamma kernels, on the one hand, the condition b < (�a+�c)(
p
�a+

p
�c)2

implies that the equilibrium point E is asymptotically stable, for any ⌧ > 0. On the other hand, if
the system parameters do not verify the previous inequality, there are exactly two critical values
⌧1 and ⌧2 (such that ⌧1 < ⌧2) of the bifurcation parameter ⌧ , which are determined explicitly in
terms of the system parameters. Again, relying on the transversality condition, we obtain that
in this case, stability switching is observed and the equilibrium point E is asymptotically stable
if and only if ⌧ 2 (0, ⌧1) [ (⌧2,1).

As limit cycles that appear due to Hopf bifurcations are naturally connected to the modelling
of the circadian rhythm, we also investigate the stability of the resulting limit cycles and the
criticality of the Hopf bifurcations, using the multiple time scales method.

3 Conclusions and Future work

The results of this paper emphasize the importance of including distributed time delays in
mathematical models arising from endocrinology, such as the pituitary-adrenal model. Our
theoretical results reveal that di↵erent dynamic properties are observed in system (1), based on
the choice of delay kernels. On the one hand, if Dirac kernels are considered, stability switching
does not occur and the positive equilibrium is locally asymptotically stable only for small values
of the average time delays. However, if weak Gamma kernels are taken into account, stability
switching is observed and local asymptotic stability of the positive equilibrium is also obtained
for large values of the average time delays.

A di↵erent investigation of the pituitary-adrenal axis involving the stochastic approach may
represent a direction for future research.
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Abstract: B cell Acute Lymphoblastic Leukaemia (B-ALL) is the most common type of
pediatric leukemia. Modern therapies have improved survival rates, but approximately 15-20
% of patients relapse. For such patients, a treatment possibility is chimeric antigenic receptor
(CAR) T cells as it presents high rates of response. CAR T cells are able to recognize
target cells with the antigen CD19, which is expressed in B-ALL. Here, we construct a
mathematical model based on partial di↵erential equations, where we simulate di↵erent
scenarios regarding this therapy. We focus on how CAR-T cells therapy can lead to CD19�

relapses, where leukemic cells loss the antigen and thus continue growing. We propose this
model which could readily extend to other haematological malignancies considering this kind
of immunotherapy.

keywords: partial di↵erential equations; numerical simulation; CAR T cells; acute lym-
phoblastic leukemia; B cells; relapses

MSC2020: 37N25; 92B05.

1 Introduction

Chimeric antigen receptor (CAR) T cell therapy is an immunotherapy technique, key in per-
sonalised cancer treatment. It consists of genetically modified T-cells, able to recognize specific
tumor antigens. Thus, these T lymphocytes recognise and can thus eradicate cancer cells. CAR
T cells are obtained from blood, either from the patient or from a compatible donor, then is
later modified and expanded in vitro, and finally re-infused into the patient [1]. CAR T cell
therapy has a successful history in its application to B cell malignancies using the antigen CD19,
expressed in the B cell lineage [2], with an early response of up to 92% in Acute Lymphoblastic
Leukaemia (ALL) patients [3, 4, 5, 6].

Despite this success, 30 to 50% of patients still relapse after treatment [7]. This leads to two
di↵erent types of post-CAR relapse: one where CD19 antigen is well expressed in post-CAR
leukemic cells, and other where such leukemic cells lose expression of the CD19 antigen, therefore
avoiding CAR T cells. In the first type of relapse (where the leukemic cells remain CD19+),
therapy fail may be due to the lack of expansion of CAR T cells or the quality of the product [8].
However, CD19� relapses demand a di↵erent approach, as recurrence occurs despite persistence
of CAR T cells and continued B-cell aplasia, as healthy B cells also express CD19 antigen.
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This is where mathematical modelling comes in hand. Some mathematical works have been
focused on CAR-T cells (see a review in [9]), while the ones centered in ALL have mostly
highlighted issues such as fratricide in T-cell ALL [10], or CD19+ relapses in B-ALL [11]. In
this work, we present a mathematical model derived from [12], and expand it to also consider
the possibility of CD19� relapse after CAR T cell treatment.

2 Mathematical model

Our mathematical model accounts for the evolution over time of three interacting cellular pop-
ulations. Here, C(t) denote the function of CAR T cells number varying on time t. moreover,
L(t, x) and B(t, x) represent the number of leukemic and healthy B-cells, depending both in
time t and CD19 expression level x. Here, we consider x 2 [0, 1], where 0 denotes a low intensity
of CD19 (CD19� cells) and 1 as a high intensity of CD19 marker (CD19+ cells). We work with
the ODE-PDE system

dC(t)

dt
= ⇢CC(t)

Z xmax

xmin

(B(t, x) + L(t, x))dx� C(t)

⌧C
, (1a)

@L(t, x)

@t
= ⇢LL(t, x)� f(x)↵C(t)L(t, x), (1b)

@B(t, x)

@t
= I0(x)� f(x)↵C(t)B(t, x). (1c)

Firstly, in Eq. (1a), C(t) grows at a rate ⇢C , depending on the interaction between CAR T
cells and the amount of cells expressing CD19 marker x. This is why we consider an integro-
di↵erential ODE accounting for all healthy (B) and leukemic (L) cells expressing CD19, and so
integrate over a range of x 2 [xmin, xmax]. This interval depends on how much CAR T cells are
activated, and whether a low expression of CD19 (xmin) is able to activate them, or levels over
a high expression of CD19 (xmax) exhausts T cells. Finally, CAR T cells die at a rate ⌧C .

Secondly, in Eq.(1b), leukemic cells grow at a rate ⇢L, and die with rate ↵ after the interaction
with CAR T cells C(t). This rate is scaled via a function f(x), which should determine a direct
relationship between the expression of CD19 (x) and the amount of cells that die after CAR T
cell encounter. This is due to the fact that CAR T cells CD19 detection leads to target cells
apoptosis. We choose then f(x) to have a sigmoid form, i.e.,

f(x) =
x

x+ h
, (2)

with h as a Michaellis-Menten term.

Finally, in Eq.(1c), healthy cells are also target cells, and therefore die after encounter with CAR
T cells with a rate ↵, scaled again via f(x). However, healthy B-cells receive an input from stem
cells at each time t, which we represent with the function I0(x).

3 Conclusions and Future work

In this work, we study a mathematical model for relapses in ALL after CAR-T cells treatment.
The model includes a variable which consider the expression level of the antigen CD19, and
therefore enables to consider the continuous existence of di↵erent maturity levels for healthy B
cells, as well as di↵erent intensity of such antigen within the leukemic cell population. Such con-
siderations leads to possibility of simulation of di↵erent scenarios, such as selection of preexisting
CD19� leukemic subpopulations or CD19 downregulation.
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Abstract: In the quest for progressively more realistic mathematical representations of

biomedical processes, fractional di↵erential equations have the potential of summarizing,

with an order that can in principle be estimated from data, di↵erent (presumably integer-

order) interacting controls or influences upon the observed variable of interest. This is the

case, for example, of transcutaneously measured glycemia, where besides glycemia itself

(possibly decaying by first-order elimination) also unobserved factors (insulinemia, other

hormones) may exert higher order e↵ects. The problem is complicated by the fact that

random events (food intake, exercise, emotions) may a↵ect glycemia as well, leading to the

formalization of the problem as a Fractional Stochastic Di↵erential Equation. We use a sim-

ple FSDE model of glycemic control to exemplify a possible approach to model parameter

estimation in this framework. Confidence regions on the estimates are obtained by Approx-

imate Bayesian Computing and compared with the generating parameter values to assess

the reliability of the approach.
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Abstract: Leukemia is the most frequently type of cancer in pediatric age. Particularly,
Acute Lymphoblastic Leukemia (ALL) brings about 80% of childhood leukemias. Even if
its survival rate has increased in the recent years, about 15� 20% of treatments are unsuc-
cessful, and patients relapse. For this reason, it is required to determine new therapeutic
strategies to advance in this field. This work develops a mathematical model which describes
leukemic cells behavior, and so establish the basis of future works about treatment. There-
fore, we suggest a mathematical model which allows testing future alternative therapies.
Methodology employed combines ordinary di↵erential equations, numerical simulations and
data analysis techniques, incluidng statistical tools for data processing with Python.
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1 Introduction

Acute Lymphoblastic Leukemia (ALL) is a type of Leukemia, a disease originating in the bone
marrow which arises from a disruption in the process in charge of blood cells production [1].
This process is known as hematopoiesis and it is considered as hierarchical tree where a stem
cell can di↵erentiate into lymphoid or myeloid branch. Acute Lymphoblastic Leukemia (ALL)
is caused by cells with fast growth in the lymphoid branch, with special incidence in childhood
[2, 3].

At present, mathematical models provide a wide variety of applications in medicine. Mathe-
matical oncology is considered useful to understand and approach cells behavior. These works
allow to study the healthy cells development in bone marrow [4, 5] to be able to include new
assumptions.

In this work, we focus on the simulation of leukemic bone marrow. In terms of mathemati-
cal analysis, we study how both leukemic and healthy cells develop without treatment from
a stability study of the model. This will allow us to propose future works related to drugs
administration in optimal times.
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2 A model which simulates a leukemic bone marrow

According to a previous paper which presents a study of lymphoid branch behaviour in a healthy
bone marrow [5], we base our model on Model (1). This system represents the bone marrow
development considering three cells compartment depending on their maturation states: Pro-B
(C1), Pre-B (C2) and Transition cells (C3), as shown in the following system:

dC1

dt
= s̄⇢1C1 � ↵1C1, (1a)

dC2

dt
= s̄⇢2C2 + ↵1C1 � ↵2C2, (1b)

dC3

dt
= ↵2C2 � ↵3C3, (1c)

where ⇢1 and ⇢2 are the proliferation rates and ↵1,↵2 and ↵3 are transition rates. It is considered
s̄ as a regulatory signal which is in charge of controlling cells development.

Now, we take into account these three compartments and moreover, we consider leukemic cells
as a new compartment L. We assume that this compartment is originated by an unique leukemic
cell and it grows as a logistic function with carrying capacity is Lmax. The logistic growth rate
is ⇢L and like in healthy cells, it is characterized by a maturation stage, [6, 7]. Depending on the
stage where leukemia originates, ⇢L = ⇢1 if the first leukemic cell belongs to Pro-B compartment
and if leukemia appears in Pre-B stage, ⇢L = ⇢2.

Therefore, we associate the following expression with the flux in the leukemic cells compartment:

dL

dt
= sL⇢LL

✓
1� L

Lmax

◆
� �LL. (2)

In this case, signalling should be considered in two di↵erent situations. Healthy cells are influ-
enced by the total amount of cells in bone marrow. However, leukemic cells do not control their
own proliferation, in consequence, signal is only generated by healthy cells. Being

s =
1

1 + k
⇣
L+

P3
i=1Ci

⌘ , sL =
1

1 + k
P3

i=1Ci

, (3)

we propose the Model (4) and we assume a constant influx of healthy stem cells c0 in our initial
compartment C1 [8], both leukemic and healthy B cells behaviour are defined as follow:

dC1

dt
= c0 + s⇢1C1 � ↵1C1, (4a)

dC2

dt
= s⇢2C2 + ↵1C1 � ↵2C2, (4b)

dC3

dt
= ↵2C2 � ↵3C3, (4c)

dL

dt
= sL⇢LL

✓
1� L

Lmax

◆
� �LL, (4d)

with s and sL as in Eq. (3), where ⇢L depends on the origin of the leukemic clone [7].

Values obtained as solutions match with biological basis related to leukemia. Both cases for
⇢L are associated with stability values with biological sense. It has been studied the existence,
boundedness and positivity of the solutions obtained and simulations for each case have been
reproduced and interpreted.
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3 Conclusions and Future work

Leukemia has the highest incidence cancer in childhood. Despite the fact that current protocols
have improved survival rates, particularly in Acute Lymphoblastic Leukemia, there is a 20% of
them which leads to a relapse. For that reason, we suggest an analysis of leukemic cells behavior
with the goal of approximate the beginning of the disease along with the detection of the mat-
uration state of the first leukemic cell. When leukemia is detected in a patient, leukemic cells
population involves the 80% of the bone marrow [9]. It is important to analyze the behaviour
from the beginning of the disease to obtain more information from blood or bone marrow extrac-
tions. Our intention is to find patterns in bone marrow along with drugs applied at the early
stage of the disease. With this, it could be possible to predict relapses and improve current
treatments.

Firstly, a healthy bone marrow model has been reviewed. That study allows us to include the
assumption of the appearance of a leukemic cell. The strong development of leukemic cells match
with their properties of malignant disease. The leukemic cell develops more or less accelerated
depending on the inherited proliferation rate for ⇢L. The unique stable steady state obtained
in the study is the one that represents the total occupancy of the bone marrow by leukemic
cells and the rest of solutions are unstable. Therefore, Model (4) replicates reality and its study
allows to adjust parameters related to leukemic population growth. In general, both cases have
the same behavior. For the computed simulations, healthy and leukemic cells are able to coexist
for a period of time. After such moment, leukemic cells take up all the bone marrow capacity,
therefore, there is no space for healthy cells.

After studying leukemic cells behavior it is possible to analyze and advance in this area. Available
clinical data are important to determinate parameters values according to di↵erent bone marrow
samples from the same patient. Modeling current treatment in B cell leukemia leads to advances
towards optimizing treatment.
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Abstract: Mathematical Oncology applies either continuous or discrete models to mathe-
matically describe cancer-related phenomena. Although such models are usually expressed
in terms of di↵erential equations, tumor composition involves specific cellular structure while
demonstrating probabilistic nature, thus often requiring tailor-made approaches. In this con-
text, cell-based models are organized frameworks that allow monitoring independent single
parameters, which might vary in both time and space. By relying on extant tumor growth
models in the literature, the present work introduces cellular-automata simulation strategy
that admits heterogeneous cell population while capturing both single-cell and cluster-cell
behaviors. In this entirely stochastic computational model, tumor cells are limited to follow
four possible courses of action, namely: proliferation, migration, apoptosis or quiescence.
Despite this apparent simplicity, the resulting tumor can exhibit di↵erent complex features
depending on parameter settings, which range from alternate dormancy periods to invading
protrusions. Exploring those characteristics in virtualized scenarios, this work also addresses
high-performance computing techniques implemented in Python code in view of forthcom-
ing developments and extensions to simulate mechanistic features as well. The resulting
stochastic-deterministic model is expected to support research in mathematical oncology
towards tumor dynamics, thus improving diagnosis tools and/or personalized treatment.

keywords: Mathematical oncology; cancer dynamics; in-silico modeling; computational
modeling.
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1 Introduction

Mathematical oncology explores the development and application of models to cancer-related
phenomena [5]. As an important advantage, mathematical models can test and reproduce several
scenarios, which could be either unfeasible or impossible through in vitro experiments. Among
extant approaches, cell-based or discrete models are organized frameworks that keep track of fully
independent individual parameters depending on time and/or space, as an attempt to mathe-
matically model heterogeneity and complex phenomena found in cancer. Computationally, they
can rely on di↵erent approaches including (but not restricted to) Monte-Carlo simulations, en-
ergy minimization techniques, volume conservation laws and motion rules [3]. Virtualization
(i.e. numerical simulation) involving cell-based models is often referred to as in-silico modeling
because of their similarity and logical extension of in-vitro experimentation [2]. Concerning
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cellular-automata (CA) models, relatively simple implementations can go a long way in provid-
ing emergent complex behavior [1, 4].
The model herein proposed is a stochastic framework in which a single cell originates a tumor
exhibiting di↵erent characteristics depending on model configurations and its parameters. Every
cell will obligatorily present one of the following exclusive behaviors: apoptosis, proliferation,
migration, or quiescence. These behaviors have a predefined probability (which may itself vary
with time) and they are checked in the aforesaid order. Healthy cells are absent spaces.
The model also comprises a heterogeneous tumor population, in which each cell can either be a
regular tumor cell (RTC) or a stem tumor cell (STC). While RTC nonclonogenic cells compose
the bulk of a tumor and are limited, STCs lack internal regulatory mechanisms regarding cell
death, thus being immortal. They can be categorized as clonogenic (can only give birth to
regular, i.e. mortal cells) or true stem cells (may also generate an identical true stem cell). Dif-
ferences regarding aforementioned cells are depicted in Figure 1, in which STCs are represented
in yellow whereas RTCs are depicted in shades of red. Figure 2 illustrates the degradation of
proliferation potential after each replication. This mechanism only applies to RTC since they
die (i.e. are removed from the model) after a finite number of duplications.

Figure 1: Populations considered in the model: Nonclonogenic, clonogenic and true stem cells.

Figure 2: Proliferation potential in regular tumor cells.

2 Results and discussion

In this work, we implemented some high-performance techniques suggested by [4] as, for in-
stance, coded-lattice and dynamically growing domains. The model was coded in Python due
its versatility and accessible learning curve. By varying the progenitor cell type and each move-
ment probability, the stochastic cellular automaton is able to simulate di↵erent scenarios such as
tumor absence, benignity (stability), invasion (instability), and migrating tumors (clustering).
Figure 3 depicts preliminary results related to the dynamics of two di↵erent tumors. The first,
originated from a nonclonogenic cell, relates to some types of benign tumors, which can live in
patients for up to decades and never reach a dangerous size or malignancy. The other originates
from a true STC cell and is larger and unstable, such as an invasive tumor.
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Figure 3: Virtualization of a benign tumor (above) and an invasive tumor (bellow)

3 Conclusions and Future work

In this paper, we have introduced and discussed the development of a stochastic cellular au-
tomaton for modeling tumor growth. The model created is capable to simulate di↵erent sce-
narios regarding tumor growth, figuring as an interesting tool for in silico modeling. We plan
on expanding its features towards a hybrid model, incorporating deterministic and continuous
characteristics. The idea is to increase the model’s complexity as means to computationally
simulate diverse tumor scenarios of clinical interest.
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Abstract: The multi-drug resistant yeast Candida Auris (C.A.) poses a global threat
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1 Introduction

Candida Auris (C.A.) is a multi-drug resistant yeast that was discovered in 2009 [4]. This rela-
tively new species of yeast is a public health concern in the healthcare settings and particularly
in the Intensive Care Unit (UCI) environment across the globe [3].

As far as we know, the information available about C.A. is limited and heterogeneous. The
mortality rates associated with C.A. vary greatly from study to study depending on the country
and the environment in which infected subjects were located [2]. Furthermore, multi-drug resis-
tance in C.A. and its ability to survive on plastic surface (for at least 2 weeks) are one of the
most hard challenges for healthcare facilities. These microbiological characteristics are partly
due to C.A.’s ability to form biofilms, making it resistant to multiple cleaning agents commonly
used in healthcare settings [3],[6]. Because the ICU population is particularly vulnerable, these
attributes pose a significant threat. After the colonization of an ICU patient with C.A., if no
prevention measures were to be taken, it is estimated that the whole ICU would be colonized
within 48h 1. Therefore, ICU personnel have to undertake costly measures to control the spread
of C.A. such as weekly testing of patients, isolation of detected colonized patients, and in depth
cleaning.

To face this problem, mathematical models allow us to simulate the C.A. population spread
in a environment such as ICU in a time and cost e�cient manner. In this work, we pro-
pose to model the biological di↵usion of C.A. within the ICU using with the Fisher Kol-
mogorov–Petrovsky–Piskunov (Fisher–KPP) model [5]. To calibrate the model’s parameters,
C.A. in vitro growth data and expert ICU medical personnel information has been used.

1information provided by chief ICU medical personnel

57



Figure 1: Observed in vitro growth of C.A. (in orange) and estimated logistic growth using
nonlinear least squares.

2 Results and discussion

The 2-dimensional Fisher–KPP model is a reaction-di↵usion system that is used to model pop-
ulation growth in a 2 coordinate space through time [5], given by the following equation:

@u

@t
= D

✓
@2u

@x2
+

@2u

@y2

◆
+ ru(1� u), (1)

where x and y are the coordinates of a point on a plane, u is the density of the population at
a given time t, D > 0 is the di↵usion coe�cient and 0  r  1 is the growth rate. In this
model the variation of the population density u through time is guided by both the di↵usion

term D
⇣
@2u
@x2 + @2u

@x2

⌘
which models microorganism’s expansion in a plane, and the population

growth term ru(1� u), which indicates the amount of C.A. at a given time.

In order to estimate the growth rate r, a logistic growth model du/dt = ru(1�u) has been fitted
to C.A. in vitro growth data (under di↵erent conditions) [1] using nonlinear least squares (Figure
1). We have found the growth rate to be approximately r = 0.416, with a residual sum-of-squares
of 0.03096. We then calibrated the di↵usion coe�cient D so that after 48h the density of u of
C.A. is non 0 everywhere (except the 4 corners of the plane, that are the boundary conditions).
This condition illustrates the situation where C.A. has colonized the entire environment. The
best calibration result is D = 0.005.

With the best parameters found, we solved equation (1) numerically using explicit finite-di↵erences
and a smooth initial condition. In Figure 2 we can observe the di↵usion of C.A. at di↵erent
time instants.
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(a) Time 0h (b) Time 10h

(c) Time 30h (d) Time 48h

Figure 2: 3D plots of the Fisher-KPP numeric solutions when D = 0.005 and r = 0.416

3 Conclusions and Future work

C.A. is a global threat for healthcare facilities, and in particular the ICU environment. A great
amount of economic and human labor is being put in ICU settings around the world to limit the
colonization of patients by C.A. as much as possible. A mathematical model of the di↵usion of
C.A. density within a ICU using a Fisher–KPP model calibrated to real world data can, in the
future, give us insight on the e�cacy of well timed cleaning measures.

For future work, we will introduce a cleaning term in the model to simulate the e↵ect of cleaning
measures on C.A. population. We will also simulate multiple initial conditions to observe the
di↵erent ways in which C.A. can spread in a ICU and how it may a↵ect the e�cacy of cleaning
measures.
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set of variables or states that evolve over time by changing randomly, according to a set
of probabilistic rules. The unknown parameters of the model have been calibrated with
Spanish clinical and epidemiological data by using the Particle Swarm Optimization (PSO)
bio-inspired optimization algorithm. Finally, with the best parameter, a 20-year prediction
has been simulated.
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1 Introduction

Antimicrobial resistance (AMR) is one of the emerging challenges in the healthcare world. AMR
is defined as the ability of certain microorganisms to adapt to antibiotic treatments so that they
no longer have an e↵ect on them [11]. The World Health Organization (WHO), the United
Nations and many scientific impact studies describe AMR as a global public health threat, as
its development will mean that many infections will go untreatable. They also warn of the
risk of continued uncontrolled use of antibiotics that create a favourable environment for the
AMR spread [13, 5]. They also warn that to continue using antibiotics without control creates
a favourable environment for the arise of AMR, and warn that, if no action is taken, it will
generate a cost of 10 million human lives and an economic cost of 100 trillion dollars in 2050 [8].

Faced with this reality, mathematical modeling in epidemiology has proved to be a valuable
resource for the prediction and control of disease dynamics in populations, public health decision
making and their economic impact [9]. However, few mathematical models incorporate the AMR
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factor, due to limitations such as the complexity of the phenomenon, the lack of real world clinical
data, their incompleteness, or the great heterogeneity of the sources. For these reasons, AMR
models are often focused on specific pathogens [7]. Among these, the Acinetobacter baumannii
bacterium is characterized by its rapid adaptation to antibiotics and, therefore, is one of the most
problematic nosocomial pathogens [10]. This fact has led to the use of certain old antibiotics,
such as colistin, which were discarded years ago because of the serious side e↵ects they caused
in patients, but which are currently the only ones e↵ective against A. baumannii, as a last resort
[2].

2 Results and discussion

In this work, we propose an agent-based model to study the infection dynamics of the colistin-
resistant A. baumannii in the population of the Valencia city and to predict its evolution in the
coming years. Any agent-based model is composed of two elements: a synthetic population (a
list of individuals with a series of states) and dynamics or behavioural rules of the individuals.
In our case, the synthetic population has been generated by taking the population distribution
by age groups of the inhabitants of the city of Valencia.

On the other hand, four additional states have been defined to govern the dynamics of individ-
uals: (i) environment or individual location: hospital or outside hospital, i.e., community, (ii)
health status with respect to A. baumannii disease: not infected or susceptible, infected by a
sensitive strain, and infected by a resistant strain, (iii) origin of infection: no infection, commu-
nity infection, or nosocomial infection and (iv) hospital stay, which depends on the individual
age group (if individual is in the community, hospitalization time is 0). The dynamics for any
individual in the population are as follows:

1. An individual located in community is admitted to hospital with an income probability
and during a hospital stay depending on his/her age group.

2. Within the hospital, the cause of the admission is diagnosed. This may be due to a
colistin-sensitive or colistin-resistant A. baumannii infection, or other causes.

3. If an individual is in hospital and does not have A. baumannii infection, he/she can become
infected inside (nosocomial infection) during his stay.

4. Any individual located in the hospital leaves back to the community at the end of his/her
hospital stay.

Some of the probabilities of these events have been found in the Spanish epidemiological data, but
others, specifically four probabilities, have had to be calibrated. To do so, the PSO optimisation
algorithm [6, 3, 4] has been applied, taking the set of unknown parameters as particles, and a
set of four series of hospital infection prevalences as reference output. As all the states of the
individuals at each instant in time were available, the prevalences of the model were calculated
by counting cases of interest over the total number of cases. The algorithm has been run for
3000 iterations to ensure convergence, as observed. After calibration, a PSO-inspired selection
algorithm [12, 1] has been applied to indicate the most representative solutions of the model
(those that best estimate the confidence intervals of the reference prevalences). 50 best solutions
have been selected and simulated for the time interval 2015 to 2035.

Results show that resistant cases, broken down by age group, are seen to increase in a sigmoid
pattern, stabilising at around 10% from 2020 onwards (see Fig. 1). We also can observe that
most of the sigmoidal growth of resistant cases is explained by the group over 60 years of age,
while the number of cases in the group under 60 years of age is lower and the growth is smoother.
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Figure 1: Mean (lines) and 95% t-student confidence intervals (bands) of cases of colistin-
sensitive and colistin-resistant A. baumannii infections in the Valencia city in the period 2015-
2035 by age groups.

3 Conclusions and Future work

The results of the 20-year forecasts show that colistin resistance will remain stable (under the
same conditions as in recent years). The curves by age group indicate that the majority of
cases are due to the over-60 age group, which is clearly related to the higher probability of these
patients being admitted to the hospital (where most infections occur), and that their growth has
been much faster than in other groups. Therefore, if a further increase in resistance is observed
in the future, these groups should be prioritized for preventive actions. It is also important to
consider other factors that can potentially influence it, such as antibiotic consumption. Although
our predicted scenario is plausible, future research should focus on improving the model by
incorporating new variables. Likewise, other limitations to be improved in future research on
the model would be the incorporation of mortality in the population, and a more in-depth
analysis of the dynamics of infection, in order to simulate modifications on these dynamics that
imitate preventive actions. Hence, we should continue monitoring to ensure that the resistance
does not increase, and the predictions performed should be revised.
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Abstract: In this paper, we consider a numerical scheme for a nonlinear system of partial

di↵erential equations arising from the mathematical modeling of drug delivery enhanced

by light. The system consists of di↵usion-reaction equations for drug concentration and a

di↵usion equation for light propagation. Suitable initial conditions and Neumann-Dirichlet
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1 Introduction

In this paper we study a numerical scheme for the system of partial di↵erential equations (1)-(3)

where DI , Dd : R ! R are appropriate functions and x 2 ⌦, t 2 (0, T ]. Let ⌦ be the set

⌦ = (0, 1)
2
. We denote the boundary of ⌦ by the union of its edges: @⌦ =

[
�i, i = l, u, r, d

(edges left, up, right and down). To complete our problem, we impose the initial and boundary

conditions (4)-(6).

8
>>>>>><

>>>>>>:

1

�

@I

@t
= r · (DIrI)� µaI, (1)

@cf

@t
= r · (Ddrcf ) + �cbI, (2)

@cb

@t
= ��cbI, (3)

I(x, 0) = 0, cf (x, 0) = 0,

cb(x, 0) = cb,0(x), x 2 ⌦,
(4)

I(x, t) = I0(t), x 2 �l, t 2 (0, T ],

rI(x, t) · ⌘ = 0, x 2 @⌦� �l, t 2 (0, T ],
(5)

rcf (x, t) · ⌘ = 0, x 2 @⌦� �r, t 2 (0, T ],

cf (x, t) = 0, x 2 �r, t 2 (0, T ].
(6)

Drug delivery systems (DDS) have great potential for cancer treatment, in particular, those

DDS that use near-infrared (NIR) light as an external stimuli to induce the drug release, since

they allow not only spatio-temporal control of the drug but better penetretion in tissue [1]. We

propose the model (1)-(6) to approximate the drug delivery dynamics from a polymeric matrix

when light is used as enhancer. In equation (1), I is the light intensity. It is well known that

light propagation through a scattering and absorbing medium can be described by the radiative
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transfer equation (RTE) [3]. Depending on the magnitude of the absorption and scattering coef-

ficients, µa and µs, respectively, di↵erent approaches can be considered to approximate the RTE.

Following [2], we use the di↵usion equation for light intensity (1), where DI is the traditional

light di↵usion coe�cient DI = 1/(3(µa + µs)), µaI symbolize the absorption of light and � is

the speed of light in the medium.

It is assumed that drug molecules are initially linked to the polymeric chains and the links are

broken due to energy absorption, that is, the cleavage of the links occur by light irradiation.

Equation (2) approximates the dynamics of the free drug cf and the function �cbI represents

conversion of bound drug cb into free drug that is allowed to be transported through the poly-

meric structure by di↵usion. In (5) and (6), ⌘ denotes the unitary exterior normal.

Suppose that the di↵usion coe�cients in (1) and (2) are diagonal matrices with components

bounded from below by a positive constant and are Lipschitz functions with Lipschitz constant

L. Let ⇤ be a sequence of vectors H = (h, k) with h = (h1, . . . , hN1), k = (k1, . . . , kN2) with

positive entries, such that

N1X

i=1

hi =

N2X

i=1

ki = 1, with Hmax = max{hmax, kmax} ! 0, where

hmax = max
i=1,...,N1

hi and kmax = max
i=1,...,N2

ki.

Let ⌦H be a non-uniform partition of ⌦ defined by ⌦H = {(xi, yj), i = 0, . . . , N1, j = 0, . . . , N2},
where xi = xi�1 + hi, i = 1, . . . , N1, yj = yj�1 + kj , j = 1, · · · , N2, and and let ⌦H = ⌦H \ ⌦,

@⌦H = ⌦H \ @⌦, and �i,H = ⌦i \ @⌦H , i = l, u, r, d.

By D-x we denote the usual backward finite di↵erence (FD) operator and we introduce

D
⇤
xuH(xi, yj) =

uH(xi+1,yj)�uH(xi,yj)
h
i+1

2

, where h
i+ 1

2
=

1
2(hi+1 + hi), and rHuH = (D-xuH , D-yuH),

r⇤
H
uH = (D

⇤
xuH , D

⇤
yuH), where D-y and D

⇤
y are the FD operators defined analogously.

Let W (⌦H) the space of grid functions defined in ⌦H were we consider the inner product

(uH , vH)H =
P

(xi,yj)2⌦H
|⇤ij |uH(xi, yj)vH(xi, yj), where ⇤ij = [x

i� 1
2
, x

i+ 1
2
]⇥ [y

j� 1
2
, y

j+ 1
2
] \ ⌦,

and uH , vH 2 W (⌦H). The norm induced by this inner product is denoted by k · kH .

We also use the notations (uH , vH)x,+ =
P

(xi,yj)2⌦H��l,H
|⇤x,ij |uH(xi, yj)vH(xi, yj), kuHkx,+ =

p
(uH , uH)x,+, where ⇤x,ij = [xi�1, xi]⇥ [y

j� 1
2
, y

j+ 1
2
] \⌦, and uH , vH 2 W (⌦H � �l,H). Analo-

gously, we define the notations (uH , vH)y,+ and kuHky,+ for uH , vH 2 W (⌦H � �d,H).

For uH = (uH,1, uH,2), vH = (vH,1, vH,2), where uH,1, vH,1 2 W (⌦H��l,H), uH,2, vH,2 2 W (⌦H�
�d,H), we take (uH , vH)H,+ = (uH,1, vH,1)x,+ + (uH,2, vH,2)y,+ and kuHk+ =

p
(uH , uH)H,+.

The di↵usion coe�cients DI and Dd are diagonal matrices with entries DI,ii, Dd,ii, for i = 1, 2.

To approximate the nonlinear di↵usion coe�cient we use the average operators MhuH(xi, yj) =
1
2

�
uH(xi, yj) + uH(xi�1, yj)

�
, being Mk defined analogously. By Dd(MHuH) we denote the

diagonal matrix with diagonal entries Dd,11(MhuH) and Dd,22(MkuH).

To discretize the light intensity equation (1) and the boundary conditions (5) we need to consider

the auxiliary point xN1+1 = xN1 + hN1 , yN2+1 = yN2 + kN2 and y�1 = �y1 and the fictitious

points �
(I)
i,H

, for i = d, u, r, see (7). Similarly, to discretize the free drug concentration equation

(2) and the boundary condition (6) we need to introduce the auxiliary point x�1 = �x1 and the

fictitious points �
(c)
i,H

, for i = l, d, u.

�
(I)
d,H

= {(xi, y�1), i = 1, . . . , N1}, �
(c)
l,H

= {(x�1, yj), j = 0, . . . , N2},
�
(I)
u,H

= {(xi, yN2+1), i = 1, . . . , N1}, �
(c)
d,H

= {(xi, y�1), i = 0, . . . , N1 � 1},
�
(I)
r,H

= {(xN1+1, yj), j = 0, . . . , N2}, �
(c)
u,H

= {(xi, yN2+1), i = 0, . . . , N1 � 1}.
(7)

Let W
⇤
I,H

and W
⇤
c,H

be the space of grid functions defined in ⌦H [ ([i=d,r,u�
(I)
i,H

) and ⌦H [
([i=l,d,u�

(c)
i,H

), respectively. Moreover, let Wb(⌦��r,H) be the space of grid functions defined in

⌦� �r,H .
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2 Results and discussion

In the time domain [0, T ] we define the uniform grid {tm,m = 0, · · · ,M}, with t0 = 0,

tM = T and tm+1 = tm + �t, for m = 0, · · · ,M � 1. Moreover, define D
(I)
⌘x uH(xi, yj)

=
1
2

�
DI,11(MhuH(xi+1, yj))D-xuH(xi+1, yj) +DI,11(MhuH(xi, yj))D-xuH(xi, yj)

�
, for (xi, yj) 2

�r,H and D
(I)
⌘x uH(xi, yj) = 0, for (xi, yj) 2 @⌦H � �r,H . Similarly, D

(I)
⌘y uH(xi, yj) is defined

as D
(I)
⌘x with the convenient adaptations. The boundary operators D

(c)
⌘x and D

(c)
⌘y are defined

analogously. Let r(j)
H,⌘

be defined by r(j)
H,⌘

= (D
(j)
⌘x , D

(j)
⌘y ), for j = I, c.

We consider that the fully-discrete approximation I
m

H
2 W

⇤
I,H

, c
m

f,H
2 W

⇤
c,H

,

c
m

b,H
2 Wb(⌦H � �r,H) are solution of the system

8
><

>:

D-tI
m

H
= r⇤

H
· ((DI(MHI

m

H
)rHI

m+1
H

)) +G(I
m

H
) in ⌦H � �l,H (8)

D-tc
m

f,H
= r⇤

H
· ((Dd(MHc

m

f,H
)rHc

m+1
f,h

)) + F (I
m

H
, c

m

f,H
, c

m

b,H
) in ⌦H � �r,H (9)

D-tc
m

b,H
= S(I

m

H
, c

m

f,H
, c

m

b,H
) in ⌦H � �r,H (10)

with I
m

H
= RHIi(tm) on @⌦l,H , r(I)

H
I
m

H
· ⌘ = 0 on (@⌦H � �l,H)⇥ (0, T ],

c
m

f,H
= 0 on �r,H ⇥ (0, T ], r(c)

H
c
m

f,H
· ⌘ = 0 on (@⌦H � �r,H)⇥ (0, T ].

(11)

Notice that system (8)-(11) is an IMEX (implicit-explicit) scheme. In example 1, we illustrate

numerically the convergence rates in time and space for cf,H and cb,H . We remark that IH

behaves in the same manner. The numerical solution of cf for di↵erent values of I0(t) in the

system (1)-(6) as well as the release rate of cf are illustrated in example 2.

Example 1 Let ⌦ = [0, 1]⇥ [0, 1] and T = 1. In system (1)-(3) we consider the scalar di↵usion
coe�cients DI(cf ) = 0.5� and Dd(cf ) = 1 + c

2
f
. We set the parameters �, � and µa equal to 1.

The functions gI , gf and gb were added to the right hand side of equations (1), (2) and (3),
respectively, such that, the exact solution of the problem is I(x, y, t) = exp(t) sin(xy)(x �
1)(y � 1), cf (x, y, t) = exp(t)(x

2 � x)(y
2 � y) and cb(x, y, t) = exp(t)x cos(xy). The nu-

merical approximations are computed using the IMEX scheme (8)-(10). For the approxima-
tions cf,H and cb,H , the numerical error on a random mesh ⌦H are defined, respectively by
Error2

f,H
= maxm=1,...,M kEm

f,H
k2
h
+�t

P
m

k=1kD-xE
k

f,H
k2+ and Error2

b,H
= maxm=1,...,MkEm

b,H
k2
h
.

The numerical convergence rate for cf,H is given by Ratef,H = log2(Errorf,H)� log2(Errorf,H2
),

where H

2 denotes the mesh stepsizes obtained by halving the step sizes of the mesh H. The time
step is chosen small enough (of the order of H2

max) so that the spatial error dominates the time
error. We take N = N1 = N2. The results are presented in table 1.

To get the numerical rate of convergence in time we fix N1 = N2 = 500 and successively halve
the time step. We measure the numerical error by Error2�t,j

= max
m=1,...,M

kEm

j,Hk2H , for j = f, b.

The rate of convergence is computed similarly as before.

M N Hmax Errorf,H Ratef,H Errorb,H Rateb,H

82 12 1.1039E-1 7.2627E-5 - 1.2644E-5 -

328 24 5.5195E-2 2.7008E-6 2.3745 5.6640E-7 2.2402

1312 48 2.7598E-2 1.6714E-7 2.0071 3.8612E-8 1.9374

5251 96 1.3799E-2 1.0367E-8 2.0055 2.5305E-9 1.9658

21007 192 6.8994E-3 6.4455E-10 2.0038 1.6203E-10 1.9826

84030 384 3.4497E-3 4.0165E-11 2.0021 1.0251E-11 1.9912

M Error�t,f Rate�t,f Error�t,b Rate�t,b

4 1.3384E-2 - 6.8469E-3 -

8 3.8365E-3 0.9013 1.4678E-3 1.1109

16 1.0211E-3 0.9548 3.3167E-4 1.0729

32 2.6236E-4 0.9802 7.7990E-5 1.0442

64 6.6167E-5 0.9936 1.8721E-5 1.0293

Table 1: Space errors and convergence rates (on the left). Time errors and convergence rates

(on the right).
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Example 2 This example intent to illustrate the behavior of the drug delivery system in the
domain ⌦ ⇥ [0, T ]. The initial conditions are cb(x, 0) = 1 for 0  x  0.25, cb(x, 0) = 0 for
x > 0.25 and cf (x, 0) = 0, I(x, 0) = 0 for x 2 ⌦. In figure 1, the values of cf are plotted for
di↵erent values of I(x, t) = I0(t), x 2 �l, t 2 [0, T ], with T = 60s. In Figure 2 shows the cf

release rate for a bigger time domain with T = 3600s. For both figures the parameters values
are � = 2.0689⇥ 10

10
cm/s, µa = 4cm

�1, µs = 13cm
�1, Dd = 4⇥ 10

�4
cm

2
/s. From the results

in Figure 1, an increase on the incidence light intensity leads to an increase on free drug.
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Figure 1: Free drug cf for diferent I0 values
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Figure 2: cf release rate for T = 3600s.

3 Conclusions and Future work

We consider an IMEX time scheme combined with a finite di↵erence discretization defined on

nonuniform meshes. This method is considered to study a non-linear system modeling light-

enhanced drug delivery. From the results presented here, we state that the method is first-order

convergent in time with respect to a discrete L
2
-norm and exhibits supraconvergence in space.

By supraconvergence, we mean that the error is second-order convergent in a discrete H
1
-norm

despite the truncation error being first order in the L
1
-norm. In the near future we intent to

show theoretically the results numerically observed.
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Abstract: We consider an infinite network of identical theta neurons, all-to-all coupled by
instantaneous synapses, modelled by a system of di↵erential equations, which can be reduced
to a low dimensional model, based on the Watanabe-Strogatz transformation. We determine
the number of equilibria of this system with respect to two characteristic parameters and
we discuss the possible bifurcations that can occur. A careful investigation also reveals the
appearance of an exotic higher codimension bifurcation which involves a degenerate center.
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1 Introduction

Let us consider a discrete model of a network of N identical theta neurons, all-to-all coupled
via a synaptic current I, which acts by injecting current into neurons. We define the state of
neuron j at time t as ✓j(t) 2 [0, 2⇡]. The dynamics of the network is given by:

d✓j

dt
= 1� cos ✓j + (1 + cos ✓j)(⌘ + I), j = 1, N (1)

The input current to neuron j of the network is

I =
1

N

NX

k=1

Pn(✓k) (2)

where Pn(✓) = an(1� cos ✓)n, n 2 N, and an is a normalization constant such that

Z 2⇡

0
Pn(✓) d✓ = 2⇡. (3)

We assume that  is the overall coupling strength for the whole network and ⌘ is the input
current to all neurons when uncoupled. If ⌘ < 0 the neuron is excitable, if ⌘ > 0 the neuron fires
periodically. Thus ⌘ = 0 is the threshold for firing. Pn has a maximum at ✓ = ⇡ and becomes
more and more sharp as n increases [2, 4].
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2 Main results and discussion

Defining ! = ⌘ + I + 1 and H = i(⌘ + I� 1), system (1) can be written as

d✓j

dt
= ! + Im[He

�i✓j ] (4)

where ! is real and H is imaginary.

In this paper, the idea from Laing [1] is extended, where an infinite network of identical all-to-all
coupled theta neurons is studied. We use the Watanabe-Strogatz ansatz transformation, [5, 6],
to reduce the infinite network description to a system of three ODEs and a set of constants.
The solution of the system (1)-(2) is constrained to lie on a three dimensional manifold with
coordinates (⇢,�, ), where:

d⇢

dt
=

1� ⇢
2

2
Re[He

�i�] (5)

d�

dt
= ! +

1 + ⇢
2

2⇢
Im[He

�i�] (6)

d 

dt
=

1� ⇢
2

2⇢
Im[He

�i�] (7)

Furthermore, in the case of an infinite number of identical neurons, we can reduce the dynamics
of system (5)-(7) to a single complex equation considering z = ⇢e

i� [3]:

dz

dt
= i(⌘ + kI)

(1 + z)2

2
� i

(1� z)2

2
= i!z +

H

2
� Hz

2

2
(8)

where ! and H are as defined as above and from [1]

I =
3

2
� (z + z) +

(z2 + z
2)

4
(9)

We determine the number of equilibria of the reduced dynamical system with respect to the two
characteristic parameters  and ⌘, and we study the local stability properties of each equilibrium,
as well as possible bifurcations that may occur due to changes of the system’s parameters. As a
result, the occurrence of an exotic higher codimension bifurcation involving a degenerate center
is also unveiled. To the best of our knowledge, this type of bifurcation has not been previousl
analyzed in detail in the literature. Numerical results are also presented to illustrate complex
dynamic behavior in this neural system. We illustrate the various dynamic behaviors that appear
in this system, by considering several representative (, ⌘) parameter combinations.
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Abstract: A model for non-linear multi-scale diffusion cancer invasion was generalized for the 

case of biological systems with response delay. Modelling was based on the Masing–Bouc-
Wen’s framework with extra state variables (internal variables) added to simulate the memory of 
states. Chaotic attractors were quantified based on the wandering trajectories analysis. 
Comparison of the conditions leading to cancer invasion for the generalized model with and 
without memory is presented. 

Keywords: biological system with memory of states; tumor growth; carcinogenesis; chaotic 

attractors; response delay 

MSC2020: 34C28; 34H10; 34C55; 34A34; 34A36; 92-10.  

 
1 Introduction 

 
This work is the continuation of the earlier studies [1–2] in which the conditions 

controlling cancer invasion in a biological system were defined depending on parameters 
of the multi-parametric space as well as it was ascertained a significant influence of the 
biological system initial state to carcinogenesis. Due to presence of memory of states in 
these systems, the real biological systems exhibit their response to external perturbations 
with a certain delay. The biological system remembers in what initial state it was before 
the changes in functioning conditions and its transition to a new state depends on the 
pre-history of its behavior resulting in hysteresis (delayed response). The purpose of this 
study is to model the memory of states in the biological system and to evaluate how 
hysteretic properties define conditions leading to cancer invasion. 
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(a)      (b)  

(c)       (d)  
Fig. 1. Conditions leading to cancer invasion in the biological system with the memory of states 

(1)-(7): (a),(b) in control parameter plane (βκn, αη) – 'tumor cell volume vs glucose level' with 
values of the memorization parameters (a) hf=0, hm=0, hc =0 – case of  'no memory'; and (b) 
hf=0.9, hm=0.9, hc=0.9 – case 'with memory'; (c) in control parameter plane (δφ, αη) – 'tumor cell 
volume vs diffusion saturation level' with corresponding (d) amplitude level contours of MM 
concentration.  
 
2 Mathematical Model and Simulation Results 

 
The generalized non-linear multi-scale diffusion cancer invasion model with additional 

state variables is governed by the inhomogeneous dissipative set of differential equations 
with discontinuities:  
 

�̇� = 0,    (1) 
𝑓=αη(𝑚 − 𝑓)+h𝑓𝑧𝑓,    (2) 
�̇�𝑓 = [𝐴𝑓 − (𝛾𝑓+β𝑓sgn(𝑓)sgn(𝑧𝑓)) |𝑧𝑓|

𝑛𝑓] 𝑓,   (3) 
�̇�=βκn+f (𝛾 − 𝑐) − m+h𝑚𝑧𝑚,    (4) 
�̇�𝑚 = [𝐴𝑚 − (𝛾𝑚+β𝑚sgn(�̇�)sgn(𝑧𝑚))|𝑧𝑚|𝑛𝑚]�̇�,   (5) 
�̇�=νfm − ωn − δϕc+h𝑐𝑧𝑐,    (6) 
�̇�𝑐 = [𝐴𝑐 − (𝛾𝑐+β𝑐sgn(�̇�)sgn(𝑧𝑐))|𝑧𝑐|𝑛𝑐]�̇�.   (7) 

 

The variables are defined as follows: n – tumor cell density; f – matrix–
metalloproteinases (MM) concentration; m – matrix-degradative enzymes (MDE) 
concentration; c – oxygen concentration; zf, zm, zc  present the hysteretic part of the 
system considered. The fitting parameters are defined as follows: α  – tumor cell 
volume; β – glucose level; γ – number of tumor cells; δ – diffusion saturation level; η 
and κ are coefficients describing a growth and decay of MM and MDE concentration, 
respectively; υ , ω, φ govern growth and decay of the oxygen concentration. The 
parameters (Af, βf, nf), (Am, βm, nm), (Ac, βc, nc)R+ and γf , γm , γc  R govern the shape 
of the hysteresis loops. The memorization parameters hf, hm, hc characterise a hysteresis 
contribution to the system considered.  
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(a) (c) (e)  

(b) (d) (f)  
Fig. 2. Responses of the biological system with the memory of states (1)-(7) with memorization 

parameters hf=0.5, hm=0.4, hc=0.3: (a) a chemical clock and (c),(e) chaotic attractors in MM, 
MDE and oxygen concentrations phase space projected to phase plane a) MDE vs MM; c) 
oxygen vs MDE; e) MM vs oxygen concentrations and (b),(d),(f) hysteretic loops associated 
with (b) MM, (d) MDE, (f) oxygen concentrations.  
 
3 Concluding Remarks 

 
Our numerical simulations confirmed that the suggested generalized non-linear multi-scale 

diffusion cancer-invasion model with additional state variables is well suited for simulations 
of the memory effects in the biological cancer system considered.  
Analysis of the results demonstrated significant state memory influence on evolution of the 

conditions leading to cancer invasion in biological systems. For various memorization 
parameters, hysteresis loops and phase spaces projections of matrix–metalloproteinases, 
matrix-degradative enzymes and oxygen concentrations demonstrated a good agreement 
with the conditions leading to cancer invasion in biological systems. There were ascertained 
two effects of the memory of states: restraining and generating effects which control the 
conditions leading to cancer invasion in biological systems. 
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Abstract: We consider a family of Kolmogorov systems depending on three parameters
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1 Introduction

Rosenzweig and MacArthur introduced in [5] the following predator-prey model

ẋ = rx

⇣
1� x

K

⌘
� y

mx

a+ x
,

ẏ = y

✓
�d+ n

mx

a+ x

◆
,

(1)

where we use the variable x � 0 for the prey density and the variable y � 0 for the predator
density. In [3], Huzak has studied the Rosenzweig and MacArthur system but reducing it to a
polynomial di↵erential system, by means of some variable changes. The obtained system studied
by Huzak is the following Kolmogorov system:

ẋ = x(�x
2 + (1� a)x� y + a),

ẏ = y((n� d)x� da).
(2)

We want to study the dynamics of this Kolmogorov system and to do a classification of all their
global phase portraits on the positive quadrant of the Poincaré disc, as this allows us to know
the behavior near the infinity. This system has been proposed in [1], where we have initiated its
study.
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2 Results

We give the global classification except for the case in which the parameters satisfy the conditions
0 < ad < n�d, d(d(a+1)+n(a�1))2�4n(n�d)2(n�d(a�1)) < 0 and 1+n�d�a�ad > 0.
In this case we make a conjecture about the expected global phase portrait.

We prove that the global phase portrait of system (2) in the closed positive quadrant of the
Poincaré disc is topologically equivalent to one of the three phase portraits included in Figure
1. More precisely, if ad � n� d, the phase portrait is topologically equivalent to phase portrait
(P1); if 0 < ad < n � d and d(d(a + 1) + n(a � 1))2 � 4n(n � d)2(n � d(a � 1)) � 0, the phase
portrait is topologically equivalent to phase portrait (P2); and if 0 < ad < n� d, d(d(a + 1) +
n(a � 1))2 � 4n(n � d)2(n � d(a � 1)) < 0 and 1 + n � d � a � ad < 0, the phase portrait is
equivalent to phase portrait (P3).

(P1) (P2) (P3)

Figure 1: Posiible phase portraits in the positive quadrant of the Poincaré disc for system (2)

We conjecture that the phase portrait of system (2) in the closed positive quadrant of the
Poincaré disc if 0 < ad < n� d and d(d(a+ 1) + n(a� 1))2 � 4n(n� d)2(n� d(a� 1)) < 0 and
1 + n� d� a� ad > 0 is topologically equivalent to phase portrait (P3) in Figure 1.

We give a graphical representation of the parameters space in Figure 2. The di↵erent regions
and surfaces correspond which each one of the phase portraits. The global phase portrait(P1) in
Figure 1 appears when the parameters are in region I or over the surface S1. The phase portrait
(P2) in Figure 1 appears when the parameters are in region III. Note that we divide region II in
two subregions, II-a and II-b, as only in one of them the results have been proved analytically.
We have proved that phase portrait (P3) in Figure 1 appears when the parameters are in region
II-a. Finally, based on numerical results, we conjecture that the phase portrait is also (P3) over
the surfaces S2 and S3 and in the region II-b.

Figure 2: The regions and surfaces in the parameters space separat-
ing the di↵erent phase portraits: S1 : {d = n/(a+ 1) | a, n � 0}, S2 :
{d = (1 + n� a)/(a+ 1) | a, n � 0, (1 + n� a)/(a+ 1) < n/(a+ 1)} and S3 :
{d = n(1� a)/(1 + a) | a, n � 0}

.
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We begin by obtaining the singular points and determining their local phase portraits, both for
the finite and infinite singular points.

First we deal with the finite singularities. The origin and the point (1, 0) are singular points for
all the values of the parameters, and the point P =

�
ad/(n� d), (�an(d+ ad� n))/(n� d)2

�

is a positive singular point if n 6= d and 0 < ad < n� d. We study the local phase portraits by
applying Theorems 2.15 and 2.19 in [2].

Then, we consider the Poincaré compactification of system (2) which makes possible to study
the behavior of the trajectories near infinity. We use the local charts of the sphere to obtain the
compactification. In chart U1 the only infinite singular point is the origin, and it is an unstable
node. In chart U2, the origin is also a singular point, but it is linearly zero, so we resort to the
use of blow up’s. We need to do a horizontal blow up and although we obtain a phase portrait
which is not totally determined, the information it provides is su�cient. Specifically, there are
two regions in the third and fourth quadrants, shaded in Figure 3, where the phase portrait is
not defined, but we only need to determine the phase portrait of O2 in the positive quadrant of
the Poincaré disc, and this corresponds with the positive quadrant in the plane (u, v), in which
the phase portrait is totally determined.

v

u

Figure 3: Phase portrait in a neighborhood of the origin of chart U2.

Then we can state that the phase portrait at the infinite singular points is the same for all the
values of the parameters: the origin of chart U1 is an unstable node and the origin of chart U2

on the positive quadrant of the Poincaré disc has only one sector which is hyperbolic, with one
separatrix on x = 0 and the other at infinity.

Our objective is to obtain the global portraits from the local information, studying the separa-
trices and their possible connections, and depending on the values of the parameters we must
distinguish several cases.

In the two cases in which there are no singular points in the first quadrant, there cannot exist a
limit cycle. Therefore, once determined the local phase portrait at the finite and infinite singular
points, we can determine the global portrait in the first quadrant of the Poincaré disc. In both
cases, analyzing all the possible ↵ and !-limits, there is just one possibility, that all the orbits
leave the singular point O1 and go to the singular point (1, 0). The corresponding phase portrait
is (P1) in Figure 1.

On the other hand, in the cases in which there is a singular point inside the first quadrant, we
must study the existence of limit cycles. First, by the Poincaré-Bendixon Theorem we proof
that if 0 < ad < n�d and A > 0, where A = d(n�d)�ad(n+d), there exists at least one limit
cycle surrounding the singularity P . We also proof, applying the results in [4], that in this case
the limit cycle around the point P is unique.

We also study the Hopf bifurcation and prove that the equilibrium P of system (2) undergoes
a supercritical Hopf bifurcation at a0 = (n � d)/(n + d). For a > a0 the system has a unique
stable limit cycle bifurcating from the equilibrium point P .
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In the remaining cases, by the Bendixon-Dulac Theorem, we prove that if 0 < ad < n � d,
A < 0 and 1 + n < d + a + ad, then system (2) does not have periodic orbits in the set
{(x, y) 2 R2 : x, z � 0}.
We conjecture, based on numerical evidence, that if 0 < ad < n�d, A < 0 and 1+n > d+a+ad,
there are not limit cycles.

With these results and conjecture, and analyzing the possible alpha and omega-limits of the
separatrices, we obtain the global phase portraits in the cases in which there is a singular point
inside the first quadrant.

We recall that we are interested in the topological classification of the global phase portraits, so,
even analytically we could obtain more phase portraits, all of them are topologically equivalent
to one of the three phase portraits included in Figure 1.

3 Conclusions and future work

For system (2) we want to carry out a complete study of its dynamics. Regarding the global phase
portraits in positive quadrant of the Poincaré disk, we have given a topological classification
except for the case with conditions 1 + n � d � a � ad > 0, 0 < ad < n � d and d(d(a + 1) +
n(a�1))2�4n(n�d)2(n�d(a�1)) < 0. In this particular case we made a conjecture about the
expected global phase portrait. Although we have numerical evidence supporting the conjecture,
the analytical proof remains as an open problem for the future.

We are dealing with a modified system, changing the Holling type II functional response that
appears in system 2 for Holling type III and IV functional responses. We think it is interesting
to determine if considering these functional responses give rise to di↵erent or more complex
dynamics.
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Abstract: In this talk, some di!erent ways to model random disturbances in biological
systems will be presented, with applications to the chemostat model, that is considered
as an idealization of nature for growing microorganisms in a cultured environment. We
will perturb a parameter in the mathematical model, motivated by observations in real
devices. To this end, we will use the well-known standard Wiener process (which will lead
into some important drawbacks from the biological point of view) and then we will focus
on modeling real noise by means of the Ornstein-Uhlenbeck process (which will allow us to
provide conditions to ensure the persistence of the species, the main goal in practice). In
addition, we will illustrate the theoretical results with several numerical simulations.
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1 Introduction

The chemostat is a laboratory device used for growing microorganisms in cultured environments.
It is considered as an idealization of nature for growing microorganisms in a cultured environ-
ment. In addition, the chemostat has a huge number of applications in real life, for example, it
can be used to study genetically altered organisms (see [13, 14]), models of mammalian large in-
testine (see [6, 7]), waste-water treatment processes (see [5, 9]) and models in ecology (see [8, 12]).

The classical chemostat apparatus consists of three tanks, the feed bottle, the culture vessel and
the collection vessel, that are interconnected by means of pumps. The substrate is stored in
the feed bottle and pumped from there to the culture vessel, where the interactions with the
consumer species take place. In order to keep the volume of the culture vessel constant, another
flow is pumped from the culture vessel to the collection vessel. Then, the goal is to investigate
the dynamics of the substrate and the species in the culture vessel.

!Symposium #12: Advances in di!erential equations with uncertainties and modeling
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The mathematical model describing how the chemostat device works is the following system of
ordinary di!erential equations

ds

dt
= D(sin ! s)! µ(s)x, (1)

dx

dt
= !Dx+ µ(s)x, (2)

where s = s(t) and x = x(t) represent the concentration of substrate and species, respectively,
sin > 0 is the input concentration of substrate, D > 0 denotes the dilution rate and µ is a
function that describes how the substrate is consumed by the species. We will consider in this
talk the Monod consumption function

µ(s) =
ms

a+ s
,

where m > 0 is the maximum specific growth rate of the microorganisms and a > 0 is the
half-saturation constant.

The classical chemostat model (1)-(2) has been widely studied in the literature, since its inven-
tion by Monod (see [10]) and Novick and Szilard (see [11]) in the 1950s. Among the di!erent
assumptions when dealing with system (1)-(2), one is to assume that D is constant. However, it
is very well-known that real life is often subject to random perturbations. In fact, measurements
in real devices suggest that random perturbations on D should be considered to obtain a more
realistic mathematical model.

2 Di!erent ways of modeling random perturbations

Among the di!erent ways to model random perturbations on the dilution rate D in the chemo-
stat model (1)-(2), one could be replace D by D+!"̇(t), where " denotes the standard Wiener
process and ! > 0 is the amount of noise. We refer readers to [2, 3], where Caraballo et al. in-
vestigate the resulting stochastic chemostat model by means of the theory of random dynamical
systems and the concept of pullback convergence. In this case, since the standard Wiener pro-
cess can take arbitrary large values (both positive and negative), several important drawbacks
appear from the biological point of view, for instance, some state variables can take negative
values, which is completely illogical in practice, and it is not possible to ensure the persistence
of the species.

In order to avoid the previous drawbacks, another approach to model random perturbations on
the dilution rate D in the chemostat model (1)-(2) consists of replacing D by D + "(z!(#t")),
where z!(#t") denotes the well-known Ornstein-Uhlenbeck process (that is a mean reverting
stochastic process) and " is an odd bounded real function.

This last way has proved to provide us a very powerful tool when modeling real noise, not
only in the chemostat model, but also in other models in population dynamics. On the one
hand, the realizations of the perturbed dilution rate D+"(z!(#t")) are very similar to the ones
observed in real experiments. On the other hand, this way of modeling random perturbations
allows us to provide conditions under which the consumer species persist, which is the most
important goal in practice. In addition, in this case we do not need to use the theory of random
dynamical systems and the concept of pullback convergence, but we can study the resulting
random chemostat model for every fixed realization of the noise forwards in time. Every detail
and proof concerning this way of modeling random perturbations can be found in [1, 3, 4].
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Abstract: Malignant gliomas are the most frequent and deadly type of brain tumors. Over

the last years, complex mathematical models of cancerous growths have been developed

increasingly, especially on solid tumors, in which growth primarily comes from cellular pro-

liferation. A nonlinear system of coupled Fisher-Kolmogorov equation has been considered

by [1]. In this work, we study this model from the point of view of the theory of symmetry

reductions in partial differential equations. We obtain the classical symmetries admitted

by the system and we use the transformations groups to reduce the equations to ordinary

differential equations. Finally, we obtain solutions for this model.
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1 Introduction

High-grade gliomas are tumors of the glial cells, which are found in the brain and spinal cord.
They are called “high-grade” because these tumors are fast-growing and they spread quickly
through brain tissue, which makes them hard to treat. Median survival is generally less than
one year from the time of diagnosis, and even in the most favorable situations, most patients die
within two years [2].

Mathematical modeling is a powerful tool for analyzing biological problems. These models have
the potential of becoming useful against cancer in three different ways: in personalized medicine,
accessing unreachable scales and formulating novel hypothesis.

We consider a reduced continuous model describing the evolution of high grade gliomas in re-
sponse to hypoxic events through the interplay of different cellular phenotypes. This model was
studied in [1] in order to show how hypoxic events may have a role on the acceleration of the
growth speed of high grade gliomas. The authors considered two cellular phenotypes to describe
this model: One of them is more migratory and a second one is more proliferative. Therefore,
u(t, x, y, z) denotes a proliferative (or normoxic) phenotype and v(t, x, y, z) denotes a migratory
(or hypoxic) phenotype. The authors assumed that the model is based on a pair of coupled
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Fisher-Kolmogorov equations, including a coupling term accounting for the decay of hypoxic
cells into the normoxic phenotype [1]. The generalized model is as follows:

8
<

:

F1 ⌘ ut � d1(uxx + uyy + uzz)� c1(1� u� v)u� g(v) = 0,

F2 ⌘ vt � d2(vxx + vyy + vzz)� c2(1� u� v)v + g(v) = 0,
(1)

where d1, d2 are the diffusion coefficients for the proliferative and migratory phenotypes, respec-
tively. These parameters satisfy d2 > d1, and c1, c2 are the doubling times for both phenotypes
with c1 > c2. The parameter a1 corresponds to the typical time for the migratory phenotype to
switch to the proliferate one once the hypoxic event has finished and in the present of sufficient
oxygen. The densities u, v are taken in units of the maximal tissue density, typically around 103

cell/cm3.

The search for exact solutions to nonlinear PDEs plays a fundamental role in the analysis of
nonlinear physical phenomena. One of the most famous and established procedures for obtaining
exact solutions of differential equations is the classical symmetries method, also called group
analysis. Symmetries of nonlinear partial differential equations (PDEs) systems may be used to
reduce the number of independent variables of the PDEs; in particular we might reduce the PDEs
to ordinary differential equations (ODEs). The ODE systems may also have symmetries that
allow us to reduce the order of one or of both ODEs and we can integrate to find exact solutions.
Often solutions of the nonlinear PDE system will be asymptotic to the symmetry solutions.
Explicit solutions (such as those found by symmetry methods) can also play an important role
in the design and testing of numerical integrators [3].
In this study, by using Lie symmetry groups, we find analytical solutions for several models of
high-grade brains tumors.

2 Lie Symmetries

We perform the corresponding Lie symmetry analysis for system (1). The method for finding
Lie point symmetries is well known, see for example [3, 4, 5]. Let us consider a one-parameter
Lie group of infinitesimal transformations in (t, x, y, z, u, v) given by

t⇤ = t+ " ⇠1(t, x, y, z, u, v) +O("2),

x⇤ = x+ " ⇠2(t, x, y, z, u, v) +O("2) ,

y⇤ = y + " ⇠3(t, x, y, z, u, v) +O("2) ,

z⇤ = z + " ⇠4(t, x, y, z, u, v) +O("2) ,

u⇤ = u+ " ⌘1(t, x, y, z, u, v) +O("2),

v⇤ = v + " ⌘2(t, x, y, z, u, v) +O("2),

(2)

where " is the group parameter.

The invariance of system (1) under a Lie group of transformations with infinitesimal generator
of the form

X = ⇠1
@

@t
+ ⇠2

@

@x
+ ⇠3

@

@y
+ ⇠4

@

@z
+ ⌘1

@

@u
+ ⌘2

@

@v
(3)

yields a system of equations for the coordinates ⇠1(t, x, y, z, u, v), ⇠2(t, x, y, z, u, v), ⇠3(t, x, y, z, u, v),
⇠4(t, x, y, z, u, v), ⌘1(t, x, y, z, u, v) and ⌘2(t, x, y, z, u, v).

Applying the second prolongation pr(2)X to system (1) and solving the resultant overdetermined
system of linear partial differential equations one obtains the following Lie points symmetries
(Table 1):
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i g X
1 Arbitrary X1 = @t, X2 = @x, X13 = @y, X4 = @z, X5 = �y@x + x@y, X6 = �z@x + x@z,

X7 = �z@y + y@z.
2 g1v + g2v ln v X1, X2, X3, X4, X5, X6, X7, X8 = �ve�g2t@u + ve�g2t@v.
3 g1v + g2 X1, X2, X3, X4, X5, X6, X7, X8 = �e�g1t(u+ v)@u + e�g1t(u+ v)@v,

X9 = �e(g2�g1)t(u+ v � 1)@u + e(g2�g1)t(u+ v � 1)@v,

X10 =

✓
g21
g22

v �
g1
g2

v � u� v +
g1
g2

◆
@u �

✓
g21
g22

v �
g1
g2

v � u� v +
g1
g2

◆
@v.

Table 1: Symmetry classification for system (1) with g1, g2 arbitrary constants.

2.1 Symmetry reductions and exact solutions

We first solve the invariant surface condition by solving the corresponding characteristic equations

dt

⇠1
=

dx

⇠2
=

dy

⇠3
=

dz

⇠4
=

du

⌘1
=

dv

⌘2
.

The similarity variable and similarity solutions can be found by solving the corresponding char-
acteristic equations. We obtain similarity variable and similarity solutions

⇠ = �x+ µy + ⌫z + t, u = U(⇠), v = V (⇠). (4)

The substitution of these variables into system (1) yields:

(
�d1 (�

2 + µ2 + ⌫2)U⇠ ⇠ + U⇠ � g(V ) + c1 U
2 + (c1V � c1)U = 0,

�d2 (�2 + µ2 + ⌫2)V⇠ ⇠ + V⇠ + g(V ) + c2 V 2 + (c1U � c1)V = 0.
(5)

Taking into account specializing g(V ) = b1V (⇠), we look for solutions of the form

V = �k1 + k1 tanh
2(⇠).

By substituting into (5) we get

U =
6 tanh2(⇠)d2k2

c2
� k1 tanh

2(⇠)�
2d2k2

c2
+ k1 +

2 tanh(⇠)

c2
�

b1
c2

+ 1.

Taking into account (4), the corresponding solutions of system (1) are:

u =
6 tanh2(�x+ µy + ⌫z + t)d2k2

c2
� k1 tanh

2(�x+ µy + ⌫z + t)�
2d2k2

c2
+ k1

+
2 tanh(�x+ µy + ⌫z + t)

c2
�

b1
c2

+ 1,

v = �k1 + k1 tanh
2(�x+ µy + ⌫z + t).

(6)

3 Conclusions and Future work

In this paper, we study a mathematical model of high-grade brains tumors using Lie symmetries.
The complete symmetry classification has been performed with respect to the arbitrary functions
g(u). Once reduced system was obtained, we focused our attention in forms of g(u) of the linear
type. Finally, we find analytical solutions for this model.
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Abstract: Invasive-invaded species problems are of relevance in mathematics applied to
population dynamics. This kind of dynamics is introduced based on a fourth order parabolic
operator together with coupled non-linear reaction terms. The order four operator allows
modeling a heterogeneous di↵usion, as introduced by the Landau-Ginzburg free energy ap-
proach. The non-linear reaction terms are given by a coupled non-linear e↵ect with mortality
in the invasive species (to account for mortality and limited resources) and by a non-Lipschitz
term in the invaded species (to account for possible sprouts one the invasion occurs). The
analysis starts by the proof of existence and uniqueness making use of the semi-group theory
and a fixed point argument. Asymptotic solutions to the invasive species are explored with
an exponential scaling. Afterwards, the problem is analyzed with travelling wave solutions
where a region of positive solutions is explored
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1 Introduction

A systematic treatment of non-linear reaction-di↵usion phenomena was initially studied by
Fisher and Kolmogorov, Petrovskii and Piskunov (KPP). The principle introduced by the cited
authors has been followed in many studies afterwards see [3] and [5]. The selection of an ade-
quate di↵usion requires analysis on the interactions. Di↵usion has been founded on the Landau-
Ginzburg energy principle in [1]. Other approaches to di↵usion with spatial solutions have been
provided in [4] where a fourth order operator is introduced as a perturbation term to a Fisher-
Kolmogorov order two equation, resulting in the Extended Fisher-Kolmogorov equation (EFK).
The introduction of such operator accounts for oscillating solutions in the proximity of the null
stationary solution (see further in [9] and [8]). Note that invasive-invaded species dynamics has
been a traditional area of research in mathematics applied to biological interactions, see [2] and
[6]. In the proposed model, the invasive species concentration is referred as v(x, t) while the
invaded species concentration is w(x, t). The following lines describe the interactions:

Assume that the invasive species time derivative is qualitatively high, otherwise the invasion
will not succeed. In addition, a nonlinear reaction term in the invasive accounts for mortality
with a maximum concentration at v = h. The reaction term in the invasive equation is hence:
f(v, w) = w

q(v � h), where the parameter q > 1 aims to correctly weight the invasive species
response vt to the invaded species state. To introduce the invaded species dynamics, assume
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that the action of the invasive species over the invaded one will induce the invaded species
concentration to decrease. In addition, if the concentration of invaded specie is such that w !
0+, the invasive species will annihilate the invaded one in a short time. As a consequence, a
reaction term to the invaded species equation is: f(v, w) = �v w

p
, 0 < p < 1.

The driving di↵usion is formulated with a spatial order four operator to allow the modelling
of heterogeneous spatial patterns in the proximity of the system critical states v = h, w = 0.
Following the mentioned ideas, the problem is given by:

vt = ��2
v + w

q(h� v); wt = ��2
w � vw

p
,

0 < p < 1, q > 1; v0(x), w0(x) 2 L
1(R) \ L

2
loc(R) \H

4(R),
(1)

where H
4 is the classical Sobolev space up to the fourth derivative.

2 Results and discussion

The linear operator ��2 generates a strongly continuous semi-group. Assume that ⌧ > 0 is a
single parameter linked to the semi-group, so that the following representation holds:

v(⌧) = e
��2⌧

v0(x)+

Z ⌧

0

h
e
��2(⌧�s)

w
q(s)(h� v(s))

i
ds; w(⌧) = e

��2⌧
w0(x)�

Z ⌧

0

h
e
��2(⌧�s)

v(s)wp(s)
i
ds.

(2)
Given the problem yt = ��2

y, with y(x, 0) = �(x), a solution under Fourier transformation is
ỹ(⌧) = e

�!4⌧
ỹ0. This supports the operator kernel construction as:

G(x, ⌧) = F
�1(e�!4⌧ ) =

1

2⇡

Z

R

e
�!4⌧�i!x

d! =
1

2⇡

Z

R

e
�!4⌧

cos(!x)d!. (3)

Note that the last integral is convergent for ! 2 R. Hence, the expressions in (2) can be
reformulated in terms of G(x, ⌧). To this end, assume the following mappings in a space of

oscillating solutions H
4
⇤ with norm kyk2⇤ =

R
R ⇤(�)

P4
k=0|Dk

y(�)|2d�, being ⇤(�) = e
a0|�|

4
3 ,

and a0 a small constant.

Hv0,⌧ : H4
⇤(R) ! H

4
⇤(R); Iw0,⌧ : H4

⇤(R) ! H
4
⇤(R) (4)

with the following structure (note that ⇤ represent a convolution):

Hv0,⌧ (v) = G(x, ⌧) ⇤ v0(x) +
Z ⌧

0
G(x, ⌧ � s) ⇤ wq(x, s)(h� v(x, s))ds, (5)

Iw0,⌧ (w) = G(x, ⌧) ⇤ w0(x)�
Z ⌧

0
G(x, ⌧ � s) ⇤ v(x, s)wp(x, s)ds. (6)

The following lemma provides regularity results for each of the defined mappings.

Lemma 2.1. The parametric operators Hv0,⌧ and Iw0,⌧ are bounded in the space of oscillating
solutions H

4
⇤(R).

Another obtained result is the uniqueness of solutions that is built based on of a fix point
argument to the following mapping:

Tv0,w0,⌧ : H4
⇤(R)⇥H

4
⇤(R) ! H

4
⇤(R)⇥H

4
⇤(R), (7)

given by:

Tv0,w0,⌧ (v, w) =

✓
G(x, ⌧) ⇤ v0(x)
G(x, ⌧) ⇤ w0(x)

◆
+

✓ R ⌧
0 G(x, ⌧ � s) ⇤ wq(x, s)(h� v(x, s))ds
�
R ⌧
0 G(x, ⌧ � s) ⇤ v(x, s)wp(x, s)ds

◆
. (8)
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As a result, it is shown that a fix point argument holds of the form (v, w) = Tv0,w0,t(v, w).
Solutions are then explored based on an asymptotic analysis. This approach assumes that the
invaded species concentration is small, i.e. |w| < "

1/q
<< 1 , " > 0, so that w can be regarded

as a perturbation in the equation to the invasive species in (1):

vt = ��2
v + "(h� v), v0(x) 2 L

1(R) \ L
2
loc(R) \H

4(R) (9)

Consider the following non-linear scaling to the last equation (9):

v(x, t) = e
⇣(x,t)

. (10)

This scaling has been applied in [10], [13] and [12]. It is possible to state that ⇣ is a complex
map: ⇣ : Y ⇥ [0, t] ! C, where Y ⇢ R. Upon replacement in (9), ⇣ verifies the following
Hamilton-Jacobi equation:

⇣t = F4

✓
⇣,
@⇣

@x

◆
+ P4

✓
⇣,
@
j
⇣

@xj

◆
, j = 2, 3, 4, F4(⇣) = �⇣2x⇣2x + "(h� e

⇣), (11)

and P4 involves higher order spatial derivatives.

Eventually and in return to the scaling given in (10), a solution for 0 < T < ⌧  t:

v(x, ⌧) = e
3⌧�

1
3 ( 1

4K(i)x)
4
3
, (12)

Further, the problem (1) can be expressed under the travelling waves formulation by the change:
v(x, t) = '(⇠), w(x, t) =  (⇠), ⇠ = x � at 2 R, where a is the travelling wave velocity and
', 2 L

1(R) are the travelling wave profiles:

�a'
0 = �'(4) +  

q(h� '); �a 
0 = � (4) � ' 

p
,

'
0(⇠) > 0 ,  0(⇠) < 0, '(1) = 1 ,  (1) = 0.

(13)

As another important result:

Lemma 2.2. For any value in the travelling wave speed a > 0, the critical state ' = h,  = 0
represents a degenerate node in the phase space, where there exist: Three eigenvalues with positive
real part (3-D set unstable), a null eigenvalue and Four eigenvalues with negative real part (4-D
set stable).

Travelling wave profiles have been obtained making use of the bvp4c in Matlab for the case of
q = 2 and p = 0.5. The relation between a positive region and the travelling wave speed is
⇠+ = 3.6391 a�0.410.

3 Conclusions and Future work

Solutions to the proposed set of equations in (1) have been explored to describe an invasive-
invaded species dynamics. Existence and uniqueness topics have been provided based on the
semigroup theory and positivity conditions in the travelling waves approach. Following an expo-
nential scaling to derive a Hamilton-Jacobi equation, an asymptotic solution has been obtained
to the invasive specie. As a future research line, the set of equations in (1) may be formulated
with a non-linear advection term. The author postulates that the advection would introduce a
smoothing e↵ect leading to additional positive regions.
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Figure 1: Travelling waves for a = 1 (left) and a = 2 (right). Note on the induced oscillation due
to the order four operator while positivity holds for ⇠+ = 3.862 (left) and ⇠+ = 2.7922 (right).
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[8] Bonheure, D. and SÃ¡nchez, L. (2006). Heteroclinics Orbits for some classes of second and
fourth order di↵erential equations. Handbook of di↵erential equations. 3(06), 103-202.

[9] Peletier, L.A. and Troy, W.C.(2001). Spatial Patterns. Higher order models in Physics and
Mechanics. Prog. Nonlinear Di↵er. Equ. Their Appl. 45. UniversitÃ© Pierre et Marie
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Abstract: The digital stethoscope enables a computerized analysis of pulmonary sounds.
Specific respiratory sounds can be captured by considering distinct recording sites on the
chest surface. In this work, the correlation between the chest recording positions and quan-
titative features of pulmonary signals is assessed. For this purpose, pulmonary sounds
simultaneously recorded from di↵erent chest regions are quantitatively characterized us-
ing di↵erent signal processing techniques. The analyzed respiratory sounds correspond to
patients su↵ering from chronic obstructive pulmonary disease. A dimension reduction algo-
rithm in combination with the Procrustes method are implemented for achieving a graphical
representation of the high dimensional features space that characterizes the pulmonary data.
The results evince that information about the chest locations, namely, trachea, posterior,
lateral and posterior chest, can be recovered from the spectral features of the pulmonary
recordings. However, such discrimination cannot be performed for left and right side chest
positions. The correlation found between the quantitative features and the recording loca-
tions on the chest suggest that a multichannel, single-sided, simultaneous recording setup
of pulmonary sounds, can provide non-redundant information about the lungs condition.

keywords: signal processing; dimension reduction; Procrustes analysis; pulmonary sounds;
chronic obstructive pulmonary disease; computerized auscultation.
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1 Introduction

Pulmonary diseases are among the most common causes of death and identifying the respiratory
symptoms and signs is important for an opportune diagnosis [1]. The standard procedure for
assessing the pulmonary health is the auscultation, it consists of hearing through a stethoscope
the sounds emitted by the respiratory system. These sounds are characterized by their tone or
frequency, amplitude or sonority, timbre, and the body location at which they are captured [4].
Despite auscultation is routinely performed by physicians when examining patients it is a highly
subjective process. In recent years, the use of digital stethoscopes enabled the option of recording
and objectively analyzing respiratory sounds, by means of digital signal processing techniques.
During auscultation, the recording site on the chest surface is an important factor due to specifics
sounds can be captured. Recommended locations for sequential or simultaneous recordings are,
the trachea, anterior left and right, posterior left and right and lateral left and right areas in the
chest [5]. Stemming from these ideas, this work studies the correlation between the auscultated
chest locations and short term quantitative features of respiratory signals.
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1.1 Pulmonary sounds database

The set of signals from the ICBHI 2017 Respiratory Sound database [3] are used in this study.
The database contains 6898 annotated respiratory cycles in 920 audio records corresponding to
126 patients. Two modalities of sound recording were adopted during the construction of the
database, namely, single channel sequential and multichannel simultaneous. For the purposes
of this work, only the data corresponding to 7 simultaneously captured respiratory sounds are
analyzed, comprising 224 audio signals from 32 patients su↵ering from chronic obstructive pul-
monary disease (COPD). The signals were recorded using an AKG C417L microphone. The
chest locations are designated as Tc (Trachea), Al (Anterior left), Ar (Anterior right), Pl (Pos-
terior left), Pr (Posterior right), Ll (Lateral left) and Lr (Lateral right). A preprocessing stage
is applied to the raw data that includes, setting uniform sampling frequency to 4 kHz through
signal resampling, signal segmentation according to the annotated respiratory cycles, and having
respiratory cycle signals with zero mean and unit standard deviation by means of normalization.

1.2 Features extraction and dimension reduction

A signal processing approach is implemented so that, 13 Mel frequency Cepstral coe�cients
(MFCC) and 12 chroma features are estimated. In addition, 3 frequency bands are defined as
low (60 Hz to 300 Hz), mid (300 Hz to 800 Hz), and high (800 Hz to 1800 Hz). For each frequency
band, the following 11 spectral features are calculated: centroid, spread, skewness, kurtosis,
crest factor, roll-o↵, flatness, decrease, flux, slope and entropy. A dynamical features extraction
scheme is adopted for analyzing the respiratory cycles, by implementing short-term moving
windows of 125 samples (i.e., 62 ms) and 90% of overlapping. Thus, the i-th respiratory cycle,
recorded at the j-th chest location from a given patient, is characterized by a 58⇥L dimensional

features matrix, ⇥(j)
i , i = 1, . . . ,M , j = 1, . . . , 7, where L and M represent the number of

windows and respiratory cycles, respectively. Next, theQ⇥N dimensional matrix � is computed,
where Q = 7M , N = 58⇥3 and the rows of � are the N dimensional vectors �p(n), n = 1, . . . , N ,
p = 1, . . . , Q, composed by the mean, standard deviation and variation coe�cient of the rows of

⇥(j)
i . In addition, the n-th column of � is normalized by means of �p(n) �p(n)�µp

�p
, where, µp

and �p are the values of mean and standard deviation calculted over the rows p = 1, . . . , Q.

For each patient, let us define the Q-square matrix D = [dpq] composed by the distances dpq
calculated between the rows �p(n) and �q(n), p, q 2 {1, . . . , Q} of �. In this case, the Lorentzian
distance (dLopq ) and Pearson correlation (dPe

pq ) are adopted. The distances matrix D is used as
input of the uniform manifold projection (UMAP) analysis for dimension reduction [2]. The
UMAP algorithm uses the distances between objects for assessing the connectivity of the man-
ifold in which the data is embedded and mapping into a low dimensional space by preserving
topological properties. In this manner, the high dimensional features space describing the res-
piratory signals can be visualized in 2 or 3 dimensional graphical representations. Bearing this
in mind, a UMAP map is generated for each patient. Clusters are identified in each map and a
centroid per cluster is defined by averaging the UMAP coordinates. Fynally, the centroids maps
from the 32 patients are assembled by means of the Procrustes method, that performs linear
transformations for maximizing the fit between individual maps.

2 Results and discussion

The resulting UMAP loci for two distinct patients are depicted in Figure 1, where di↵erent colors
distinguish distinct chest locations. In both charts, four clusters can be identified, namely,
C1 = {Al,Ar}, C2 = {Pl, Pr}, C3 = {Ll, Lr}, C4 = {Tc}. Such pattern suggests that the
recordings from left and right locations are similar when captured at the anterior (posterior)
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Figure 1: UMAP portraits corresponding to two distinct patients using dPe
ij distance.

Figure 2: Assembled centroids from the 32 patients obtained by Procrustes for the dPe
ij (left)

and dLoij (right) distances.

chest. On other hand, the trachea recordings exhibit strong dissimilarities with the rest of
recordings. Bearing this in mind, each cluster Ci, i = 1, . . . , 4 can be described by single
point, designated as the cluster centroid. In this manner, four centroids are estimated for each
patient by means of the k-means algorithm. Figure 2 shows the centroids from all patients
after Procrustes analysis for the dPe

ij (left) and dLoij (right) distances. Both charts evince that
the centroids are organized according to the anterior, posterior, lateral and trachea recording
locations. Although the distribution of points are somewhat a↵ected by the distance, the pattern
reflecting the chest location is preserved.
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3 Conclusions and Future work

In this work the multichannel simultaneous recordings of pulmonary sounds are analyzed by
extracting a set of short term features and three statistical moments of the resulting time series.
The combined application of the UMAP algorithm and Procrustes method revealed that the
features extracted from the respiratory signals are correlated with the recording locations on
the chest. Such correlation is not sensitive to the side of the chest at which the auscultation
is performed. Moreover, the trachea recordings present strong dissimilarities with the anterior,
posterior and lateral positions, despite of being located at the anterior chest. These results
supports the auscultation procedure of recording at di↵erent chest locations when looking for
specific pulmonary sounds. Nonetheless, it seems that recording signals at both, left and right,
sides of the chest does not add additional information with respect to the case in which single-
sided analysis is performed. Further studies should be conducted to validate these results.
Moreover, in this work, only COPD patients were considered. Thus, the e↵ect of di↵erent
pulmonary pathologies on the apparent non-sensitive of the quantitative information to the left
or right recording positions must be validated.
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Abstract: Atrial fibrillation (AF) is the most common arrhythmia in clinical practice.
There is growing evidence supporting that AF is sustained by localized spiral propagat-
ing waves termed rotors. Thus, the rotor detection is a topic of interest for physicians in
favor of a therapeutic strategy. In this work, the kurtosis for processing endocardial elec-
trical recordings, known as electrograms (EGM), is assessed for characterizing the cardiac
electrophysiological dynamics during AF. For this purpose, computational simulations are
generated and virtual EGM are obtained according to a recording setup that resembles clin-
ical procedures. Such setup represents a ring catheter with 10 recording electrodes. By
exploiting the circular shape of the catheter structure, a kurtosis vector is estimated whose
orientation lines up with the position of the rotor center. It can be evinced that the rotors
can be spatially and temporally located through the kurtosis vector estimations made from
EGM signals sequentially recorded. These results suggest that kurtosis can be used for
characterizing rotors in a clinical scenario.
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1 Introduction

Atrial fibrillation (AF) is the most common supraventricular arrhythmia in clinical practice,
a↵ecting about 34 million individuals worldwide [4]. There is growing evidence supporting
that the AF is sustained by localized sources, such as di↵erent types of reentries [5]. A rotor
is a type of reentry, defined as a spiral wave propagating around a unexcitable core. Proper
localization of rotors during AF episodes would allow more successful ablation strategies to revert
the arrhythmia. Therefore, novel techniques for spotting rotors are part of an AF therapeutic
research necessity that is currently unfolding. In the clinical context, rotors are detected using
electrical recordings from the atrial endocardium, designated as electrograms (EGM). In addition
to the analysis of the EGM time series, the adopted signal processing technique should also
consider the spatial information given by the multiple EGM recording sites. The phase analysis
is a well-accepted procedure for studying AF dynamics, through which propagation patterns,
such as rotors, can be identified from phase singularities [2]. However, in practice, the high
spatial resolution required for implementing such analysis imposes significant limitations. Thus,

101



there is an ongoing research e↵ort oriented to unravel the information related with rotors from
EGM features other than phase.

Bearing these ideas in mind, this work deals with the rotor detection problem by processing
EGM signals using high order statistics. The statistical approach has been explored mainly by
implementing entropy measures, on the basis of broader amplitude distributions are associated
with irregular waveform signals [7]. Since information of the propagation dynamics is embedded
on the EGM distribution, other statistics, such as kurtosis, have been proposed for localizing
rotors. On this regard it has been reported that rotor detection through kurtosis yields an
acceptable performance when using grid and star-shape EGM recording arrays [6]. In this study,
kurtosis is assessed using a decapolar ring catheter for EGM recording, which is commonly used
in clinical practice. For this purpose, simulated AF episodes are generated with distinct rotor
dynamics. Moreover, the resulting kurtosis pattern outlined on the ring catheter is surveyed as
a marker of the rotor core position.

1.1 Mathematical modeling and simulation of rotors

The mathematical formulation of the cardiac electrophysiology can be addressed through the
two-dimensional monodomain model, which is described in terms of a reaction-di↵usion equa-
tion with homogeneous Neumann boundary conditions [1]. The reactive term, that represents
the membrane ionic kinetics of the cardiomyocyte, is estimated using the Fenton-Karma (FK)
cardiomyocyte model [3]. The atrial tissue is modeled as a 2-dimensional rectangular domain
⌦ = {(x, y) |(x, y) 2 [0, L]⇥ [0, L]}, with L = 4 cm. The solution of the monodomain equa-
tion provides the membrane potential of each cell in ⌦ and it is numerically estimated using
a finite di↵erence scheme. The fibrillatory propagation is simulated by generating a rotor by
implementing a S1-S2 cross-field stimulation protocol, as previously reported [7]. Three types of
fibrillatory conduction with distinct propagation dynamics are simulated, namely, {F1, F2, F3},
by configuring the FK model with the parameter sets 1, 4 and 6 from reference, respectively.
Each resulting simulation has a duration of 12 s with time and spatial discretization steps of
10�2 ms and 4/149 cm, respectively.

1.2 Virtual electrograms processing

Virtual EGM are obtained through a virtual electrode located at given point within ⌦, where
the extracellular potential is calculated by accounting the near and far field membrane po-
tentials, with a sampling frequency of 1000 Hz [7]. A decapolar ring catheter with uniformly
spaced electrodes, is used for defining the EGM recording points. Two catheter configura-
tions are adopted, referred to as Q and R, having diameters of 15 mm and 20 mm, respec-
tively. Let us define a cartesian coordinate system in ⌦ with the origin located at the central
point of the domain. Virtual EGM signals are sequentially recorded at the sets of points:
A = {a1, . . . , a6|(0, 0), (0.5 cos ✓k, 0.5 sin ✓k)} and B = {b1, . . . , b6|(0, 0), (cos ✓k, sin ✓k)}, where
✓k = 2⇡k/5, k = 0, . . . , 4, during 2 s at each position. It is noteworthy that the sets A and
B include points belonging to a pair of concentric circumferences. In this manner, the mo-
tion of the catheter following two di↵erent trajectories is simulated. Taking into account the

above description, let S(C,P ) = {s(C,P )
j , j = 1, . . . , 10} be the set of EGM signals recorded

using the catheter configuration C = {Q,R} along the trajectory P = {A,B}. The dis-

crete signal s(C,P )
j (n), n = 0, . . . , N � 1, is quantitatively characterized using the kurtosis

(C,P )
j = (1/N)

PN�1
n=0

h
s̃(C,P )
j (n)

i4
, where s̃(C,P )

j (n) represents the standardized signal s(C,P )
j

with zero mean and unit standard deviation. Thus, for a given catheter setup (C,P ), the set of

kurtosis values K(C,P ) = {(C,P )
j , j = 1, . . . , 10} is obtained. Additionally, the true location of
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the rotor is pinpointed by implementing the phase singularity analysis, as reported in previous
works [7].

2 Results and discussion

Figure 1A depicts the catheter Q, from top to bottom, at the positions A = {a1, . . . , a6},
respectively, corresponding to fibrillatory simulation F1. Each electrode is represented by a
filled circle and di↵erent colors are related with the values of kurtosis normalized with respect
to the maximum. It can be observed that low and high values of kurtosis gather on opposite
sides of the ring catheter. This feature is used to define a kurtosis vector whose amplitude is
proportional to the standard deviation of the 10 kurtosis values in the catheter and its direction
is estimated as a weighted average of the angles described by all the line segments linking
pairwise electrodes. The weights are determined by the pairwise kurtosis di↵erence normalized
to the sum of all pairwise kurtosis di↵erences. Each map in Figure 1A shows the corresponding
kurtosis vector depicted in blue color, where it can be seen that the vector direction indicates
the kurtosis gradient from high to low values. The use of the kurtosis vector in the entire set
of simulations and all catheter configurations is shown Figure 1B. Each plot shows the domain
⌦ where the yellow trace indicates the phase singularity. The singularity trajectories in F1

and F2 represent meandering and stable rotors, respectively, whereas, in F2, the trajectory
near the center corresponds to a relatively stable rotor and the remaining trajectories indicate
other fibrillatory propagation patterns. Each plot portrays also the kurtosis vectors (depicted
in blue color) of all catheter positions, where the red color circle pinpoints the center of the ring

Figure 1: A. Kurtosis measures for catheter Q at the six positions in A depicted from top to
bottom. B. Kurtosis vectors superposed to the maps of singularity trajectories for all fibrillation
simulations.
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catheter. One can observe that, kurtosis vectors points in direction of the rotor center location
when the catheter motion defined by trajectory A is used, regardless the diameter of the ring
catheter (Q,R). On the contrary, when the catheter moves along trajectory B, which has a
larger coverage field than A, the kurtosis vectors evince di�culties in revealing the location of
the rotor center. It is noteworthy that, the vectors observed in the simulation F3 have the lowest
magnitude among all vectors, indicating a decreased variability in the values of kurtosis along
the catheter. Such behavior can be related to the fact that, F3 contains a highly stable rotor and
few or none EGM recording underlies the rotor center. These results suggest that the kurtosis
vector, combined with the configuration of a ring catheter can provide information about the
rotor dynamics during fibrillatory conduction.

3 Conclusions and future work

In this work, the kurtosis was assessed for processing EGM signals using AF computational
models. The performed numerical experiments were conceived for resembling a clinical scenario,
namely, distinct fibrillation dynamics, di↵erent configurations of a ring catheter for recording
EGM and the sequential EGM recording by considering the motion of the catheter. Under
such computational design, it was evinced that kurtosis can provide information about the rotor
spatio-temporal dynamics by means of the kurtosis vector. Moreover, the kurtosis vector proved
to be sensitive to the rotor stability. These results suggest that the proposed EGM kurtosis
analysis can be useful in characterizing the fibrillation dynamics using an EGM recording setup
commonly used in practice. Future studies should be conducted in order to further validate the
proposed tool in 3D cardiac models and using EGM signals recorded from patients.
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Abstract: In this work, we consider a viscoelastic hyperbolic equation depending on non-
linear damping terms and nonlinear functions. The partial di↵erential equation models the
behaviour of viscoelasticity in physical processes such as viscoelastic fluids. Moreover, vis-
coelasticity and biology are closely related due to the fact that, for instance, living cells
behave as a viscoelastic fluid. In addition, cellular mechanics and rheological properties are
known to play an important role in biological processes, such as cell growth. The main
aim of this study is to perform a Lie symmetry analysis of the viscoelastic hyperbolic equa-
tion. Afterwards, the optimal systems of one-dimensional subalgebras for each maximal
Lie algebra are computed, by previously determining the commutator and adjoint relations.
Then, symmetry reductions to ordinary di↵erential equations are obtained using the one-
dimensional subalgebras of the optimal systems.
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1 Introduction

We study the nonlinear viscoelastic hyperbolic partial di↵erential equation (PDE) with linear
damping

utt � uxx � w utxx + f(ut) + g(u) = 0, (1)

where w � 0.

This model can also be considered removing one damping term (w = 0). In a previous paper
[1], we considered the nonlinear viscoelastic wave equation

utt � uxx + f(ut) + g(u) = 0,

equal to equation (1), with w = 0, representing weak damping, but still presenting the damping
term f(ut).

Several viscoelastic equations have been used to model biological processes. The mechanical
behaviour of most biological processes is nonlinear viscoelastic rather than elastic. Therefore,
there are many applications of nonlinear viscoelastic models. For instance, Freed and Rajagopal
[2] studied numerical solutions of a viscoelastic equation describing the response of biological
fibers. In general, viscoelastic behaviour has been observed and studied in several models of
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biomechanics, e.g., describing the interaction with cells, skeletal muscle, bones, and ligaments
[3].

Equation (1) has also been widely used as a model describing the behaviour of physical pro-
cesses, such as viscoelastic fluids, processes of filtration through a porous media, fluids with
temperature-dependent viscosity, etc. A particular case of equation (1) in a higher dimensional
setting,

utt ��u� w�ut + µut = |up�2|u, (2)

with µ > 0 and p > 2, is analysed by Guo and Liu [4], dealing with the lower bound for blow-up
solutions to equation (2). The authors obtained as result a lower bound for blow-up time by
establishing first-order di↵erential inequality.

The present work is devoted to analysing the case of strong (w > 0) damping of equation (1),
focusing on symmetries, optimal systems, and reductions.

2 Lie point symmetries

First of all, we perform a Lie symmetry analysis for equation (1). The theoretical basis are
described in [5].

Lie point symmetries acting on the independent and dependent variables of the viscoelastic
hyperbolic equation (1) are generated by vector fields

X = ⌧(x, t, u)@t + ⇠(x, t, u)@x + ⌘(x, t, u)@u. (3)

The resulting transformation group, depending on the infinitesimal transformations ⌧(x, t, u),
⇠(x, t, u), ⌘(x, t, u), is a point symmetry if and only if

pr(3)X(utt � uxx � w utxx + f(ut) + g(u))|" = 0, (4)

where pr(3) represents the third prolongation formula of the vector field (3) and " the solu-
tion space of equation (1). The determining equation (4) splits with respect to derivatives of
u(x, t) leading to an overdetermined system of equations for the infinitesimals ⌧(x, t, u), ⇠(x, t, u),
⌘(x, t, u), together with f(ut) and g(u), where f(ut) and g(u) are not simultaneously linear func-
tions.

As result, point symmetries are admitted by the viscoelastic hyperbolic equation (1), with w > 0
and f(ut), g(u) not simultaneously linear functions, in the following cases:

1. For f(ut) and g(u) arbitrary functions,

X1 = @x,

X2 = @t.

2. For f(ut) arbitrary function and g(u) = g1u + g0 linear function, with g1 > 0 and g0
arbitrary constants, in addition to X1 and X2,

X3 = e
p
g1x @u,

X4 = e�
p
g1x @u.

3. For f(ut) arbitrary function and g(u) = g1u + g0 linear function, with g1 < 0 and g0
arbitrary constants, in addition to X1 and X2,

X5 = sen(
p
�g1x) @u,

X6 = cos(
p
�g1x) @u.
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4. For f(ut) arbitrary function and g(u) = g0 constant function, with g0 6= 0 arbitrary
constant, in addition to X1 and X2,

X7 = x @u,

X8 = @u.

In the above point symmetries, g1 6= 0.

3 Optimal systems and symmetry reductions

To determine non-equivalent solutions of equation (1) by action of the group, we calculate
the one-dimensional optimal systems of subalgebras [5]. Hence, we obtain a classification of
subalgebras, where each class contains equivalent solutions related through an element of the
Lie symmetry group.

We construct the most general symmetry Lie algebra that PDE (1) admits, depending on func-
tions f(ut) and g(u), named the maximal Lie algebras. Then, we consider L, a k-dimensional
Lie algebra with basis constructed by generators Xk, k = 1, . . . , 8. Next, we determine the
commutation relations between each pair of elements in Xk, k = 1, . . . , 8. This computation is
done applying the well-known Lie bracket operator. Afterwards, we also determine the adjoint
representations of each pair of elements in Xk, k = 1, . . . , 8. This construction is done using the
commutation relations obtained previously and summing the Lie series. Therefore, we state the
subalgebras of the optimal systems.

Optimal systems of one-dimensional subalgebras for each maximal Lie algebra for equation (1),
with w > 0 and f(ut), g(u) not simultaneously linear functions, are given in the following cases:

1. For f(ut) and g(u) arbitrary functions,

{X1,�X1 +X2}.

2. For f(ut) arbitrary function and g(u) = g1u + g0 linear function, with g1 > 0 and g0
arbitrary constants,

{X1, X3, X4,�X1 +X2, X2 +X3, X2 +X4, X3 +X4, X2 +X3 +X4}.

3. For f(ut) arbitrary function and g(u) = g1u + g0 linear function, with g1 < 0 and g0
arbitrary constants,

{X1, X5, X6,�X1 +X2, X1 +X5, X1 +X6, X2 +X5, X2 +X6, X5 +X6,

X1 +X2 +X5, X1 +X2 +X6, X2 +X5 +X6}.

4. For f(ut) arbitrary function and g(u) = g0 constant function, with g0 6= 0 arbitrary
constant,

{X1, X7, X8,�X1 +X2, X1 +X7, X1 +X8, X2 +X7, X2 +X8, X7 +X8,

X1 +X2 +X7, X1 +X2 +X8, X2 +X7 +X8}.

In the above optimal systems, g1 6= 0 and � are arbitrary constants.

Taking into account these optimal systems of one-dimensional subalgebras, we apply the method
of characteristics to determine the invariants and reduced ODEs. The characteristic equations
are defined by

dx

⇠
=

dt

⌧
=

du

⌘
.
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By solving these equations, the similarity variable and solution are obtained. Then, the substi-
tution of these variables into the original PDE (1) yields the reduced ODEs.

As an example of the symmetry reductions, we present the travelling wave reduction. For
�X1 +X2, with f(ut) and g(u) arbitrary functions, we obtain the invariants

z = x� �t, u = h(z),

where h(z) satisfies the equation

�wh000 + (�2 � 1)h00 + f(��h0) + g(h) = 0,

with � an arbitrary constant.

4 Conclusions and Future work

In the present work we have found new results for the viscoelastic hyperbolic equation (1) for the
strong damping case, with w > 0, modelling the behaviour of biological processes. The results
are mainly related to symmetries, including optimal systems and symmetry reductions. Firstly,
Lie point symmetries have been classified depending on functions f(ut) and g(u). Then, we have
constructed the maximal Lie algebras, and the commutator and adjoint relations. By using these
actions and the point symmetries generators, we have constructed the optimal systems of one-
dimensional subalgebras for each maximal Lie algebra. Finally, we have obtained the symmetry
reductions to reduce the governing PDE to ODEs.

As future work, we will study conservation laws for the viscoelastic hyperbolic equation (1) for
the strong damping case, with w > 0. In addition, to complete our previous paper of the weak
damping case with w = 0, we will look for invariant conservation laws under translations and we
will find new travelling wave solutions, by application of the recently proposed multi-reduction
method.
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Abstract: We consider shunting inhibitory cellular neural networks (SICNNS) with con-

tinuous time-varying rates and inputs. In the last decades, SICNNS have been extensively

applied in robotics, speech, psychophysics, adaptive pattern recognition and image process-

ing. In our study, the model is with compartmental passive decay rates, which consist of

periodic and Poisson stable components. The first component guaranties the stability of

the dynamics, while the second one causes irregular oscillations in the model [1]. The in-

puts are Poisson stable functions to take into account more sophisticated environment of

the networks. To obtain the Poisson stable outputs, the rates and inputs are synchronized.

Su�cient conditions for the existence of Poisson stable motions and their asymptotic prop-

erties are obtained. The e�cient method has been developed to check the recurrence of the

outputs [1, 2]. Discussions have been made to provide lights on relations of obtained results

with practical and theoretical potentials of neuroscience. Numerical simulations show Pois-

son stable outputs as well as inputs. They are specific, since present the Poincare chaos.

Technical parameters are suggested, which can be useful for the future applications of the

results.

keywords: Shunting inhibitory cellular neural networks; compartmental passive decay rate;

Poisson stable inputs, outputs and rates; Poincare chaos; asymptotic stability
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Abstract: Cell division is in the basis of the regeneration processes. The special and very complex 
structure named the mitotic spindle ensures movements of chromosomes during mitosis. During some 
parts of this process chromosomes have to move through the cytoplasm that is considered a viscous fluid 
with a low Reynolds number. A mathematical model of the mitotic spindle based on the theory of 
oscillations is used to study chromosome movements during anaphase. A mitotic spindle is considered 
as a system of coupled oscillators. The assumptions of the model are given. To describe the forced 
oscillations of moving chromosomes in the metaphase plate in the cytoplasm as a viscous fluid with a 
low Reynolds number, Rayleigh function of energy dissipation and a system of coupled ordinary 
differential equations were used. We analyzed this oscillatory process through energy analysis of moving 
sister chromatids. Numerical analyses were done for masses of mouse chromosomes, for different 
parameters of the mitotic spindle.  
The results show that the total energy of an oscillating pair of homologue chromosomes has an oscillatory 
character and is affected by the frequency of centrosome excitations and the spindle size. The obtained 
data could be of importance for understanding an asymmetric cell division and differentiating processes.                                                                                       

keywords: chromosomes movements; mitotic spindle; viscous fluid with a low Reynolds number; 

mathematical model; coupled oscillators, Rayleigh function of energy dissipation 

MSC2020: 74-99, 70F35, 92C10, 74L10; 70Exx, 70KXX, 74M05, 37H20. 

1 Introduction 
 
There are specific patterns of chromosome movements during mitosis [1]. Their 
movements exhibit oscillatory properties [1, 2]. The age of centrosomes affects the 
stability of microtubules and the probability that centrosomes remain in the stem cell in 
asymmetric stem cell divisions [3].  
The aim of this study is to explore how different oscillatory behaviors of centrosomes 
and different spindle sizes of metaphase plate affect the energy of pairs of homologue 
chromosomes in a system of mitotic spindle. The analyses were done in the scope of a 
mathematical model based on theory of oscillations [4] considering that sister 
chromatids are moving through the cytoplasm –a viscous fluid with a low Reynolds 
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number. 
 
2 Results and discussion 

 
For our numerical analysis we used a mathematical model, based on the theory of 
oscillations, which is explained in [4] in detail. Our model is based on dynamics of 
coupled systems that include the Rayleigh function of energy dissipation. According to 
this model, mitotic spindle is considered to be a system of coupled oscillators: each 
oscillator consists of: 
- a homologue chromosome pair  
- a pair of microtubules that are attached to homologue chromosomes and  
- two centrosomes located on opposite poles of the cell.  
Centrosomes are presented in the model as mass particles that represent two rheonomic 
centers of oscillations; microtubules are represented as standard light visco-elastic 
elements. Sister chromatids are represented as mass particles that are connected by a 
standard light massless elastic spring. Homologue chromosomes have equal masses and 
different chromosomes have different masses.  
 
The resistance force resulting from the movement of chromosomes through the 
cytoplasm that is considered as a viscous fluid with a low Reynolds number is of the 

form: F x= . 
The total Energy (Eq1) of each pair of sister chromatids is the sum of the kinetic (Eq2) 
and the potential (Eq3) energy modified for the energy dissipation that comes from the 
fluid resistance (Eq6). 
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As the influence of the fluid in which the system of mitotic spindle is immersed is 
expressed by a resistance force proportional to the velocity of each material particle 
(sister chromatids), the resulting fluid resistance forces of each of the material points 
are 

 

( ) ( )2 2
,u 1 1cos sinw ik uik uik uO uik uO uikF m x y y   = − + +     (4) 

( ) ( ) 2
2

2
2, sincos~

dikdOdikdOdikdikdikw yyxmF   ++−=    (5) 

For upper (Eq 4) and down (Eq 5) sister chromatid. Rayleigh function of total energy 
dissipation is: 
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The Rayleigh function of the energy dissipation of the system is a measure of the 
decrease in the total energy of the system during the movement of the system. The 
system is non-conservative and the following theorem on the change of the total 
mechanical energy of the system is valid. 

 
( )

ikdt
d ikPikK −=+ 2,, EE

       (7) 

A system of ordinary differential equations that describes the oscillatory behavior of a 
single sister chromatid pair is: 
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Supposed particular solutions of Eq 8 and 9 are in the form: 
tEtEtDtDx dgikggikdgikggikPgik +++= sin~sincos~cos    (10) 

 tEtEtDtDx ddikgdikddikgdikPdik +++= sin~sincos~cos    (11) 

 
3 Conclusions and Future work 
 
Using the presented methodology, it is possible to numerically solve the cases when the 
sister chromatids are still connected, but also the case when their final separation occurs 
during anaphase II. In that case, each sister chromatid bound to the rheonomic center 
represents an oscillator with one degree of freedom of movement. The total oscillation 
energy of each sister chromatid is then expressed as a sum of kinetic energy, potential 
energy, and relation with the energy of the dissipation function Eq 7. In our further 
work, we will examine the change in the energy of movement of sister chromatids on 
the way to the centrosome/rheonomic center, assuming that the stiffness of 
microtubules/elastic springs increases by segments during shortening - moving towards 
the centrosome. Dalton et al [5] suggested “A gelation transition enables long-range 
microtubule transport causing the spindles to self-organize into two oppositely 
polarized microtubule gels” [5] as a possible explanation of chromosome dynamics 
during anaphase. In order to overcome the resistance force provided by fluid-cytoplasm, 
we are free to suggest that chromosomes and sister chromatids use relaxation 
oscillations as a possible mechanism of movements through the cytoplasm as a viscous 
fluid.  
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Abstract: The main objective of this article, to study qualitative theory of two strain
epidemic model involving piecewise operator. Based on fixed pint theory to investigate
existence results and unique solutions for the considered model. The numerical illustrations
are established on a scheme developed with the help of Newton di!erence technique. A
sudden changes we can see in many physical and natural phenomena. These characteristics
have been found in the transmission of various infectious diseases, including the two-strain
pandemic. As a result, the goal of this study is to use piecewise modeling to model the
propagation of a two-strain pandemic. At the end numerical solutions are given for di!erent
fractional orders.
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Abstract: The human immunodeficiency virus (HIV) can spread more e�ciently when in-
fected CD4+ T cells directly interact with uninfected T cells. This interaction forms viro-
logical synapses which lead to the cell to cell transmission of HIV. In this study we consider
an age-structured HIV infection model with both virus to cell infection and cell to cell trans-
mission. We also incorporate proportion of latently infected T cells. We derive steady state
solutions to our model and also check the stability of steady states. Role of anti-retroviral
therapy is also studied. Optimal treatment strategy is also discussed. To study the pri-
mary spread of virus, we solve our model numerically. Outcome of this work are new and
complement the existing one.
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1 Introduction

Over the years, within host dynamics of HIV and antiretroviral therapy have attracted attention
of many researchers. One of the first woks which describe the interaction between uninfected
target cells, infected cells, and virus particles is done by Ho et al. [1] and Perelson et al. [2]. They
considered a three dimensional ordinary di↵erential equations based model to study the in host
dynamics of HIV. It is often observed that the cell to cell transmission plays an important role
in the spreading of HIV virus via formation of virological synapses. Also for some time period
CD4+ T cells remain latently infected, so it is natural to consider HIV model with latently
infected T cells [3]. There is enough literature available on age-structured HIV models which
describe the in host dynamics of CD4+ T cells, for more details we refer to [4, 5].

When modeling the dynamics of infectious diseases, it is natural to divide the population into
homogeneous subgroups. We consider an age-structured HIV model which describe the in host
dynamics of HIV virus. Both virus to cell and cell to cell infection is considered. We show the
existence of solution to our model by converting it into abstract framework. After deriving steady
state solutions, we define a threshold parameter to our model. Global stability of infection free
steady state is shown. Role of anti-retroviral therapy is also studied. For better visual illustration
of our results, we solved our model numerically.
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2 Results and Discussion

Existence and uniqueness of positive bounded solution is shown. We converted our problem
into abstract form to show the existence and uniqueness of solution. Steady state solutions are
derived to study the long term dynamics of solution. Stability of steady state solution is shown
by constructing appropriate Lyapunov function. E↵ect of anti-retroviral therapy is also studied
by incorporating an appropriate parameter for this. We numerically solve our model to study
the primary spread of virus. Numerical simulation also validate our theoretical results.

3 Conclusions and Future work

It is important to consider both virus to cell infection and cell to cell transmission to study
the dynamics of CD4+ T cells. Our theoretical results can help medical researchers and policy
makers to take appropriate steps to reduce the harmful e↵ects of HIV within human body. Also
it is important to consider time since infection, that is, age-structured population models. Age-
structured population models allow us to consider age dependent viral production kernel and
mortality rate of latently infected and totally infected T cells. The results obtained are new and
complement the existing one.

Some time it is necessary to consider random fluctuation in an age-structured population model
for the in host dynamics of HIV. So, considering age-structured model with stochastic perturba-
tion will be an interesting problem to study. Adding more compartments and comparing results
with real time data will also be an interesting problem for future study.
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Abstract: Targeted drug delivery is an emerging topic intensely studied in the biomedical
field due to its multiple advantages in isolating and e�ciently treating focus areas. Infallible
and energy-e�cient control strategies are required by this kind of processes. A possible
solution for the process’ requirements can be fractional order control that ensures a reliable
closed loop behavior and its event based implementation that reduces energy consumption
and computational e↵ort. The current study presents two possibilities of implementing com-
plex fractional order internal model control (FOIMC) strategies on a real life targeted drug
delivery setup that mimics non-Newtonian blood characteristics. The velocity of a carrier
submersible is controlled using the event-based FOIMC controller implemented using two
novel implementation approaches. The first implementation strategy is based on separating
the controller into an event-based integer order PID and a fractional order di↵erintegral
component. The second approach tackles the event-based FOIMC controller as a whole by
using the Muir direct mapper to the discrete domain. Both implementation strategies are
successfully validated on the biomedical process through reference tracking and disturbance
rejection.

keywords: fractional calculus; targeted drug delivery; event-based control.

MSC2010: 26A33; 65R99; 65P99.

1 Introduction

Targeted drug delivery represents a state of the art biomedical solution to invasive medication
treatments. The paradigm consists in isolating the area in need of treatment and applying
substances exactly where they are needed. This leads to reduced side e↵ects, lesser amounts of
substances used, faster and more e�cient treatment.

The present study combines the control needs of a carrier prototype with energy e�cient so-
lutions. The main tool in developing the control law is fractional calculus, a generalization of
di↵erentiation to any non-rational order, that brings multiple benefits in the fields of control
engineering [1, 2]. Furthermore, the developed fractional order controller is implemented using
event-based strategies for resource optimization purposes. However, the event-based implemen-
tation theory is lacking a fractional order generalization. Hence, two event-based implementation
strategies are proposed to control the carrier prototype based on a FOIMC controller.

The novelty of this work lies in the fractional order event-based generalization as well as applying
the obtained event-based controller to the targeted drug delivery process.
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(a) Targeted drug delivery non-Newtonian environment (b) Carrier prototype

Figure 1: Experimental setup
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(a) Reference tracking
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(b) Disturbance rejection

Figure 2: Validation of the PID and FO filter implementation approach

2 Results and discussion

The platform used for the development of the FOIMC control structure is presented in Fig. 1.
The non-Newtonian environment features tubes of di↵erent diameters with steel insertions that
expand and contract when a variable flow pump introduces non-Newtonian fluid into the pipes.
The carrier prototype is able to transit the non-Newtonian environment using the propeller as
the thrust unit. In a targeted drug delivery scenario, the carrier navigates to an area in need of
treatment and releases a substance. The focus point of this study is controlling the velocity of
the submersible in the two tubes. The robot’s passing from the larger tube into the smaller one,
or vice versa, represents a disturbance of the output velocity caused by the di↵erent flow rates.

An analytic model has been developed in [3] that connects the carrier’s velocity to the PWM duty
ratio engaging the propeller. An equivalent control structure featuring an FOIMC controller is
computed for the velocity model as

Hc(s) =
s
2 + 60.13s+ 667.1

232

1

0.1013s1.2778
. (1)

The first implementation approach of the control structure involves separating the transfer func-

tion from (1) into a PID control of the form kp

⇣
1 + 1

Tis
+ Tds

⌘
multiplied with a di↵erintegral

of the form 1
s�
. The FO component is implemented as a discrete transfer function using any

viable discretization method, while the PID is implemented in its event-based form as presented
by [4]. The implementation strategy is successfully validated in Fig. 2.
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Figure 3: Validation of the event-based FOIMC implementation approach

The second approach involves separating the command computed by the equivalent structure
into fractional order components: kp

s0.2778 ,
kp

Tis1.2778
and kpTds

0.7222. Each di↵erintegral is approx-
imated to its discrete form using a direct discrete mapper based on the Muir formula. The
implementation is a direct event-based fractional order control strategy. The validation of this
method is presented in Fig. 3.

3 Conclusions and Future work

The papers presents a generalization of event-based controller implementations into the frac-
tional order calculus field. Two approaches are proposed to control the velocity of a carrier
prototype in a targeted drug delivery setting. Both strategies have been successfully validated
through simulations, while future developments include their experimental validation.
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Abstract: Mathematical modelling of the tumor growth process is widely used to enhance 

quantitative understanding of biomedical phenomena. Recently, many investigators used 
fractional-order models for their proven efficiency in modelling biological phenomena. The 
present study compares two tumor growth models, defined from certain first-order ordinary 
differential equations with their fractional-order equivalents. The results highlight the advantages 
of fractional order differential equations. This study may provide clinicians with important insights 
on therapy strategies.                                                                                      

keywords: fractional order differential equation; tumor growth model; Bertalanffy-Pütter model                                            
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1 Introduction 

 
Colorectal cancer ranks second in incidence among solid tumors in Europe (1499667 new 
cases in 2018) [1].  According to Eurostat official statistics for 2015, colorectal cancer 
was also responsible for 154 000 deaths in the EU-28, representing 11.7 % of all deaths 
from cancer. It is estimated that the market value for colon cancer therapies will reach as 
high as $11 billion by year 2025 [2] due to increase of branded therapies. Colorectal 
cancer represents one of the major health problems due to high incidence and mortality 
rates [1]. Diversity increase on treatment options as well as rising population need require 
novel prognostic tools. Longitudinal studies of tumor volume by mathematical growth 
models represent an important help in such prognostic. 
Historically, the systematic application of mathematical models for tumor growth has 
begun in the 1960s [2]. In the meantime, many different approaches were developed. The 
Bertalanffy-Pütter model [3] unifies theme. It uses five parameters, amongst them two 
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exponents related to tumor metabolism and morphology [4]. On the other hand, fractional 
order models are characterized by a ‘memory’ property, which brings additional 
information to analyze the systems’ dynamical behaviors, being very useful in describing 
biological processes [5]. In the last years a trend has been observed in the research 
community in employing tools from fractional calculus for use in modeling complex 
phenomena. However, only recently the usefulness of this tool has been recognized for 
analysis of complex systems in medicine [6, 7]. Since the classical mathematical models 
are special cases of the fractional order mathematical models, it implies that the results 
for the fractional mathematical model are more general and more accurate. 
The goal of this paper is on longitudinal studies of tumor volume, which use tumor growth 
curves that are defined from fractional order differential equations. The authors 
investigate the advantages and disadvantages introduced by the fractional order model in 
the classical Bertalanffy-Pütter model and the differences in the prognosis. 
The paper is structured in three parts. After this introductory part, section 2 discusses the 
obtained results. The work ends with concluding remarks. 

 
2 Results and discussion 

 
The classical Bertalanffy-Pütter model describes tumor volume v(t) in mm3 over time t in days, using 
five model parameters that are to be determined from fitting the model to size-at-age data [4]: 
 

𝑑𝑣(𝑡)
𝑑𝑡

= 𝑝 ∙ 𝑣(𝑡)𝑎 − 𝑞 ∙ 𝑣(𝑡)𝑏 
 
Four parameters are displayed in the equations, namely the non-negative exponent-pair a < b and the 
constants p and q. A fifth parameter is the initial tumor volume at the start of monitoring, i.e. 
v(0) = v0 > 0. 
Introducing the fractional order derivative, we obtain a generalization of the model, additional 
information to analyze the systems’ dynamical behavior. 
There exist several definitions of fractional order derivative (or integral) [8]. One of theme is the 
Riemann–Liouville definition, which states that a fractional order integral of order (α) > 0 is a natural 
consequence of Cauchy’s formula for repeated integrals. The fractional-order derivative of order α ∈ 
R+ can be also defined using the Riemann–Liouville formula. Due to its importance in applications, it 
must be also enumerated the Grünwald–Letnikov’s definition of the fractional-order derivative, based 
on the generalization of the backward difference. 
In accordance with the above-described arguments, it is proposed the fractional order model 
 

𝑑𝑣𝛼(𝑡)
𝑑𝑡

= 𝑝 ∙ 𝑣(𝑡)𝑎 − 𝑞 ∙ 𝑣(𝑡)𝑏 
 
 
We aim at comparing the findings of [4] and we therefore use the data of that paper, which are 
originated of [9]. The simulation results obtained with these model exhibit different behaviors for 
different values of fractional order. Comparing the results with the classical model, are obvious the 
advantages. As examples are presented two data approximations, comparing the integer order models 
with the fractional order models, Figure 1 and Figure 2. For the first dataset the integer model is: 
  

𝑑𝑣(𝑡)
𝑑𝑡

= 0.08 ∙ 𝑣(𝑡)1.2 − 0.02 ∙ 𝑣(𝑡)1.9   (1) 
for the treated case and 

𝑑𝑣(𝑡)
𝑑𝑡

= 0.123 ∙ 𝑣(𝑡)1.8 − 0.035 ∙ 𝑣(𝑡)2.3   (2) 
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for the control case, resulting a cumulative mean squared error of 0.5532 and 5.8569 respectively. The 
corresponding fractional order models implies a fractional order of 0.96. With these models the 
cumulative mean squared errors become 0.1079 and 0.4268. 
For the second dataset the models are: 

 
𝑑𝑣(𝑡)
𝑑𝑡

= 0.17 ∙ 𝑣(𝑡)1.05 − 0.06 ∙ 𝑣(𝑡)1.7   (3) 
and 
 

𝑑𝑣(𝑡)
𝑑𝑡

= 0.188 ∙ 𝑣(𝑡)0.75 − 0.01 ∙ 𝑣(𝑡)0.69   (4) 

 
with cumulative mean squared errors 1.2142 and 1.6074. The corresponding fractional order models, 
with fractional order 0.96 leads to mean squared errors 0.2785 and 0.5601.  

The advantage of the fractional order is obvious. The disadvantage of the models consists in the 
more complex calculus, which is not a major issue in today’s computational power. 
 

 
Figure 1. Comparison of results between integer order models and fractional order models, first dataset 

 
 

 
Figure 2. Comparison of results between integer order models and fractional order models, second dataset 
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3 Conclusions and Future work 

 
The paper showed that the proposed fractional order models are able to better predict the treatment 
outcome than the integer order models. The provided models can be used for a more accurate 
prognosis. However, there is a large statistical uncertainty of the result due to the data used. Therefore, 
a future clinical study with a large number of patients is needed to confirm the findings. Future work 
is also needed to establish proper rules for the optimal fractional order for any dataset. 
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Abstract: In this paper the concept of Lipschitz stability is introduced to impulsive delayed
reaction-di↵usion neural network models of fractional order. Lipschitz stability analysis is
performed and su�cient conditions for global uniform Lipschitz stability of the model are
established. The introduced concept is also very useful in numerous inverse problems.
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1 Introduction

During the last decades, the interest of researchers in fractional di↵erential equations has been
rapidly increasing and such equations are applied as modeling tools in engineering, physics,
biology [1, 2, 7, 9].

A class of neural networks with reaction-di↵usion terms is know to be very applicable in modeling
of processes studied in epidemiology and virology [5], including fractional-order generalizations
[8]. The extended reaction-di↵usion neural networks of the Cohen–Grossberg type are also very
well studied [4]. However, fractional generalizations of such models are not yet investigated.

In addition, results on impulsive Cohen–Grossberg reaction-di↵usion neural networks of integer
order are also reported in the literature [6]. However, the influence of impulsive factors to the
qualitative behavior of fractional-order Cohen–Grossberg and reaction-di↵usion neural network
models has not been previously considered.

The extended concept of Lipschitz stability introduced in [3] is also applicable to fractional-
order models [10]. However, the concept is not yet applied to fractional reaction-di↵usion neural
network models of Cohen–Grossberg type and this is the main goal of this paper.
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2 Results and discussion

For U(t, x) = (U1(t, x),U2(t, x), . . . ,Um(t, x))T 2 Rm, t 2 R+, x 2 ⌦, ⌦ denotes an open
and bounded set in Rn with smooth boundary @⌦ and the measure expressed by mes⌦ > 0,

0 = (0, 0, . . . , 0)T 2 ⌦, we consider the norm ||U(t, x)||2 =
"Z

⌦

mX

i=1

U2
i (t, x)dx

#1/2
.

Let u 2 C1[R+ ⇥ ⌦,R]. The time Caputo-type fractional derivative of order ↵, 0 < ↵ < 1 with
the lower limit 0 of the function u is defined by [7]

@↵u(t, x)

@t↵
=

1

�(1� ↵)

Z t

0

@u(s, x)

@s

ds

(t� s)↵
, t > 0,

where � is the Gamma function.

For 0 < t1 < t2 < . . . and limk!1 tk = 1 we consider the impulsive n-dimensional fractional-
order delayed reaction-di↵usion neural network model of Cohen–Grossberg type

8
>>>>>><

>>>>>>:

@↵Ui(t, x)

@t↵
=

nX

q=1

@

@xq

 
Diq

@Ui(t, x)

@xq

!
� ai(Ui(t, x))

h
bi(Ui(t, x))

�
mX

j=1

cij(t)fj
�
Uj(t, x)

�
�

mX

j=1

wij(t)gj
�
Uj(t� ⌧j(t), x)

�i
, t 6= tk,

Ui(t
+
k , x)� Ui(tk, x) = Jik(Ui(tk, x)),

(1)

where i = 1, 2, . . . ,m, m � 2, k = 1, 2, . . . , t > 0, x = (x1, x2, . . . , xn)T 2 ⌦, Ui(t, x) denotes the
state of the i-th neural unit at time t and in space x, the transmission time-varying delay ⌧j(t)
satisfies ⌧j 2 C[R,R+], t > ⌧j , j = 1, . . . ,m, 0  ⌧j(t)  ⌧ , the amplification functions ai 2
C[R⇥Rn,R+], = 1, 2, . . . ,m, is an amplification functions, bi 2 C[R⇥Rn,R] is an appropriately
behaved function, i = 1, 2, . . . ,m, cij(t) and wij(t) are, respectively, the connection weight and
time-varying delay connection weight matrices of j-th neuron on the i-th neuron, cij 2 C[R,R],
wij 2 C[R,R], the activation functions fj , gj 2 C[R,R], i, j = 1, . . . ,m, Dik = Diq(t, x) � 0 are
the transmission di↵usion coe�cients along the i-th neuron, q = 1, 2, . . . , n, Jik(Ui(t, x)) are the
impulsive functions.

Consider an initial function '0 = ('01,'02, . . . ,'0m)T , '0i = '0i(⇠, x), i = 1, 2, . . . ,m defined
on [�⌧, 0] ⇥ ⌦, which is piecewise continuous with respect to ⇠. The set of all such functions
will be denoted as PC = PC[[�⌧, 0] ⇥ ⌦,Rm]. The norm in the space PC will be defined as
|'|⌧ = sup ||'(⇠, x))||2, (⇠, x) 2 [�⌧, 0]⇥ ⌦.

The following assumptions will be used in our investigations:

A1. The functions ai, i = 1, 2, . . . ,m, are continuous on R and there exist positive constants ai
and ai such that ai  ai(�)  ai for � 2 R, i = 1, 2, . . . ,m.

A2. The functions bi, i = 1, 2, . . . ,m, are continuous, there exist continuous functions Bi(t) > 0,
t 2 R+, such that

bi(�) � Bi(t)�, t 2 R+

for � 2 R, and Bi = inft2R+ Bi(t) , i = 1, 2, . . . ,m.

A3. The functions cij , wij i, j = 1, 2, . . . ,m are continuous on R+ and cij = supt2R+
cij(t),

wij = supt2R+
wij(t).

A4. There exist positive constants Lj ,Mj , j = 1, 2, . . . ,m, with

|fj(�1)� fj(�2)|  Lj |�1 � �2|, |gj(�1)� gj(�2)|  Mj |�1 � �2|

for all �1,�2 2 R, �1 6= �2, and fj(0) = gj(0) = 0, j = 1, 2, . . . ,m.
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A5. The impulsive functions Jik are continuous on R and Jik(0) = 0 for all i = 1, 2, . . . ,m,
k = 1, 2, . . . .

A6. There exist constants diq � 0 such that Diq(t, x) � diq for (t, x) 2 R+ ⇥ ⌦, i = 1, 2, . . . ,m,
q = 1, 2, . . . , n.

We will adopt a Lipschitz stability definition given in [3] to the impulsive fractional-order neural
network model (1).

Definition 1 The fractional neural network reaction-di↵usion model (1) of Cohen–Grossberg

type is said to be globally uniformly Lipschitz stable, if there exists a positive constant M > 0
such that for any initial function '0 2 PC : ||'0||⌧ < 1 we have ||U(t, x; 0,'0)||2  M ||'0||⌧ ,
t � 0, x 2 ⌦.

Consider the following comparison fractional-order impulsive equation

d↵l(t)

dt↵
= g(t, l), t 6= tk, �l(tk) = l(t+k )� l(t�k ) = Pk(l(tk)), tk > 0, (2)

where g : R+ ⇥ R+ ! R, Pk : R+ ! R+, k = 1, 2, . . . .

The main results in our research are the following theorems.

Theorem 1 Assume that Assumptions A1–A6 are fulfilled, and:

1. The set ⌦ = {x = (x1, x2, ..., xn)T : aq  |xq|  bq}, where aq, bq (q = 1, 2, . . . , n) are positive

constants, ⇤ = max{bq � aq} and Di =
Pn

q=1
12diq
⇤2 , i = 1, 2, . . . ,m.

2. There exists a continuous for t 2 (tk�1, tk] function ḡ(t), k = 1, 2, . . . , that satisfies

min
1im

0

@2(aiBi +Di)�
mX

j=1

(aiLj |cij |+ aiMj |wij |+ ajLi|cji|)

1

A� max
1im

0

@Mi

mX

j=1

aj |wji|

1

A > ḡ(t).

3. The impulsive functions Jik are such that Jik(Ui(tk, x)) = ��ikUi(tk, x), 0 < �ik < 2, i =
1, 2, . . . ,m, k = 1, 2, . . . .

4. The zero solution of equation (2) with g(t, l) = ḡ(t)l, t, l 2 R+ and Pk = 0, k = 1, 2, . . . , is
globally uniformly Lipschitz stable.

Then the impulsive fractional reaction-di↵usion neural network (1) of the Cohen–Grossberg type

is globally uniformly Lipschitz stable.

Theorem 2 If in Theorem 1 we let ḡ(t) = 0 for t 2 R+, then the fractional impulsive reaction-

di↵usion neural network (1) of Cohen–Grossberg type is globally uniformly Lipschitz stable.

Theorem 3 Assume that:

1. Assumptions A1–A6 and conditions 1 and 3 of Theorem 1 are fulfilled.

2. For a = min1im ai, a = max1im ai, we have |1� �ik|  a
a , i = 1, 2, . . . ,m, k = 1, 2, . . . .

3. The model’s parameters satisfy min
1im

0

@Di

a
+Bi � Li

mX

j=1

|cji|

1

A >
a

a
max
1im

0

@Mi

mX

j=1

|wji|

1

A .

Then the impulsive fractional reaction-di↵usion neural network (1) of the Cohen–Grossberg type

is globally uniformly Lipschitz stable.
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3 Conclusions and Future work

In this paper, an impulsive reaction-di↵usion neural network model of Cohen–Grossberg type is
extended to the fractional-order case. The notion of Lipschitz stability is introduced to the model
and criteria for global uniform Lipschitz stability are established. One of the directions for future
research on the topic is related to the study of the e↵ects of variable impulsive perturbations on
the Lipschitz stability behavior and refinement of stabilization strategies.
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1 Introduction

In this work, we start by considering a Caputo fractional order SICA epidemiological model with
constant recruitment rate, mass action incidence and variable population size, for HIV/AIDS
transmission, proposed in [7] (see also [8]). Using the results from [1] and [5], we prove the local
asymptotic stability of the disease free equilibrium. Then, we extend the results of [4] and [9]
and prove the uniform asymptotic stability of the disease free and endemic equilibrium points.

The study of global stability of the equilibrium points usually involves constructing suitable
Lyapunov-like functions, which, sometimes, can be hard to find. This is the motivation to
investigate a new method to study global asymptotic stability for dynamical systems described
by fractional di↵erential equations. In [2], a novel method was presented, by writing the system
in a matricial form and analyzing the matrices involved is such procedure, under some simple
assumptions, we can ensure that the equilibrium point is globally stable if the basic reproduction
number R0 is less than 1. This result generalizes the main result of [3] to the fractional setting.

2 Main results

We start with local and uniform stability results applied to a HIV/AIDS fractional model.
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2.1 Fractional SICA model: local and uniform stability analysis

Definition 1 (See [6]) Let a > 0, t > a, and ↵, a, t 2 R. The Caputo fractional derivative of
order ↵ of a function f 2 Cn is given by

C
a D

↵
t f(t) =

1

�(n� ↵)

Z t

a

f (n)(⇠)

(t� ⇠)↵+1�n
d⇠, n� 1 < ↵ < n 2 N.

Let us consider the Caputo fractional order SICA epidemiological model for HIV/AIDS trans-
mission with constant recruitment rate, mass action incidence, and variable population size (for
more details on the model assumptions and parameters, please see [7]):

8
>>>>>><

>>>>>>:

C
t0D

↵
t S(t) = ⇤� � (I(t) + ⌘C C(t) + ⌘AA(t))S(t)� µS(t),

C
t0D

↵
t I(t) = � (I(t) + ⌘C C(t) + ⌘AA(t))S(t)� ⇠3I(t) + !C(t) + �A(t),

C
t0D

↵
t C(t) = �I(t)� ⇠2C(t),

C
t0D

↵
t A(t) = ⇢ I(t)� ⇠1A(t).

(1)

The biologically feasible region of system (1) is given by

⌦ =

⇢
(S, I, C,A) 2 R4

+ : N  ⇤

µ

�
.

The model (1) has a disease free equilibrium given by

⌃0 =
�
S0, I0, C0, A0

�
=

✓
⇤

µ
, 0, 0, 0

◆
.

Let R0 denote the basic reproduction number of (1) which is given by

R0 =
S0� (⇠2 (⇠1 + ⇢ ⌘A) + ⌘C � ⇠1)

µ (⇠2 (⇢+ ⇠1) + � ⇠1 + ⇢ d) + ⇢! d
=

S0N
D , (2)

where ⇠1 = �+µ+d, ⇠2 = !+µ,N = � (⇠2 (⇠1 + ⇢ ⌘A) + ⌘C � ⇠1) andD = µ (⇠2 (⇢+ ⇠1) + � ⇠1 + ⇢ d)+
⇢! d.

Whenever R0 > 1, the model (1) has a unique endemic equilibrium ⌃⇤ = (S⇤, I⇤, C⇤, A⇤) given
by

S⇤ =
D
N , I⇤ =

⇠1⇠2(⇤N � µD)

DN , C⇤ =
�⇠1(⇤N � µD)

DN , A⇤ =
⇢⇠2 (⇤N � µD)

DN .

The local asymptotic stability of the disease free equilibrium ⌃0, comes straightforward from [5]
and [1]. Stronger stability results are stated next.

Theorem 1 (See [7]) Let ↵ 2 (0, 1). The disease free equilibrium ⌃0, of the fractional order
system (1), is uniformly asymptotically stable in ⌦, whenever (2) satisfies R0 < 1.

Theorem 2 (See [7]) Let ↵ 2 (0, 1) and (2) be such that R0 > 1. Then the unique endemic
equilibrium ⌃⇤ of the fractional order system (1) is uniformly asymptotically stable in the interior
of its invariant region ⌦.
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2.2 Global stability of DFE for fractional epidemic models

Definition 2 The (left-sided) Caputo fractional derivative of order ↵ of function f 2 C1(R+
0 ,R)

is defined by

CD↵
0+f(t) :=

1

�(1� ↵)

Z t

0
(t� ⌧)�↵f 0(⌧) d⌧, t > 0.

Definition 3 The Mittag–Le✏er function with two parameters is defined by

E↵,�(t) :=
1X

k=0

tk

�(↵k + �)
, t 2 C,

with ↵,� � 0. When � = 1, we define the one parameter Mittag–Le✏er function E↵(t) :=
E↵,1(t).

Definition 4 Given A 2 Cn⇥n, the matrix Mittag–Le✏er function with two parameters is de-
fined through the convergent series

E↵,�(A) :=
1X

k=0

Ak

�(↵k + �)

where ↵,� � 0. If � = 1, we define the one parameter matrix Mittag–Le✏er function E↵(A) :=
E↵,1(A).

Suppose that the epidemiological model under study is described by the fractional di↵erential
system 8

>>>><

>>>>:

CD↵
0+X(t) = F (X, I)

CD↵
0+I(t) = G(X, I)

G(X, 0) = 0

(3)

with nonnegative initial conditions X(0) = X0 2 Rm and I(0) = I0 2 Rn, where the components
of the vector X denote the number of uninfected individuals (e.g., susceptible, recovered, vacci-
nated, etc.) and the components of I denote the number of the infected and infectious (the ones
that can transmit the disease, such as the asymptomatic but infectious and active infected). In
addition, we assume that function F is continuous, G is of class C1, and the fractional di↵erential
system (3) with initial conditions X(0) = X0 and I(0) = I0 admits a unique solution.

Denote by U0 = (X?, 0) 2 Rm+n the disease-free equilibrium (DFE) point of the system (3),
that is, F (X?, 0) = G(X?, 0) = 0.

Let A := @G
@I (X

?, 0) and assume that matrix A can be written in the form A = M �D, where
M,D are two square matrices with M � 0 (all entries are nonnegative), and D > 0 is a diagonal
matrix.

Theorem 3 (See [2]) Suppose that

1. For CD↵
0+X(t) = F (X, 0), the vector X? is globally asymptotically stable;

2. Function G can be written as G(X, I) = A · I � Ĝ(X, I), where Ĝ(X, I) � 0 for all (X, I),
and A = @G

@I (X
?, 0) can be written as A = M �D, where M � 0 and D > 0 is a diagonal

matrix;
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3. Matrix A is diagonalizable, the real parts of the eigenvalues of A are nonpositive, and E↵,↵(A) �
0,

4. I(t) � 0 for all t > 0 (nonnegativity of solutions).

If R0 < 1, then the DFE, U0 = (X?, 0), is a globally asymptotically stable equilibrium of system
(3), for all 0 < ↵ < 1.

The proof of Theorem 3 is given in detail in [2] as well as three examples applied to di↵erent
types of fractional epidemic models that may be applied to a wide range of infectious diseases.
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Abstract: The area of fractional calculus is employed in physics, engineering, biology, econ-
omy and other scientific fields. On the other hand, the fractional mathematical concept arises
quite naturally, in the intrinsic parameterization of the fractal curve. In this paper we apply
the theory of fractional calculus in the electromagnetic field, in particular in the electrical
potential, with the electrical charges distribution inserted in the fractal structures. For that,
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structures, namely fractals with one, two and three dimensions. After that, we analyze the
resulted electrical potential under the point of view of fractional calculus.

keywords: Fractional calculus; Electrical potential; Fractal geometries.

MSC2020: 49-XX; 34-XX; 92-XX.

1 Introduction

Recent studies have brought Fractional Calculus (FC) into prominence, revealing that many
physical phenomena are modeled by fractional di↵erential equations [1, 2]. An important area
related with FC is the fractals. During the last century mathematicians verified the formal
existence of certain ”pathological curves”, for example, Cantor, Peano, Sierpinski, Hausdor↵,
among others [3, 4]. Moreover, fractal geometry, provides a mean for quantifying this complexity,
making possible to relate the dimension with the derivative order [5]. Experimental works has
shown that the link between fractality and non-integral derivatives is essential to a proper
approach to the reality in many fields where fractality plays an interesting role and introduces
scaling laws. Tricot [6] showed that non-integral derivative provides a very e�cient method for
measuring the degree of irregularity of a fractal curve.

Bearing these ideas in mind, this paper analyzes the fractional-order dynamics of a electrical
potential created by several electrical charges implemented in fractal structures, being organized
as follows. Section 2 introduces the fundamental aspects of fractional calculus theory. Section 3
presents the fundamental static electrical potencial concepts. Section 4 makes the introduction
to the fractals structures. Section 5 describes the methodology applied to this work and show
the obtained results. Finally, section 6 draws the main conclusions and addresses perspectives
towards future developments.
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2 FUNDAMENTAL ASPECTS OF FRACTIONAL CALCU-
LUS

Since the beginning of the theory of di↵erential and integral calculus, mathematicians such as
Euler and Liouville investigated their ideas on the calculation of non-integer order derivatives
and integrals [1]. An important property revealed by the Grünwald-Letnikov definition is that
while an integer-order derivative implies simply a finite series, the fractional-order derivative
requires an infinite number of terms. This means that integer derivatives only need the actual
values in opposition with fractional derivatives that have implicitly a memory of all past events.

On the other point of view, some authors [2, 7] verified that the well-known expressions for
the electrical potential are related through fractional-order integral and derivatives, revealing
advantages in their use in practical implementations.

3 STATIC ELECTRICAL POTENTIAL

In a linear media, that is isotropic and reveal homogenety, the electric potential ' at a point
P produced by a single charge (1), a dipole (2), a quadrupole (3), an infinite straight filament
carrying a charge � per unit length (4), two opposite charged filaments (5), and a planar surface
with charge density � (6), are given by [7]:

' =
q

4⇡"0

1

r
+C (1) ' =

ql cos ✓

4⇡"0

1

r2
+C, r >> l (2)

' =
ql2

�
3 cos2 ✓ � 1

�

4⇡"0

1

r3
+C, r >> l (3) ' = � �

2⇡"0
ln r+C (4)

' =
�l cos ✓

2⇡"0

1

r
+C, r >> l (5) ' = � �

2"0
r+C (6)

where C 2 <, "0 represents the permittivity, q the electric charge, l the length, r the radial
distance and ✓ the corresponding angle with the axis.

Analyzing expressions (1)-(6) we verify the relationship ' ⇠ r�3, r�2, r�1, ln r, r, that corre-
sponds to the application of integer-order derivatives and integrals [7].

4 FRACTAL STRUCTURES

In recent years, di↵erent definitions of fractals have been emerged. However, the fundamental
definition of fractal was introduced by Benoit Mandelbrot in 1975 [3, 4, 5, 6], through the
neologism ”Fractal”, which means irregular or broken.

One of the most important concepts of fractals is their dimension, also called Hausdor↵ dimen-
sion. Intuitively, a point has dimension 0, a line has dimension 1, a plane has dimension 2 and
a cube has dimension 3. However, in fractal geometry we find mathematical objects that have
a fractional dimension.

There are many examples of fractals particularly well known, namely the Cantor set, the Von
Koch curve, the Sierpinski triangle, the Sierpinski carpet and the Sierpinski cube.
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Table 1: Parameters correspondent to a power law approximation, for a Carpet Sierpinski
distribution charges.

N�. of iterations a b "

0 1.000 -1.000 0.0000
1 1.041 -1.055 0.0011
2 1.050 -1.073 0.0032
3 1.052 -1.076 0.0037

5 SIMULATION AND RESULTS

The fractals major characteristic is their irregularity all over of its length. This irregularity is
the reason of the non-integer dimensions of fractal sets, what unfortunately, it makes them very
di�cult to handle analytically since the usual calculus is inadequate to describe such structures
and processes. In our study it is argued that a new calculus may be developed which includes
intrinsically the fractal structure and the fractional order concepts. In this line of thought we
study the electrical potential, applying charges in the fractal elements and try to find relations
between fractional order systems and fractal geometries. For that, we have used the Cantor Set,
the Sierpinski Carpet and the Sierpinski Cube, to place charges and calculate the corresponding
electrical potential. We selected these three geometries, corresponding to di↵erent fractal di-
mensions, because we intended to study the influence of di↵erent distribution of charges in the
electrical potential. So, in order to study the slope behavior of electrical potential, we placed the
electrical charges in the fractal structure segments and calculated the resulting potential along
the x-axis.

The fractal geometries used have di↵erent dimensions namely, for Cantor Set is given by D =
log(2)/log(3) = 0.63, for the Carpet Sierpinski the value is D = log(8)/log(3) = 1.89 and for the
Cube Sierpinski we have log(20)/log(3) = 2.73. In this work we developed experiments for all
of these fractals, however due to the limited space in this abstract we only present the Carpet
Sierpinski.

5.1 Carpet Sierpinski

In this subsection, we analyze the Carpet Sierpinski, which corresponds to a 2D-dimensional
fractal. In this case, at iteration 0, we have one square with one unitary charge at the middle.
At iteration 1, we subdivide the square in to 9 equal squares, and ignore the square located in
the middle. The charges are located in the middle of the remain squares. In next iterations we
subdivide the valid squares in new other 9 squares, and repeat the procedure described before.
The number of squares is equal to nc = 8iter, and the value of the charges are Q/nc.

To illustrate this case, we consider also the third iteration with the Carpete Sierpinski centered
around the origin axis, with �0.5 < x < 0.5 [m] and �0.5 < y < 0.5 [m]. Fig. 1 a) depicts one
example of Carpet Sierpinski, namely for iteration 3, where the dots represent the charges. Fig.
1 b) shows the corresponding electrical potential. We verify that the potential has a slope= �1
for large distances of charges, and near them the slope presents some di↵erences. Table 1 shows
the corresponding parameter values obtained for a electrical potential power-law approximation,
i.e. , ' ⇠ ar�b, where ' represents the electrical potential, r is the distance to the measuring
point and b 2 <, as the number of iterations is increased. The value " is the sum of squared
errors between the actual potential and the approximation.
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Figure 1: Sierpinski Carpet (Iter = 3): a) with the charges (dots) in the middle of the valid
squares, and b) Electrical potential.

6 Conclusions and Future work

This paper addressed several aspects of FC applied to electromagnetic potential. We conclude
that the fractional calculus is another way to see the physical phenomena with a di↵erent concept
of traditional methodologies usually applied. We analyzed the evolution of electrical potential
system for di↵erent distribution of charges in a fractal field. For specific distribution of charges,
we applied the theoretical concept of fractal to a geometry with two dimensions, and we analyzed
the electrical potential and the fractal dimension of system. The study developed here could be
extended to other fractals and for di↵erent arrangements of charges.
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1 Introduction

The fractional derivatives with an exponential kernel (“exponential fractional derivatives” for
brevity) are introduced in [3], which mainly include the exponential Riemann-Liouville derivative
and exponential Caputo derivative. In general, the fractional di↵erential equation with expo-
nential fractional derivative has exponentially asymptotical solution. Such a kind of fractional
derivatives gradually attracts scholars’ attention. For example, the blow-up of the solution to a
semilinear time-space fractional di↵usion equation with the ↵-th (↵ 2 (0, 1)) order exponential
Caputo time fractional derivative and the s-th (s 2 (0, 1)) order fractional Laplacian in space [2]
is studied. On the other hand, some typical numerical discretisations of the exponential Ca-
puto derivative except L2 discretisation derived in [1]. In this paper, the integral transforms for
exponential derivatives and L2 discretisation for exponential Caputo derivative are displayed.

2 Results and discussion

Firstly, a function space is introduced below.

ACn
�e [a, b] =

�
f : [a, b] ! R : �n�1

e f(t) 2 AC[a, b], n 2 Z+
 
, (1)

where the operator �ne = (e�t d
dt)

n = �e(�n�1
e ) with �0e = I and AC[a, b] is a space of absolutely

continuous function on the interval [a, b]. Next, the definitions of several fractional integral and
derivatives are introduced as follows.
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Definition 1 For ↵ > 0 and f(t) 2 L1(a, b), the exponential Riemann-Liouville fractional
integral of f(t) is defined by

eD
�↵
a,t f(t) =

1

�(↵)

Z t

a

�
et � e⌧

�↵�1
f(⌧)e⌧d⌧, t > a. (2)

Definition 2 For n�1 < ↵ < n 2 Z+ and f(t) 2 ACn
�e
[a, b], the exponential Riemann-Liouville

fractional derivative of f(t) is defined by

eD
↵
a,tf(t) =

1

�(n� ↵)
�ne

Z t

a

�
et � e⌧

�n�↵�1
f(⌧)e⌧d⌧, t > a, (3)

where �ne g(t) for a given function g(t) is defined by

�ne g(t) =

✓
e�t d

dt

◆n

g(t) = �e
�
�n�1
e g(t)

�
, �0eg(t) = g(t).

Definition 3 For n� 1 < ↵ < n 2 Z+ and f(t) 2 ACn
�e
[a, b], the exponential Caputo fractional

derivative of f(t) is defined by

CeD
↵
a,tf(t) =

1

�(n� ↵)

Z t

a

�
et � e⌧

�n�↵�1
�ne f(⌧)e
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The exponential Riemann-Liouville fractional derivative (3) and the exponential Caputo frac-
tional derivative (4) have the relationship below [2]
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where n � 1 < ↵ < n 2 Z+ and �ke f(a) =
�
e�t d

dt

�n
f(t)

��
t=a

. It is clear that if �ke f(a) = 0 for
k = 0, 1, . . . , n� 1, then two exponential fractional derivatives are equivalent, i.e.,

CeD
↵
a,tf(t) = eD

↵
a,tf(t).

The traditional integral transforms such as Fourier transform, Laplace transform, and Mellin
transform are hard to applied to the above integral and derivatives [4, 5, 7]. So the extended
versions of the usual integral transforms have to be proposed. In this paper, the generalized
Fourier, Laplace, and Mellin transforms are introduced and then applied to the exponential
fractional integral and derivatives.

On the other hand, although there are many typical numerical methods for the exponential
fractional derivatives, for example, [1] for exponential Caputo fractional derivative, there are still
some missing. Here, we continue to use the most convenient way to approximate the exponential
Caputo fractional derivative with order ↵ 2 (1, 2), called L2 scheme. Here “L” means left (the
above definitions of integral and derivatives are actually for left integral and derivatives), 2
means ↵ 2 (1, 2). Such a naming rule comes from [6].
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3 Conclusions and Future work

This paper emphatically studies two aspects of exponential fractional derivatives. Firstly, the
generalized Fourier transform, Laplace transform, and Mellin transform of the exponential frac-
tional integral and derivatives are obtained. Secondly, the L2 numerical formula is constructed
to approximate the exponential Caputo fractional derivative with order ↵ 2 (1, 2). In the future,
we shall devote to solving the exponential fractional di↵erential systems using the results of this
paper.
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1 Introduction

Fractional calculus is a major topic of mathematical research nowadays, extending in many dif-
ferent directions both within mathematics (generalised operators, applications to special func-
tions, and so on) and for modelling in the applied sciences (systems with non-local behaviour,
viscoelastic processes, and so on).

Complex analysis is one of the classical branches of mathematical analysis, majorly developed
by Cauchy in the 19th century and now seen as a standard extension of real analysis, with many
further extensions and generalisations possible (Cli↵ord analysis, functions of several complex
variables, and so on) as well as applications in solving partial di↵erential equations which appear
in many fields of science.

How have these two fields been combined?

In fractional calculus, the order ↵ of di↵erentiation or integration can be not only an integer
but any real or complex number. Extension of ↵ into the complex plane is a standard part
of fractional calculus, but doing complex analysis with respect to ↵ is more uncommon.

Less frequently seen is fractional derivatives and integrals applied to a function of a complex
variable. The definition is a classical one [1, 22], but it is rarely used in the literature:
many authors prefer to assume all variables are real as it makes the work easier.
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But the study of complex analysis is far richer than just allowing variables to take values in
C. Properties such as Cauchy’s theorem, Liouville’s theorem, the residue theorem, and so
on, all ultimately stem from the Cauchy–Riemann equations, or equivalently the complex
d-bar derivative. These notions have, so far, no fractional versions.

We aim to resolve this hole in the field, by introducing what we believe is a natural definition of
fractional complex d-bar derivatives. We justify our definition by proving many of its properties,
including a semigroup property and a fractional Leibniz rule.

2 Results and discussion

In complex analysis, a function f(z) of a complex variable z = x+yi 2 C can also be considered
as a function f(x, y) of two independent real variables x, y 2 R. The partial derivatives with
respect to x and y give rise to “complex partial derivatives”, with respect to z and its complex
conjugate z̄:

@f

@z
=

1

2

✓
@f

@x
� i

@f

@y

◆
;

@f

@z̄
=

1

2

✓
@f

@x
+ i

@f

@y

◆
. (1)

The function f is complex di↵erentiable if and only if it is real di↵erentiable and satisfies the
Cauchy–Riemann equations, or equivalently if and only if the d-bar derivative @f

@z̄ exists and is

equal to zero. In this case, the “complex partial” derivative @f
@z is equal to the usual complex

derivative df
dz , and the function is holomorphic and analytic. The operators of (1) can also

be combined and raised to any natural-number power in order to obtain multiple and mixed
complex partial derivatives, known in general as Wirtinger derivatives.

What would be an appropriate fractional form of these complex partial derivatives?

Definition 1 The fractional complex partial derivatives of a smooth complex function f(z) =
f(x + yi) are defined by taking fractional powers (using the binomial theorem) of the operators
defined in (1). In each case (with respect to z and z̄), there are two possible definitions:
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Theorem 1 (Semigroup property) Let ↵,� 2 C. If either ↵ 2 N or Re(�) < 0, then:
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I.e. we have a semigroup property both for repeated derivatives of fractional operators and for
fractional operators of fractional integrals.
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Theorem 2 (Leibniz rule)
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Both of these theorems show exactly the same behaviour as in the usual (Riemann–Liouville)
model of fractional calculus, and thus our proposed definition appears to be a natural way to
define complex partial derivatives, displaying the properties that would be expected. We there-
fore have a starting point for a theory of fractional complex analysis, just as the original d-bar
derivative can be a starting point for the Cauchy–Riemann equations, complex di↵erentiability,
and all of complex analysis.

3 Conclusions and Future work

The existing combinations of fractional calculus and complex analysis may be called “complex
fractional calculus”: taking the usual fractional calculus and complexifying it. We are doing
“fractional complex analysis”: taking the usual complex analysis and fractionalising it. In this
way, we can obtain fractional versions of important complex-analytic properties that have never
been satisfactorily fractionalised before.

This project can proceed in many possible directions in the immediate future. We plan to
explore the concept of “fractional analyticity” (what happens if the fractional d-bar derivative
is zero), to propose corresponding fractional versions of complex integration (to investigate the
possibility of a fractional Cauchy’s theorem, fractional residue theorem, etc.), and to extend the
theory to more advanced settings such as Cli↵ord analysis.

The complex d-bar derivative has many applications: in solving partial di↵erential equations [2];
in inverting transforms which are used in medical imaging of the brain [3]; and so on. Similarly,
we expect to be able to apply the fractional complex derivatives in solving fractional PDEs and
fractional pseudoanalytic equations.
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1 From the beginning

Phase space was used originally to describe specific types of dynamical systems, but today it
has become synonymous with the idea of a large parameter set linked to the degrees of freedom
of the considered system, like it was in the cradle. With [3], we will begin our story in the midst
of XIX century. With no reference to dynamics, nor mention of phase space, Liouville in 1838
studied a system of n first-order di↵erential equations, with the complete set of solutions

dxi

dt
= P (t, x1, x2, · · · , xn), xi = xi(t, a1, a2, · · · , an), (1)

being ai arbitrary constants. In 1842, Jacobi recognized that this kind of di↵erential equations
could describe mechanical systems, particularly those implying, in Hamiltonian dynamics, the
position coordinates, xi, and the momentum coordinates, pi. But at this moment, there was no
concept of space beyond our physical three dimensions. The idea of a generalized space took
long time to access the minds, even of the most conspicuous mathematicians and scientists, the
time required to extend the concept of variable from algebraic entities to coordinate axes, a
way that culminates with Riemann in 1868 (see [3]). It was in Boltzmann’s 1871 papers about
the kinetic theory of gases, when he made the analogy between physical trajectories of particles
in a two-dimensional space and Lissajous figures, and in 1872 used for the first time the term
“phase”. Then, in 1879, Maxwell adopted the Boltzmann’s terminology to describe the “state”
of a system. The final step, the putting of “phase” into “space”, was given by Poincaré at the
end of the century: the developments included in Les méthodes nouvelles de la mécanique céleste

(1892-1899) established the foundations of the phase space and the state variables.
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2 The Contribution of Rudolf Kalman

For Control Theory, the final step was given by Rudolf Kalman. In [2], Kalman deals with
the mathematical descriptions on dynamical systems. Though the focus is in linear systems,
the study is relevant for our purposes. He considers two models of physical systems, the one
based on vector di↵erential equations, i.e., phase space and state variables, and that based on
transfer functions. Two di↵erent “languages” whose use was, at that time, “surrounded by
confusion”. In Kalman’s view, “the di�culty is due to insu�cient appreciation of the concept of
a dynamical system. Control theory is supposed to deal with physical systems, and not merely
with mathematical objects, such as a di↵erential equation or a transfer function. We must
therefore pay careful attention to relationship between physical system and their representation
via di↵erential equations, transfer functions, etc.” [2, p. 152], i.e., we must pay careful attention
to the relationship between reality and models, between the territory and the map. The Kalman’s
proposal can be read as follows:

1. To establish a precise, abstract definition of a (physical) dynamical system based on gen-
eralizations of the Newtonian causality.

2. To formulate the central problem, the problem of realization, as follows: given an (exper-
imentally observed) impulse response matrix, how can we identify the (linear) dynamical
system that generated it?

3. To give the conditions and procedures for obtaining the abstract description of the coupling
between external variables (inputs and outputs) and the internal variables (states), and
for being the system so described an irreducible realization of a given impulse matrix.

By translating Newton to modern terminology, we can say, with Kalman, that the numbers
that specify the instantaneous position and momentum of each particle represent the state of
the system, an abstract quantity figuring the “minimal amount of information about the past
history of the system which su�ces to predict the e↵ect of the past upon the future. Further,
we say that the forces acting on the particles are the inputs of the system. Any variable in the
system which can be directly observed is an output.” [2, p. 154]

For the purposes of this work, when we are considering dynamical systems, and chiefly for
control, we can summarize the main results as follows [1]:

1. There are internal variables called state variables whose values at a fixed time t = t0 form
the state.

2. There are external variables that can drive the system called inputs.

3. There are external variables that can be directly observed called outputs.

4. The state is the smallest collection of numbers that must be known at time t = t0 in order
to be able to predict the outputs of the system for any time t � t0, knowing the inputs.

5. A state space model is an abstract structure describing the coupling between the external
variables and the internal variables.

6. Given an experimentally observed impulse-response matrix, we can identify a linear dy-
namical system that generated it. This system is called a realization of the impulse-
response matrix.

7. Rigorously speaking, a state space model is an irreducible realization of the given impulse-
response matrix, a realization with minimal dimension.
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3 The cases for fractional derivatives

3.1 From physics

Suppose we perform an experiment obtaining the step response represented in Figure 1(L) in
blue. This could be the result of an experiment where we have observed some kind of anomalous
relaxation phenomena1. Then, it will be approximated by a sum of two exponential functions,
i.e.,

y1(t) = ae
bt + ce

dt (2)

resulting the curve in red color. This first fitting, the usual one, leads to an impulse–response
matrix composed by two exponential terms and, consequently, to a state–space description with
two state variables. But we can try an impulse-response matrix composed by terms of the form

t
↵�1E↵,↵(�bt

↵) (3)

where E↵,↵(�bt
↵) is the Mittag-Le✏er function. Then, the transfer-function matrix will be

composed by terms of the form

Z(s) =
1

s↵ + b
(4)

and following the procedure developed by Kalman, we can obtain the dynamical equations

d
↵
x

dt
= F (t)x(t) +G(t)u(t) (5)

y(t) = H(t)x(t) (6)

where d↵x
dt is the Riemann-Liouville fractional derivative2. Now we have only one, state or

pseudo-state?.

In green color, we can see the results. Because we have measured the impulse-response matrix
S(t, ⌧) by applying to each input, with the system at rest, a very narrow and sharp pulse, and
have observed the e↵ects on the outputs, equations (5)–(6) are a realization of S(t, ⌧). In fact,
we can build the system with the standard techniques of simulation. The question is: is there

any reason for considering the first model, the one based on exponentials, more ’realistic’, with

more ’physical meaning’.

3.2 From mathematics

The idea behind this argument is illustrated in Figure 1(R). Basically, the advantage of state
space based control methods is due to the use of more information about the system to be
controlled compared to input–output (transfer function) based methods. System augmentation,
or in general fractional derivatives, can be seen as having additional information available for
control. (Details for this section can be found in [5]). For such a redefined system we can design
a fractional order observer to estimate not only unmeasured original state variables but also
unknown fractional order derivatives of those state variables. This gives us the possibility of
using them for augmented state feedback control, and achieve another possibility to adjust the
desired system dynamics, dynamics that is not possible to achieve by using only integer order
systems (just like for the fractional PID regulators).

1Following Kalman’s procedure, we start from the system step response. It was obtained in MATLAB by
means of the command fotf and added a noise to be more realistic.

2It is worth to observe that we used in the above few lines the three big names mentioned at the beginning of
the paper when talking about the origins of the state space concepts: Liouville, Riemann and Mittag-Le✏er.
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Remark 1 It is important to bear in mind that: 1) the physical system remains at it was,

because the augmented system procedure only a↵ects to an artificial mathematical object, the

observer; and 2) in terms of vector spaces, we have increased the dimension of the complete

system, like in the traditional control strategy using observers (or integral control).
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Figure 1: (L) Step response of an anomalous relaxation dynamic system: fitting results. (R)
Block diagram of observer based on the augmented system.

4 Conclusions

Despite the many discussions about the meaning of fractional derivatives and their corresponding
initial conditions (see, e.g., [4]), notwithstanding the appeal to the physical meaning of state
variables, for control engineering purposes the state is a vector, the state space is a vector
space, and no physical meaning is required as a necessary condition for its use and definitions.
Furthermore, to consider as significant only the derivatives of integer order is to condemn many
systems, their modeling and their control, to a limited bed of Procrustes.
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1 Preliminaries

We consider the following multi-term fractional di↵erential equation

cDqx(t) + ↵cDq1x(t) + �cDq2x(t) + �cDq3x(t) + �x(t) = 0, (1)

where ↵,�, �, � are real numbers and q, q1, q2, q3 are the fractional orders of the Caputo deriva-
tives, with 0 < q1 < q2 < q3 < q  2.

The initial condition associated to equation (1) is either

i. xi = x(0) = x0 2 R, if q 2 (0, 1], or

ii. xi = (x(0), x0(0)) = (x0, x1) 2 R2 if q 2 (1, 2).

In what follows, '(t, xi) denotes the unique solution of (1) satisfying one of the initial considered
above. The existence and uniqueness of the solution of the initial value problem associated to
the equation (1) can be proved similarly to the case of fractional-order systems of di↵erential
equations [3]. Equation (1) represents a generalized version of the equation studied in [1], where
a three-term fractional-order di↵erential equation was considered.

Due to the presence of the memory e↵ect and hereditary properties, it is important to mention
that the asymptotic stability of the trivial solution of equation (1) is not of exponential type
[2, 4]. Instead, a non-exponential asymptotic stability concept is required in this case, called
Mittag-Le✏er stability [5]. Hereafter, in our work, we focus our attention on O(t�↵)-asymptotic
stability, which reflects the algebraic decay of the solution.
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Definition 1 The trivial solution of (1) is called stable if for any " > 0 there exists � = �(") > 0
such that for every x0 2 Rn satisfying kx0k < � we have k'(t,x0)k  " for any t � 0.

The trivial solution of (1) is called asymptotically stable if it is stable and t here exists ⇢ > 0
such that lim

t!1
'(t,x0) = 0 whenever kx0k < ⇢.

Let ↵ > 0. The trivial solution of (1) is called O(t�↵)-asymptotically stable if it is stable and
there exists ⇢ > 0 such that for any kx0k < ⇢ one has:

k'(t,x0)k = O(t�↵) as t ! 1.

The characteristic equation is obtained:

sq + ↵sq1 + �sq2 + �sq3 + � = 0. (2)

The main contribution of this work is the analysis of the distribution of roots of equation (2).
Therefore, we consider the complex valued function

�(s;↵,�, �, �, q1, q2, q3, q) = sq + ↵sq1 + �sq2 + �sq3 + �.

Theorem 1

i. Equation (1) is O(t�q0)-asymptotically stable if and only if all the roots of the characteristic
function �(s;↵,�, �, q1, q2, q3, q) are in the open left half-plane (<(s) < 0), where q0 =
min{{q1}, {q2}, {q3}, {q}}, with {q⇤} = q⇤ � bq⇤c, q⇤ 2 {q1, q2, q3, q}.

ii. If � 6= 0 and the characteristic function �(s;↵,�, �, �, q1, q2, q3, q) has at least one root in
the open right half-plane (<(s) > 0), equation (1) is unstable.

2 Fractional-order-dependent stability and instability results

In this section, we will assume that the fractional orders q1, q2, q3, q are arbitrarily fixed inside
the domain

D = {(q1, q2, q3, q) 2 R4 : 0 < q1 < q2 < q3 < q  2}.

Moreover, as � < 0 implies that the equation (1) is unstable, for any choice of the fractional
orders q1, q2, q (as it will be shown in section 3), we will further assume that � > 0.

Lemma 2 Let (q1, q2, q3, q) 2 D and � > 0 arbitrarily fixed. Consider the parametric surface in
the (↵,�, �)-space defined by

S (�, q1, q2, q3, q) :

8
>><

>>:

↵ = �1�
q1
q h (!, ⌘, q1, q2, q3, q)

� = �1�
q2
q h (!, ⌘, q2, q1, q3, q)

� = �1�
q3
q ⌘!� q3

q

, ! > 0, ⌘ 2 R

where h : (0,1)2 ⇥D ! (0,1) is given by:

h (!, ⌘, q1, q2, q3, q) = !� q1
q [⌘⇢(q3 � q2, q2 � q1) + !⇢(q � q2, q2 � q1)� ⇢(q2, q2 � q1)]

with the function ⇢ defined as

⇢(a, b) =
sin a⇡

2

sin b⇡
2

, 8 a 2 [0, 2], b 2 [�1, 0) [ (0, 1].

The surface S (�, q1, q2, q3, q) lies outside the first octant (↵ > 0,� > 0, � > 0) of the (↵,�, �)-
space.
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Remark 1 If q1 = q2 = q3 =: q⇤, S(�, q1, q2, q3, q) represents the plane

↵+ � + � = �

�1�
q⇤
q sin

q⇡

2
✓
sin

q⇤⇡

2

◆ q⇤
q
✓
sin

(q � q⇤)⇡

2

◆1� q⇤
q

.

Proposition 3 Let � > 0, (q1, q2, q3, q) 2 D arbitrarily fixed. Consider the surface S(�, q1, q2, q3, q)
defined in Lemma 2. The characteristic equation (2) has a pair of complex conjugated roots on
the imaginary axis of the complex plane if and only if (↵,�, �) 2 S(�, q1, q2, q3, q). The surface
S(�, q1, q2, q3, q) represents the boundary of the stability region of the equation (1), i.e. the set
of parameters (↵,�, �) such that the trivial solution of equation (1) is asymptotically stable.

3 Fractional-order-independent stability and instability results

Proposition 4 If � < 0 or ↵+�+�+ �+1  0, the trivial solution of equation (1) is unstable,
regardless of the fractional orders q1, q2, q3 and q.

The following Proposition provides a su�cient condition for the asymptotic stability of the
equation (1), regardless of the fractional orders (q1, q2, q3, q) 2 D. In what follows, only the case
� > 0 will be considered, as Proposition 4 states that if � < 0, the equation (1) is unstable,
regardless of the fractional orders (q1, q2, q3, q) 2 D.

Proposition 5 If ↵ > 0, � > 0, � > 0 and � > 0, the trivial solution of equation (1) is
asymptotically stable, for any fractional orders q1, q2, q3 and q.
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1 Introduction

The original, integer order, Ambartsumian equation was introduced in the theory of surface
brightness in milky way [1]. It assumes the form:

x0(t) + x(t) =
1

q
x(

t

q
) (1)

under a suitable initial condition x0 = x(0). The parameter q is a real greater than 1. This
equation was solved using di↵erent methodologies. In [2] a Taylor series was obtained. Alterna-
tively, Bakodah and Ebaid [3], using the the “Laplace-Transform and Decomposition Method,”
got a solution in terms of a series with exponential terms. Alharbi and Ebaid obtained a similar
solution [4].
The fractional Ambartsumian equation was studied first by Kumar et al. [5] using the Caputo
derivative. The solution they found was essentially a fractional Taylor series, generalising the
formulation in [2]. Two di↵erent papers obtained similar results generalising Bakodah and Ebaid
result with the exponentials were subtituted by Mittag-Le✏er functions.
Here, we will obtain a simpler formulation, also using Mittag-Le✏er functions, but with a faster
converging series. We use a simple implementation of the Mittag-Le↵er function using the
bilinear discrete-time equivalent [6].

2 Problem formulation and its solution

The fractional Ambartsumian equation we propose to solve assumes the general form

D↵x(t) + x(t) =
1

q
x(

t

q
) t � 0, q � 1, (2)
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under a suitable initial condition x0 = x(0). The derivative order ↵ can assume any real value
in the interval (0, 2). We use the forward Grünwald-Letnikov [8, 7]

D↵x(t) = lim
h!0+

1P
n=0

(�↵)n
n! x(t� nh)

h↵
, (3)

Alternatively, we can use the Liouville derivatives, regularized or not [8]. The initial-condition
is treated as in [9]. In terms of the bilateral Laplace transform (LT), the equation (2) becomes

s↵X(s)� x0s
↵�1 +X(s) = X(qs) Re(s) > 0, (4)

where X(s) = Lx(t) and the scale property of the LT was used. It gives

X(s) = x0
s↵�1

s↵ + 1
+

1

s↵ + 1
X(qs) Re(s) > 0, (5)

with X(s) = Lx(t). Similarly to the procedure in [4, 3], we set

X(s) =
1X

n=0

Cn
s↵�1

s↵ + q�n↵
, (6)

where Cn are real paramters to be computed. With this formulation, the solution of (2) will
assume the form

x(t) =
1X

n=0

CnE↵
�
�q�n↵t↵

�
, t > 0, (7)

where E↵(.) is the Mittag-Le✏er function. We insert (6) into (4) to get

(s↵ + 1)
1X

n=0

Cn
s↵�1

s↵ + q�n↵
= x0s

↵�1 + q�1
1X

n=1

Cn�1
s↵�1

s↵ + q�n↵

On the other hand,

s↵ + 1

s↵ + q�n↵
=

s↵ + q�n↵ � q�n↵ + 1

s↵ + q�n↵
= 1 +

1� q�n↵

s↵ + q�n↵

that leads to

s↵�1
1X

n=0

Cn +
1X

n=1

Cn
�
1� q�n↵

� s↵�1

s↵ + q�n↵
= x0s

↵�1 + q�1
1X

n=1

Cn�1
s↵�1

s↵ + q�n↵

from where, we obtain

Cn =
1

q (1� q�n↵)
Cn�1, n = 1, 2, · · · (8)

where x0 =
P1

n=0Cn. Starting with C0 = we obtain a sequence that has to be normalized so that
its sum is equal to x0. Let S =

P1
n=0Cn. Define a normalizing factor F = x0

S . The normalized
coe�cients are given by Cn · F .

3 Numerical aspects

As it can be verified, above a given nth, the sequence becomes negligible, implying that the series
solutions (7), or (6) have a finite number of meaningful terms, so that they can be truncated,
disregarding the terms for n > nth. From a numerical point of view, this means that they
become comparable to the relative spacing between any two adjacent numbers in the machine’s
floating point system, “eps” in Octave/Matlab. We set nth = �log(eps)/log(q)/alfa. Therefore,
the series in (6) and (8) become finite summations. We have two di↵erent approaches not
numerically equivalent to compute such summations:

156



1. Use of (8) together with a suitable algorithm for the computation of the needed Mittag-
Le✏er function [10]. This algorithm has a very severe drawback: the computational
burden. For example, taking q = 1.2 it takes around 17 minutes to compute x(t).

2. Work in frequency domain, using (6), followed by a transform inversion. To do it, we
proceed according to the following steps

(a) Use the s ! z bilinear transformation [6] to pass from a continuous-time to a sampled
(discrete) function. T is the sampling interval. With some work, we obtain the
function

Xd(z) =
T

2

1 + z�1

1� z�1

nthX

n=0

Cn
1

1 + q�n↵
⇣
T
2
1+z�1

1�z�1

⌘↵
+
, (9)

Consider, for now, only the summation part, X̄d(z)

(b) Set z = ei!, �⇡ < !  ⇡ to obtain discrete-time Fourier transform X̄d(ei!) of x̄(nT )
[7] and sample it in a uniform grid, making !k = 2⇡

N k, k = 0, 1, · · · , N � 1, where N
is enough high in agreement with T and the interval where we want to compute the
function. In our simulations, we used T = 0.01 and N = 212.

(c) Use the fast Fourier transform to compute the inverse of X̄d(ei!k), x̄(nT ).

(d) To get x(nT ), we use the following di↵erence equation

x(nT ) = x ((n� 1)T ) +
T

2
(x̄ (nT ) + x̄ ((n� 1)T ))

We must remark that this procedure, based on the inversion of a transform leads to
x(0)
2 at the origin.

This procedure is very fast (⇡ 2s) and the result is not visibly di↵erent from the direct
approach based on the direct computation of the Mittag-Le✏er function. In Figure 1 we
illustrate the solution for 3 values of ↵ and 2 of q.

Figure 1: Numerical computation of x(t).
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4 Conclusions and Future work

We presented a simple solution for the Ambartsumian equation. We used a decomposition in
terms of Mittag-Le✏er functions. For the numarical computation we used the bilinear tarnsfor-
mation and the fast Fourier transform. This procedure will be used in other similar problems.
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1 Introduction

As we know, di↵erential equations play an important role to form a major part of applied
mathematics. There exist several di↵erent ways to solve di↵erential equations: sometimes an
exact solution can be found explicitly, or for di�cult cases a solution may be approximated
numerically.

If the order of a di↵erential equation is a non-integer real or complex number, then we get a so-
called fractional di↵erential equation. In the last two decades, fractional di↵erential equations
received increased interest both in pure and applied mathematics. There are many di↵erent
methods for solving equations; some of them can easily extend to solve fractional di↵erential
equations with little modification, but some of them only work for special cases, e.g. rational-
order operators.

In this paper we focus on Mikusiński’s operational calculus. It is an algebraic interpretation of
the operators of di↵erentiation and integration, which gives rise to a method for solving fractional
di↵erential equations. This method is formally similar to the Laplace transform method, but
easier to make mathematically rigorous, and applicable to more di↵erent types of functions.
Since the 1990s, it has been applied to fractional calculus, including the basic Riemann-Liouville
and Caputo fractional calculi as well as other types such as Hilfer fractional calculus, and recently
fractional calculus with respect to functions and Prabhakar fractional calculus.

As we know, there are many di↵erent ways to define fractional integrals and derivatives, and
in this paper we focus on the Prabhakar fractional calculus of Caputo type. It is important to
address Caputo-type fractional di↵erential equations, and this can be done by using Mikusiński’s
operational calculus. First of all we choose an appropriate function space setting, and make it
a ring under addition and convolution. Secondly, extend the ring to its field of fractions, an
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algebraic abstraction whose elements are not necessarily functions. Interpret integral operators
as ring elements via convolution and derivative operators as field elements via inversion. Now
many di↵erential equations become algebraic equations. Solutions found algebraically in the
ring, then written as functions.

2 Results and discussion

Definition 1 For any ⌘ 2 R, the vector space C⌘ is defined to be the set of all functions f(x),
x > 0, expressible as f(x) = xpf1(x) for some real number p > ⌘ and function f1 2 C[0,1).
Note that such functions f are not necessarily defined at x = 0 (if p is negative). Note also that,

if ⌘ � �1, then C⌘ ✓ L1[0, X] for any finite X > 0.

Definition 2 For any ⌘ 2 R and m 2 N[{0}, the vector space Cm
⌘ is defined to be the set of all

functions f(x), x > 0, such that f is m times di↵erentiable and f (m) 2 C⌘. Note that C0
⌘ ⌘ C⌘.

The Prabhakar fractional integral operator P
0I

↵,�,�,�
x may be represented in the ring C�1 by

multiplication with the element P�,� = x��1E�
↵,�(�x

↵). Let S�,� denote the algebraic inverse of
P�,� in the field M�1.

Theorem 1 Let ↵,� 2 R+
and �, � 2 R and m = b�c+1 2 N. For any f 2 Cm

⌘ (where ⌘ � �1),
its Prabhakar fractional derivatives of Riemann–Liouville and Caputo type are connected by the

following relation:

PC
0D

↵,�,�,�
x f(x) = PR

0D
↵,�,�,�
x f(x)�

m�1X

k=0

xk��E�
↵,k��(�(x)

↵)f (k)(0). (1)

Theorem 2 Let ↵,� 2 R+
and �, � 2 R and m = b�c + 1 2 N. The Prabhakar fractional

derivative operator
PC

0D
↵,�,�,�
x may be represented in the field M�1 in the form

PC
0D

↵,�,�,�
x f = S�,� · f � S�,� · Ff, f 2 Cm

�1, (2)

where the element Ff is given by initial values of f as

Ff =
m�1X

k=0

f (k)(0+) · x
k

k!
.
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1 Introduction

We investigate some generalizations of the Mittag-Le✏er (ML) Lévy processes obtained via

subordination or via Lévy measure extension through the special Prabhakar function (which

is a Mittag-Le✏er with the additional parameters � and �). We prove that this so-called

Prabhakar process,for � = 1, can be represented as an ↵-stable process subordinated by an

independent generalized gamma subordinator; thus it can be considered as an extension of the

geometric stable process, to which it reduces for � = 1. For other special cases of parameters,

the Prabhakar process can be considered as an interpolation among various well-known and

widely applied stochastic models. This work is based on papers [1, 2].

2 Results and discussion

Our main resulsts are related to construction of new classes of ML processes. We prove results

related to subordination representation of such processes, their main properties like character-

istic function, density of Lévy measure, characteristic function or fractional Fokker-Planck type

equations describing their probability density functions. We illustrate our results with some

numerical simulations.
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1 Introduction

The relaxation and oscillation processes are of great relevance in physics. From a mathematical
point of view, they are modelled by linear di↵erential equations of first and second orders in
time. In [2] the fractional relaxation and oscillation equations with Caputo derivatives were
studied separately. The simultaneous consideration of time-fractional derivatives or first and
second orders leads to the so-called fractional relaxation-oscillation phenomena, that we study
in this paper.

2 Preliminaries

In this section, we recall some basic definitions about  -Hilfer fractional derivatives, special
functions, and the  -Laplace transform, that are necessary for this work.

Definition 1 (cf. [4, Def. 4]) Let (a, b) be a finite or infinite interval on the real line R and
↵ > 0. Also let  be a monotone increasing and positive function on (a, b), having a continuous
derivative  0 in (a, b). The left Riemann-Liouville fractional integral of a function f with respect
to another function  on [a, b] is given by

⇣
I↵, 
a+ f

⌘
(t) =

1

� (↵)

Z
t

a

 0 (w) ( (t)�  (w))↵�1 f (w) dw, t > a. (1)

Next, we give the definition of the so-called  -Hilfer fractional derivative of a function f with
respect to another function.

Definition 2 (cf. [4, Def. 7]) Let ↵ > 0 and m = [↵] + 1, where [↵] denotes the integer part
of ↵. Let also I = [a, b] be a finite or infinite interval on the real line and f, 2 Cm [a, b] two
functions such that  is a positive monotone increasing function and  0 (t) 6= 0, for all t 2 I.

The left  -Hilfer fractional derivative HD↵,µ; 
a+

of order ↵ and type µ 2 [0, 1] is defined by

⇣
HD↵,µ; 

a+ f
⌘
(t) = Iµ(m�↵), 

a+

✓
1

 0 (t)

d

dt

◆m

I(1�µ)(m�↵), 
a+ f (t) . (2)
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We observe that when µ = 0 we recover the left Riemann-Liouville fractional derivative of a
function with respect to  (see [4, Def. 5]) and when µ = 1 we obtain the left Caputo fractional
derivative of a function with respect to  (see [4, Def. 6]). In Section 5 of [4] is presented a
list of several fractional integrals and fractional derivatives that can be obtained from (1) and
(2), respectively, for di↵erent choices of µ and  . The solution of the  -fractional relaxation-
oscillation equation is presented in terms of the bivariate Mittag-Le✏er function which has the
following double series representation:

E(a1,a2),b (z1, z2) =
+1X

l1=0

+1X

l2=0

(l1 + l2)!

l1! l2!

zl11 zl22
� (b+ a1l1 + a2l2)

. (3)

When z1 = �c1ta1 , z2 = �c2ta2 , with a1, a2, c1, c2, b, t > 0, we have the following asymptotic
expansions near the origin and at the infinity:

E(a1,a2),b (�c1 t
a1 ,�c2 t

a2) ⇠ 1

� (b)
� c1 ta1

� (b+ a1)
� c2 ta2

� (b+ a2)
, t ! 0+, (4)

E(a1,a2),b (�c1 t
a1 ,�c2 t

a2) ⇠ t�a1

c1 � (b� a1)
, b 6= a1, t ! +1. (5)

The  -Laplace transform of a real valued function f (t) with respect to  is defined by (see [3,
Def. 13])

L {f (t)} (s) = ef (s) =

Z +1

0
e�s (t)  0 (t) f (t) dt, Re (s) 2 C,

where  is a non negative monotone increasing function in R+
0 and such that  (0) = 0. The  -

Laplace transform may be written as the following composition operator involving the classical
Laplace transform: L = L � Q �1 where

�
Q �1f

�
(t) = f

�
 �1 (t)

�
(cf. [3, Thm. 4]). As a

consequence of the previous relation, if f is a function whose classical Laplace transform is ef ,
the  -Laplace transform of f ( (t)) is also ef (s) (see [3, Cor. 2]), that is,

L{f (t)} (s) = ef (s) ) L {f ( (t))} (s) = ef (s) .

We observe that the definition of the  -Laplace can be adapted fon any interval [a,+1[✓ R+
0

with  satisfying  (a) = 0. This is important in our work in order to the  -Hilfer derivative
encompasses the largest number of fractional derivatives. When the  -Laplace transform is
applied to the  -Hilfer derivative we obtain (see [3, Thm. 6])

L 
n

HD↵,µ; 
a+ f (t)

o
(s) = s↵ ef (s)�

m�1X

j=0

sm�µ(m�↵)�1�j

⇣
I(1�µ)(m�↵)�j; 
t,a+ f

⌘ �
a+

�
, (6)

where m = [↵] + 1 and the initial-value terms
⇣
I(1�µ)(m�↵)�j, 

a+
f
⌘
(a+) are evaluated in the

limit t ! a+. The  -Laplace convolution operator of two functions is defined by (see [3, Def.
15])

(f ⇤ g) (t) =

Z
t

0
f
�
 �1 ( (t)�  (w))

�
 0 (w) g (w) dw, t 2 R+, (7)

and the correspondent Convolution Theorem is (see [3, Thm. 8])

L {(f ⇤ g) (t)} (s) = L {f} (s) L {g} (s) . (8)

Moreover, from relation (17.6) in [1] we have that

L 

(
 (t)↵��

+1X

p=0

⇣
�a (t)↵��

⌘p

Ep+1
↵,↵+(↵+�)p��+1 (�b (t)↵)

)
(s) =

s��1

s↵ + as� + b
, (9)

where Re (↵) ,Re (�) ,Re (�) 2 R+,
��� as�

s↵+�

���< 1, and provided that the series in (9) is convergent.
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3  -Hilfer fractional relaxation-oscillation equation

In this section, we solve the  -Hilfer fractional forced damped oscillator modelled by the following
fractional di↵erential equation

c2
HD↵2,µ2; 

a+ u (t) + c1
HD↵1,µ1; 

a+ u (t) + d2 u (t) = q (t) , (10)

and subject to the following initial conditions

⇣
I(1�µ1)(1�↵1); 
t,a+ u

⌘ �
a+

�
= 1,

⇣
I(1�µ2)(2�↵2); 
t,a+ u

⌘ �
a+

�
= 2,

d

dt

h⇣
I(1�µ2)(2�↵2); 
t,a+ u

⌘i �
a+

�
= 3,

(11)

which are evaluated in the limit t ! a+. Moreover, c2, c1, d,1,2,3 2 R, c2 6= 0, t 2 I, with
I = [a, b] being a finite or infinite interval on R+, the partial time-fractional derivatives of orders
↵1 2 ]0, 1] and ↵2 2]1, 2], and types µ1, µ2 2 [0, 1], respectively, are the  -Hilfer derivatives
given by (2), q belongs to L1 (I) (when q (t) = 0 the solution of equation (10) corresponds to an
unforced damped oscillator). We look for solutions u of our problem in the space C2 (a, b).

When  (t) = t, with t 2 R+, µ1 = µ2 = 1, and c2 = 0 or c1 = 0 in equation (10), we
obtain, respectively, the time-fractional relaxation/oscillation equations with Caputo fractional
derivatives. These two equations were studied separately in [2]. Moreover, equation (10) is a
particular case of the time-fractional telegraph equation with  -Hilfer derivatives studied in [5].

Now, we solve our relaxation-oscillation problem. Applying the  -Laplace transform to (10) and
taking into account (11), we get

�
c2 s

↵2 + c1 s
↵1 + d2

�
eu (s)� c1 1 s

�µ1(1�↵1) � c2 2 s
1�µ2(2�↵2) � c2 3 s

�µ2(2�↵2) = eq (s) . (12)

Solving the above equation in order to eu , we obtain:

eu (s) =
c1 1
c2

s�µ1(1�↵1) + 2 s1�µ2(2�↵2) + 3 s�µ2(2�↵2)

s↵2 + c1
c2

s↵1 + d2

c2

+
1

c2
eq (s)

1

s↵2 + c1
c2

s↵1 + d2

c2

. (13)

Inverting the  -Laplace transform and taking into account (9), we have

u (t) =
c1 1
c2

 (t)↵2�1+µ1(1�↵1)
+1X

p=0

✓
�c1
c2
 (t)↵2�↵1

◆p

Ep+1
↵2,↵2+(↵2�↵1)p+µ1(1�↵1)

✓
�d2

c2
 (t)↵2

◆

+ 2  (t)↵2�2+µ2(2�↵2)
+1X

p=0

✓
�c1
c2
 (t)↵2�↵1

◆p

Ep+1
↵2,↵2+(↵2�↵1)p�1+µ2(2�↵2)

✓
�d2

c2
 (t)↵2

◆

+ 3  (t)↵2�1+µ2(2�↵2)
+1X

p=0

✓
�c1
c2
 (t)↵2�↵1

◆p

Ep+1
↵2,↵2+(↵2�↵1)p+µ2(2�↵2)

✓
�d2

c2
 (t)↵2

◆

+
1

c2
q ( (t)) ⇤ 

+1X

p=0

✓
�c1
c2
 (t)↵2�↵1

◆p

 (t)↵2�1 Ep+1
↵2,↵2+(↵2�↵1)p

✓
�d2

c2
 (t)↵2

◆
, (14)

where the  -convolution is given by (7). From the definition of the bivariate Mittag-Le✏er
function (see (3)) we can rewrite (14) as

u (t) =
c1 1
c2

 (t)↵2�1+µ1(1�↵1) E(↵2,↵2�↵1),↵2+µ1(1�↵1)

✓
�d2

c2
 (t)↵2 ,�c1

c2
 (t)↵2�↵1

◆

+ 2  (t)↵2�2+µ2(2�↵2) E(↵2,↵2�↵1),↵2�1+µ2(2�↵2)

✓
�d2

c2
 (t)↵2 ,�c1

c2
 (t)↵2�↵1

◆
(15)

3
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+ 3  (t)↵2�1+µ2(2�↵2) E(↵2,↵2�↵1),↵2+µ2(2�↵2)

✓
�d2

c2
 (t)↵2 ,�c1

c2
 (t)↵2�↵1

◆

+
1

c2
q ( (t)) ⇤ 


 (t)↵2�1 E(↵2,↵2�↵1),↵2

✓
�d2

c2
 (t)↵2 ,�c1

c2
 (t)↵2�↵1

◆�
. (16)

Therefore, the solution involves series of three-parameter Mittag-Le✏er functions of one variable
or just bivariate Mittag-Le✏er functions.

For the unforced case, the solution can be written as uh (t) = u1 (t) + u2 (t) + u3 (t) , where
u1, u2, u3 corresponds to the first three terms in (16). These constitute a set of fundamental
solutions of the homogeneous equation. Let us study the behaviour of uh when t ! a+ and
t ! +1. From (4) we have the following asymptotic behaviour near the starting point t = a

uh (t) ⇠
2

� (↵2 + µ2 (2� ↵2)� 1)
 (t)↵2+µ2(2�↵2)�2 , t ! a+.

Moreover, from (5) we have the following asymptotic behaviour for large values of t

uh (t) ⇠
1

� (↵1 + µ1 (1� ↵1))
 (t)µ1(1�↵1)�1 , t ! +1,

whenever µ2 (2� ↵2)� µ1 (1� ↵1) < 0, for µ1, µ2 2 [0, 1], ↵1 2]0, 1], and ↵2 2]1, 2].

4 Conclusions

In this work, we solved the  -Hilfer fractional relaxation-oscillation equation and we showed
that the solution can be expressed in terms of bivariate Mittag-Le✏er functions. We studied the
asymptotic behaviour of the solution of the associated homogeneous equation. This is important
to understand and classify the relaxation-oscillation phenomena. Our results generalise those
presented in Section 3 of [2].
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1 Introduction

The classical regular Sturm-Liouville (S-L) problem is associated with the real second-order
linear ordinary di↵erential equation of the form:

d

dx

✓
p(x)

dy

dx

◆
+ q(x) y(x) = �w(x) y(x),

where p(x), w(x) > 0, and p(x), p0(x), q(x), w(x) are continuous functions on (a, b). The function
w(x), sometimes denoted by r(x), is called the weight or density function. The unknown function
y(x) is continuous and di↵erentiable on (a, b). In addition, y(x) is required to satisfy some
boundary conditions of the form c1y(a) + c2y0(a) = 0 and d1y(b) + d2y0(b) = 0, with c21 + c22 6= 0
and d21 + d22 6= 0. Finding the values of �, known as eigenvalues, for which there exists a non-
trivial solution y(x), called eigenfunction associated to �, constitutes the classical S-L problem.
Fractional versions of this problem were already considered in the literature (see e.g. [3, 4] and
references therein). Motivated by the unification given by the  -fractional calculus we study a
regular  -fractional S-L problem.

2 Preliminaries

In this section, we introduce the concepts related to the  -fractional calculus necessary to this
work (for more details see [5] and references therein).
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2 M. Ferreira, M. Manuela Rodrigues, and N. Vieira

Definition 1 (cf. [5]) Let (a, b) be a finite or infinite interval on the real line R and ↵ > 0. Also
let  be a monotone increasing and positive function on (a, b), having a continuous derivative
 0 in (a, b). The left- and right-sided Riemnann-Liouville (RL) fractional integrals of a function
f with respect to another function  on (a, b) are given respectively by

I↵; a+ f (x) =
1

� (↵)

Z x

a
 0 (t) ( (x)�  (t))↵�1 f (t) dt, x > a, (1)

I↵; b� f (x) =
1

� (↵)

Z b

x
 0 (t) ( (t)�  (x))↵�1 f (t) dt, x < b. (2)

Assuming further that f, 2 Cn (a, b) , where n = [↵] + 1, and  0 (x) 6= 0, for all x 2 (a, b) ,
the corresponding inverse operators, i.e., the left- and right-sided  -RL fractional derivatives of
order ↵ > 0, are defined respectively by

D↵; 
a+ f(x) =

✓
1

 0 (x)

d

dx

◆n

In�↵; a+ f (x) and D↵; 
b� f(x) =

✓
� 1

 0 (x)

d

dx

◆n

In�↵; b� f (x) . (3)

Moreover, the left- and right-sided  -Caputo fractional derivatives of order ↵ > 0, are defined
respectively by

CD↵; 
a+ f(x) = In�↵; a+

✓
1

 0 (x)

d

dx

◆n

f (x) and CD↵; 
b� f(x) = In�↵; b�

✓
� 1

 0 (x)

d

dx

◆n

f (x) .

(4)

Using the concepts of  -RL and  -Caputo fractional derivatives we can encompass in one def-
inition several fractional derivatives known in the literature In [5], the authors listed several
fractional derivatives that can be obtained for specific choices of the function  such as Caputo,
RL, Hadamard, Katugampola, Chen, Jumarie, Prabhakar, Erdélyi-Kober, Weyl, among others.

Proposition 1 Let ↵,� > 0 and f 2 C([a, b]). Then the following relations hold

I↵; a+ I�; a+ = I↵+�; a+ , I↵; b� I�; b� = I↵+�; b� ,

D↵; 
a+ I↵; a+ f(x) = f(x), D↵; 

b� I↵; b� f(x) = f(x),
CD↵; 

a+ I↵; a+ f(x) = f(x), CD↵; 
b� I↵; b� f(x) = f(x).

Moreover, for f 2 Cn([a, b]), n = [↵] + 1, and putting f [k]
 (x) =

⇣
1

 0(x)
d
dx

⌘k
f(x), we have

CD↵; 
a+ f(x) = D↵; 

a+

"
f(x)�

n�1X

k=0

f [k]
 (a)

k!
( (x)�  (a))k

#
,

I↵; a+
CD↵; 

a+ f(x) = f(x)�
n�1X

k=0

f [k]
 (a)

k!
( (x)�  (a))k .

Proposition 2 For ↵ 2 (0, 1), the fractional di↵erential operators (3) and (4) satisfy the fol-
lowing  -fractional integration by parts:

Z b

a
f(x)D↵; 

a+ g(x) 0(x) dx =

Z b

a

CD↵; 
b� f(x)g(x) 0(x) dx+ f(x)I1�↵; a+ g(x)

���
x=b

x=a
, (5)

Z b

a
f(x)D↵; 

b� g(x) 0(x) dx =

Z b

a

CD↵; 
a+ f(x)g(x) 0(x) dx� f(x)I1�↵; b� g(x)

���
x=b

x=a
. (6)

For more properties of these  -fractional operators see [5] and references therein.
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Regular  -fractional Sturm-Liouville problem 3

3 Regular  -fractional Sturm-Liouville problem

We consider the following  -fractional S-L equation

�D↵; 
b�

⇣
p (x) CD↵; 

a+ f (x)
⌘
+ q(x)f(x) = �w(x) f (x) (7)

subject to the following boundary conditions

c1 f (a) + c2 I
1�↵; 
b�

⇣
p(x) CD↵; 

a+ f(x)
⌘ ���

x=a
= 0, c21 + c22 6= 0, (8)

d1 f (b) + d2 I
1�↵; 
b�

⇣
p(x) CD↵; 

a+ f(x)
⌘ ���

x=b
= 0, d21 + d22 6= 0, (9)

where ↵ 2 (0, 1), x 2 [a, b], p(x), w(x) > 0, for all x 2 [a, b], and p, q, w are real-valued continuous
functions in [a, b]. Our problem consists in finding the values of � such that the boundary-value
problem (7)-(9) has a non-trivial solution. We denote by L↵; the  -fractional S-L operator
associated to problem (7) given by

L↵; := �D↵; 
b�

⇣
p(x) CD↵; 

a+

⌘
+ q(x).

As suggested by the  -fractional integration by parts of Proposition 2 we will work in the
weighted space L1([a, b], 0(x)dx). Using (6) and the boundary conditions (8)-(9) one can prove
the following theorem.

Theorem 3 The eigenvalues of our  -fractional problem (7)-(9) are real. Moreover, the eigen-
functions corresponding to distinct eigenvalues are orthogonal with respect to the sensity function
w(x) on [a, b], that is

Z b

a
f�1(x)f�2(x)w(x) 

0(x) dx, �1 6= �2.

Our  -fractional S-L equation with boundary conditions can be written in integral form as the
next proposition shows.

Proposition 4 Let ↵ > 1/2 and f� be an eigenfunction associated to the eigenvalue �. On the
space C([a, b]), the  �fractional S-L problem is equivalent to the integral equation

f�(x) = �I↵; a+

⇣ 1

p (x)
I↵; b� F� (f)

⌘
+A (x)

Z b

a
F� (f) dx+B (x)

✓
I↵; a+

⇣ 1

p (x)
I↵; b� F� (f)

⌘◆ �����
x=b
(10)

where the coe�cients A (x) and B (x) are given by

A (x) =
c2
�

 
d2 + d1

⇣
Y � I↵; a+

⇣( (b)�  (x))↵�1

p (x) � (↵)

⌘⌘!
,

B (x) =
d1
�

 
c1 I

↵; 
a+

⇣( (b)�  (x))↵�1

p (x) � (↵)

⌘
� c2

!
,

with � = c1(d1Y + d2) � c2d1 6= 0, Y = I↵; a+

⇣
( (b)� (x))↵�1

p(x)�(↵)

⌘ ���
x=b

, and F�(f) = q(x)f�(x) �
�w(x)f�(x).
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4 M. Ferreira, M. Manuela Rodrigues, and N. Vieira

Sketch of the proof: Using composition rules we can write the equation (7) as follows:

D↵; 
b�

⇣
p(x) CD↵; 

a+

⌘h
f�(x) + I↵; a+

⇣ 1

p(x)
I↵; b� F�(f)

⌘i
= 0. (11)

On the space C([a, b]) a general solution of (11) is given by

f�(x) + I↵; a+

⇣ 1

p(x)
I↵; b� F�(f)

⌘
= ⇠1 + ⇠2 I

↵; 
a+

⇣( (b)�  (x))↵�1

p(x)�(↵)

⌘
, ⇠1, ⇠2 2 R. (12)

From [3, Eq. (34)] the fractional integral that is multiplied by ⇠2 gives a continuous function on
[a, b] only for 1/2 < ↵ < 1. From (12) and using composition rules we obtain:

I1�↵; b�

⇣
p(x) CD↵; 

a+ f�(x)
⌘
= ⇠2 � I1; b� F�(f). (13)

Finally, from (13) and (12) and using the boundary conditions (8)-(9) we can relate the coe�-
cients ⇠1, ⇠2 with the values cj , dj , j = 1, 2 in the boundary conditions to obtain (10).

Our final theorem gives the conditions under which the eigenfunctions exist and are unique. The
proof follows similar arguments as the proof of [3, Thm. 9].

Theorem 5 Let ↵ > 1/2 and assume that � 6= 0. Then our  -fractional problem has unique
continuous eigenfunctions f� if the fixed point condition holds

kq(x) + �!(x)k <
mp

k'(x)k+ kB(x)k'(b) +mpkA(x)k( (b)�  (a))
,

where '(x) = I↵; a+

⇣
( (b)� (x))↵�1

p(x)�(↵)

⌘
and mp = minx2[a,b] |p(x)|.

4 Conclusion

In this work we showed how to use the  -fractional calculus to study a  -fractional S-L problem.
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1 Introduction

A generalization of both Riemann-Liouville and Caputo fractional derivatives was introduced
by Hilfer in [3]. In fact, this derivative interpolates between Riemann-Liouville and Caputo
derivatives. Several properties and applications of Hilfer fractional derivative may be found in
[4]. The modification of Hilfer fractional derivative resulted in the concept of Hilfer-Hadamard
fractional derivative. Similarly, the Hilfer-Hadamard fractional derivative covers the cases of
Riemann-Liouville-Hadamard and Caputo-Hadamard fractional derivatives.

We consider the following problem

D↵,�

HH
x(t) 2 F (t, x(t), V (x)(t)) a.e. (I = [1, T ]) (1)

with boundary conditions of the form

x(1) = 0, x(T ) =
mX

j=1

⌘jx(⇠j) +
nX

i=1

⇣iI
'i
H
x(✓i) +

rX

k=1

�kD
!k
H
x(µk), (2)

where D↵,�

HH
is the Hilfer-Hadamard fractional derivative of order ↵ 2 (1, 2] and type � 2 [0, 1],

⇠j , ✓i, µk 2 (1, T ), ⌘i, ⇣j ,�k 2 R, j = 1,m, i = 1, n, k = 1, r, I'
H

is the Hadamard fractional
integral of order ' > 0, D!

H
is the Hadamard fractional derivative of order ! > 0, F : [1, T ] ⇥

R⇥R ! P(R) is a set-valued map and V : C([1, T ],R) ! C([1, T ],R) is a nonlinear Volterra
integral operator defined by V (x)(t) =

R
t

0 k(t, s, x(s))ds with k(., ., .) : [1, T ] ⇥ R ⇥ R ! R a
given function.

Our study is motivated by a recent paper [1]. Namely, in [1] three existence results for problem
(1)-(2) may be found in the case when F does not depends on the last variable. All the results
in [1] are proved by using several suitable theorems from fixed point theory.
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Our goal is to obtain the existence of solutions for problem (1)-(2) in the case when the set-
valued map F has nonconvex values but it is assumed to be Lipschitz in the second and third
variable. Our result use Filippov’s techniques ([2]); namely, the existence of solutions is obtained
by starting from a given ”quasi” solution. In addition, the result provides an estimate between
the ”quasi” solution and the solution obtained.

The Hadamard fractional integral of order q > 0 of a Lebesgue integrable function f : [1,1) ! R

is defined by

Iq
H
f(t) =

1

�(q)

Z
t

1

✓
ln

t

s

◆
q�1 f(s)

s
ds

provided the integral exists and �(.) is the (Euler’s) Gamma function defined by �(q) =R1
0 tq�1e�tdt.

The Hadamard fractional derivative of order q > 0 of a function f : [1,1) ! R is defined by

Dq

H
f(t) = t

dn

dtn
(In�q

H
f)(t),

provided the integral exists and n = [q] + 1, [q] is the integer part of q.

The Hilfer-Hadamard fractional derivative of order ↵ 2 (n � 1, n), n � 2 and type � 2 [0, 1] of
a function f 2 L1(I,R) is defined by

D↵,�

HH
f(t) = (I�(n�↵)

H
D�

H
f)(t), � = ↵+ n� � ↵�.

When � = 0 the Hilfer-Hadamard fractional derivative gives Hadamard fractional derivative
and when � = 1 the Hilfer-Hadamard fractional derivative gives Caputo-Hadamard fractional
derivative.

2 Results and discussion

Hypothesis 1. i) F (., .) : I⇥R⇥R ! P(R) has nonempty closed values and is L(I)⌦B(R⇥R)
measurable.

ii) There exists L(.) 2 L1(I, (0,1)) such that, for almost all t 2 I, F (t, ., .) is L(t)-Lipschitz

iii) k(., ., .) : I ⇥R⇥R ! R is a function such that 8x 2 R, (t, s) ! k(t, s, x) is measurable.

iv) |k(t, s, x)� k(t, s, y)|  L(t)|x� y| a.e. (t, s) 2 I ⇥ I, 8x, y 2 R.

We use next the following notations M(t) := L(t)(1 +
R
t

1 L(u)du), t 2 I, K0 =
R
T

1 M(t)dt,

M = (lnT )↵�1

�(↵) +
P

m

j=1
(lnT )��1(ln ⇠j)↵�1

|⇤|�(↵) +
P

n

i=1
(lnT )��1|⇣i|(ln ✓i)↵+'i�1

|⇤|�(↵+'i)

+
P

r

k=1
(lnT )��1|�k|(lnµk)

↵�!k�1

|⇤|�(↵�!k)
+ (lnT )↵+��2

|⇤|�(↵) .

Theorem 2. Let ↵ 2 (1, 2], � 2 [0, 1] and 0 < !k  ↵ � 1, k = 1, r. Assume that Hy-

pothesis 1 is satisfied and MK0 < 1. Let y(.) 2 C(I,R) be such that y(1) = 0, y(T ) =P
m

j=1 ⌘jy(⇠j) +
P

n

i=1 ⇣iI
'i
H
y(✓i) +

P
r

k=1 �kD
!k
H
y(µk) and there exists p(.) 2 L1(I,R+) with

d(D↵,�

HH
y(t), F (t, y(t), V (y)(t)))  p(t) a.e. (I).

Then there exists x(.) : I ! R a solution of problem (1)-(2) satisfying for all t 2 I

|x(t)� y(t)|  M

1�MK0
||p(.)||1.
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Corollary 3. Let ↵ 2 (1, 2], � 2 [0, 1] and 0 < !k  ↵ � 1, k = 1, r. Assume that Hypothesis

1 is satisfied, d(0, F (t, 0, 0)  L(t) a.e. (I) and MK0 < 1. Then there exists x(.) a solution of

problem (1)-(2) satisfying for all t 2 I |x(t)|  M

1�MK0
||L(.)||1.

Hypothesis 4. i) F (., .) : I ⇥ R ! P(R) has nonempty closed values and is L(I) ⌦ B(R)
measurable.

ii) There exists L(.) 2 L1(I, (0,1)) such that, for almost all t 2 I, F (t, .) is L(t)-Lipschitz

Denote L0 =
R
T

1 L(t)dt.

Corollary 5. Let ↵ 2 (1, 2], � 2 [0, 1] and 0 < !k  ↵ � 1, k = 1, r. Assume that Hypothesis

4 is satisfied, d(0, F (t, 0)  L(t) a.e. (I) and ML0 < 1. Then there exists x(.) a solution of the

fractional di↵erential inclusion

D↵,�

HH
x(t) 2 F (t, x(t)) a.e. (I),

with boundary conditions (2) satisfying for all t 2 I

|x(t)|  ML0

1�ML0
. (3)

Remark 6. A similar result to the one in Corollary 5 may be found in [1]; namely, Theorem
7. The proof of Theorem 7 in [1] is done by using the set-valued contraction principle. Our
approach improves the hypothesis concerning the set-valued map in [1]. More exactly, we do
not require for the values of F to be compact as in [1] and we do not require that the Lipschitz
constant of F to be a mapping from C(I,R) as in [1]. Moreover, Theorem 7 in [1] does not
contains a priori bounds for solutions as in (3).

3 Conclusions and Future work

Our result improve an existence theorem in [1] in the case when the right-hand side is Lipschitz
in the second variable. Moreover, our result may be viewed as a generalization to the case when
the right-hand side contains a nonlinear Volterra integral operator. Even if the method we use
here is known in the theory of di↵erential inclusions it is largely ignored by the authors that
are dealing with such problems in favor of fixed point approaches, most probably, because it is
much easier to handle the applications of classical fixed point theorems.

It is worth mentioning that our results may be a basic tool in the study of optimal control
problems defined by such kinds of fractional di↵erential inclusions.
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1 Introduction

The importance of fractional calculus as a powerful method in the mathematical modeling of
several problems in other areas of knowledge is now well-known. In fact, fractional calculus
has been strongly applied in engineering and other scientific areas such as biology, chemistry,
economics, physics, image and signal processing, etc. (cf., e.g., [5, 2, 4, 9]). In this framework,
various properties of consequent fractional boundary value problems (FBVP) have been and
continue to be studied. This includes the analysis of existence and uniqueness of solutions, as
well as their di↵erent possible notions of stability (cf., e.g., [8, 6, 7, 10, 1]).

Having in mind [3], we present here a study for the Ulam-Hyers and the Ulam-Hyers-Rassias
stabilities for a class of boundary value problems involving Caputo fractional derivative CD↵

a of
order ↵ 2 (2, 3), and the usual derivative, defined in the following way:

(CD↵
ax)(t) + p(t)x0(t) + q(t)x(t) = g(t), a < t < b, 2 < ↵ < 3, (1)

with x(a) = x0(a) = x(b) = 0, where p, q and g 2 C2([a, b]).

For each ↵ 2 R+, we recall that the Riemann-Liouville fractional integral of order ↵ of a function
u may be defined by

I↵a u(t) =
1

�(↵)

Z t

a
(t� s)↵�1u(s)ds
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(provided the right-hand side is pointwise defined on (a,1)), where � is the well-known Euler
Gamma function. In a certain counterpoint, we may define the Caputo fractional derivative of
order ↵ > 0 of a continuous function u as

CD↵
au(t) =

1

�(n� ↵)

Z t

a

u(n)(s)

(t� s)↵�n+1
ds,

where n 2 N is such that n � 1 < ↵ < n (and being clear that for the case of ↵ 2 N, we have
the classical situation of CD↵

au(t) =
�
d
dt

�↵
u(t)).

Our main mathematical spaces framework will be developed in Cn([a, b]), the space of n-times
continuously di↵erentiable functions x on [a, b], with the norm

kxkCn=
nX

k=0

sup
t2[a,b]

|x(k)(t)|.

It is well-known that (Cn([a, b]), k · kCn) is a Banach space. Anyway, one of our main techniques
in the deductions of our results will be done on generalized complete metric spaces and using
there the consequent Banach contraction principle – which we recall as follows:

Theorem 1 (Banach contraction principle) Let (X, d) be a generalized complete metric space,

and T : X ! X be a strictly contractive operator, i.e., d(Tx, Ty)  Ld(x, y), 8x, y 2 X, for
some constant 0  L < 1. Then the mapping T has a unique fixed point x⇤ = Tx⇤ and

d(x, x⇤)  1

1� L
d(x, Tx), x 2 X.

2 Results and Discussion

It turns out that it is possible to characterize the form of the solutions of our FBVP, and this
is done in the following way:

Proposition 2 The function x 2 C2([a, b]) is a solution of the boundary value problem (1) if

and only if x satisfies the integral equation

x(t) =
(t� a)2

(b� a)2�(↵)

Z b

a
(b� s)↵�1

�
p(s)x0(s) + q(s)x(s)� g(s)

�
ds

� 1

�(↵)

Z t

a
(t� s)↵�1

�
p(s)x0(s) + q(s)x(s)� g(s)

�
ds.

For the sake of simplicity and shortening of the formulas, we will fix the following notations:

µ := max
t2[a,b]

{|p(t)|, |q(t)|},

⌘ := 2
(b� a)↵

�(↵+ 1)
+

(b� a)↵�1

�(↵)
+

(b� a)↵�2

�(↵� 1)
+ 2

(b� a)↵�1

�(↵+ 1)
+ 2

(b� a)↵�2

�(↵+ 1)
.

Taking into consideration the operator T : C2([a, b]) ! C2([a, b]) defined by

(Tx)(t) :=
(t� a)2

(b� a)2�(↵)

Z b

a
(b� s)↵�1

�
p(s)x0(s) + q(s)x(s)� g(s)

�
ds

� 1

�(↵)

Z t

a
(t� s)↵�1

�
p(s)x0(s) + q(s)x(s)� g(s)

�
ds,

and using the Banach contraction principle, we are able to conclude that T has a unique fixed
point and that T is strictly contractive, when ⌘ µ < 1, which allows the basis to deduce the
following conclusion.
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Theorem 3 If ⌘ µ < 1, then the FBVP (1) has a unique solution in x 2 C2([a, b]).

We shall now recall the notions of Ulam-Hyers and Ulam-Hyers-Rassias stabilities when consid-
ering our FBVP.

Definition 1 The FBVP (1) is Ulam-Hyers stable if there exists a real constant k > 0 such

that, for each ✏ > 0 and for each solution y 2 C2([a, b]) of the inequality problem

⇢ ��(CD↵
a y)(t) + p(t)y0(t) + q(t)y(t)� g(t)

��  ✏, t 2 [a, b]
y0(a) = y(a) = y(b) = 0,

there exists a solution x 2 C2([a, b]) of the problem (1) such that ky � xkC2  k✏.

Definition 2 The FBVP (1) is Ulam-Hyers-Rassias stable with respect to ' : [a, b] ! R+
if

there exists a real constant k' > 0 such that, for each ✏ > 0 and for each solution y 2 C2([a, b])
of the inequality problem

⇢ ��(CD↵
a y)(t) + p(t)y0(t) + q(t)y(t)� g(t)

��  ✏'(t), t 2 [a, b]
y0(a) = y(a) = y(b) = 0,

there exists a solution x 2 C2([a, b]) of the problem (1) with ky � xkC2  k'✏'(t), t 2 [a, b].

Finally, as the main result of this presentation, we state su�cient conditions under which –
having in mind Definition 1 and Definition 2 – we are able to conclude that the FBVP (1) is
Ulam-Hyers stable and Ulam-Hyers-Rassias stable.

Theorem 4 Suppose that ⌘ µ < 1, let x(t) be the solution of the FBVP (1) and y(t) be such

that y(a) = y0(a) = y(b) = 0 and, in addition:

(i) if
��(CD↵

a y)(t) + p(t)y0(t) + q(t)y(t)� g(t)
��  ✏, t 2 [a, b], where ✏ > 0, then there exists a

constant k > 0 such that

ky � xkC2  k✏, t 2 [a, b];

(ii) if
��(CD↵

a y)(t) + p(t)y0(t) + q(t)y(t)� g(t)
��  ✏'(t), t 2 [a, b], where ✏ > 0 and the function

' : [a, b] ! R+
satisfies the properties

(I⌧a')(t)  '(t) and '(t) � '(b), t 2 [a, b], ⌧ = ↵,↵� 1,↵� 2, ↵ 2 (2, 3),

then there exists a constant k' > 0 such that

ky(t)� x(t)kC2  k'✏'(t), t 2 [a, b].

3 Conclusions and Future Work

We analysed the Caputo fractional boundary value problem (1), which englobes the usual (inte-
ger) derivative and a Caputo fractional derivative of order greater than two. Having started by
rewriting this fractional boundary value problem as an equivalent integral equation (cf. Propo-
sition 2), we used this to define an appropriate operator to which was applied the Banach
contraction principle.

That was the stating point to deduce su�cient conditions to ensure the uniqueness of the
solution, and also to deduce su�cient conditions that guarantee the Ulam-Hyers and the Ulam-
Hyers-Rassias stabilities of the FBVP (cf. Theorem 4).

If a system is Ulam-Hyers or Ulam-Hyers-Rassias stable, then significant properties are valid
around the exact solution, which constitutes an important tool in many applications of diverse
areas. In the future, we intend to explore some of those properties, mainly from a mathematical
point of view, but also to envision implementations of applications to cases of interest in other
sciences.
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Universitat Politècnica de València.
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Abstract: In this contribution a complete probabilitsic analisys for the random fractional
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1 Introduction

The Hermite di↵erential equation appears in quantum dynamics to describe atomic iterations
[REF]. Nevertheless, there are complex non-linear and non-local dynamics that the classical Her-
mite di↵erential equation is unable to properly describe. Fractional operators play an important
role in modeling of complex dynamics. Despite the physical meaning of fractional operators is
still under discussion, recent studies confirm their usefulness.

On the other hand, it is also important to underline that real-world phenomena are often subject
to randomness. To obtain an appropriate description of this kind of problems, uncertainties must
be considered in the model formulation.

The goal of this contribution is to present a complete probabilistic analysis of the random
fractional Hermite di↵erential equation,

8
><

>:

(CD2↵
0 Y )(t)� 2t↵(CD↵

0 Y ) + �Y (t) = 0,

Y (0) = Y0,

Y
0(0) = Y1,

(1)
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where the model parameters �, Y0 and Y1 are random variables and (CD↵
0 Y )(t) denotes the

fractional Caputo derivative in mean square (m.s.) sense [1] of order ↵ 2]0, 1]. The operator
(CD2↵

0 Y )(t) is defined by [2]

(CD2↵
0 Y )(t) := C

D
↵
0

�
C
D

↵
0 Y (t)

�
.

To perform a complete study of this random fractional initial value problem (RFIVP), we will
fist construct a m.s. convergent solution using the random fractional Fröbenius method, [3, Ch.
4]. Then, we will obtain approximations for the mean and the standard deviation of the solution.
Afterwards, we will go a step further computing the first probability density function (1-PDF)
of the solution taking advantage of the Random Variable Transformation (RVT) technique [3,
Ch. 2].

2 Computing the solution stochastic process, their mean, stan-

dard deviation and the first probability density functions

This section is devoted to apply the random fractional Fröbenius method to compute the solution
stochastic process of the RFIVP (1). Then, taking advantage of this expression, we will approx-
imate the two first statistical moments (mean and standard deviation). Finally, the 1-PDF of
the solution is obtained using RVT technique.

The fractional Fröbenius method allows us to obtain a solution in terms of a generalized power
series,

Y (t) =
1X

m=0

Ymt
↵m

. (2)

Then, substituting this expression in the IVP (1), after some cumbersome computations we can
obtain the coe�cients Ym, hence obtaining the solution

Y (t) =Y0

 
1 +

1X

m=1

"
t
2m↵

�(2↵m+ 1)

 
m�1X

i=0

�
i+1(�1)i+1

Gm�1,i

!#!

+ Y1

 
t
↵ +

1X

m=1

"
�(↵+ 1)t(2m+1)↵

�((2m+ 1)↵+ 1)

 
mX

i=0

�
i(�1)iĜm,i

!#!
, (3)

where

Gm,i =

8
>>>><

>>>>:

X

j1<j2<...<jm�i

2
�(2j1↵+ 1)

�((2j1 � 1)↵+ 1)
· 2 �(2j2↵+ 1)

�((2j2 � 1)↵+ 1)
· · · . . . 2 �(2jm�i↵+ 1)

�((2jm�i � 1)↵+ 1)
, if i < m,

1, if m = i,

0, otherwise,

(4)

and

Ĝm,i =

8
>>>><

>>>>:

X

j1<j2<...<jm�i

2
�((2j1 � 1)↵+ 1)
�((2j1 � 2)↵+ 1)

· 2�((2j2 � 1)↵+ 1)
�((2j2 � 2)↵+ 1)

. . . 2
�((2jm�i � 1)↵+ 1)
�((2jm�i � 2)↵+ 1)

, if i < m,

1, if m = i,

0, otherwise.

(5)

As it can be observed, the solution is given by a generalized random power series and it is
required to establish its convergence in m.s. sense. With this end, we will assume the following
hypotheses

H1: The data Y0, Y1 and � are independent random variables
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H2: The data � is bounded random variable, i.e. exist b1 and b2 finite such that b1 <

�(!) < b2 for each ! 2 ⌦.

Now we compute reliable approximations for the mean and the standard deviation of the solution.
At this point it must emphasized that the mean square convergence of the random series (3)-(5)
guarantees the convergence of the approximations of the mean and the standard deviation by
truncating at a specific order, say M > 0 integer, the series solution, [3, Th. 4.3.1]. This leads
to the following approximations for the mean and for the second order moment

E[YM (t)] =E[Y0]
 
1 +

MX

m=1

"
t
2m↵

�(2↵m+ 1)

 
m�1X

i=0

E[�i+1](�1)i+1
Gm�1,i

!#!

+ E[Y1]
 
t
↵ +

MX

m=1

"
�(↵+ 1)t(2m+1)↵

�((2m+ 1)↵+ 1)

 
mX

i=0

E[�i](�1)iĜm,i

!#!
(6)

and

E[Y 2
M (t)] =E[Y 2

0 ]

 
1 + 2

MX

m=1

"
t
2↵m

�(2↵m+ 1)

 
m�1X

i=0

E[�i+1](�1)i+1
Gm�1,i

!#

+

0

@
MX

m=1

MX
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respectively.

Taking into account (6) and, (7) and �[YM (t)] =
p

E[YM (t)2]� E[YM (t)]2, we can compute the
standard deviation.

So far, approximations for the two first statistical moments have been obtained. Nevertheless,
sometimes higher one-dimensional moments are also required. The 1-PDF of the solution allows
us to compute these higher moments by integration. The 1-PDF will be approximated by
applying the Random Variable Transformation technique [3, Ch. 2] to the truncated solution of
order M . After some involved computations, we have obtained
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Assuming that the PDF of random variable Y0, fY0 , is Lipschitz, it can be rigorously proved
that (8) converges to the 1-PDF of the solution stochatic process, Y (t), as M ! 1.
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Abstract: Fractional Calculus has been proved to be of huge applicability in the recent
years. In this sense, fractional integral and di↵erential equations have been used to model
issues of very diverse nature. Nevertheless, it also happens that fractional operators can
arise easily in phenomena which are governed by a usual PDE, with no fractional orders
imposed a priori. We will follow the ideas in [1], and [2] to present a general framework
where this fractional dependence can be found, leaving two open questions.
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1 Introduction

Fractional Calculus (FC) is known to have a wide spectrum of possible applications in many
diverse scientific areas, as it can be seen in the rest of this book of abstracts. Nevertheless, from
the point of view of the author, among all possible applications of FC one of these models is
extremely special: the Bagley-Torvik equation, described in [1].

In a few words, the equation describes the movement of an ideal fluid that is induced by the
motion of a plate over its surface. Thus, the partial di↵erential equation (PDE) describes the
movement of the liquid in horizontal layers, since the velocity field only depends on the time and
depth. Besides, it is well-known that the shear stress at any point and time can be computed
as the product of two magnitudes: the viscosity, that it is assumed to be constant, and the
derivative of the velocity with respect to the depth. However, under certain assumptions, and
using the properties of the Laplace transform (LT) in FC (that can be checked at [3]) it is possible
to conclude that the shear stress can be also computed as a multiple of the time derivative of
the velocity with order 1

2 .

This application for FC is of considerable interest, since it shows a time-fractional dependence
for a physical magnitude without imposing any fractional derivative in the original equation a
priori. This means that it is not necessary to consider a PDE with fractional orders to deduce
that some magnitudes depend on fractional derivatives. In other words, fractional operators
may arise naturally in phenomena governed by PDE that only involve standard derivatives in
their formulation.

A few decades later, the author, together with professors Tenreiro and Lopes, extended the
previous idea for another PDE in [2]: the Euler-Lagrange beam equation. In order to do so, we
had to impose homogeneous initial conditions and make certain assumptions about the boundary
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values and the Young modulus. We were able to obtain a similar result to the one in [1], but for
the shear force of the beam. However, the restrictions that were assumed in order to provide a
rigorous mathematical deduction made our conclusion a bit restrictive and of a limited practical
applicability.

2 Results and discussion

The fluid and beam examples suggest that the previous argument can be done under a more
general situation. We will sketch how to prove the aforementioned “fractional dependence” for
any PDE of the form

cn
@nf

@tn
(t, x) =

@mf

@xm
(t, x), (1)

under suitable conditions, where n and m are di↵erent natural numbers, and c > 0. Besides,
without loss of generality we can assume that n < m and c = 1. From now on, t will denote
a variable defined on [0,1) (usually time), and x will be a variable defined on some compact
interval (usually some spatial magnitude). As we have mentioned, and recalling that c = 1, the
goal is to show the relation

@kf

@tk
(t, x) = constant · @

km
n f

@xk
m
n
(t, x). (2)

In order to apply the procedure, we shall assume that our problem has homogeneous initial
values, namely

f(0, x) =
@f

@t
(0, x) = · · · = @n�1f

@tn�1
(0, x) = 0. (3)

The idea for arriving to (2) reads as follows.

1. First, thanks to (3), we observe that it is possible to apply the LT to the previous equation
(1). We get

sn F (s, x) =
@mF

@xm
(t, x), (4)

after replacing t for the new variable s, and changing f by the transformed function F .

2. Second, we remark that the solutions for (4) conform a module M of dimension m with
respect to the ring of bounded functions in [0,1), whose elements can be described as

F (s, x) =
m�1X

j=0

Fj(s, x) =
m�1X

j=0

Cj(s) e
mpsn exp( 2⇡i

m j)x, (5)

where the Cj(s) are free, but would be determined after imposing boundary conditions at
(1). Besides, in this transformed domain, it is straightforward to check that the basis of
the solutions described in (5) fulfil

@kFj

@xk
(s, x) = m

p
s
n·k

exp

✓
2⇡i

m
j k

◆
Fj(s, x). (6)

3. Finally, we invert the LT. We highlight that, in order to do so, we need an exponential
decay property for F (s, x) when s ! +1. In this sense, we prove Theorem 1, that ensures
the existence of a subbasis of M where we have the desired vanishing property. Taking
this into account, we get (2) from the inversion formula of the LT applied to (6).
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Theorem 1 The m-dimensional module M described in (5) admits a subbasis of functions that
decay exponentially when s ! +1. This subbasis is formed for Rm elements, where Rn is
defined as

Rm =
m� 2

2
, if m ⌘ 0 mod 4, Rm =

m� 1

2
, if m ⌘ 1 mod 4,

Rm =
m

2
, if m ⌘ 2 mod 4, Rm =

m+ 1

2
, if m ⌘ 3 mod 4.

Indeed, using a more compact notation, the formula for the dimension yields

Rn =
3 + (�1)j+1

2
+ 2

�
m� 2

4

⌫
8m 2 N. (7)

3 Conclusions and Future work

The main conclusion of this work is the proof that, for some solutions of a certain type of PDE
(1), it is possible to show a fractional relation between the derivatives of the solution with respect
to its two di↵erent variables. With respect to lines of future work, we can highlight two main
directions.

On the one hand, the arguments that we have shown permit to deduce “fractional depen-
dences” in integer order PDE via LT. However, it is a natural question if this fractional
relation can be observed directly, without masking the proof with integral transforms. In-
deed, this is not just about “unmasking” the deduction by avoiding LT, but about finding
another path for our argument that imposes less restrictions on the problem. More specif-
ically, the deduction via integral transforms implies the necessity of adding some artificial
hypotheses. As we have already seen, these hypotheses involve the vanishing of some co-
e�cients in the transformed domain, in order to ensure the validity of the inverse LT. In
principle, these additional assumptions could not be necessary to show the aforementioned
fractional relation, provided that we use a di↵erent tool for their proof.

On the other hand, under the government of a PDE of integer order from a certain family,
we have provided a general remark that shows a fractional dependence between the deriva-
tives of its solution with respect to di↵erent variables. Nevertheless, in order to ensure
the practical interest and real applicability of this result, it is quite relevant to provide
examples of equations of the form (1) that appear in nature, physics, engineering... In
case we do so, we will be able to provide several examples of situations where fractional
di↵erential equations appear naturally, as a consequence of a phenomenon which is gov-
erned by a well-established PDE, as it is the case with the derivation of the Bagley-Torvik
equation.
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Abstract: This work concerns the fractional derivative of the Lerch zeta function. The
author already dealt with its functional equation. He reduced its computational cost and
proved an approximate functional equation for this fractional derivative. Here, we study the
statistical properties of this fractional derivative. Moreover, we also investigate its properties
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Abstract: This paper addresses a fractional calculus application to clustering problems.
The results indicate that the fractional generalization of the logarithm as a normalization
technique improves the general performance of the clustering algorithm for di↵erent dis-
tances. Future studies should be further validate the behavior of the normalization tool
assessed in this work for large and di↵erent datasets.
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1 Introduction

Clustering is a well-established technique for supervised and non-supervised classification prob-
lems [Alauddin and Mohammad, 2006, Sinaga, 2020]. It relays on the analysis of distance’s
relations in between features in a n-dimensional space. Its main advantages correspond to a
relative simplicity in the algorithm implementation, versatility for several types of problems and
convergence [Madhulatha, 2012].

Normalization is a common stage in the preparation of the data to ensure that all features are
bounded by same scale [Patel, 2011]. Otherwise, some features dominate due to the range of its
magnitude, thus introducing bias in the analysis. This is a relevant aspect in clustering prob-
lems, where some distances (e.g., Euclidean) are sensitive to larger di↵erences within the data
magnitudes. Normalization is usually performed through the z-score [Mohamad, 2013], which
yields zero mean and unitary standard deviation. The min-max normalization considers the min-
imum and maximum of each feature to scale them into a range within 0 and 1 [Virmani, 2013].
Finally, for sets containing only positive data, the use of a logarithmic normalization is also
another feasible approach [Uragun, 2011].

A generalization of the logarithmic normalization can be adopted as follows. The first order
derivative and integral of the logarithm is 1/x and [log(x)�1]x, respectively. Since the integral,
in terms of derivatives, corresponds to an operator of order�1, a generalization of the logarithmic
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function can be formulated by considering the fractional order derivatives of log(x) between �1
and 1. According to the theory of fractional calculus, the ↵ order derivative of the logarithm
has the following expression [Machado, 2014]:

d↵

dx↵
log(x) =

x�↵

�(1� ↵)
[log(x) +  (1)�  (1� ↵)] , (1)

where, ↵ 2 [�1, 1], �(·) and  (·) are the gamma and digamma functions, respectively. It is
noteworthy that for ↵ = 0 the logarithmic function is recovered.

Bearing this ideas in mind, this work discusses the implementation of the fractional order deriva-
tive as a normalization approach of datasets for clustering problems.

2 Results and discussion

The Fisher dataset [Fisher, 2021] has been used for the analysis. The numerical experiment
consists of 52 trials that combines 4 normalization types, i.e., z-score, logarithmic, min-max and
fractional generalization of logarithm, with 13 distance metrics, namely, Euclidean, Manhattan,
Tchebychev, Cosine, Lorentzian, Sorensen, Canberra, Clark, Divergence, Jaccard, Dice, Weier-
strass and Meehl [Pandit, 2011]. The distances are used for feeding a k-means algorithm. The
data is divided by a relation of 80/20, where 80% of the data is used for training the clustering
algorithm and the remaining 20% for testing. Figure 1 shows performance metrics using the
testing data grouped by the type of normalization. Figure 2 illustrates the performance metrics
for each distance and normalization type.

Figure 1: Normalization leading to the best performance for each type of distance.

The results indicate that the Fractional Derivative as normalization tool yield the best perfor-
mance metrics in most of the cases (9 of 13 distances). Furthermore, the mean value for the
4 metrics is 91%, which supports the robustness of this normalization regardless the distance
selected. The minimum value achieved corresponds to 75% in sensitivity corresponding to the
Sorensen distance.

A study of how normalization a↵ects the structure of the clusters is carried out using Multi
Dimensional Scaling (MDS) [Cox, 2001] to reduce the dimensionality of the Fisher’s Dataset from
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Figure 2: Performance metrics for each type of distance and normalization.

Figure 3: Clustering structure for Z-score and Logarithmic Normalization - Divergence Distance.

4 to 2 dimensions. Figures 3 and 4 depicts the data mapped into a 2 dimensional space for the
Divergence distance. These results evince that the type of normalization a↵ects significantly the
data is distributed in the high dimensional space. This has a relevant incidence in the clustering
algorithm as the basis for grouping data is the distance relation between objects. In the case of
the fractional derivative, the data is generally scattered in three clearly distinguishable clusters,
thus reducing the overlapping compared to the other 3 normalization techniques. Furthermore,
the transition area between clusters are less dense, which reduce the probability of incorrect
assignments.

3 Conclusions and Future work

The use of the Fractional Derivative as normalization method shows good results for the 13
distances considered. Whereas performance in the other normalizations varies according to the
selected distance, high values for sensitivity, specificity, precision and accuracy were obtained
with the Fractional Derivative for all cases. Future studies should be conducted to further val-
idate the e↵ect of the fractional generalization of the logarithm in the pre-processing stage of
clustering tasks.
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Figure 4: Clustering structure for Min/Max and Fractional D. Normalization - Divergence Distance.
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Abstract: Can the concept of "arrow of time" make sense in standard physical framework? It will be presumed 
that, for an arguing only backed on ZFC axioms and set theory, and except in a very particular case (2-metric 
and "thermal time" in quantum mechanics) the answer is undecidable. The use of category theory, in particular 
of the concept of Grothendieck’s topos and monad, allows an access to a new stand point about this issue. As 
illustration, and using the links with the Riemann zeta function, this note analyses the breakthrough offered, in 
temporal matter, by the open fractional dynamics (in fractal fold structure 1<d<2). The analysis highlights the 
link between a “proper time” based on zeta function and the concept of entanglement and entropy.  Taking priority 
over Noetherian energy in the physics of open systems, thus dual (internal-external/direct-anti), entropy appears 
related to a coarse graining bundled by arithmetic properties expressed through zeta Riemann function. 
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1 Introduction 

 
The concept of "arrow of time" is a concept open to many speculations. Since 
consciousness is a macroscopic characteristic, would it be possible to prove its existence 
using standard and non-quantum physical problems? If such an arrow exists, it is very 
probably related to the concept of entropy, to date the only oriented function in physics. 
Its foundation is combinatorial, which too much naturally links its expression to 
probabilities and therefore to a theory of additive and normalized measures (opposed to 
non-additive and none able to be normalized). In the spirit of the Maxwellian paradoxes 
about global irreversibility emerging from a local reversibility through a change of scales, 
and although quantum dynamics appeals an absolute reversible Newtonian time, Connes 
and Rovelli were able to design an arrow of so-called Thermal Time [1]. Its existence is 
based on the fact that quantum mechanics involves so-called von Neumann algebras 
(algebra attached to the laws governing the transitions between quantum states). In this 
algebraic framework, automorphisms only depend on a single parameter (Tomita 
Takesaki theorem).  This parameter is such that if we consider the conjunction of two 
idempotent operators applied over a basis of canonical states of representation (cycles) a 
non-commutativity arises. It is only attached to the single control parameter. A link can 
then be established with the KMS principle (Kubo, Martin and Schwinger) which, in 
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physics, leads the same type of non-commutativity for Hamiltonian systems subject to 
thermal uncertainty [2 see many references inside]. The conservation of the identity of 
the structures is then expressed as a time shift, namely an “arrow of time” (for A. Connes 
linked to the temperature of the fossil radiation). Since, the non-trivial zeros of the zeta 
function are related to the transitions matrices between stable states [3] and the path 
integrals of Quantum Mechanics reveal that the underlying synthetic metric is of 
dimension d=2 (Peano metric: r,t), the authors decided to focus the analysis on the links 
between the functional properties of the zeta function and of Extensity Transfers on 
Fractal Interfaces of lower dimension d<2, for open irreversible systems. The canonical 
dynamics are then controlled by fractional differential equations and give rise to universal 
transfer functions involving power laws and a paradoxical delegitimization of the notion 
of energy (due to a revocation of Noether principles). The most emblematic of these 
universal transfer functions is the Cole and Cole whose singular dispersions properties 
and causality are linked to « =1/d » [4].    

 
2 Results and discussion 

 
Among the most interesting results obtained, we note firstly the fact that Cole and Cole  
transfer function Z(), as pure hyperbolic geodesic in frequency space, is a stacking 
basis giving birth to the Riemann zeta function  (s). The stalking parameter «  » is 
none other than the one involved in the complex parameterization of the zeta function: 
s=+.  

The second result relates to the incompleteness (of the representation backed on the only 
fractional transfer function with "" parameter Z(). This function has no inverse 
Fourier transform so there is no one-parameter automorphism for this kind of fractional 
dynamics. Time as a usual dynamic deployment over an order parameter is not able to be 
locally relevant. Automorphisms, -because there are obviously some, for instance via 
renormalization-, are backed on sheaves of arithmetic correlations which destroy the 
absolute external order of the dynamics. These sheaves are based on a dual function stated: 
Z−() Itself is the basis of a stalking giving birth to −(1-s).  But, the stalk is now 
parametrized by « - » then s=−. This change in the signature is without consequence 
if d=2,  but if d<2, the breaking of symmetry α ⇌ (1 − α), leads radical upshots; namely 
−(s)≠ −(s*). However, the categorical adjunction α ⇌ (1 − α) gives rise to a Grothendieck 
topos.  This topos allows to understand why and how (s) and −(1-s) unfold over dual universal 
varieties; all degeneracies involved by the internal arithmetic correlations are hidden behind Z(). 
The third important result is the following: we confirm that the usual Space-Time coupling 
either linear (v=Lt-1), diffusive (D=L2t-1), Lorentzian or other flat dispersions, comes from 
a more general form based on Scale-Frequency monad: namely based on [C=(1/) N]Z()  
characterized by N : N= =pi

ri where ri are integers and pi are prime numbers. If we 
add that Scale-Frequency structure is dual with [C’=(1/') −]Z−()  the role of arithmetic 
correlations (sheaves) in a structure appears and then the zeta functions,  as a 
representation of a covering (stalking) of the dual monads. Ultimately, this approach leads 
the functional relation on zeta functions (s)=F[−(1-s)], relation whose analytic 
complexity comes from the symmetry breaking between Z() and Z−() over the 
hyperbolic geodesic. While joining discrete and continuous structure,  duality which 
structures the Grothendick topos restore the final role of the energy through the completion 
or the dual amalgam.  
The fourth result brings us back to the arrow of time. In above approach, the parameter 
«  » plays the role of a "proper time". It can be shown that the asymmetry between + 
and - is due to the appearance of a phase angle which two folds the complex plane of 
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representation. This angle may be associated physically with an increase in internal 
entropy and a production of external anti-entropy aimed at balancing the duality. From 
this new dynamic site, any creative process requires an increase of dissipation and an 
increase of the "time constants" of the processes implemented (downing of frequencies 
namely an increasing of the uncertainty), approach opposite to any local optimization. In 
the case d=2 the process is only controlled by chance and the creative process is reduced 
to serendipity. The important point is that this is not so if d<2 and thought then become a 
world of human consciousness and representation, subject to the will of creation. 
 
3 Conclusions and Future work 

 
Above approach could appear purely theoretical but it is not so. Indeed historically this 
approach based in fine on category theory finds its origin at the end of the seventies in the 
design of the early lithium batteries [5]. Far from quantum mechanics framework [1], the 
mathematical foundations of our approach remain to be strengthened, in particular concerning 
the role of the zeta function as the result of a stalking of a fractional transfer function (via 
sheaves) , and as “bridging category” between discrete and continuous representations based 
not only on fractal geometries [6-7] but on number and measure theory. For instance, it can 
be proved that the Riemann hypothesis is undecidable in the framework of set theory under 
ZFC axioms. Nevertheless, David A. Martin axiom, extended to a so call Martin-Riemann 
axiom, guarantees that this passage is carried out in a regular way by respecting the Baire 
category theorem and zero dimension of Lebesgue measure for the countable approach of the 
continuous [8]. The link with non-standard analysis must be considered in this frame. 
Moreover, the work of physical origins about the link between the arrow of time and the 
extension of Kan, highlighted by the authors, should be the subject of in-depth mathematical 
work in relation with non-commutative geometries [9]. In addition, the current works are 
centered on the metric, therefore the curvatures; nevertheless, beyond this aspect, arises the 
question of the singular topologies of open systems related to stalked fractal geometries [7] 
in relation with multi-connex graphs. So a considerable amount of mathematical studies to 
support new approaches. 
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1 Introduction

Fractional derivatives and equations containing them have fascinated scientists for a very long
time. Over the last few decades interest in the field has increased significantly because of new
applications in Physics, Chemistry, Electrical Networks and so on [1, 3].

For the Banach space of continuous functions u on [0, T ] we use the notation C[0, T ], kuk1 =
sup{|u(t)| : 0  t  b}. By L1(0, 1) we denote the Banach space consisting of real or complex
valued functions ' defined on the interval (0, 1) such that k'kL1(0,1) =

R 1
0 |'(x)|dx < 1.

In [2] the unique solvability of singular fractional di↵erential equations was studied. We now
consider singular fractional integro-di↵erential equations of the form

(M�D�
0u)(t) =

lX

k=1

ak(M
�kD�k

0 u)(t) + a(V'u)(t) + f(t), 0 < t  T. (1)

Here the multiplication operator M� , � 2 R = (�1,1), is defined as (M�u)(t) = t�u(t)
(0 < t  T ) for u 2 C[0, T ],

(V'u) (t) =

Z t

0

1

t
'
⇣s
t

⌘
u(s)ds =

Z 1

0
'(x)u(tx)dx, 0  t  T, u 2 C[0, T ],

i.e. V' : C[0, T ] ! C[0, T ] is a cordial Volterra integral operator with core ' 2 L1(0, 1) [4],
�,�k, a, ak 2 R and

0 < � < 1, � > �k � 0, f 2 C[0, T ], k = 1, 2, . . . , l, l 2 N = {1, 2, . . . }. (2)
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In equation (1) the fractional di↵erential operator D�
0 , of the order � 2 [0,1), is defined as

the inverse of the Riemann-Liouville integral operator J� : C[0, T ] ! C[0, T ] given by (in the
following � denotes the Euler gamma function)

(J�u)(t) =
1

�(�)

Z t

0
(t� s)��1u(s)ds, u 2 C[0, T ], t > 0, � > 0; J0 = I,

on the space J�C[0, T ], i.e. D�
0 v = (J�)�1v, where v belongs to the range J�C[0, T ] of J� ,

� � 0.

2 Results and discussion

2.1 The unique solvability of the equation

We make in (1) the change of variables v = M�D�
0u, i.e. u = (M�D�

0 )
�1v = J�M��v, obtaining

with respect to v the equation

v =
lX

k=1

akV �,�k
v + aV'�v + f, (3)

where

 �,�k(x) =
1

�(� � �k)
(1� x)���k�1x�� , 0 < x < 1, k = 1, 2, . . . , l, (4)

and

'�(x) =

Z 1

x

1

�(�)
'(y)x��(y � x)��1dy, 0 < x < 1. (5)

Equation (3) is a cordial Volterra integral equation with  �,�k and '� belonging to L1(0, 1).
Based on some results from the theory of cordial Volterra integral operators (see, e.g., [4]), we
can show that the following theorem holds.

Theorem 1 Let ' 2 L1(0, 1), a, ak,�,�k 2 R, 0 < � < 1, and � > �k � 0, k = 1, 2, . . . , l. For

any f 2 C[0, T ], equation (3) has a unique solution v 2 C[0, T ] if and only if

lX

k=1

ak
�(�� � + 1)

�(�� �k + 1)
+ ab'(�)�(�� � + 1)

�(�+ 1)
6= 1, 8� 2 C with Re� � 0.

Here b'(�) =
R 1
0 x�'(x)dx for such � 2 C = R+ iR (i =

p
�1 is the imaginary unit), where the

integral converges.

2.2 Numerical method

We will now give a brief description of a numerical method for solving equation (1) under the
conditions (2).

Let N 2 N. Introduce a uniform grid {t0, . . . , tN} for the interval [0, T ] with grid points

tj = jh, j = 0, . . . , N, h = T/N. (6)

For m 2 N, define the standard space Sm�1
N [0, T ] = {v : v|[(i�1)h,ih] 2 Pm�1, i = 1, . . . , N} of

piecewise polynomial functions. Here v|[(i�1)h,ih], i = 1, . . . , N , is the restriction of v : [0, T ] ! C
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onto the subinterval [(i� 1)h, ih] and Pm�1 is the space of polynomials of degree not exceeding
m � 1. Note that an element of the space Sm�1

N [0, T ] may have at interior knots ih, i =
1, . . . , N � 1, two values so that v|[(i�1)h,ih] 2 C[(i� 1)h, ih], i = 1, . . . , N .

In every interval [(i � 1)h, ih], i = 1, . . . , N , we introduce m 2 N interpolation (collocation)
points:

ti� = ti�1 + ⌧�h, � = 1, . . . ,m, i = 1, . . . , N, (7)

where ⌧�, � = 1, . . . ,m, are some fixed parameters that do not depend on either i or N but
satisfy the condition

0  ⌧1 < ⌧2 < · · · < ⌧m  1.

We are looking for an approximate solution of equation (1) in the form uN = J�M��vN , where
vN 2 Sm�1

N [0, T ] is such that the collocation conditions

vN (ti�) =
lX

k=1

ak(V �,�k
vN )(ti�) + a(V'�vN )(ti�) + f(ti�), � = 1, . . . ,m, i = 1, . . . , N, (8)

are satisfied.

The collocation conditions (8) lead to a system of equations to uniquely determine the function
vN 2 Sm�1

N [0, T ], the exact form the system of equations depends on the choice of basis in the
space Sm�1

N [0, T ]. If we use the Lagrange fundamental polynomial representation, then

vN (t) =
NX

j=1

mX

µ=1

cjµLjµ(t), t 2 [0, T ], (9)

where, for j = 1, . . . , N , µ = 1, . . . ,m,

Ljµ(t) =

(
0, if t 62 [tj�1, tj ],Qm

i=1,i 6=µ
t�tji

tjµ�tji
, if t 2 [tj�1, tj ].

(10)

Note that if we define vN with (9) and (10), then vN 2 Sm�1
N [0, T ] and vN (ti�) = ci� for

� = 1, . . . ,m, i = 1, . . . , N . To find the coe�cients ci�, i = 1, . . . , N , � = 1, . . . ,m, in (9), we
have to solve with respect to ci� a system of linear algebraic equations

ci� =
NX

j=1

mX

µ=1

"
lX

k=1

ak(V �,�k
Ljµ)(ti�) + a(V'�Ljµ)(ti�)

#
cjµ + f(ti�), (11)

where i = 1, . . . , N , � = 1, . . . ,m.

By finding coe�cients ci�, i = 1, . . . , N , � = 1, . . . ,m, we determine the approximate solution
vN (t) =

PN
j=1

Pm
µ=1 cjµLjµ(t), t 2 [0, T ], of equation (3). To find the approximate solution of

uN of (1), we use

uN (t) = (J�M��vN )(t) =
1

�(�)

NX

j=1

mX

µ=1

cjµ

Z t

0
(t� s)��1s��Ljµ(s)ds, 0 < t  T. (12)

Example 1 Consider the equation

(M
1
6D

1
6
0 u)(t) = (M

1
10D

1
10
0 u)(t) +

 
�
�
39
10

�

�
�
56
15

� �
�
�
39
10

�

�
�
38
10

�
!
t
29
10 , 0 < t  1. (13)
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We see that (13) is an equation of the form (1), where � = 1
6 , �1 =

1
10 , a1 = 1, a = 0, l = 1 and

the last term on the right hand side of (13) is f .

We use the collocation method described above to find the numerical solution of equation (13).

Let N 2 N. We introduce for the interval [0, 1] a uniform grid defined by (6) and use collocation

points (7), where the collocation parameters are defined in the following way: 1) if m = 2, then
⌧1 =

1
4 and ⌧2 =

3
4 ; 2) if m = 3, then ⌧1 =

1
4 , ⌧2 =

2
4 and ⌧3 =

3
4 .

In the numerical results below the errors "N , N 2 N, are calculated in the following way:

"N := max
j=1,...,N

max
k=0,...,10

|u(sjk)� uN (sjk)|.

Here u(t) = t
29
10 (0 < t  1) is the exact solution of equation (13), uN is the approximation

of u determined by (12), and the knots {sjk} are calculated as follows: sjk := tj�1 +
k
10h, for

k = 0, . . . , 10, j = 1, . . . , N with tj = jh, for j = 0, . . . , N and h = 1
N . To demonstrate the

numerical convergence rate, we compute the ratios ⇥N :=
"N/2

"N
, N = 2j, j � 2.

In the following table some results of numerical experiments for di↵erent values of parameters

N and m are presented.

m = 2 m = 3
N "N ⇥N "N ⇥N

4 8.39 · 10�2 6.35 · 10�2

8 1.38 · 10�2 6.093 1.27 · 10�2 4.984
16 1.92 · 10�3 7.153 2.56 · 10�3 4.965
32 2.59 · 10�4 7.434 5.18 · 10�4 4.953
64 1.04 · 10�4 2.487 1.05 · 10�4 4.940
128 4.02 · 10�5 2.591 2.13 · 10�5 4.930

3 Conclusions and Future work

We introduced a collocation based scheme for finding the numerical solution of singular fractional
integro-di↵erential equations with constant coe�cients and presented results of some numerical
experiments. Our aim in the future is to carry out a detailed convergence analysis of the
introduced method.
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Abstract: In mathematical ecology, the Lotka-Volterra equations (they are known as a

predator-prey model) is being explored by many researchers by adding di↵erent physical pa-

rameters to make it more realistic and some of them connected these models to the disease

epidemiology. In the present article, we have developed a model of prey and predator with

the consideration of carrying capacity and disease dynamics in both the species. The pre-

dation, migration and loss of immunity is considered in both the species. Both the species

are interconnected with each other through nonlinear ordinary di↵erential equations. The

integer-order model is then transformed to the fractalfractional model through the fractal-

fractional di↵erential operator of Mittag-Le✏er function. Positivity, boundedness, basic

reproduction number, equilibrium points, stability analysis is also performed for the consid-

ered model. The graphical solution is achieved through numerical scheme based on Newton

polynomial interpolation technique while the existence and uniqueness of the solution is also

proved theoretically. Some physical results for di↵erent embedded parameters are displayed

and discussed in detail while some concluding remarks has been drawn from the results.
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Abstract: We obtain Strichartz estimates for a wide class of space-time-fractional evolution
equations arising in applications towards the theory of structural damping plate equations.
We focus on the case where the damping term µ(��)

�
2 @↵

t u(t, x), involving a coe�cient
µ > �2, is described in terms of the time fractional derivative @↵

t of order ↵ taken in the
Caputo-Djrbashian sense and of the fractional Laplacian �(��)

�
2 of order � in the space

variable. Our results heavily rely on the study of the pseudo-di↵erential representation for
the resolvent E↵,�(��(��)

�
2 t↵) in terms of the Mittag-Le✏er functions E↵,� .
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1 Introduction

The investigation of Strichartz estimates dates back to the fundamental paper [7] of R. Strichartz
on the Fourier restriction problem. Nowadays they have been revealing to be a cornerstone tool
in the study of Schrödinger equations, wave equations and alike. In great extent, because they
permit us to obtain sharp estimates for the size and the decay for the solutions of PDEs on
mixed Lebesgue spaces Lr

tL
q
x (cf. [5]). To study it, from a fractional calculus perspective, we

briefly introduce the main mathematical objects, which allows us to study properly our model
problem.

Let us denote by E↵,� (<(↵),<(�) > 0) the two-parameter Mittag-Le✏er function, and by

�(��)
�
2 (� > 0) the fractional Laplacian of order �. Through the aid of the Fourier transform,

F , and its inverse, F�1, we define for a function ' with membership in the Schwartz space
S(Rn) s.t. b' = F', the resolvent operator ' 7! E↵,�(��(��)

�
2 t↵)' in terms of the Fourier

inversion formula, valid for each (t, x) 2 [0,1)⇥ Rn:

E↵,�(��(��)
�
2 t↵)'(x) =

1

(2⇡)n

Z

Rn
E↵,�(��|⇠|�t↵)b'(⇠)eix·⇠d⇠, <(�) > 0. (1)

Our main goal is to report that the pseudo-di↵erential representation (1) can be used to solve
and to obtain Strichartz estimates for the class of evolution equations

@2↵
t u(t, x) + µ(��)

�
2 @↵

t u(t, x) + (��)�u(t, x) = 0, (t, x) 2 Rn
⇥ (0,1). (2)
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We note that the space-time-fractional equation (2) seamlessly represents a time-fractional reg-
ularization for the class of structurally damped ��evolution equations in the semi-critical case,
studied by so many authors (cf. [4]), by replacing the first and second partial derivatives @t and
@2
t by the so-called Caputo-Djrbashian derivatives @�

t of order � = ↵ and � = 2↵, respectively.

Such model problem is original motivated by the theory of structurally damped plate equations
(� = 2↵ = 2) in a way that (��)� shall be interpreted as a space-fractional regularization for
the biharmonic operator �2, whereas µ(��)

�
2 @↵

t u(t, x) – appearing on the evolution equation
(2) – as a space-time regularization for the strong damping term �µ�@tu(t, x). For further
details, we refer to [3] and to the references therein.

2 Results and discussion

In order to obtain a solution representation for (2), we will take into account Laplace transform
identities involving the Caputo-Djrbashian derivatives @↵

t resp. @2↵
t (cf. [6, Chapter 2]) and

the Mittag-Le✏er functions E↵,� as well (cf. [6, Chapter 1]). In the following theorems, the
constants �+ and �� denote the algebraic roots of the polynomial P (�) = �2

� µ�+ 1.

Theorem 1 (Case I) Let 0 < ↵ 
1
2 , µ > �2 and u0 2 S(Rn). Then

v↵,�(t, x) =

8
>>>><

>>>>:

E↵,1(��+ (��)
�
2 t↵)u0(x)

(�+)2 � 1
+

E↵,1(��� (��)
�
2 t↵)u0(x)

(��)2 � 1
, µ 6= 2

E↵,1(� (��)
�
2 t↵)u0(x) +

|⇠|�t↵

↵
E↵,↵(� (��)

�
2 t↵)u0(x) , µ = 2.

solves the Cauchy problem for eq. (2) with initial condition u(0, x) = u0(x).

Theorem 2 (Case II) Let 1
2 < ↵  1, µ > �2 and u0, u1 2 S(Rn), and set v↵,� as in

Theorem 1 &

w↵,�(t, x) =

8
>>>><

>>>>:

t
�+E↵,2(��+ (��)

�
2 t↵)u1(x)� ��E↵,2(��� (��)

�
2 t↵)u1(x)

�+ � ��
, µ 6= 2

t

↵

⇣
E↵,1(� (��)

�
2 t↵)u1(x)� (↵� 1)E↵,2(� (��)

�
2 t↵)u1(x)

⌘
, µ = 2,

Then, u(t, x) = v↵,�(t, x) + w↵,�(t, x) solves the Cauchy problem for eq. (2) with initial data
u(0, x) = u0(x) and @tu(0, x) = u1(x).

Our next step is to derive Strichartz estimates for the solutions obtained in Theorem 1 and
Theorem 2 from Lp

�Lq estimates of (1). Starting with the estimates obtained for E↵,�(�z) in
[1, Proposition 4.] (case of z > 0) and in [6, Theorem 1.6] (case of z 2 C \ R), we obtain the
following proposition.

Proposition 3 For every 0 < ↵  1, � > 0 and n
� < r < 1 one has

✓Z 1

0
|E↵,�(��⇢�t↵)|r ⇢n�1d⇢

◆ 1
r


( Cr,�,n(↵,�,�) )

1
r

�(�)
t�

↵n
r� ,

where Cr,�,n(↵,�,�) is a constant depending on the parameters r,�, n,↵,� and �.
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Afterwards, we obtain Proposition 4 by a direct application of Young’s inequality to the convo-
lution representation of (1):

E↵,�(��(��)
�
2 t↵)' = ' ⇤ E↵,�(��(��)

�
2 t↵)�.

We follow [2, Proposition 2.1] to deduce Lr estimates for E↵,�(��(��)
�
2 t↵)� in terms of the

operator norm of the Hankel transform, eHn
2�1. Indeed, by substituting '(x) = �(x) on both

sides of eq. (1) (i.e. b'(⇠) = 1), one readily gets

E↵,�(��(��)
�
2 t↵)� =

1

(2⇡)
n
2

eHn
2�1f , with f(⇢) = E↵,�(��⇢�t↵).

Proposition 4 Under the conditions of Proposition 3 and of [2, Proposition 2.1], the following

Lp
�Lq estimate fulfils for every � >

n

2
, max

n
1,

n

�

o
< r  2 and 1  p, q  1 s.t.

1

r
+
1

p
=

1

q
+1:

���E↵,�(��(��)
�
2 t↵)'

���
q


(!n�1Cr,�,n(↵,�,�))
1
r

(2⇡)
n
2 �(�)

t�
↵n
r� k'kp,

where !n�1 denotes the (n� 1)�dimensional volume of the sphere Sn�1.

Moreover, ' 2 Lp(Rn) implies E↵,�(��(��)
�
2 t↵)' 2 Lq(Rn) whenever

max

⇢
0,

n� �

n

�
<

1

p
 1 ^

1

p
�

1

2


1

q
<

1

p
�max

⇢
0,

n� �

n

�
.
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Abstract: In 1954 [1], G. Choquet was the first to introduce the Choquet integral with
respect to non-additive measures. It is a more general integral than the Lebesgue integral
and a useful technique for dealing with uncertainty in imprecise probability theory, decision
theory, and cooperative game studies, among other things. In the paper, we are going to
study a fractional-Choquet integral with respect to non-additive measure. In which, we
are first going to define a fractional Choquet integral on a time scale with respect to the
distorted �-Lebesgue measure. Some properties of this integral will be discussed. The main
motive of this paper is to discuss the calculation of the fractional-Choquet integral of the
increasing, decreasing, convex and concave functions. In the end, results are illustrated by
various examples.
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Abstract: In this work, the well-posedness of a stochastic delay time fractional 2D-Stokes

equation with nonlinear multiplicative noise is analyzed. The main tool to prove the exis-

tence and uniqueness of mild solutions is based on fixed point arguments. The results are

proved when the time fractional order ↵ 2 (1/2, 1), and the global existence in time has

to be shown only when the noise is additive. The analysis is carried out separately in two

cases, namely, bounded or unbounded delay. In addition, this model can be considered as

a first approximation to the challenging model of stochastic time fractional Navier-Stokes

(with or without delay) which so far remains as an open problem.

keywords: Stochastic time fractional 2D-Stokes equations; Mild solutions; Bounded and

unbounded delay.
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1 Introduction

The well-posedness of the following stochastic delay time fractional 2D-Stokes equations of order

↵ 2 (0, 1) with nonlinear multiplicative noise will be investigated:

8
><

>:

@↵
t u� �u+rp = f(t, ut) + g(t, ut)

dW (t)
dt

r · u = 0

u(t, x) = '(t, x)

in R2, t � 0,

in R2, t � 0,

in R2, t 2 (�h, 0],

(1)

where f and g are external forcing terms containing some hereditary or delay characteristics, '
is the initial data in the interval of time t 2 (�h, 0], h is a fixed positive number (in the case

of bounded delay) or h = 1 (for unbounded delay), and W (t) is a standard scalar Brownian

motion/Wiener process on an underlying complete filtered probability space {⌦,F , {Ft}t�0,P}.
Actually, this is a first linear approximation of the following challenging problem: stochastic

time fractional 2D-Navier-Stokes equations with delay,

8
><

>:

@↵
t u� �u+ u ·ru+rp = f(t, ut) + g(t, ut)

dW (t)
dt

r · u = 0

u(t, x) = '(t, x)

in R2, t � 0,

in R2, t � 0,

in R2, t 2 (�h, 0],

(2)
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which, so far, it is not known how to handle satisfactorily. The deterministic model (i.e. f =

g = 0) has been analyzed by Carvalho-Neto and Planas in [1] and they proved the existence

and uniqueness (and eventual uniqueness) of mild solutions to (2) . However, mainly due to the

di�culties generated by the nonlinear term u ·ru, new techniques, how to handle the stochastic

problem (2) in an appropriate way, are needed to propose.

The main result proved in this work ensures the global existence and uniqueness of mild solutions

to problem (1).

2 Results and discussion

We can rewrite the time fractional stochastic 2D-Stokes delay di↵erential equations (1) in the

following abstract form:

(
D↵

t u = �Au+ F (t, ut) +G(t, ut)
dW (t)
dt ,

u(t) = '(t),

t > 0,

t 2 (�h, 0],
(3)

where A = �P� = ��P , F (t, ut) = Pf(t, ut) and G(t, ut) = Pg(t, ut). Here, P : L2 ! L2
� is

the Helmholtz-Leray projector and A : D(A) ⇢ L2
� ! L2

� is the Stokes operator.

Recall now the definition of mild solutions to problem (3).

Definition 1 (Mild solution). Let S = (⌦,F ,P, {F}t�0) be a fixed stochastic basis generated

by a standard Brownian motion W and T > 0. Consider ↵ 2 (1/2, 1), let ' be an initial

function which is an appropriate F0-measurable random variable (relative to S). A mild solution

to problem (3) on (�h, T ] is a stochastic process u such that u(t) = '(t) for t 2 (�h, 0], and
fulfills

u(t) = E↵(�t↵A)'(0) +

Z t

0
(t� s)↵�1E↵,↵(�(t� s)↵A)F (s, us)ds

+

Z t

0
(t� s)↵�1E↵,↵(�(t� s)↵A)G(s, us)dW (s), P-a.s., for every t 2 [0, T ].

(4)

Here, E↵(�t↵A) and E↵,↵(�t↵A) are the Mittag-Le✏er families (see [2] for more details).

First we need to introduce suitable Banach spaces, which aim to capture the essence of problem

(3). For any ↵ 2 (1/2, 1) and fixed T > 0, consider the Banach space X T
2 which is the set of

continuous functions u : [�h, T ] ! L2
(⌦;L2

�) equipped with its natural norm

kukXT
2
=

✓
sup

t2[�h,T ]
Eku(t)k2

◆ 1
2

.

Next, we state the hypotheses imposed on external forcing terms in our problem. Suppose, for

F , G : [0,+1)⇥ C([�h, 0];L2
(⌦;L2

�)) ! L2
(⌦;L2

�),

(A1) For each ⇠ 2 C([�h, 0];L2
(⌦;L2

�)), the mappings t 2 [0,+1) ! F (t, ⇠) and t 2 [0,+1) !
G(t, ⇠) are measurable.

(A2) F (t, 0) = G(t, 0) = 0 (for simplicity).

(A3) There exist positive constants LF and LG, such that for all t 2 [0,1), and for all ⇠, ⌘ 2
C([�h, 0];L2

(⌦;L2
�)),

kF (t, ⇠)� F (t, ⌘)k2L2(⌦;L2
�)

 LF k⇠ � ⌘k2C([�h,0];L2(⌦;L2
�))

.

kG(t, ⇠)�G(t, ⌘)k2L2(⌦;L2
�)

 LGk⇠ � ⌘k2C([�h,0];L2(⌦;L2
�))

.

2
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We can now establish a first result on local existence and uniqueness of mild solutions to problem

(3) by a fixed point argument.

Theorem 1 Let ↵ 2 (1/2, 1). Assume that (A1)-(A3) hold and ' 2 C([�h, 0];L2
(⌦;L2

�)) is an

F0-measurable random variable. Then there exists T > 0 (small enough) such that problem (3)

admits a unique mild solution u in the sense of Definition 1 on [�h, T ].

Additional results can be found in [3].
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Abstract: This paper investigates the averaging principle for a type of Caputo fractional
stochastic di↵erential equations driven by fractional Brownian motion with Hurst parameter
1/2 < H < 1. Under suitable assumptions, the averaged fractional stochastic di↵erential
equations are defined and the averaging principle is shown to hold such that the solution
of the original equation converges to the solution of the averaged equation in some Hölder
continuous space.
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1 Introduction

The averaging principle is a powerful tool for researching the asymptotic behavior of dynamical
systems and the first related result about stochastic case is studied by Khasminskii [2]. Since
then, many investigators have developed the theory of averaging principle for the stochastic
system.

In this paper, consider that fractional Brownian motion (fBm) can describe the disturbance with
long-range dependence, we focus on the averaging principle for the following fractional stochastic
di↵erential equations (SDEs):

D
�

t
X

✏

t = f
� t
✏
, X

✏

t

�
dt+ g (X✏

t ) dB
H

t , X
✏

0 = X0 2 Rn
, (1)

where 0 < ✏ ⌧ 1, 1/2 < H < 1,max {H, 2� 2H} < � < 1 and D
�

t
is the Caputo derivative. The

processes BH =
�
B

H
t , t 2 [0, T ]

 
(1/2 < H < 1) is d-dimensional fBm and the integral of fBm as

a generalised Riemann-Stieltjes integral in the sense of Zähle [3] in this work. Moreover, initial
variablesX0 are fixed and independent of BH and the maps f : [0,1)⇥Rn ! Rn; g : Rn ! Rn⇥d

are continuous. Then, consider the following assumptions on the coe�cients:
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(A1) There exist constants 0 < ✓  1, such that for any s, t 2 [0, T ] and x, y 2 Rn
, have

|f (t, x)� f (t, y)|+ |g (x)� g (y)|+ |rxg (x)�rxg (y)|  C |x� y| ,
|f (t, x)|+ |g (x)|  C (1 + |x|) ,
|f (t, x)� f (s, x)|  C |t� s|✓ ,

where rx is the standard gradient with respect to the variable x.

Under the above assumption, by proceeding as the proof of Han and Yan [1], we can prove that
for any 1/2 < H < 1 and max {H, 2� 2H} < � < 1, if 2�H�� < ↵ < H, there exists a unique
solution X

✏ 2 C
1�↵(0, T ;Rn) for equation (1):

X
✏

t = X0 +
1

� (�)

Z
t

0
(t� u)��1

f
�u
✏
, X

✏

u

�
du+

1

� (�)

Z
t

0
(t� u)��1

g (X✏

u)dB
H

u . (2)

Moreover, for any p � 1, if in addition ↵+ � > 7/4, there exist constant C↵,�,T,|X0| such that

E kX✏kp1�↵
 C↵,�,p,T,|X0|, (3)

where C
1�↵(0, T ;Rn) is the space of 1 � ↵-Hölder continuous functions � : [0, T ] ! Rm such

that

k�k1�↵
:= sup

t2[0,T ]
|�t|+ sup

0s<tT

|�t � �s|
(t� s)1�↵

< 1.

2 Averaging principle

To establish the averaging principle, we introduce the following assumption:

(A2) There exist a averaging function f̄ : Rn ! Rn such that

sup
t�0

1

T

Z
t+T

t

��f (u, x)� f̄ (x)
��2du  ' (T )

�
1 + |x|2

�
, x 2 Rn

, (4)

where ' : R ! R is a convergence rate function and satisfies lim
T!1

' (T ) = 0.

Remark 2.1 For any x, y 2 Rn
, thanks to assumptions (A1) and (A2), it is easy to get that

��f̄ (x)� f̄ (y)
��  C |x� y| and

��f̄ (x)
��  C (1 + |x|) .

Further, we define the following averaged fractional SDEs:

D
�

t
X̄t = f̄

�
X̄t

�
dt+ g

�
X̄t

�
dB

H

t , X̄0 = X0 2 Rn
. (5)

Smilarly, thanks to the assumption (A1) and remark 2.1, we also can prove that for any 1/2 <

H < 1 and max {H, 2� 2H} < � < 1, if 2 � H � � < ↵ < H, there exists a unique solution
X̄ 2 C

1�↵(0, T ;Rn) for equation (5) [1]:

X̄t = X0 +
1

� (�)

Z
t

0
(t� u)��1

f̄
�
X̄u

�
du+

1

� (�)

Z
t

0
(t� u)��1

g
�
X̄u

�
dB

H

u , (6)

and for any p � 1, if in addition ↵+ � > 7/4, there exist constant C↵,�,p,T,|X0| such that

E
��X̄

��p
1�↵

 C↵,�,p,T,|X0|. (7)

Finally, we prove that the solution of fractional SDEs (1) converges to the solution of averaged
fractional SDEs (5) in the mean square sense as ✏ ! 0 :
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Theorem 2.2 Under the assumptions (A1)-(A2), for any 3/4 < H < 1 and max {H, 7/4�H} <

� < 1, if 7/4� � < ↵ < H, we have

lim
✏!0

E
��X✏ � X̄

��2
1�↵

= 0. (8)

3 Conclusions

We main investigates the averaging principle for a type of Caputo fractional SDEs with fBm
in this work. Under suitable assumptions, we define the averaged fractional SDEs as equation
(5). Further, we use a di↵erent estimation method to prove that the solution of the original
fractional SDEs (1) converges to the solution of the proposed averaged fractional SDEs (5) in
the mean square sense.
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Abstract: In this research, we are focused on linear fractional fuzzy di↵erential equation.
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obtain an approximate solution in the numerical form.
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1 Introduction

Integral equations with fuzzy-valued parameters attract researchers from AI community due to
the increasing role of high-dimensional systems in data analysis, see [4, 5, 6, 7, 8]. By this we
mean deep learning neural networks with regularization as a preprocessing and convolution as
a main transformation step which require thousands of initial parameters and operate in high-
dimensional spaces. A suitable model of their inputs corresponding to their intermediate images
is a fuzzy-valued function. We remind that fuzzy numbers and arithmetic operations over them
was introduced in [9], and further elaborated in [10].
Recently, both of the aforementioned tools have appeared together in modeling with fuzzy
fractional di↵erential equations (FFDE) and their systems have gained attention.
We consider a system of linear fractional fuzzy fractional di↵erential equations (linear FFDE)
of the form

C
D

�
y(t) = Ay(t) + u(t), t 2 [0, T ], y(0) = y0, (1)

where C
D

� is a Caputo-type fuzzy fractional derivative of order 0 < �  1, A is a ⌫ ⇥ ⌫ matrix
of real numbers, u = [u1, ..., u⌫ ]T is a vector of fuzzy (source) functions, and y = [y1, ..., y⌫ ]T

is an unknown vector of fuzzy functions. Finally, y0 = [y01, ..., y0⌫ ]T is a given vector of fuzzy
numbers with ⌫ as a dimension.
To solve FFDE, in [2], they use Operational Chebyshev method. This is a very e↵ective method.
In this method, Chebyshev polynomials are used to estimate the function, in which the estimate
becomes more accurate when the number of zeros of Chebyshev polynomial TN+1(x) increases.
This requires the degree of the polynomial to be high for the estimate to be accurate. Hence,
the cost will be high.
To overcome the above disadvantage, in this research, we use F

1-transform to solve FFDE.
The nodes in partition of F 1-transform are arbitrary, therefore, it does not require large degree
polynomials and the degree of approximated function is 1.
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2 Results and discussion

2.1 Reduction of the original problem to the ordinary case

Base on [1], the original problem (1) can be rewrite as follow

Theorem 1 1. Assume that system (1) is solvable and its solution y is an fn-valued ⌫-
dimensional vector-function on t 2 [0, T ], such that for each r 2 [0, 1], the corresponding
interval-valued vector-functions y(., r) are l-increasing and continuously 1-di↵erentiable.
Then, system (1) is equivalent with the following system of ordinary fractional di↵erential
equations over real valued functions.

C
D

�
y(t) = Ay(t) + u(t),

C
D

�
y(t) = Ay(t) + u(t), t 2 [0, T ],

y(0) = y
0
,

y(0) = y0. (2)

2. Assume that system (1) is solvable and its solution y is an fn-valued ⌫-dimensional vector-
function on t 2 [0, T ], such that for each r 2 [0, 1], the corresponding interval-valued
vector-functions y(., r) are l-decreasing and continuously 1-di↵erentiable. Then, system
(1) is equivalent with the following system of ordinary fractional di↵erential equations
over real valued functions.

C
D

�
y(t) = Ay(t) + u(t),

C
D

�
y(t) = Ay(t) + u(t), t 2 [0, T ],

y(0) = y
0
,

y(0) = y0. (3)

As an important corollary of Theorem 1, we note that the original system (1), depending on the
assumptions about solutions, reduces to two systems of ordinary fractional di↵erential equations
(2) and (3), which are equal up to the flipping. Below, we formulate this assertion explicitly.

Corollary 2 Let the system (1) be solvable and its solution y fulfill assumptions given in Theo-
rem 1. Then, the equivalent to (1) systems of ordinary fractional di↵erential equations (2) and
(3) have the following parametric forms:

[y
1
, ..., y

⌫
, y1, ..., y⌫ ]

T = A
±J �

y(t) + y(0) + J �
u(t), (4)

[y
1
, ..., y

⌫
, y1, ..., y⌫ ]

T = A
⌥J �

y(t) + y(0) + J �
u
f (t) (5)

By an iteration method we obtain where all vectors in the right-hand sides are parametric forms
of the corresponding fn-valued vector functions.

As an advantage of our approach, we emphasize that two systems of ordinary fractional di↵er-
ential equations (4) and (5) can be easily unified into the following general form:

y(t) = AJ �
y(t) + y(0) + J �

u(t), t 2 [0, T ], (6)

where A denotes a real matrix, and u is a vector of real functions.
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2.2 Function approximation

In this section, we focus on finding approximate solutions for (6), where this equation contains
the Riemann-Liouville integral applied to real vector functions. Let x0, ..., xN are T

N -equidistant
such that a = t0, b = tN . Let A1(t), ..., AN (t) be T

N -uniform partition of interval [0, T ] which

is defined on [1]. For arbitrary function f , for all k = 1, ..., N , let ck,0 =

R tk+1
tk�1

(x�tk)2Ak(x)dx

h ,
F -transform of f has the form

f(t) ⇡
NX

k=1

ck,0Ak(t). (7)

Apply equation (7) for y(t), u(t), for all integer k 2 {1, 2, ..., N}, for j = 1, ..., ⌫ we have

y
j(tk) ⇡ Y

j
k , u

j(tk) ⇡ U
j
k (8)

where (Y j
k )k=1,...,N , (U j

k)k=1,...,N are components of F -transform of yj and u
j .

Lemma 3 For arbitrary function y : [0, T ] ! R, fraction 0 < � < 1, and [0, T ] has its partition
A1, ..., AN with the nodes t0, t1, ..., tN , tN+1, we have

J �
y(tk) ⇡

1

�(� + 1)

kX

i=1

ci,0
�
(k � i+ 1)� � (k � i)�

�
h
�
, (9)

where (ci,0)i=1,...,N is components of F -transform of f and k = 1, ..., N .

2.3 Main result

Theorem 4 Let interval [0, T ] has its T
N -uniform partition A1, ..., AN with the nodes t0, ..., tN+1.

Let us denote

Y =

0

@
Y

1
1 Y

1
2 .... Y

1
N

...

Y
⌫
1 Y

⌫
2 ... Y

⌫
n

1

A
T

, U =

0

@
U

1
1 U

1
2 .... U

1
N

...

U
⌫
1 U

⌫
2 ... U

⌫
n

1

A
T

, Y0 =

0

@
y01 y01 .... y01

...

y0⌫ y0⌫ ... y0⌫

1

A
T

,

L =

0

BB@

a11 a12 .... a1n

0 a22 ... a2n

....

0 0 ... ann

1

CCA

where Y
j
k and U

j
k are defined as equation (8) and

ai,k =
1

�(� + 1)

�
(k � i+ 1)� � (k � i)�

�
h
�
.

Let us denote H := Y0 + U
T
L, the problem (6) can be rewritten as follows:

(Y T �AY
T
L) = H. (10)

To solve (10), use the vectorization operator vec to obtain a system of linear algebraic equations
in the standard form of a matrix equation. Thus, the system (10) can be converted to the
standard form

(In ⌦ I⌫ � L
T ⌦A)vec(Y T ) = vec(H), (11)

where ⌦ is the Kronecker product and In is identity matrix with n rows and columns, and
vec(Y T ) is the unknown vector.
To solve (11), we apply LU (Lower-Upper) decomposition to the matrix of coe�cients and obtain
the (exact) solution vec(Yk) directly by forward and backward substitution.
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3 Conclusions and Future work

In this result, we approximate successfully the Fractional integral of arbitrary function f by using
F -transform. From there, the complex problem is simply approximated to the matrix equation.
From here, we can develop by applying the F

1-transform to get more accurate results.
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1 Introduction

Integral equations arise in scientific and engineering problems. A large class of initial and
boundary value problems can be transformed into Volterra or Fredholm integral equations.
The theory of Volterra integral equations is thoroughly considered in the recent monograph by
Brunner [1]. Most Volterra integral equations can not solve analytically. Hence there is a need
to use a numerical solution to these equations. Integral equations with weak singular kernels
have received considerable interest in the mathematical literature because of their applications
in many fields of science, such as the theory of hydrodynamics, fractional di↵erential equations,
and the physical problems with memory properties [1, 2].

A linear fuzzy Volterra integral equation of the second kind is given by

g(t) = f(t) +

Z t

0
K(t, s)g(s)ds, t 2 [0, T ], (1)

where K : DT ! R is a given kernel with domain DT = {(t, s) : 0  s < t  T}, T 2 R, f is a
given fuzzy function, and g is an unknown fuzzy function. The main achievement of this work
is to study the fuzzy Volterra integral equation (1) with a weakly singular kernel. First, we
transform the fuzzy Volterra integral equation (1) with a weakly singular kernel to a system of
Volterra integral equations with weakly singular kernels. We obtain the existence and uniqueness
of solutions based on this transformation, and then we show that the corresponding solution is
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a fuzzy function that satisfies the equation (1). When analyzing the convergence of a numerical
method for a given integral equation, one needs information about the smoothness of the exact
solution. Then we introduce collocation methods on piecewise polynomial spaces for solving the
corresponding system of Volterra integral equations. We provide the conditions for the fuzziness
of the numerical solutions, and we obtain the convergence analysis.

2 Results and discussion

2.1 Class of kernels

In the literature, weak singularity of the kernel K may have di↵erent definitions. We follow here
the definition of [3], where it was introduced for Fredholm integral equations. We are interested
in kernels that are Cm- smooth outside the diagonal which was introduced in [3], following
smoothness-singularity class Sm,↵ of kernels. Let T 2 R. Denote DT = {(t, s) : 0  s < t  T}
and N0 = {0, 1, 2, ...}.

Definition 1 For given m 2 N0, denote by Sm,↵ = Sm,↵(DT ) the set of m times continuously
di↵erentiable functions K on DT , where DT = {(t, s) : 0  s < t  T}, T 2 R, that satisfy there
for all j, l 2 N0, j + l  m, the inequality

|
✓

@

@t

◆j ✓ @

@t
+

@

@s

◆l

K(t, s)|  CK,m

8
<

:

1 if j + ↵ < 0,
1 + | log(t� s)| if j + ↵ = 0,
(t� s)�j�↵ if j + ↵ > 0.

(2)

A kernel K 2 Sm,↵ is called weakly singular if ↵ < 1.

2.2 Parametric and operator form of the integral equation

Let (f(t, r), f(t, r)) and (g(t, r), g(t, r)), (t, r) 2 [0, T ] ⇥ [0, 1] be parametric forms of f(t) and
g(t). Then equation (1) can be rewritten as a system of Volterra integral equations:

8
>>>><

>>>>:

g(t, r) = f(t, r) +

Z t

0
(K+(t, s)g(s, r)�K�(t, s)g(s, r)ds),

g(t, r) = f(t, r) +

Z t

0
(K+(t, s)g(s, r)�K�(t, s)g(s, r)ds),

(3)

where

K+(t, s) =

⇢
K(t, s), K(t, s) � 0,
0, otherwise,

and

K�(t, s) =

⇢
�K(t, s), K(t, s)  0,
0, otherwise.

We write this system as
G = F +KG, (4)

where G = [g1, g2]T , g1 = g, g2 = g, F = [f1, f2]T , f1 = f , f2 = f and

K =

✓
K+ �K�
�K� K+

◆
. (5)
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We also use the notation

KG =

Z t

0
K(t, s)G(s, r)ds, (6)

where

K(t, s) =

✓
K+(t, s) �K�(t, s)
�K�(t, s) K+(t, s)

◆
.

We call the vector G a fuzzy function if (g1, g2) is a fuzzy function.

Theorem 1 Suppose that K 2 Sm,↵, m � 0, ↵ < 1 and F 2 (C[0, T ])2. Then equation (4) has
a unique solution G in (L1(0, T ))2 and G 2 (C[0, T ])2.

Theorem 2 Let K 2 S0,↵ with ↵ < 1. Let f be a fuzzy function such that f 2 C([0, T ];E).
Then the solution G = (g, g)T of (3) is a continuous fuzzy function.

3 Conclusions and Future work

In this paper, we investigated a fuzzy Volterra integral equation with a weakly singular kernel.
The existence, regularity and the fuzziness of the exact solution is studied. Collocation methods
on discontinuous piecewise polynomial space are proposed. A convergence analysis obtained.
The fuzziness of the approximate solution is investigated. Numerical method provided to support
the theoretical. Some examples showed the sharpness of the result in the sense that we can not
improve the convergent order in the discussed spaces.
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Abstract: A boundary value problem for fractional integro-differential equations with
weakly singular kernels is considered. The problem is reformulated as an integral equa-
tion of the second kind with respect to z = D↵

Capy, the Caputo fractional derivative of y
of order ↵, with 1 < ↵ < 2, where y is the solution of the original problem. Using this
reformulation, the regularity properties of both y and its Caputo derivative z are studied.
Based on this information a piecewise polynomial collocation method is developed for find-
ing an approximate solution zN of the reformulated problem. Using zN , an approximation
yN for y is constructed and a detailed convergence analysis of the proposed method is given.
In particular, the attainable order of convergence of the proposed method for appropriate
values of grid and collocation parameters is established. To illustrate the performance of
our approach, results of some numerical experiments are presented.
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1 Introduction

Differential equations containing derivatives of fractional (i.e., of any real positive) order are
useful in various fields of science and engineering, especially when modelling real-life processes
with memory properties [1, 5]. We construct a high order method for the numerical solution of
fractional weakly singular integro-differential equations in the form

(D↵
Capy)(t) + h(t)y(t)+

Z t

0
L(t, s)y(s)ds = f(t), 0  t  b, 0 < b < 1, (1)

subject to the conditions

a11y(0) + a12y(b1) = �1; a21y
0(0) + a22y(b1) = �2. (2)

Here y is the unknown function, D↵
Cap is the Caputo fractional differential operator of order ↵

with 1 < ↵ < 2, b1 2 (0, b] and a11, a12, a21, a22, �1, �2 2 R = (�1,1). For our approach below
we assume that b1a11a22 + a11a21 + a12a21 6= 0. The functions h, f belong to C[0, b] and the
function L is defined by the formula

L(t, s) =

(
[1 + log(t� s)]K(t, s) for  = 0,

(t� s)�K(t, s) for 0 <  < 1,
(3)
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where 0  s  t  b and K 2 C(�), � = {(t, s) : 0  s  t  b}.
By Cm[0, b] and Cm(�), with m 2 N0 = {0} [ N, N = {1, 2, . . . }, we denote the sets of
m times continuously differentiable functions on [0, b] and �, respectively; for m = 0 we set
C0[0, b] = C[0, b] and C0(�) = C(�). In particular, C[0, b] will denote the Banach space of
continuous functions u : [0, b] ! R with the norm kuk1 = sup{|u(t)| : 0  t  b}.
For given b 2 R, b > 0, q 2 N and ⌫ 2 R, ⌫ < 1, by Cq,⌫(0, b] we denote the set of continuous
functions y : [0, b] ! R which are q times continuously differentiable in (0, b] such that for all
t 2 (0, b] and i = 1, . . . , q, the following estimate holds:

|y(i)(t)|  c

8
><

>:

1 if i < 1� ⌫,

1 + | log t| if i = 1� ⌫,

t1�⌫�i if i > 1� ⌫.

We have Cn[0, b] ⇢ Cn,⌫(0, b] ⇢ Cm,µ(0, b] ⇢ C[0, b] for n � m � 1, ⌫  µ < 1. The Caputo
fractional differential operator D�

Cap of order � 2 (1, 2) can be defined by formula (see, e.g., [2, 4])

(D�
Capy)(t) = (D2J2��(y � T1y))(t), t 2 [0, b], y 2 C1[0, b],

where T1y is the Taylor polynomial of degree 1 at the point 0 and J� is the Riemann-Liouville
integral operator of order �, defined by

(J�y)(x) =
1

�(�)

xZ

0

(x� t)��1y(t)dt, x 2 [0, b], y 2 L1(0, b), � > 0; J0 = I, (4)

where I is the identity mapping and � the Euler gamma function.
We are interested in solutions y 2 C1[0, b] of problem (1)–(2) such that D↵

Capy 2 C[0, b],
↵ 2 (1, 2). Due to [2] we cannot expect that a solution of a fractional differential equations
with Caputo differential operator will be smooth on the closed interval of integration and this
is a challenge for constructing high order methods for the numerical solution of such equa-
tions. Therefore, we reformulate the problem (1)–(2) as an integral equation: z = Tz + g, with
z = D↵

Capy. T is an integral operator and g is a function, both we’ll detail in our presentation.
By reformulating the problem as an integral equation of the second kind, the regularity prop-
erties of the solution of the original problem and its Caputo derivative are studied. Using the
obtained knowledge about the behaviour of the solution an algorithm is constructed for finding
approximate solutions of the original problem. Our approach is based on some ideas of [3].

2 Results and discussion

In this section we will give a brief overview of the proposed numerical method, formulate our
main result and also present results of our numerical experiments. Let N 2 N, we introduce a
partition (a graded grid) ⇧N = {t0, . . . , tN} of the interval [0, b] with the grid points

tj = b

✓
j

N

◆r

, j = 0, 1, . . . , N, (5)

where the so-called grading exponent r belongs to [1,1). For a given integer k 2 N0, by
S(�1)
k (⇧N ) we denote the space of piecewise polynomial functions S(�1)

k (⇧N ) = {v : v|[tj�1,tj ] 2
⇡k, j = 1, . . . , N}. Here, v|[tj�1,tj ] is the restriction of function v : [0, b] ! R onto the subinterval
[tj�1, tj ] ⇢ [0, b] and ⇡k denotes the set of polynomials of degree not exceeding k. Observe
that the elements of the space S(�1)

k (⇧N ) may have jump discontinuities at the interior points
t1, . . . , tN�1 of ⇧N .

226



In every interval [tj�1, tj ], j = 1, . . . , N , we define m 2 N collocation points

tjk = tj�1 + ⌘k(tj � tj�1), k = 1, . . . ,m, j = 1, . . . , N, (6)

with some fixed collocation parameters 0  ⌘1 < ⌘2 < . . . < ⌘m  1.
We find approximations zN 2 S(�1)

m�1(⇧N ) (m,N 2 N) to the exact solution z of equation z =
Tz + g by collocation conditions

zN (tjk) = (TzN )(tjk) + g(tjk), k = 1, . . . ,m, j = 1, . . . , N, (7)

with {tjk} defined by (6). Having found zN by the formula yN (⌧) = (J↵zN )(b1)k00 + k01 +
[(J↵zN )(b1)k10 + k11]⌧ + (J↵zN )(⌧) (constants k00, k01, k10 and k11 will be detailed in our
presentation) we determine the approximation yN to y, the solution of problem (1)–(2).

Theorem 1 Let m,N 2 N, r � 1 and assume that the problem (1)–(2) with f = 0 and
�1 = �2 = 0 has in C[0, b] only the trivial solution. Let K 2 Cm+1(�), h, f 2 Cm+1,µ(0, b],
µ 2 (�1, 1). Assume that ⌘1, . . . , ⌘m used are such that a quadrature approximation

R 1
0 F (x)dx ⇡Pm

k=1wkF (⌘k) with appropriate weights {wk} is exact for all polynomials of degree m.
Then problem (1)–(2) has a unique solution y 2 C1[0, b] such that y and D↵

Capy belong to
Cm+1,⌫(0, b]. There exists an integer N0 > 0 such that, for N � N0 the following error es-
timate holds:

ky � yNk1  c

8
>>>>>>>>><

>>>>>>>>>:

N�m�1 for m < 2� ⌫, r � 1,

N�m�1(1 + logN)2 for m = 2� ⌫, r = 1,

N�m�1(1 + logN) for m = 2� ⌫, r > 1,

N�r(2�⌫) for m > 2� ⌫, 1  r <
m+ 1

2� ⌫
,

N�m�1 for m > 2� ⌫, r � m+ 1

2� ⌫
.

(8)

Here ⌫ = max{, µ} if K 6= 0 and ⌫ = max{1� ↵, µ} otherwise; r is the grading exponent used
in (5) and c is a positive constant not depending on N .

We present in the tables below some results of numerical experiments for different values of
parameters m, N and r. The errors "N are calculated as follows:

"N = max
j=1,...,N

max
k=0,...,10

|y(⌧jk)� yN (⌧jk)|, (9)

where ⌧jk = tj�1+k(tj� tj�1)/10, k = 0, . . . , 10, j = 1, . . . , N, with the gridpoints tj defined
by (5). The ratios ⇥N =

"N
2

"N
, characterising the observed convergence rate, are also presented.

The values given in the last row of the Table 1 are the theoretical estimates of the ratios ⇥N

according to Theorem 1.
Example 1. Consider the following problem:

(D
21
20
Capy)(t) + h(t)y(t) +

Z t

0
(t� s)�

3
4K(t, s)y(s)ds = f(t), t 2 [0, 1], (10)

y(0) + y

✓
1

10

◆
=

✓
1

10

◆ 11
10

; y0(0) + y

✓
1

10

◆
=

✓
1

10

◆ 11
10

, (11)

with

h(t) = t, K(t, s) = ts, f(t) =
�
�
21
10

�

�
�
21
20

� t
1
20 + t

21
10 +

�
�
1
4

�
�
�
31
10

�

�
�
67
20

� t
67
20 , t 2 [0, 1], s 2 [0, t].

The exact solution of (10)–(11) is y(t) = t
11
10 . Clearly, f, h 2 Cq,µ(0, 1] with µ = 19

20 and arbitrary
q 2 N. Therefore ⌫ = max{, µ} = 19

20 .
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r = 1 r = 2 r = 3 r = 4
N "N ⇥N "N ⇥N "N ⇥N "N ⇥N

4 4.85E-04 8.77E-05 4.30E-05 4.73E-05
8 2.01E-04 2.42 2.03E-05 4.31 4.61E-06 9.34 4.18E-06 11.33
16 9.55E-05 2.10 4.07E-06 5.00 4.33E-07 10.64 1.77E-07 23.65
32 4.37E-05 2.19 8.42E-07 4.83 3.66E-08 11.83 1.07E-08 16.49
64 2.00E-05 2.19 1.73E-07 4.87 3.64E-09 10.05 6.64E-10 16.12
128 9.11E-06 2.19 3.77E-08 4.58 3.58E-10 10.17 4.13E-11 16.10
256 4.15E-06 2.19 8.80E-09 4.29 3.81E-11 9.39 2.61E-12 15.84

2.07 4.29 8.88 16.00

Table 1: Numerical results for problem (10)-(11) with m = 3.

3 Conclusions

We have introduced and analysed a high order numerical method for solving boundary value
problems for linear fractional weakly singular integro-differential equations with a Caputo frac-
tional derivative. The performed numerical experiments were in accordance with theoretical
results.
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1 Introduction

We consider a fractional initial value problem

(D↵
Capu)(t) + r(t)u(t) +

Z t

0
(t� s)�

K(t, s)u(s) ds = f(t), 0  t  1; u(0) = u0, (1)

where 0 < ↵ < 1, 0   < 1, u0 2 R := (�1,1) and D↵
Capu is the ↵ order Caputo fractional

derivative of the unknown function u (see [1]):

(D↵
Capu)(t) =

1

�(1� ↵)

d

dt

Z t

0
(t� s)�↵[u(s)� u(0)] ds, 0  t  1,

with �(x) :=
R1
0 e

�s
s
x�1 ds, x > 0. We assume that the functions r, f and K are continuous:

r, f 2 C[0, 1], K 2 C(�), � := {(x, y) : 0  s  t  1}. Then problem (1) possesses a unique
solution u 2 C[0, 1] such that D↵

Capu 2 C[0, 1] [2]. However, we cannot expect that the solution
u belongs to C

q[0, 1] (q 2 N := {1, 2, . . .}) for r, f 2 C
q[0, 1] and K 2 C

q(�). More precisely,
if K 2 C

q(�), r, f 2 C
q,µ(0, 1], q 2 N, µ 2 R, µ < 1, then u and its derivative D↵

Capu belong
to C

q,⌫(0, 1], where ⌫ = max{1 � ↵, µ,} [2, 3]. Here, by C
q,µ(0, 1] (q 2 N, µ 2 R, µ < 1) we

denote the set of functions u 2 C[0, 1] \ C
q(0, 1] such that

|u(i)(t)|  c

8
<

:

1 if i < 1� µ

1 + | log t| if i = 1� µ

t
1�µ�i if i > 1� µ

9
=

; , 0 < t  1, i = 1, . . . ,m,
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where c is a positive constant.

Thus, we see that, in general, the usual derivatives of the exact solution u of problem (1) may
be unbounded at the left endpoint 0 of the interval [0, 1]. This complicates the construction of
high order methods for the numerical solution of problem (1). Below we construct a high order
method for solving (1) based on improving the boundary behavior of the exact solution with
the help of a change of variables, and on central part interpolation by polynomial splines on the
uniform grid.

2 Integral equation reformulation of the problem

We start by converting problem (1) to an equivalent integral equation with respect to u:

u = Tu+ g, (2)

where

(Tu)(t) = � 1

�(↵)

Z t

0
(t� s)↵�1

u(s) ds� 1

�(↵)

Z t

0
(t� s)↵�

L(t, s)u(s) ds, 0  t  1,

g(t) =
1

�(↵)

Z t

0
(t� s)1�↵

f(s) ds+ u0, 0  t  1,

with L(t, s) :=
R 1
0 �

�(1��)↵�1
K((t� s)�+ s, s) d� for 0  s  t  1. To improve the possible

singular behavior of derivatives of the solution to problem (1) (equation (2)) we perform in
equation (2) the change of variables t = '(⌧), s = '(�), where ' : [0, 1] ! [0, 1] is defined by

'(⌧) =
1

cp

Z ⌧

0
⇠
p�1(1� ⇠)p�1 d⇠, cp =

Z 1

0
⇠
p�1(1� ⇠)p�1 d⇠, p 2 N. (3)

Clearly, '(0) = 0, '(1) = 1 and '
0(x) > 0, x 2 (0, 1), thus there exists a continuous inverse

'
�1 : [0, 1] ! [0, 1]. After the change of variables, equation (2) takes the form

u' = T'u' + g', (T'u')(⌧) =

Z ⌧

0
K'(⌧,�)u'(�) d�, 0  ⌧  1, (4)

where K'(⌧,�) = K('(⌧),'(�))'0(�) and g'(⌧) = g('(⌧)). The solution u of (2) and the
solution u' of (4) are related by the equalities u'(⌧) = u('(⌧)) and u(t) = u'('�1(t)).

It turns out that if

p > m for ⌫  0; p >
m

1� ⌫
for 0 < ⌫ < 1, (5)

then for u 2 C
m,⌫(0, 1] we have u' 2 C

m[0, 1] and u
(j)
' (0) = u

(j)
' (1) = 0, j = 1, . . . ,m. Extending

u'(⌧) for ⌧ < 0 by the constant value u'(0) and for ⌧ > 1 by the constant value u'(1), the
extended function is m times continuously di↵erentiable on R. This is helpful for the “central
part” interpolation by piecewise polynomials that is considered in the next section.

3 Collocation method based on central part interpolation

Following some ideas of [4, 5] we construct a high-order method for the numerical solution of
(1). Let N,m 2 N, m � 2. Let Pm�1 be the set of polynomials of degree less than or equal
to m � 1. We introduce in R the uniform grid {jh : j 2 N}, where h = 1

N . Given a function
u 2 C[��, 1 + �], � > 0, we define a piecewise polynomial interpolant ⇧h,mu 2 C[0, 1] for
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h = 1
N <

1
2� as follows. On every subinterval [jh, (j+1)h], 0  j  N �1, the function ⇧h,mu is

defined independently from other subintervals as a polynomial ⇧[j]
h,mu 2 Pm�1 by the conditions

⇧[j]
h,mu(lh) = u(lh), for l 2 Z such that l � j 2 Zm, Zm = {k 2 Z : � j

2
< k  j

2
}. (6)

For an “interior” knot jh, 1  j  N � 1, interpolation conditions (6) contain the condition

⇧[j�1]
h,m (jh) = u(jh) as well as the condition ⇧[j]

h,m(jh) = u(jh), thus ⇧h,mu is uniquely defined at
the interior knots jh, 1  j  N�1, and ⇧h,mu is continuous on [0, 1]. Introducing the Lagrange
fundamental polynomials Lk,m(t) =

Q
l2Zm\{k}

t�l
k�l , t 2 R, k 2 Zm, we get Lk,m 2 Pm�1 and

⇣
⇧[j]

h,mu

⌘
(t) =

X

k2Zm

u((j + k)h)Lk,m(Nt� j), t 2 [jh, (j + 1)h], 0  j  N � 1.

On [jh, (j + 1)h] the interpolant ⇧h,mu = ⇧[j]
h,mu for a function u 2 C[��, 1 + �] coincides with

the Lagrange interpolation polynomial of degree m�1 that interpolates u at m grid points lh for
integers l satisfying l � j 2 Zm. The Lagrange polynomial is exploited only for one subinterval
of length h in the center of the interpolation interval [aj , bj ], where aj = (j � (m � 1)/2)h,
bj = (j + (m + 1)/2)h in the case of even m, and aj = (j � m/2)h, bj = (j + m/2)h in the
case of odd m. Moreover, [jh, (j + 1)h] is contained in the central part of [aj , bj ] on which the
interpolation error can be estimated more precicely than on the whole interval [4, 5].

For m = 2, the interpolant ⇧h,2u is the usual piecewise linear function joining for 0  j  n� 1
the pair of points (jh, u(jh)) 2 R2 and ((j + 1)h, h) 2 R2 by a straight line. For m � 3, we
consider the extension operator E� : C[0, 1] ! C[��, 1 + �], � � m

2 h, putting (E�u)(t) = u(0)
for ��  t < 0, (E�u)(t) = u(t) for 0  t  1 and (E�u)(t) = u(1) for 1 < t  1 + �. Then
E� maintains the smoothness of u and the operator Ph,m := ⇧h,mE� : C[0, 1] ! C[0, 1] is well
defined, P 2

h,m = Ph,m, and for any u 2 C[0, 1] we have max0t1 |u(t) � (Ph,mu)(t)| ! 0 as
N ! 1 [4, 5].

Using Ph,m we approximate equation u' = T'u' + g' (see (4)) by equation

u',h = Ph,mT'u',h + Ph,mg'. (7)

Equation (7) is equivalent to a system of linear algebraic equations with respect to u',h(ih),
i = 0, . . . , N . Having obtained the solution u',h of equation (7), we find an approximation uh

of u, the solution of problem (1), as follows:

uh(t) = u',h('
�1(t)), 0  t  1. (8)

For the proposed method we can prove the following result.

Theorem 1 (i) Assume that 0 < ↵ < 1, 0   < 1, K 2 C(�), r, f 2 C[0, 1]. Let the smoothing

transformation ' : [0, 1] ! [0, 1] be defined by (3) and let m 2 N, m � 2. Then there exists an

N0 2 N such that for N � N0 the collocation equation (7) has a unique solution u',h 2 C[0, 1]
such that

max
t2[0,1]

|u(t)� uh(t)| = max
t2[0,1]

|u'(t)� u',h(t)| ! 0 for N ! 1,

where u 2 C[0, 1] is the solution of (2) (of problem (1)), u'(t) = u('(t)) (0  t  1) is the

solution of (4) and uh 2 C[0, 1] is defined by the formula (8).

(ii) In addition to (i), let K 2 C
m(�), r, f 2 C

m,⌫(0, 1], m � 2, ⌫ 2 R, ⌫ < 1 and let the

parameter p 2 N of the smoothing transformation ' : [0, 1] ! [0, 1] defined by (3) satisfy (5)
where ⌫ = max{1� ↵, µ,}. Then the following error estimate holds:

max
t2[0,1]

|u(t)� uh(t)|  ch
m
, h =

1

N
, N � N0.

Here c is a constant which is independent of h (of N).

231



4 Numerical example

Consider the following initial value problem:

(D0.5
Capu)(t)� tu(t) +

Z t

0
(t� s)�0.3

u(s) ds = f(t), t 2 [0, 1], u(0) = �1, (9)

where f(t) = �(2.1)
�(1.6) t

0.6 + t � t
2.1 + �(0.7)�(2.1)

�(2.8) t
1.8 + 10

7 t
0.7 for t 2 [0, 1]. The exact solution of

problem (9) is u(t) = t
1.1 � 1, t 2 [0, 1].

To find the numerical solution to problem (9) via the method proposed above (see (7)-(8)),
the parameter p in the smoothing transformation (3) has to be chosen greater than m

1�⌫ , where
⌫ = max{1 � ↵, µ,} = 0.5, since ↵ = 0.5, µ = 0.4,  = 0.3. Thus we have to take p > 2m to
achieve the expected convergence order O(hm) given by Theorem 1.

In Table 1, the errors "N := max0i10N |u( i
10N )� uh(

i
10N )| are presented. Here u is the exact

solution of problem (9) and uh is an approximation for u. Additionally, the quotients "N/2/"N

for di↵erent values of m, N and p are presented. Due to Theorem 1, the expected limit value of
"N/2/"N is 2m. These values are given in the last row of Table 1. As we can see, the obtained
numerical results are in accord with the theoretical results.

Table 1: Numerical results for problem (9).
m = 2, p = 5 m = 3, p = 7 m = 4, p = 9

N "N "N/2/"N "N "N/2/"N "N "N/2/"N

8 2.58 · 10�2 1.82 · 10�2 1.10 · 10�2

16 6.79 · 10�3 3.80 2.46 · 10�3 7.37 1.11 · 10�3 9.85
32 1.73 · 10�3 3.90 3.14 · 10�4 7.85 7.87 · 10�5 14.20
64 4.40 · 10�4 3.94 3.93 · 10�5 7.97 5.06 · 10�6 15.55

128 1.10 · 10�4 3.97 4.95 · 10�6 7.95 3.19 · 10�7 15.83
256 2.77 · 10�5 3.98 6.19 · 10�7 7.99 2.01 · 10�8 15.88

4 8 16
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1 Problem formulation

Following [1], we consider a class of fractional weakly singular integro-di↵erential equations

(D
↵p

Capy)(t) +
p�1X

i=0

di(t)(D
↵i
Capy)(t) +

qX

i=0

Z t

0
(t� s)�iKi(t, s)(D

✓i
Capy)(s)ds = f(t), 0  t  b,

(1)

subject to the conditions

n0X

j=0

�ij0 y
(j)

(0) +

lX

k=1

n1X

j=0

�ijk y
(j)

(bk) + �i

Z b̄i

0
y(s)ds = �i , i = 0, . . . , n� 1, n := d↵pe. (2)

Here D�
Cap is the Caputo fractional di↵erential operator of order � > 0 and by d�e we denote

the smallest integer greater or equal to a real number �. We assume that

0  ↵0 < ↵1 < · · · < ↵p  n, p 2 N := {1, 2, . . . }, n = d↵pe,
0  ✓j < ↵p, 0  j < 1, j = 0, . . . , q, q 2 N0 := {0} [ N,
0 < b1 < · · · < bl  b, l 2 N, 0 < b̄i  b, i = 0, . . . , n� 1,

n0, n1 2 N0, n0 < n, n1 < n, �ij0,�ijk,�i, �i 2 R := (�1,1),

di 2 C[0, b] (i = 0, . . . , p� 1), f 2 C[0, b],

Kj 2 C(�), j = 0, . . . , q, � := {(t, s) : 0  s  t  b},
where C(⌦) is the set of continuous functions on ⌦.

(3)
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2 Existence, uniqueness and smoothness of the solution

To characterize the possible singular behaviour of a solution of a fractional di↵erential equation,

we introduce a weighted space Cm,⌫
(0, b] of smooth functions on (0, b].

Definition 1 For given m 2 N and ⌫ 2 R, ⌫ < 1, by Cm,⌫
(0, b] we denote the set of continuous

functions u : [0, b] ! R which are m times continuously di↵erentiable in (0, b] such that

��u(i)(t)
��  c

8
<

:

1 if i < 1� ⌫
1 + | log t| if i = 1� ⌫
t1�⌫�i

if i > 1� ⌫

9
=

; , 0 < t  b, i = 1, . . . ,m,

where c = c(u) is a positive constant.

The following theorem describes the existence, uniqueness and regularity properties of the solu-

tion of (1)–(2).

Theorem 1 (i) Suppose that assumptions (3) hold. Moreover, assume that problem (1)–(2) with

f = 0 and �i = 0 (i = 0, . . . , n � 1) has in C[0, b] only the trivial solution y = 0, and from all

polynomials y of degree n�1 only y = 0 satisfies the conditions (2) with �i = 0 (i = 0, . . . , n�1).

Then problem (1)–(2) has a unique solution y 2 Cn�1
[0, b] with D

↵p

Capy 2 C[0, b].

(ii) Assume that (i) holds and let di 2 CM,µ
(0, b] (i = 0, . . . , p � 1), f 2 CM,µ

(0, b], Kj 2
CM

(�) (j = 0, . . . , q), where M 2 N, µ 2 R, µ < 1.

Then problem (1)–(2) possesses a unique solution y 2 Cn�1
[0, b] such that y 2 CM,⌫

(0, b] and
D

↵p

Capy 2 CM,⌫
(0, b], where

⌫ := max{µ, ⌫1, ⌫2, ⌫3, ⌫4}, (4)

with

⌫1 := max{1� (↵p � ↵i) : ↵p � ↵i 62 N, i = 0, . . . , p� 1},
⌫2 := max{1� (d↵ie � ↵i) : ↵i < n� 1, ↵i 62 N0, i = 0, . . . , p� 1},
⌫3 := max{i � (d✓ie � ✓i) : ✓i  n� 1, i = 0, . . . , q},
⌫4 := max{i � (↵p � ✓i) : i = 0, . . . , q}.

3 Numerical method and convergence results

We begin the construction of a numerical solution to problem (1)–(2) by reformulating the prob-

lem as a Volterra integral equation of the second kind with respect to the fractional derivative

z := D
↵p

Capy, where y is the exact solution of the original problem. We aim to first find an

approximation for z. To this end, in order to take into account the potential non-smoothness of

the exact solution z = z(t) at the origin t = 0, we introduce on the interval [0, b] a graded grid

⇧N := {t0, . . . , tN} with the grid points

tj := b

✓
j

N

◆r

, j = 0, 1, . . . , N. (5)

Here r 2 R, r � 1 is the so-called grading exponent. If r = 1, then the grid points (5) are

distributed uniformly; for r > 1 the points (5) are more densely clustered near the left endpoint
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of the interval [0, b]. Next, let m 2 N. In every subinterval [tj�1, tj ] (j = 1, . . . , N) we define m
collocation points tj1, . . . , tjm by

tjk := tj�1 + ⌘k(tj � tj�1) , k = 1, . . . ,m, j = 1, . . . , N, (6)

where ⌘1 . . . , ⌘m 2 [0, 1] are some fixed numbers (the so-called collocation parameters) which do

not depend on j and N and satisfy 0  ⌘1 < ⌘2 < . . . < ⌘m  1 . We search for the approximate

solution zN of the exact solution z in the standard space of piecewise polynomial functions,

that is, in the space S(�1)
m�1(⇧N ) :=

�
v : v

��
[tj�1,tj ]

2 ⇡m�1, j = 1, . . . , N
 
. Here v

��
[tj�1,tj ]

is the

restriction of v : [0, b] ! R onto the subinterval [tj�1, tj ] ⇢ [0, b] and ⇡m�1 denotes the set of

polynomials of degree not exceeding m�1. Note that the elements of S(�1)
k (⇧N ) may have jump

discontinuities at the interior points t1, . . . , tN�1 of the grid ⇧N .

We determine an approximation zN 2 S(�1)
m�1(⇧N ) of the exact solution z by demanding that zN

satisfy the reformulated integral equation at collocation points (6), forming a system of so-called

collocation conditions. After a choice of basis in S(�1)
m�1(⇧N ), these conditions form a system of

N ⇥m linear algebraic equations with N ⇥m unknowns, uniquely determining an approximate

solution zN . The approximation yN to y, the exact solution of (1)–(2), we find by the formula

yN (t) =
1

�(↵p)

Z t

0
(t� s)↵p�1zN (s)ds+

n�1X

i=0

⇠i t
i, 0  t  b. (7)

Here ⇠i = ⇠i(zN ) (i = 0, . . . , n� 1) are constants which depend on zN but are independent of t.
A more detailed explanation for finding zN and yN will be given in the talk (the exact form of

them can be found in [1]).

The convergence and convergence order of the proposed algorithm is given by the following

theorem.

Theorem 2 (i) Let m,N 2 N, r � 1 and assume that the grid points (5) with collocation points

(6) and arbitrary parameters ⌘1, . . . , ⌘m satisfying 0  ⌘1 < · · · < ⌘m  1 are used. Assume that

conditions (i) of Theorem 1 are satisfied.

Then problem (1)–(2) has a unique solution y 2 Cn�1
[0, b] such that D

↵p

Capy 2 C[0, b]. There

exists an integer N0 such that for all N � N0 the proposed method constructs a unique approxi-

mation yN to y, the solution of (1)–(2), and max0tb |yN (t)� y(t)| ! 0 as N ! 1.

(ii) In addition to (i), assume that conditions (ii) of Theorem 1 are fulfilled for M = m + 1.

Moreover, assume that the collocation parameters ⌘1, . . . , ⌘m are chosen so that the quadrature

approximation
R 1
0 F (x) dx ⇡

Pm
k=1wk F (⌘k) with appropriate weights {wk} is exact for all poly-

nomials F of degree m. Finally, assume that min{↵p � ↵p�1,↵p � n1} � 1.

Then for all N � N0 the following error estimate holds:

max
0tb

|yN (t)� y(t)|  c

8
>>>><

>>>>:

N�m�1 for m < 2� ⌫, r � 1 ,
N�m�1

(1 + logN)
2 for m = 2� ⌫, r = 1 ,

N�m�1
(1 + logN) for m = 2� ⌫, r > 1 ,

N�r(2�⌫) for m > 2� ⌫, 1  r < m+1
2�⌫ ,

N�m�1 for m > 2� ⌫, r � m+1
2�⌫ .

Here ⌫ is determined by (4), r is the grid parameter in (5) and c is a positive constant indepen-

dent of N .

Remark 1 In the case min{↵p � ↵p�1,↵p � n1} < 1 a similar error estimate can be made (see

Theorem 3 in [1]).
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Table 1: Numerical results for problem (8)-(9) with m = 3.

r = 1 r = 2 r = 3 r =
40
11

N "N ⇥N "N ⇥N "N ⇥N "N ⇥N

4 9.34 · 10�4
1.79 · 10�4

7.89 · 10�5
8.54 · 10�5

8 4.11 · 10�4
2.28 3.41 · 10�5

5.26 6.99 · 10�6
11.3 5.34 · 10�6

16.0

16 1.79 · 10�4
2.29 7.05 · 10�6

4.84 6.17 · 10�7
11.3 3.21 · 10�7

16.6

32 7.82 · 10�5
2.29 1.52 · 10�6

4.64 5.75 · 10�8
10.7 1.92 · 10�8

16.8

64 3.40 · 10�5
2.30 3.30 · 10�7

4.61 5.55 · 10�9
10.4 1.15 · 10�9

16.6

128 1.48 · 10�5
2.30 7.18 · 10�8

4.60 5.48 · 10�10
10.1 6.97 · 10�11

16.5

256 6.79 · 10�6
2.18 1.56 · 10�8

4.60 5.47 · 10�11
10.0 4.23 · 10�12

16.5

512 3.17 · 10�6
2.14 3.40 · 10�9

4.60 5.50 · 10�12
9.94 2.58 · 10�13

16.4

2.14 4.16 9.85 16.0

4 Numerical example

Consider the following boundary value problem:

(D
11
10
Capy)(t) + d0(t)y(t) +

Z t

0
(t� s)�

1
2 (D

1
10
Capy)(s)ds = f(t), 0  t  1, (8)

y(0) = 0, y0(0) = 0, (9)

with

d0(t) = t
1
5 , f(t) =

�(
11
5 )

�(
11
10)

t
1
10 + t

7
5 +

�
�
11
5

�
�(

1
2)

�(
8
5)

t
3
5 , 0  t  1.

Clearly, d0, f 2 Cm,µ
(0, 1] with µ =

9
10 and arbitrary m 2 N. Therefore, we have by (4) that

⌫ = max{µ, 1� ↵1,0 � (1� ✓0),0 � (↵1 � ✓0)} = max{ 9
10 ,�

1
10 ,�

4
10 ,�

5
10} =

9
10 .

In Table 1 some results of numerical experiments for m = 3 and for di↵erent values of the

parameters N and r are presented, using the knots of the Gaussian quadrature approximation

for m = 3 as collocation parameters ⌘1, . . . , ⌘3. The errors "N in Table 1 are calculated by the

formula

"N := max
j=1,...,N

max
k=0,...,10

|y(⌧jk)� yN (⌧jk)| ,

where ⌧jk := tj�1 + k(tj � tj�1)/10, y(t) = t
6
5 (t 2 [0, 1]) is the exact solution to (8)-(9) and

yN is found by the proposed method (see (7)). The ratios ⇥N := "N/2/"N , characterizing the

observed convergence rate, are also presented. The expected limit values of ⇥N , as given by

Theorem 2, are shown in the last row of the table. As we can see, the numerical results are in

good accord with the theoretical results.
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procedure is based on Bernstein polynomials (BPs). The mentioned polynomials are non-
orthogonal and have the ability to produce good numerical results as compared to some other
numerical method like wavelet. By variable fractional order di↵erentiation and integration,
some operational matrices are formed. On using the obtained matrices, proposed coupled
systems are reduced to systems of algebraic equations. Using Matlab, we solve the given
systems for required results. Graphical presentations and maximum absolute errors are
given to illustrate the results. Some useful features of our sachem are those that we need no
discretization or collocation technique prior to develop operational matrices. Due to these
features the computational complexity is much more reduced. Further, the e�cacy of the
procedure is enhanced by increasing the scale level. We also compare our results with that
of Haar wavelet method to justify the usefulness of our adopted method.”
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Abstract: Fractional calculus (FC) has its roots in 1695, and have been an attractive inves-
tigation area of mathematics. Obtained results during the last 327 years are important for
pure mathematics and applied fields. Especially in the last three decades, several application
areas of FC have been appeared. Because of this reason, lots of numerical approximation
techniques have been developed in various function spaces [1]. Recently, linear approxi-
mation operators have been introduced with the help of auxiliary linear positive operators
to approximate the bivariate FC operator based on the bivariate Mittag-Le✏er function
[2, 3]. On the other hand, in [4], general FC operator have been proposed based on the
general analytic kernel which include the iterated integral, Riemann-Liouville integral, Ca-
puto derivative and Atangana-Baleanu Caputo derivative when the function is replaced by
its derivative, generalized proportional fractional integral and Prabhakar integral.
The main purpose of this paper is to approximate the FC operator with general analytic
kernel by using auxiliary newly defined linear positive operators namely Stancu variant of
modified Bernstein-Kantorovich operators. Our first intention in this paper is to investigate
the approximation properties of this interesting newly defined auxiliary operators and based
on the obtained results to prove the main theorems on the approximation of these general
FC operators. We also obtain some quantitative estimates for this approximation in terms
of modulus of continuity and Lipschitz class functions. Additionally, we exhibit our approx-
imation results for well known fractional calculus operators such as Riemann-Liouville, and
Prabhakar.

keywords: Modified Bernstein-Kantorovich operator; Riemann-Liouville operator; Prab-
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Abstract: It is well known that two-dimensional fractional Volterra integral equations (2D-
FVIEs) may have non-smooth solution since the derivatives of the solution may be un-
bounded near the integral domain boundary. Therefore, in this study smoothing transfor-
mations are employed to change a class of two-dimensional linear fractional Volterra integral
equations (2D-LFVIEs) into a new transformed 2D-LFVIEs with better regularity. Conse-
quently, Bivariate Modified Bernstein-Kantorovich (B-MBK) operators are introduced and
applied to develop a transformed B-MBK scheme that reduces the transformed integral
equation to a system of algebraic equations by using discretization. Subsequently, an in-
verse transformation is applied to obtain the approximate solution of the original equation.
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Kantorovich operators; Smoothing transformation; Convergence analysis.
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1 Introduction

One important class of two-dimensional fractional integral equations (2D-FIEs) is the two-
dimensional linear fractional Volterra integral equations (2D-LFVIEs) of second kind

u (x) =  u (x) + g (x) :=

Z

S
K (x; y)u (y) dy + g(x), x 2 Dl1l2 (1)

where, x = (x1, x2) and y = (y1, y2) 2 Dl1l2 , and S := [0, x1] ⇥ [0, x2] , Dl1l2 := [0, l1] ⇥ [0, l2]
⇢ R2 with lp > 0 (p = 1, 2) being constant, u (x) = u (x1, x2) is the solution to be found and
g (x) = g (x1, x2) is a known function on Dl1l2 . Here,  is the integral operator with a fractional
exponential kernel function of the form

K (x; y) =
(x1 � y1)

⌫1�1 (x2 � y2)
⌫2�1

� (⌫1)� (⌫2)
eK (x; y) , (2)

where, (⌫1, ⌫2) 2 (0,1) ⇥ (0,1) with ⌫p, p = 1, 2 being fractional, �(.) is the Gamma function

and the function eK (x; y) is continuously di↵erentiable on Dl1l2 ⇥Dl1l2 up to m� th derivative
m 2 N. We remark that when (⌫1, ⌫2) 2 (0, 1) ⇥ (0, 1) the kernel K has weak singularity along
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the diagonals x1 = y1 and x2 = y2. Furthermore, when (⌫1, ⌫2) 2 (1,1)⇥ (1,1) although K is
continuous on Dl1l2 ⇥Dl1l2 its derivative may be singular along the diagonal.

During the last half century significant progress has been made in the numerical analysis of the
one-dimensional Volterra integral equations with weakly singular kernels or other non-smooth
kernels. Such as an early study of the collocation method on graded meshes in [1] and a recent
study of convergence properties of spline collocation and iterated collocation methods for a linear
weakly singular Volterra integral equation associated with certain heat conduction problems in
[2].

On the other hand, there are few studies dealing with the derivation and analysis of general
numerical methods for the approximate solutions of the two-dimensional Volterra integral equa-
tions (2D-VIEs) with non-smooth solution specifically 2D-FVIEs.

Some problems leading to multidimensional weakly singular integral equations and the smooth-
ness of the solution were analyzed in [3]. Later, operational matrix methods were used to
develop some numerical schemes to solve two-dimensional nonlinear fractional Volterra integral
equations (2D-NFVIEs), while Fredholm integral equations were also considered. Such as block
pulse operational matrix in regard with the properties of two-dimensional block pulse functions
given in [4]. Recently, in [5] the transformed bivariate barycentric rational interpolation method
for 2D-NFVIEs was given based on the barycentric rational interpolation and some smoothing
transformations.

In this research B-MBK operators are introduced and asymptotic rate of convergence analysis
are given. Then the smoothing transformations used in [5] are employed to change the 2D-
LFVIEs in (1) into a new form. Further, the transformed equation is reduced to a system of
algebraic equations by using the B-MBK operators and discretization. Subsequently, an inverse
transformation is applied to obtain numerical solution of the original equation.

2 Transformed B-MBK scheme

For solving one-dimensional Volterra and Fredholm integral equations with continuous kernel
and solution satisfying the required smoothness conditions, the use of Modified Bernstein-
Kantorovich (MBK) operators was given in [6]. Let D1,1 := [0, 1] ⇥ [0, 1] and ↵ = (↵1,↵2) ,
↵i > 0, (i = 1, 2). We take z = (z1, z2), that zp = yp

lp
, and w⇤ = (w⇤

1, w
⇤
2) where, w⇤

p =
kp+(zp)

↵p

np+1 lp, p = 1, 2 and introduce the Bivariate Modified Bernstein-Kantorovich (B-MBK) op-

erators K↵1,↵2
n1,n2 (u;x) for u 2 C (Dl1,l2) as follows

K↵1,↵2
n1,n2

(u (y1, y2) ;x) =
n2X

k2=0

n1X

k1=0

Pn1,k1
0,l1

(x1)P
n2,k2
0,l2

(x2)

Z

D1,1

u (w⇤) dz, (3)

where,

P
np,kp
0,lp

(xp) =

✓
np

kp

◆✓
xp
lp

◆kp ✓
1� xp

lp

◆np�kp

, p = 1, 2, (4)

and
�np

kp

�
= np!

kp!(np�kp)!
and np 2 N for p = 1, 2. Let ! = (!1,!2) that !p 2 [1,1) , p = 1, 2. We

consider the following smoothing transformation used in [5],

xp = �p (tp) = l
1�!p
p t

!p
p , 0  tp  lp, p = 1, 2, (5)

such that �p 2 Cm [0, lp] and
����(mp)

p (tp)
���  ecpt

!p�mp
p , 0  mp  !p  m, (6)

|�p (tp)� �p (sp)| � bcp |tp � sp|
⇣
t
!p�1
p + s

!p�1
p

⌘
, (7)
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where, ecp,bcp(p = 1, 2) are constants independent of tp, sp 2 [0, lp] . We consider the transforma-
tions in (5) for !p > 1, p = 1, 2 for a better smoothing property of the transformed function.

Since �p (tp) 2 C [0, lp] , �p (0) = 0, and �p (lp) = lp additionally, �0
p (tp) = !pl

1�!p
p t

!p�1
p > 0 it

follows that �p maps [0, lp] into [0, lp] and has the following continuous inverse transformations

tp = ��1
p (xp) = l

(!p�1)/!p
p x

1/!p
p , 0  xp  lp, p = 1, 2. (8)

Using the smoothing transformation (5) we have x1 = �1 (t1) = l1�!1
1 t!1

1 and x2 = �2 (t2) =
l1�!2
2 t!2

2 . Also y1 = �1 (s1) = l1�!1
1 s!1

1 and y2 = �2 (s2) = l1�!2
2 s!2

2 . Then the 2D-LFVIE given
in (1) becomes

u� (t) =  �u� (t) + g� (t) :=

Z

S�

K� (t; s)u� (s) ds+ g�(t), t 2 Dl1,l2 , (9)

where, t = (t1, t2) , s = (s1, s2) and S� := [0, t1]⇥ [0, t2] . Further,

g� (t) = g� (t1, t2) = g (�1 (t1) ,�2 (t2)) , (10)

u� (t) = u� (t1, t2) = u (�1 (t1) ,�2 (t2)) , (11)

 �u� (t) =

Z

S�

K� (t; s)u� (s) ds, (12)

and the transformed kernel K� is

K� (t; s) = K (�1 (t1) ,�2 (t2) ;�1 (s1) ,�2 (s2))�
0
1 (s1)�

0
2 (s2) . (13)

Then we use the B-MBK operators in (3) to approximate the unknown function u� in (9) as

K↵1,↵2
n1,n2

(u�; t) =

Z

S�

K� (t1, t2; s1, s2)K
↵1,↵2
n1,n2

(u�; s) ds+ g�(t1, t2), t 2 Dl1,l2 . (14)

Next we take the Chebyshev collocation points

t1,i = l1

✓
1� cos

✓
i⇡

2n1

◆◆
, i = 0, 1, 2, ..., n1, (15)

t2,j = l2

✓
1� cos

✓
j⇡

2n2

◆◆
, j = 0, 1, 2, ..., n2, (16)

and the transformation points x1,i = l1�!1
1 t!1

1,i and x2,j = l1�!2
2 t!2

2,j accordingly. Let S�,i,j :=
[0, t1,i]⇥ [0, t2,j ], subsequently we obtain the transformed B-MBK scheme as

K↵1,↵2
n1,n2

(u�; t1,i, t2,j) =

Z

S�,i,j

K� (t1,i, t2,j ; s1, s2)K
↵1,↵2
n1,n2

(u�; s) ds+ g�(t1,i, t2,j). (17)

By solving the algebraic system of equations obtained in (17) and the B-MBK operators in (3)
we obtain the approximate solution K↵1,↵2

n1,n2 (u�,n1,n2 ; t) . Then the approximate solution un1,n2(x)
of the original 2D-LFVIE given in (1) is obtained by using the inverse transformation in (8).

3 Numerical Investigation

Let
E↵1,↵2

n1,n2
(x) = u (x)�K↵1,↵2

n1,n2
(un1,n2 ;x) , x 2 Dl1,l2 . (18)

M (K↵1,↵2
n1,n2 ) presents the given approach by using the B-MBK operators K↵1,↵2

n1,n2 .
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x = (x1, x2) AE10,10
8,8 (x1, x2)

(0, 0) 0
(0.1, 0.1) 9.64506⇥ 10�15

(0.2, 0.2) 2.93765⇥ 10�13

(0.3, 0.3) 5.21666⇥ 10�12

(0.4, 0.4) 2.13410⇥ 10�11

(0.5, 0.5) 5.12533⇥ 10�11

(0.6, 0.6) 9.85914⇥ 10�11

(0.7, 0.7) 1.85626⇥ 10�10

(0.8, 0.8) 3.80571⇥ 10�10

(0.9, 0.9) 8.32515⇥ 10�10

(1, 1) 1.80797⇥ 10�9

Table 1: The absolute errors for the Example 1 obtained by the proposed method M
⇣
K10,10

8,8

⌘

for ! = (4, 4).

AE↵1,↵2
n1,n2 (x1, x2) is the absolute error at the point (x1, x2) defined as |E↵1,↵2

n1,n2 (x1, x2)| .

Example 1 ([5])

u (x1, x2) =

Z x1

0

Z x2

0

(x1 � y1)
3
2 (x2 � y2)

3
2

�
�
5
2

�
�
�
5
2

� u (y1, y2) dy2dy1 + g (x1, x2)

where,

g(x1, x2) = x
3
2
1 + x

3
2
2 � 113⇡

21300

✓
x41x

5
2
2 + x

5
2
1 x

4
2

◆
,

x 2 D1,1, and D1,1 := [0, 1]⇥ [0, 1] ⇢ R2 and the exact solution is u(x1, x2) = x
3
2
1 + x

3
2
2 .
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1 Introduction

The time-fractional wave equations are obtained from the standard wave equation by replacing
the time derivative by a fractional derivative of order ! ! ]1, 2]. This equation models anomalous
wave propagation phenomena and has been studied over the last years by several authors. In
the one-dimensional it has been studied comprehensively in several papers (see e.g. [5] and
references therein). For the multidimensional case there are some works in this direction (see
e.g. [2, 3] and references therein). In [2] it was obtained a representation for the eigenfunctions
of the time-fractional di!usion-wave equation in terms of Kampé de Fériet and Lauricella series.
In this paper, we focused in the one-dimensional case and we show alternative representations for
the eigenfunctions of the time-fractional wave operator in terms of radial integrals, H-functions
of two variables, and double series. Moreover, we present some plots of the eigenfunctions for
some particular choices of the order of derivation and the eigenvalue.

2 Preliminaries

In this section we recall some basic definitions about fractional derivatives and special functions
that are necessary for this work.

Definition 1 (cf. [6, Def. 4]) Let (a, b) be a finite or infinite interval on the real line R and
" > 0. Also let # be a monotone increasing and positive function on (a, b), having a continuous
derivative #! in (a, b). The left Riemann-Liouville fractional integral of a function f with respect
to another function # on [a, b] is given by

!

I!,"
a+ f

"

(t) =
1

" (")

# t

a

#! (w) (# (t)" # (w))!"1
f (w) dw, t > a. (1)
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Next, we give the definition of the so-called #-Hilfer fractional derivative of a function f with
respect to another function.

Definition 2 (cf. [6, Def. 7]) Let " > 0 and m = ["] + 1, where ["] denotes the integer part
of ". Let also I = [a, b] be a finite or infinite interval on the real line and f,# ! Cm [a, b] two
functions such that # is a positive monotone increasing function and #! (t) #= 0, for all t ! I.

The left #-Hilfer left fractional derivative HD
",µ;#
t,a+

of order " and type µ ! [0, 1] is defined by

!

H
D
!,µ;"
a+ f

"

(t) = I
µ(m"!),"
a+

$

1

#! (t)

d

dt

%m

I
(1"µ)(m"!),"
a+ f (t) .

We observe that when µ = 1 and # (t) = t with t ! R+, we recover the left Caputo fractional
derivative of order " > 0 on [a, b] $ R (see [6, Sec. 5]), which is defined by

&

CD!
a+f

'

(t) =
1

" (m" ")

# t

a

f (m) (w)

(t" w)!"m+1 dw. (2)

One of the integral representations presented in this work involves the bivariate Mittag-Le#er
function which has the following double series representation:

E(a1,a2),b (z1, z2) =
+#
(

l1=0

+#
(

l2=0

(l1 + l2)!

l1! l2!

zl11 zl22
" (b + a1l1 + a2l2)

.

We recall the H-function of two variables, which is defined via a double Mellin-Barnes type
integral by (see [1])

H0,n1;m2,n2;m3,n3
p1,q1; p2,q2; p3,q3

)

*

z1

z2

(aj ;"j , Aj)1,p1
; (cj , $j)1,p2

; (ej, Ej)1,p3

(bj ;!j , Bj)1,q1 ; (dj , %j)1,q2 ; (fj , Fj)1,q3

+

,

=
1

(2&i)2

#

L2

#

L1

' (s, w) '1 (s) '2 (w) z
s
1 z

w
2 ds dw,

where

! (s, w) =

!n1

i=1
! (1! ai + "is+Aiw)

!p1
i=n1+1

! (ai ! "is! Aiw)
!q1

j=1
! (1! bj + #js+Bjw)

,

!1 (s) =

!m2

j=1
! (dj ! $js)

!n2

i=1
! (1! ci + %is)

!q2
j=m2+1

! (1! dj + $js)
!p2

i=n2+1
! (ci ! %is)

,!2 (w) =

!m3

j=1
! (fj ! Fjw)

!n3

i=1
! (1! ei + Eiw)

!q3
j=m3+1

! (1! fj + Fjw)
!p3

i=n3+1
! (ei ! Eiw)

,

and where an empty product is interpreted as 1, x, y ! C, mi, ni, pi, qi ! Z such that 0 % mi % qi,
0 % ni % pi (i = 1, 2, 3); ai, bj , ci, dj , ei, fj ! C, "i, Ai,!j , Bj , $i, %j , Ei, Fj ! R+ and the sequence
of parameters (aj), (bj), (cj), (dj), (ej) and (fj) are restricted that none of the poles of the
integrand coincide. For more details about the convergence conditions of this function the
interested reader can consult [1].

3 Integral and series representations for the eigenfunctions

In this section, we present some representations for the eigenfunctions of the time-fractional wave
operator in terms of double Mellin-Barnes integrals, H-functions of two variables, and double
series. Let us start considering the eigenfunction equation for the time-fractional wave operator

!

C(#
t,0+ " c20 (

2
xx

"

u#$ (x, t) = )u#$ (x, t) , (3)

subject to the following initial conditions

u#$(x, 0) = %(x) and (tu
#
$(x, 0) = 0, (4)
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Time-fractional wave operator 3

where x ! R, t ! R+, ) ! C, % (x) is the distributional Dirac delta functions, and C($
t,0+

is

the partial time-fractional derivative in the Caputo sense of order 1 < ! % 2 (see (2)). Problem
(3)-(4) can be seen as a particular case of the problem studied in [4] where the authors solved the
Cauchy problem associated to the time-fractional telegraph equation with #-Hilfer derivatives
in Rn & R+:

c2
H(!2,µ2;"

t,a+ u (x, t) + c1
H(!1,µ1;"

t,a+ u (x, t)" c20 $xu (x, t) + d u (x, t) = q (x, t) , (5)

with appropriate initial conditions. If we consider in (5)

n = 1, c2 = 1, c1 = "), d = 0, q (x, t) = 0, # (t) = t, µ1 = µ2 = 1, "2 = !, "1 = 0 (6)

we recover immediately the one-dimensional case (3). In this sense, assuming (6) and the initial
conditions (4) in some of the results presented in [4] we obtain the following representations of

u$%:

In the form of radial integrals:

u#$ (x, t) =
1

&

+#
(

p=0

&

)t#
'p

# +#

0
Ep+1
#,#p+1

&

"c20w
2t#

'

cos (|x|w) dw

"
) t#

&

+#
(

p=0

&

) t#
'p

# +#

0
Ep+1
#,#(1+p)+1

&

"c20w
2t#

'

cos (|x|w) dw;

In the form of H-functions of two variables:

u#$ (x, t) =
1'
& |x|

H0,1;0,1;1,0
1,1;1,0;0,1

)

-

*

4c20t
#

|x|2

")t#

(0; 1, 1) ;

$

1

2
, 1

%

; ""

(0;!,!) ; ""; (0, 1)

+

.

,

"
)t#'
& |x|

H0,1;0,1;1,0
1,1;1,0;0,1

)

-

*

4c20t
#

|x|2

")t#

(0; 1, 1) ;

$

1

2
, 1

%

; ""

("!;!,!) ; ""; (0, 1)

+
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In the form of double series:
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4 Graphical representation of the eigenfunctions

In this section, we present and discuss some plots of the eigenfunctions u$% for some particular
choices of the fractional parameter ! and the eigenvalue ). For the generation of the plots we
consider the series representation (8) with c0 = 1, x ! ["3, 3], and t ! [0, 2].

Figure 1: Plots of u$% for ! = 1.25 and ) = 0.5 (right), and ! = 1.50 and ) = 1 (left).
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Figure 2: Plots of u$% for ! = 1.75 and ) = 1 (right), and ! = 1.75 and ) = 2 (left).

From the analysis of Figures 1 and 2 we conclude that the eigenfunctions attain two symmetric
maxima which decrease with time, and attains a minimum at x = 0. For all values of ) the
eigenfunctions are continuous and di!erentiable with respect to the space variable. The obtained
plots are in agreement with those obtained in [2].

5 Conclusions

In this work, we presented several representations for the eigenfunctions of the time-fractional
wave equation in R& R+: in the form of radial series, in terms of H-functions of two variables,
and as double series. The representation (7) coincides with the one presented in [2] when n = 1
(see expression (3.6)). For particular values of ! and ), some plots of the eigenfunctions were
presented and discussed.
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Abstract: Baliga and Maskin introduced a model of contributions to the conservation of
clean air that can be extended to consider the provision or preservation of public goods. In
this paper we consider an extension of such model, a fact that will allow us to analyze the
e!ects of the change in the behavior of economic agents with respect to the preservation
of a public good, in particular, when the parameter !, which we will call preservation
intensity, is modified. This parameter is considered constant and equal to 1/2 in their
work, we consider cases where 0 < ! < 1. Baliga and Maskin [1] introduced a model of
contributions for the provisions of public goods. In this paper we consider an extension of
their model and we analyze the e!ects of the intensity of preservation parameter 0 < ! < 1
(! = 1/2 in their case). We show the formation of stable coalitions which are absorbing
states of a bargaining Markov chain, where agents join/leave coalitions according to their
cooperation/free-riding incentives. We show that there is a stable high coalition consisting
of a set of agents most preferring/valuing the public good. The increase of the intensity of
preservation parameter ! increases the size of the stable high coalition that changes from a
single member (competitive coalition as shown in Baliga and Maskin’s paper) to the grand
coalition. However, the utility of the members of the stable coalition can be very small
compared to the utility of the free-riders, making the formation of the stable coalitions very
di"cult without an external mechanism. We show that Barrett’s paradox of cooperation
holds except when the free-riders have a very low preference for the public good, which also
facilitates the formation of the stable coalition, or there are no free-riders.
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Abstract: We develop a theoretical framework to study the location-price competition of
firms in network game. The game is an extension of the classical Hotelling model in the
line, where consumers face linear transportation costs along with firms’ prices. We show
the existence of a pure Nash equilibrium price if, and only if, some explicit conditions on
the production costs and on the network structure hold. Furthermore, we prove that the
localizations of the local firms are optimal at the cross-roads of the town. In addition, we
extend the results to the case were Firms know their production costs but are uncertain
about the production costs of the competitor firms.
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Abstract: We introduce the evolutionary information search dynamics and characterize its
stable equilibria. Inspired in Daley-Kendall [1] and Go!man-Newill [2] models, we propose
an Ignorant-Believer-Unbeliever rumor spreading model with the following characteristics:
(i) a network contact between the individuals that determine the spread of the rumors; (ii) a
value (benefits versus costs) for the individuals to search truthful information; (iii) a payo!
for the individuals depending on the value of information search and depending on the risk of
believe on false rumors. Since the rumors are false, fake news are the best example. For each
value of information search, we compute the evolutionary stable information search strategy
that is the attractor of the information search dynamics; and the optimal information search
strategy that maximizes the expected information payo! of the population. Three distinct
scenarios occur: (i) when the benefits are higher than the costs, we show that both strategies
coincide and all individuals search for truthful information; (ii) when the benefits are slightly
lower than the costs, we show that both strategies coincide and all individuals do not search
for truthful information.
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Abstract: The study of network e↵ects in models of price competition is usually a pertur-
bation of an (equilibrium) demand function, which is either a primitive or a specification
arising from a standard model. When network e↵ects are positive and depend on the aggre-
gate of choices, such a construction is necessary to control the bandwagon e↵ect and avoid
ending up in a corner solution. We show that in duopolies where network e↵ects depend
on a partition into groups, some influence structures produce a local (pure price) duopoly
equilibrium where both firms profit. The local solution can be part of a subgame-perfect
equilibrium if firms’ are afraid that a price outside the interval that supports the local op-
timum will tip the market to their rival. It may be particularly suitable for some fickle
popularity phenomena. It also shows it is possible to take network e↵ects as the microeco-
nomic foundation for demand and then perturb that solution with other e↵ects if deemed
necessary.
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Abstract: In this paper, we investigate a discrete-time Cournot game with three time de-
lays, where the interactions of one public firm and n private firms on the market are consid-
ered. The mathematical model is described by a nonlinear delayed system of n+1 di↵erence
equations, which admits two equilibrium points. The local stability analysis shows that the
boundary equilibrium point is a saddle point, while the positive equilibrium is asymptoti-
cally stable for any time delays, if some conditions on the system parameters are fulfilled.
The bifurcation phenomena which occur in a neighborhood of the positive equilibrium are
also analyzed, considering the time delays as bifurcation parameters. Numerical simulations
illustrate the complex dynamic behaviour of the system.

keywords: Cournot oligopoly, local stability, bifurcation, time delay, simulation
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1 Introduction

Dynamic Cournot oligopoly games have been widely studied in the literature. For example, in
[2], three concurrent firms with bounded rationality are considered, based on the utility CES
function and complex dynamic behavior is reported. In [5] a mixed triopoly game is analyzed,
illustrating the competition between a public firm and two private firms. In [1] the competition
of n firms is investigated, in a context of isoelastic demand with non-unitary elasticity and the
stability of the Nash equilibrium is discussed. In addition, in [4] it is highlighted that state-
owned public firms are significant for their market competitors and private firms might face
financial di�culties that could lead to their nationalization.

Motivated by the mixed competition setting, as well as the delay in the information collection
and decision making processes, we focus on the analysis of the influence of the number of private
firms and the time delays on the dynamics of a Cournot oligopoly model. With this aims, we
consider one public firm and n private firms producing di↵erentiated products. The firms have
two types of strategies: naive for the private firms and bounded rationality for the public firm.
The public firm makes the output’s decision based on the social surplus, taking into account the
past production levels of the private firms [5]. On the other hand, the outputs of each private
firm is adjusted using the reaction functions and the past production levels of the public firm and
the other private firms. The main result of this paper is related to the stability and bifurcation
analysis of the Nash equilibrium, with respect to the number of the private firms, the degree of
product di↵erentiation, the adjustment parameter and the time delays.
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2 Results and discussion

We consider competitors’ time delays in the terms of the bounded rationality, reflected on the
ideas presented in [3]. The production of the public firm is adjusted based on the past production
levels of the private firms (at time t � ⌧1, ⌧1 > 0). However, the aim of this study is to focus
on the case when the productions of each private firms are updated with respect to the past
production (at time t � ⌧0, ⌧0 > 0) of the public firm, as well as the past production (at time
t� ⌧2, ⌧2 > 0) of the other private firms. Therefore, in this paper, we investigate the following
nonlinear discrete-time mathematical model with time delays:

8
>><

>>:

q0(t+ 1) = q0(t) + ↵q0(t)


a0 � bq0(t)� b�

nP
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qi(t� ⌧2) , j = 1, n.
(1)

The discrete dynamical system (1) has two equilibrium points (nonnegative fixed points):

E0 = (0, q?, q?, ..., q?) and E+ = (q?0, q
?
1, q

?
1..., q

?
1),

where
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b[2 + (n� 1)�]
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b[2 + (n� 1)� � n�2]

,

q?1 =
a1 � �a0

b[2 + (n� 1)� � n�2]
.

As � 2 (0, 1), it follows that E+ is a positive equilibrium point if and only if the following
assumptions are satisfied:

(A.1) [2 + (n� 1)�]a0 > n�a1 ,

(A.2) a1 > �a0 .

The characteristic equation associated to the liniarized system at one of the equilibrium points
E = (qe0, q

e
1, q
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1, ..., q
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1) 2 {E0, E+} is of the form:
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(2)

Assuming that the assumption (A.1) is satisfied, we easily obtain that the boundary equilibrium
point E0 is a saddle point, regardless of the the time delays ⌧0, ⌧1, ⌧2.

For the positive equilibrium, as qe0 = q?0 and qe1 = q?1, based on the characteristic equation (2),
the local stability analysis reduces to studying the distribution of the roots with respect to the
unit circle of the following equation:

n�
�2

2
��⌧0�⌧1 � (�� 1 + �)

✓
�+ (n� 1)

�

2
��⌧2

◆
= 0, (3)

where

� = ↵
[2 + (n� 1)�]a0 � n�a1

2 + (n� 1)� � n�2
> 0. (4)
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If assumptions (A.1) and (A.2) hold, using the Schur-Cohn stability criterion, we show that
when ⌧0 = ⌧1 = ⌧2 = 0, the positive equilibrium point E+ is asymptotically stable if and only if
the following inequalities are satisfied:

� <
2

n� 1
and � <

4� 2(n� 1)�

2� (n� 1)� + n�2
. (5)

Moreover, we also prove that when ⌧2 = 0, inequalities (5) represent su�cient conditions for the
asymptotic stability of the positive equilibrium point E+, for any time delays ⌧0 and ⌧1.

We also analyze the bifurcation phenomena occurring in a neighborhood of the positive equilib-
rium E+, considering the three time delays as bifurcation parameters.

3 Conclusions and Future work

This work generalizes existing findings recently reported in the literature [5], concerning the
stability and bifurcation analysis of a discrete-time Cournot oligopoly game involving one public
firm and several private firms. Numerical simulations reveal complex dynamic behavior and the
presence of chaotic regimes for su�ciently large values of the time delays.

On the one hand, understanding the possible routes towards chaotic behavior in terms of the
number of private firms and the time delays and on the other hand, investigating a similar
mathematical model in which the n private firms do not have all-to-all connection are possible
directions for future research.
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Abstract: Habit formation is a relaxation mechanism of control policies in making decisions. 

It prevents the decision-maker from rapidly changing his/her control variables. Our 
contribution presents and analyzes a new mathematical model of a modern environmental 
policy-making problem with a habit formation. 
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1 Introduction 

 
Habit formation as a relaxation mechanism of control variables is a central research topic 
in mathematical finance, economics, and insurance [1], while not so in civil and 
environmental engineering despite their importance. The relaxation prevents the 
decision-maker from rapidly changing his/her control variables, possibly leading to the 
loss of utility to be maximized by the project implementation. Adaptive environmental 
management, even if it is theoretically optimal, would be often repelled. This is 
considered due to technical difficulties in the project implementation and/or aversion of 
the decision-maker against the rapid adaptation. However, the loss of utility due to the 
habit formation in this aspect has not been evaluated. 
 We formulate an environmental management problem with a habit formation 
focusing on the modern sediment replenishment [2]. As a new attempt, the sediment 
transport (i.e., volume decrease of a sediment lump in time) is described by an avalanche 
model [3] as a simple model of decreasing processes having a unique scaling property. 
The objective of the sediment replenishment is to supply sand to a sediment-starved river 
reach, such as a river reach downstream of a dam, which is a costly project necessary for 
the conservation of aquatic ecosystems. We formulate a time-average control problem to 
find the cost-efficient replenishment policy with and without the habit formation. 
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2 Results and discussion 
 
We work in a continuous-time setting where state variables are normalized for simplicity. 
The presentation in this material is formal, and will be formulated more rigorously in its 
full paper version. The time is denoted as 0t  . The sediment storage in a target river 
reach at time t  is denoted as  0,1tX  , which is assumed to follow the stochastic 
differential equation (SDE) [3] 

 
( )
( )

0
d d d

0 0
t

t t
t

q X
X t N

X
−

−

  = − − =  
, 0t  ,  0 0,1X   (1) 

when there is no replenishment. Here, 0q   is a constant, tN  is a state-dependent 
compound Poisson process such that its jump intensity is a constant 0  . At each its 
jump time   of tN , with ( )0,1   the jump size is tX  (resp., ( )1 tX− ) with the 

probability ( )1 tX−  (resp., tX ), and the jump size is 0 with the probability 1 tX− . The 
first and second terms of (1) describe gradual and sudden transport of the sediment to the 
downstream reach, the latter being due to flood events. The non-smoothness of the first 
term prevents the sediment storage from falling below 0. The first term of (1) is not 
appearing in [3]. With this term, the sediment storage becomes 0 in a finite time. 

We consider a time-average control problem by a decision-maker who wants to 
increase the sediment storage so that it does not become empty. We assume that the 
replenishment chances arrive following a Poisson process tP  with the intensity 0   
mutually independent from tN . The volume of storable sediment is 1. At each jump time 
s  of tP , the range of the sediment volume s  to be replenished should be  0,1 sA X − . 

The habit formation enters the proposed model as a restriction of the control range 
A . Here, we consider the particular case such that the control range A  is restricted by 
another state variable  0,1tY  , the habit, as  0,min ,1s sA Y X −   , where the governing 
equation of the habit is given by the linear relaxation 

 ( )d 1 dt tY Y t= − − , 0t  ,  0 0,1Y   (2) 

when there is no replenishment, where 0   is the relaxation parameter of habit. At the 
time s  of replenishment, the habit is updated as s sY = . In this way, the habit formation 
with a finite   restricts the control range so that the decision-making of the latest 
sediment replenishment is affected by the past. There exist the two extreme cases. Firstly, 
the limit  → +  corresponds to the decision-maker without any habit, where the control 
range is  0,1 sA X − . Secondly, the limit 0 → +  is the ratcheting case that does not 

allow for increasing the volume of replenishment in the future; namely,  00
min ,t ss t

Y Y 
 

= . 

The case where the lower bound of the control range is restricted by forming the habit 
can also be formulated analogously, but is not presented here. 

The expectation conditioned on ( ) ( )0 0, ,X Y x y=  is denoted as ,x y . Given the 
dynamics augmented by the control, set the minimization problem [2] 
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0 00
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=
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where B  is the indicator function of the generic set B , 0c   is the proportional cost, 
0d   is the fixed cost, and 

is  is the amount of sediment replenishment at i th jump time 
of tP . The first term of (3) penalizes the sediment depletion, while the second term 
evaluates the total cost of the replenishment. 

Under a Markovian control framework, if the minimum value 0H   of the 
objective function in (3) exists as a constant, then the optimality equation associated with 
the control problem is 

 
  ( ) ( ) ( ) ( )( )( )

 
( )     
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0 00,min 1 ,

1 , 1 1 ,

min , 0

x

xx y

H q y x x y x y
x y

x d c
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+ + − +  −  − −  −

 

 +  −  + + + − = 
 

, 0 , 1x y  . (4) 

A solution to this equation is a couple ( ),H   where the potential  2: 0,1 →  is a 
sufficiently regular function. The meaning of “solution” should be discussed from a 
standpoint of viscosity solutions, which will be left in the forthcoming work and here we 
present computational results of   and a candidate of the Markovian optimal control 

 ( )
 

( )   * *
0

0,min 1 ,
, arg min ,

s s

s s s s
X Y

X Y X d c


    
  − 

= =  + + + . (5) 

For the numerical discretization of (4), we use the local Lax-Friedrichs finite 
difference scheme on a uniform 200×200 mesh, and the resulting nonlinear system is 
resolved by a fast-sweeping method [2], which is truly applicable to a constant H  (see, 
the discussion below). The parameter values are chosen as 0.25 = , 0.2 = , 0.1q = , 

0.3 = , 0.21c = , 0.28d = . We fix ( )0,0 0 =  to resolve a non-uniqueness issue of  . 
Figure 1 compares the numerical solution for different values of  . The optimized 

objective H  is computed as 0.205 for  = +  and 0.212 for 0.1 = . The convergence 
failed for 0 = . Habit formation with a larger relaxation parameter   thus leads to a 
larger loss of the utility here appearing as the increase of the optimized objective H . 
Numerical solutions do not contain any spurious oscillation for  = +  and 0.1 = , and 
the computed   are monotone in both x  and y  directions. In particular, in the case 
 = + , both   and *  do not depend on the habit y  as expected.  

The ratcheting case 0 =  is interesting because the aforementioned numerical 
method failed, suggesting that some of its assumptions are not satisfied in this case. We 
therefore applied a vanishing-discount method as a different approach to compute time-
average stochastic control problems. This method has already been examined against the 
other cases. The right panel of Figure 1 shows the computed value function multiplied 
by the discount rate 0.005, which is still denoted as ( ),H H x y= . The computed H  is 
clearly state-dependent, suggesting a non-constant H . Indeed, if the infimum of (3) is a 
constant, then the computed ( ),H x y  should be close to a constant. The non-constant H  
is considered due to the modeling consequence that the sediment is never replenished 
when 0 0Y = , while it is possible otherwise. This may cause the existence of multiple 
attractors depending on 0Y . The issue of non-constant H  will be addressed in future. 

 
3 Conclusions and future work 

 

263



 

 

We presented and analyzed a time-average control problem of the sediment 
replenishment subject to habit formation. The model was fairly simple, while its analysis 
results implied a complex dependence of the optimal control on the habit formation. In 
the future, the model will be more sophisticated by introducing a more realistic sediment 
transport mechanism, a more complicated performance index considering benthic water 
environmental conditions, and a more flexible observation policy.  

We will improve the avalanching term by modulating the state-dependent jump size 
and frequency so that the decreasing speed of the sediment storage becomes better 
consistent with the existing data. As an example, we are currently investigating the state-
dependent  -stable subordinator having the jump kernel, as an extension of [2]: 

( ) ( ) 1

d;dt t
zv X z f X

z− − += , jump size 0z  , a parameter ( )0,1   and some function f .  (6) 

Some additional computational results will be presented in the conference and a 
corresponding paper. 
 

 
Figure 1. Computed ( ),x y =   (surface plot, left and middle), ( ),H H x y=  (surface plot, 

right), and optimal control * . Here,   is set as +  (left), 0.1 (middle), and 0 (right). The 
right panel was computed using a vanishing-discount method. 
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Abstract: In this paper, we propose a mathematical formulation model for the dynamic
winner determination problem (DWDP), in combinatorial auctions. This model is developed
for the purpose of implementing the web, the model reflects the English auction mechanism.
We have developed an optimal resolution algorithm, which is based on the temporal analysis
of the bid status in order to avoid to the maximum to the combinatorial resolution. We
use the dynamic programming if need be, According to state of the bid. The algorithm
gives at every time of the auction period, a temporary list of winners, Articles sold and the
temporary gain. A numerical experiment using this algorithm on simulated data gives rise
to satisfactory results.
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1 Introduction

An English combinatorial auction is described by a number m of items in limited quantities for
each one, which are o↵ered for sale to potential buyers. These buyers have a limited period of
time and opportunity to update their bids.
Each bid is a combination of items, formulated as a vector of dimension m+ 1, which contains
m quantise of items desired by the bidder and the price o↵ered for this bid. Knowing the bids of
each other, the algorithm that we will develop will list the temporary winners at every moment,
which leaves to the bidders the opportunity to respond accordingly.

2 DWDP mathematical model

This model have for objective the maximization of the total profit obtained by the auction,
Subjected to constraints of the availability. It reproduces the behavior of an English auction
where each bidder has the right to update his bid during the exercise period T .
The model is built in a dynamic way, It starts at t = 0, once the first bidder proposes a first bid
S1 = (c1(t), ai1(t)). Each bid is formed by a list of items Aj with corresponding prices cj . At
this moment, The problem will contain a single variable and be 1-dimensional.
So, and as long as, other bidders come, the model is completed with the possibility that each
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bid previously given can be changed depending on the status of the auction.
The full model at time t 2 [0, T ] is:

WDPt

���������������

ft(x) = max
kX

j=1

cj(t)xj

kX

j=1

aij(t)xj  �i

i = 1, . . . ,m; j = 1, . . . , k;xj 2 {0, 1} .

(1)

During this phase a bidder can modify his o↵er as needed, he can vary the amount cj or quantities
aj desired, to better position himself in the list of winners.
At the end of the exercise period t = T , the auction will stop, and the model will be final and
contain n bidders.

2.1 DP: the description

Let a set of states Q be defined as

Q = {q(0), q(1), . . . , q(b)} (2)

The state q(k), k = 0, . . . , b, represents all nonnegative integer solutions of the DWDP , i.e.

q(k) = {x 2 {0, 1}k : ax = k} (3)

Note that for the initial state q(0) we get q(0) = {0} independently from the weight vector a
and the objective coe�cients. Since there may occur solutions in all states the set of final states
QF is given by:

QF = {q(0), q(1), . . . , q(b)} (4)

The decision of increasing a variable xj by 1 for a solution x 2 q(k) results in an increase of
the right-hand side k by aj and thus corresponds to a transition of x from the state q(k) to the
state q(k + aj). Let G(q(k)), k = 0, 1, . . . , b be the set of all solutions of the k �DWDP . Then
the original DWDP can be solved applying the following recursive equations:

����
G(q(0)) = {0} ;
G(q(k)) = vmax{G(q(k � aj)) + cj : j 2 S; k � aj � 0}k = 1, . . . , b. .

(5)

where S = {1, . . . , n} denotes the index set of the variables xj , j = 1 . . . , n, and operation vmax
computes the solutions in the set being the algebraic sum of the cost vector cj and the set of all
the solutions of the (k � aj) �DWDP . Since all the states are final, the set of vector costs of
all solutions Ye is obtained as the maximum of the union of the sets. G(q(k)), k = 1, . . . , b, i.e.

Ye = vmax
[

k=0,1,...,b

G(q(k)) (6)
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Abstract: In this work, a full probabilistic description of the response of a randomized
SDOF system is done. Considering that the damping of the structure does not simply relate
to any single physical phenomenon, the sensitivity of the response to the randomness of the
damping parameter is investigated. The stochastic analysis is conducted via the Probability
Transformation Method therefore the first probability density function of the response is
evaluated. The e↵ect of the uncertain damping coe�cient on the response of the SDOF
system has been investigated through several numerical examples.
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1 Introduction

The dynamic analysis of structural systems depends on external actions as well as on the
physical-geometrical properties of the structures, which are usually described using deterministic
parameters. In many cases, these quantities have such a highlevel of uncertainty as to produce
random variations in the dynamic response [1]. For this reason, it is more advisable to study
the probabilistic behavior of the stochastic response functions given by the randomization of
the structural system. In this work we consider the harmonic oscillator, because it is certainly
the simplest but one of the most interesting models to examine the characteristics of dynamical
systems in engineering and applied sciences. In the last years, many authors providing studies
on the oscillator’s response due to random loadings, see for example [2]. This model depends
on three parameters: the mass, the sti↵ness and the damping. Among these parameters, the
estimation of the damping value of a structural system is the most di�cult task for a design
engineer. Given the fact that there is almost always uncertainty about the energy dissipation
during dynamic motion of a mechanical or structural system, the damping of a system may vary
significantly from its “design” value. In fact, unlike mass and sti↵ness values, damping is not
related to a uniqueand well-defined physical phenomenon. For this reason, damping is surely
the most uncertain parameter influencing the dynamic responses of structures, and its incorrect
estimation results in a large error in theresponse [3].

The main objective of this contribution is to analyze how the damping parameter a↵ects the
response function of a Single Degree-of-Freedom (SDOF) system when it is assumed to be a
random variable (RV). In particular, a fully stochastic characterization of the system response
in terms of probability density function (PDF) has been performed by applying the Probability
Transformation Method (PTM), [4].
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2 Results and discussion

Consider a rigid girder with mass m which is supported by columns with combined sti↵ness k
being the internal friction between the girder and the columns described by a viscous dashpot
damper with damping coe�cient c. Suppose that the girder is also subjected to an externally
applied force f(t). Therefore, denoting by k/m = !2

0 and c/m = 2⇠!0, the equation of motion
of an SDOF, written in the standard form in the theory of vibration, is

ẍ(t) + 2⇠!0ẋ(t) + !2
0x(t) =

f(t)

m
, (1)

!0 being the natural circular frequency and ⇠ the non-dimensional damping coe�cient. Let the
following initial conditions

x(0) = x0, ẋ(0) = x1, (2)

where, without loss of generality, the initial time is equal to zero.

Assuming that the damping coe�cient is random rather than deterministic, we analyze the
behavior of the response of the system (1) which, in this case, is a stochastic process (SP). In the
initial value problem (IVP) (1)–(2), the damping parameter ⇠(✓) and the initial conditions, x0(✓)
and x1(✓), are assumed to be an absolutely continuous RVs defined on a complete probability
space (⌦,F ,P). We are going to carry out the analysis of the randomization of IVP (1)–(2) in
the time domain and in the frequency domain. The corresponding random IVP is

8
<

:
ẍ(t, ✓) + 2⇠(✓)!0ẋ(t, ✓) + !2

0x(t, ✓) =
f(t)

m
,

x(0, ✓) = x0(✓), ẋ(0, ✓) = x1(✓).
(3)

It is important to note at this point that, in most structural and mechanical vibration problems,
values of the parameter ⇠ smaller than 0.05 are needed. Furthermore, in some particular cases,
such as those for which the energy of the input is located at frequencies lower than the natural
frequency, if ⇠ � 2�1/2, the power spectral density of the response SXX(!), if it exists, simply
decays monotonically from SXX(0), see [2]. Thus, in this paper we assume the following domain
to the random damping coe�cient D(⇠(✓)) = [0, 1) and the system described in the IVP (3) is
an underdamped system with probability one (w.p.1). Regarding the distribution of the initial
conditions, no restrictions are assumed. In addition, for sake of generality, we assume that all
RVs are dependent with a known joint PDF fx0,x1,⇠(x0, x1, ⇠).

As previously indicated, under some considerations the first PDF of the response function can
be calculated in both the time and frequency domain using the PTM method. We will now show
what happens in the particular case where the force is periodic and of the form f(t) = F0 sin(�t).
We choose the following distributions for the random parameters which, for sake of simplicity
in the calculations, will be assumed independent:

• The initial conditions x0(✓) and x1(✓) have an Uniform distribution in the interval
[1� 10�10, 1 + 10�10], i.e., xi(✓) ⇠ U([1� 10�10, 1 + 10�10]), i = 1, 2.

• We compare di↵erent scenarios to the parameter ⇠(✓) depending on the proportion of
variability respect to the mean, p. We consider that the random parameter ⇠(✓) follows an
Uniform distribution in a given interval, i.e., ⇠(✓) ⇠ U([⇠0(1�p), ⇠0(1+ p)]) with ⇠0 = 0.02
and p 2 {0.05, 0.3, 0.5}.

Regarding the deterministic parameters, the undamped angular frequency is !0 = 46.13 rad/s,
the force f(t) = 200 sin(t) and the mass m = 36 000 kg.

270



% varibility

50
30
5

3.95 4.00 4.05
-0.04
-0.02

0.02
0.04

1 2 3 4 5
t

-1.0

-0.5

0.5

1.0

[x(t,θ)]
ξ0=0.02

% varibility

50
30
5

1 2 3 4 5
t

0.002

0.004

0.006

0.008

0.010

0.012

[x(t,θ)]
ξ0=0.02

Figure 1: Mean (left) and variance (right) of the response of the system (3), x(t, ✓), when the
damping parameter has a fixed mean ⇠0 = 0.02, and to di↵erent values of the percentage of
variability, p 2 {0.05, 0.3, 0.5}.
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Figure 2: 1-PDF of the response of the system x(t, ✓), f1(x, t), when the damping parameter
has a fixed mean ⇠0 = 0.02 comparing di↵erent values of the percentage of variability, p 2
{0.05, 0.3, 0.5} at the time instants t 2 {0.2, 0.5, 1} (left, center and right, respectively).
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In Fig. 1 mean and variance of the response of the system (3), x(t, ✓), have been plotted when
the mean of the damping parameter has is ⇠0 = 0.02, and to di↵erent values of the variability
p 2 {0.05, 0.3, 0.5}. From these graphical representations, it can be appreciated that the damping
has a significant e↵ect on the variance of the response. In particular, in Fig. 1 it can be noted
a significant di↵erence in the mean and in the variance of the system response for the higher
percentage of the variability of the damping parameter (p = 0.5). Moreover, in Fig. 2 the 1-PDF
of the response of the system at the time instants t 2 {0.2, 0.5, 0.7} has been plotted. From these
graphs it is possible to appreciate the non-linear relation between the input random parameter
and the response of the system. Therefore the choice of using a stochastic tool, as the PTM,
that allows the definition of the PDF of the output functions system, is certainly recommended
because the first two order statistics are not su�cient to describe the output probabilistically.

3 Conclusions and Future work

The linear dynamic analysis of a harmonic oscillator with uncertain damping parameter sub-
jected to deterministic excitation has been investigated. The obtained results give interesting
food for thought for a design engineer. It can be observed that the role of random damping plays
a significant e↵ect on the response functions. That is, the uncertainty in the damping coe�cient
has a significant influence on system response. Therefore, the main conclusion from this study
is that for dynamic analysis of systems, a design engineer should be taken into consideration
the possibility to do a stochastic analysis instead of a deterministic one especially for systems
characterized by a low value of damping. Finally, in the authors’ opinion, cause a non-linear
relation between the random input and the output of the system occurs, a complete stochastic
characterization of the response in terms of PDF is recommended, and the use of the PTM con-
firms again how the stochastic method is an adequate and competitive tool for the probabilistic
characterization of the structural response.
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1 Introduction

On the domain ⌦ = [0, T ]⇥ [0,!] we consider a system of hyperbolic equations with piecewise-
constant argument of generalized type in the following form

@2u

@t@x
= A(t, x)

@u

@x
+B(t, x)

@u

@t
+ C(t, x)u(t, x) + f(t, x)+

+A0(t, x)
@u(�(t), x)

@x
+B0(t, x)

@u(�(t), x)

@t
+ C0(t, x)u(�(t), x), (1)

where u(t, x) = colon(u1(t, x), u2(t, x), ..., un(t, x)) is unknown vector function, the n⇥nmatrices
A(t, x), B(t, x), C(t, x), A0(t, x), B0(t, x), C0(t, x) and n vector function f(t, x) are continuous
on ⌦;

�(t) = ⇣j if t 2 [✓j , ✓j+1), j = 0, N � 1; ✓j  ⇣j  ✓j+1 for all j = 0, 1, ..., N � 1;

0 = ✓0 < ✓1 < ... < ✓N�1 < ✓N = T .
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We impose conditions on the characteristics

u(0, x) = '(x), x 2 [0,!], (2)

u(t, 0) =  (t), t 2 [0, T ], (3)

where the n vector function '(x) is continuously di↵erentiable on [0,!], the n vector function
 (t) is continuously di↵erentiable on [0, T ].

Let C(⌦,Rn) be the space of continuous on ⌦ vector functions u(t, x) with the norm

||u||0 = max
(t,x)2⌦

||u(t, x)||, ||u(t, x)|| = max
i=1,n

|ui(t, x)|.

A vector function u(t, x) 2 C(⌦,Rn) is a solution to problem (1)–(3) if:

(i) u(t, x) has partial derivatives @u(t,x)
@x 2 C(⌦,Rn), @u(t,x)

@t 2 C(⌦,Rn);

(ii) the mixed partial derivative @2u(t,x)
@t@x exists at each point (t, x) 2 ⌦ with the possible exception

of the points (✓j , x), j = 0, N � 1, for all x 2 [0,!], where the one-sided mixed partial
derivatives exist;

(iii) system of hyperbolic equations (1) is satisfied for u(t, x) on each subdomain (✓j , ✓j+1)⇥[0,!],
j = 0, N � 1, and it holds for the right mixed partial derivative of u(t, x) at the points (✓j , x),
j = 0, N � 1, x 2 [0,!];

(iv) boundary conditions (2), (3) are satisfied for u(t, x) at the lines t = 0, x = 0, respectively.

Di↵erential equations are an important tool for understanding real world problems because
they mathematically represent real process. However, modeling of problems using di↵erential
equations is often not enough. This is due to the neglect of the gap e↵ects in mathematical
models, while the results of a qualitative analysis of such models may be far from reality. This
question led to the need to introduce and develop the theory of di↵erential equations with
discontinuities. A special class of such equations constitute di↵erential equations with deviating
arguments that, in turn, include functional-di↵erential equations, delay di↵erential equations,
di↵erential equations with piecewise constant argument [1].

Di↵erential equations with piecewise-constant argument of generalized type are introduced in
the works [2]–[5]. Mathematical modeling of real processes often leads to di↵erential equations
with piecewise-constant argument of generalized type. Therefore, the questions of solvability of
boundary value problems for such equations are of great importance and relevance.

In the present paper we propose a new approach for solving problem (1)–(3) based on Dzhum-
abaev’s parameterization method [6].

2 Results and discussion

Further, we apply Dzhumabaev’s parametrization method.

Denote by �N (!) a partition of the domain ⌦: ⌦ =
N[

r=1

[✓r�1, ✓r)⇥ [0,!] by lines t = ✓j ,

j = 1, N � 1.

Let

C([0,!],Rn) be the space of continuous on [0,!] vector functions '(x) with the norm

||'||1 = max
x2[0,!]

||'(x)||;
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C(⌦,�N (!),RnN ) be the space of functions systems u([t], x) = (u1(t, x), u2(t, x), . . . , uN (t, x))0,
where ur : [✓r�1, ✓r)⇥ [0,!] ! Rn are continuous and have finite left-hand side limits
lim

t!✓r�0
ur(t, x) for all r = 1, N and x 2 [0,!] with norm ku([·], x)k2 = max

r=1,N
sup

t2[✓r�1,✓r)
||ur(t, x)||.

Denote by ur(t, x) a restriction of function u(t, x) on r-th subdomain ⌦r = [✓r�1, ✓r)⇥ [0,!], i.e.

ur(t, x) = u(t, x) for (t, x) 2 ⌦r, r = 1, N.
Then the function system u([t], x) = (u1(t, x), u2(t, x), . . . , uN (t, x)) belongs to
C(⌦,�N (!),RnN ), and its elements ur(t, x), r = 1, N, satisfy the following system of hyperbolic
equations with piecewise-constant argument of generalized type

@2ur
@t@x

= A(t, x)
@ur
@x

+B(t, x)
@ur
@t

+ C(t, x)ur(t, x) + f(t, x) +A0(t, x)
@ur(⇣r�1, x)

@x
+

+B0(t, x)
@ur(t, x)

@t

���
t=⇣r�1

+C0(t, x)u(⇣r�1, x), (t, x) 2 ⌦r, r = 1, N, (4)

and conditions
u1(0, x) = '(x), x 2 [0,!], (5)

ur(t, 0) =  (t), t 2 [✓r�1, ✓r), r = 1, N, (6)

lim
t!✓p�0

@up(t, x)

@x
=
@up+1(✓p, x)

@x
, p = 1, N � 1, x 2 [0,!]. (7)

In (4) we take into account that �(t) = ⇣j if t 2 [✓j , ✓j+1), j = 0, N � 1. Conditions (7) are

the continuity conditions of partial derivative of function @u(t,x)
@x at the lines t = ✓p, p = 1, N � 1.

Introduce an additional functional parameters [7]–[8] �r(x) = ur(⇣r�1, x) for all r = 1, N
and x 2 [0,!]. Making the substitution eur(t, x) = ur(t, x)� �r(x) on every r-th subdomain ⌦r,
we obtain the system of hyperbolic equations with parameters

@2eur
@t@x

= A(t, x)
@eur
@x

+B(t, x)
@eur
@t

+ C(t, x)eur(t, x) + f(t, x) + [A(t, x) +A0(t, x)]�̇r(x)+

+B0(t, x)
@eur(t, x)

@t

���
t=⇣r�1

+[C(t, x) + C0(t, x)�r(x), (t, x) 2 ⌦r, r = 1, N, (8)

initial conditions
eur(⇣r�1, x) = 0, x 2 [0,!], r = 1, N, (9)

eur(t, 0) =  (t)�  (⇣r�1), t 2 [✓r�1, ✓r), r = 1, N, (10)

boundary condition
@eu1(0, x)

@x
+ �̇1(x) = '̇(x), x 2 [0,!], (11)

and continuity conditions

lim
t!✓p�0

@eup(t, x)
@x

+ �̇p(x) =
@eup+1(✓p, x)

@x
+ �̇p+1(x), p = 1, N � 1, x 2 [0,!]. (12)

We also have initial conditions with respect to �r:

�r(0) =  (⇣r�1), r = 1, N. (13)

Problem (8)–(10) is a initial-boundary value problems for system of hyperbolic equations with
parameters on the subdomains ⌦r, r = 1, N . For any fixed �r(x) 2 C([0,!],Rn) and r,
the problem (8)–(10) has a unique solution eur(t, x,�r), and the function system eu[t, x,�] =
(eu1(t, x,�1), eu2(t, x,�2), . . . , euN (t, x,�N )) belongs to C(⌦,�N (!),RnN ). Equations (11), (12)
with conditions are Cauchy problems for ordinary di↵erential equations according to �r(x).

Methods for solving initial-boundary value problem for system of hyperbolic equations with
piecewise-constant argument of generalized type are proposed, which are based on the solving
of problems (8)–(13).
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3 Conclusions and Future work

In the paper we investigated initial-boundary value problem for system of hyperbolic equations
with piecewise-constant argument of generalized type. We o↵ered a new approach for solving
this problem. We can extend this approach for study nonlocal problems for system of hyperbolic
equations with piecewise-constant argument of generalized type. We also propose other method
for initial-boundary value problem for system of hyperbolic equations with piecewise-constant
argument of generalized type based on new general solution to the family of di↵erential equations
with piecewise-constant argument of generalized type [9].
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University of Rijeka, Faculty of Engineering, Croatia

abasicsisko@riteh.hr

Abstract: We consider a one-dimensional model of the flow and thermal explosion of a re-
active micropolar real gas. The micropolar model is an extension of the classical fluid model,
where local microe↵ects in the continuum are taken into account. The model describes the
behavior of a gas mixture during combustion, where we assume a generalized equation of
state due to the extreme conditions that prevail during the reaction. In this paper we study
the properties of the numerical solution of this problem, more precisely the dependence on
the initial conditions. The numerical scheme we study here is based on the Faedo-Galerkin
method, and we investigate its quality in terms of the smoothness of the initial functions.
The method turns out to be generally valid, but suboptimal when the initial conditions are
not smooth.
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1 Introduction

The governing system for one-dimensional flow and thermal explosion of a reactive micropolar
real gas in Lagrangian mass coordinates reads

@t⇢ = � 1

L
⇢2@xv,

@tv = �R

L
@x(⇢

p✓) +
�+ 2µ

L2
@x(⇢@xv),

jI@t! =
c0 + 2cd

L2
@x(⇢@x!)� 4µr

!

⇢
,

cv@t✓ =


L2
@x(⇢@x✓)�

R

L
⇢p✓ @xv +

�+ 2µ

L2
⇢(@xv)

2 +
c0 + 2cd

L2
⇢(@x!)

2 + 4µr
!2

⇢
+ �r(⇢, ✓, z),

@tz =
�

L2
@x
�
⇢2@xz

�
� r(⇢, ✓, z).

Here ⇢ is the mass density, v is the velocity, ! is the microrotation velocity, ✓ is the absolute
temperature, and z is the fraction of unburned fuel. Corresponding initial conditions associated
with the system are

⇢(x, 0) = ⇢0(x), v(x, 0) = v0(x), !(x, 0) = !0(x), ✓(x, 0) = ✓0(x), z(x, 0) = z0(x).
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We also consider the following homogeneous boundary conditions

v(0, t) = v(1, t) = 0, !(0, t) = !(1, t) = 0, @x✓(0, t) = @x✓(1, t) = 0, @xz(0, t) = @xz(1, t) = 0.

It is shown in [4] that the model has a generalized solution locally in time (in a su�ciently small
time interval) if certain mild conditions apply (see [4] for details). To prove this result, a set of
approximate semidiscretized initial problems was constructed using the Faedo-Galerkin method:

⇢n(x, t) = L⇢0(x)

 
L+ ⇢0(x)

nX

i=1

⇣ni (t)i⇡ cos(⇡ix)

!�1

, (1)

vn(x, t) =
nX

i=1

vni (t) sin(⇡ix), !
n(x, t) =

nX

i=1

!n
i (t) sin(⇡ix), (2)

✓n(x, t) =
nX

i=0

✓ni (t) cos(⇡ix), z
n(x, t) =

nX

i=0

zni (t) cos(⇡ix), (3)

n = 1, 2, 3, . . . , where vni , !
n
i , ✓

n
i , z

n
i , and ⇣ni are unknown functions that satisfy the following

conditions

v̇ni (t) = 2

Z 1

0


� R

L
@x((⇢

n)p✓n) +
�+ 2µ

L2
@x(⇢

n@xv
n)

�
sin(⇡ix)dx, (4)

!̇n
i (t) = 2

Z 1

0


c0 + 2cd
L2jI

@x(⇢
n@x!

n)� 4
µr

jI

!n

⇢n

�
sin(⇡ix)dx, (5)

✓̇nj (t) = �j

Z 1

0




L2cv
@x(⇢

n@x✓
n)� R

Lcv
(⇢n)p✓n@xv

n +
�+ 2µ

L2cv
⇢n(@xv

n)2 + 4
µr

cv

(!n)2

⇢n

+
c0 + 2cd
L2cv

⇢n(@x!
n)2 +

�

cv
✏(⇢n)m�1(zn)m exp

✓n � 1

✏✓n

�
cos(⇡jx)dx,

(6)

żnj (t) = �j

Z 1

0


�

L2
@x

✓
(⇢n)2@xz

n

◆
� ✏(⇢n)m�1(zn)m exp

✓n � 1

✏✓n

�
cos(⇡jx)dx, (7)

⇣̇ni (t) = vni (t), (8)

vni (0) = 2

Z 1

0
v0(x) sin(⇡ix)dx, !n

i (0) = 2

Z 1

0
!0(x) sin(⇡ix)dx,

✓nj (0) = �j

Z 1

0
✓0(x) cos(⇡ix)dx, znj (0) = �j

Z 1

0
z0(x) cos(⇡ix)dx, ⇣ni (0) = 0,

(9)

for i = 1, . . . , n and j = 0, 1, . . . , n, where �0 = 1, and �j = 2 for j � 1. It was shown that
functions (1)–(3), whereby (4)–(9) holds, converge to a generalized solution of the observed
initial-boundary value problem. The numerical scheme for solving the observed problem is
obtained by fully discretizing the problem, i.e., numerically approximating the integral on the
right-hand side in (4)–(7) and applying the numerical method to solve the resulting system of
ordinary di↵erential equations. In particular, we used the Gauss-Legendre quadrature formula
of order 20 and an ODE solver based on the backward di↵erentiation formula. For details see
[5] where similar problem was considered.

2 Results and discussion

In this section we test the numerical method described in the previous section with respect to
the smoothness of the initial conditions. In all examples, we assume the following parameter
values:

L = 1, cd = c0 = cv = 1, R = 1, jI = 1, � = �2, µr = 1, µ = 3,  = 0.024,

p = 4, � = 1, � = 1, ✏ = 0.2, m = 2.
(10)
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Figure 1: Convergence test

In the first example, we consider simple initial conditions where the functions have a finite
Fourier series expansion:

⇢0(x) = 1, v0(x) = sin(⇡x), !0(x) = sin(2⇡x), ✓0(x) = 2 + cos(⇡x), z0(x) = 1.

In the second example, the initial functions are smooth but do not have a finite Fourier expansion,
i.e., the corresponding coe�cients are approximated numerically:

⇢0(x) = 1, v0(x) = x� x2, !0(x) = x2 � x4, ✓0(x) = 2x3 � 3x2 + 2, z0(x) = 2x3 � 3x2 + 1.

In the third example, the initial functions are continuous but not smooth:

⇢0(x) = |x2 � 0.25|+ 1, v0(x) = 0, !0(x) = 4(x2 � x4), ✓0(x) = 0.1,

z0(x) =

8
><

>:

1, x < 0.2

�2x+ 1.4, 0.2  x  0.7

0, x > 0.7

.

Figure 1 shows the result of the convergence test for all three examples for ! and z, and Table
1 contains the CPU times needed for the simulations.

3 Conclusions and Future work

From the numerical test performed, it appears that the smoothness of the initial conditions
a↵ects the convergence of the numerical method. For initial conditions that have finitely many
nontrivial terms of Fourier expansion, the convergence is fastest, as expected. In the case of
smooth functions, the convergence is similar in magnitude or slightly slower, but the problem
of oscillations may occur. In the case of non-smooth initial conditions, the convergence is the
slowest.

Based on these results we can conclude that the method works for all initial conditions, but in
order to compute more accurate simulations faster, it is necessary to develop a more e�cient
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n Example 1 Example 2 Example 3
3 2.38 2.72 2.74
4 3.19 3.75 5.10
5 4.93 4.13 6.71
6 5.11 5.89 6.47
7 8.12 6.62 7.79
8 8.31 8.23 11.47
9 8.87 8.62 16.44
10 9.70 9.35 18.43
11 9.64 12.90 18.00

Table 1: CPU times (s)

numerical method for the described problem. One possible improvement in terms of convergence
rate and avoiding oscillation problems is to use the finite di↵erence method as was used for a
similar model in [8].
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Abstract: In this paper, we present numerical simulations of the two-phase gas-liquid mix-
ture using two finite di↵erence methods, namely, Lax-Friedrichs and Richtmyer methods.
The main objective is to evaluate the performance of such methods by comparison with
an exact Riemann solver developed recently for the Riemann problem in gas-liquid mix-
ture. Accuracy and robustness of the proposed numerical methods have been validated and
good agreement found between the analytical Riemann solutions and the numerical results
obtained by these numerical methods.

keywords: Lax-Friedrichs; Richtmyer; Hyperbolic system; Riemann problem

MSC2020: 35L65, 76L05, 76T10

1 Introduction

Two-phase mixture of liquid and gas flows remains a subject of many theoretical and numerical
investigations. Such mixtures encountered in engineering and industrial applications such as
medical, energy and petroleum industries [1, 3, 4]. The present work concerns with the inter-
esting case of the bubbly flow constituted with small gas bubbles dispersed in liquid. In the
literature, this two-phase flow has been studied extensively either numerically and/or experi-
mentally. In most cases, the modelling is based on the Homogeneous Equilibrium Model (HEM),
where the governing equations are defined by the conservation of mass and momentum. For the
purpose of the current work, we assume that there is no-slip between the liquid and gas bubbles.
We also assume that the two-phase mixture is isothermal with two compressible phases. This
yields to express the Homogeneous Equilibrium Model as a conservative system defined by two
conservations laws for mass, and a conservation law for the mixture momentum. We aim by this
study to evaluate the performance of the Richtmyer and Lax-Friedrichs methods by comparing
their numerical computations with the analytical solution of the Riemann problem for a bubbly
flow dealing with small gas bubbles dispersed in liquid. As known, the solution of this theoretical
problem is a collocation of elementary waves such as rarefaction waves, shock waves and contact
discontinuities. Finally, validations are performed by considering the four cases of the Riemann
solution involving the rarefaction, contact discontinuity and shock waves.
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2 Governing Equations

We investigate a compressible two-phase flow consisting of small gas bubbles dispersed in liq-
uid, and moving in an elastic pipe. To model this two-phase flow mixture, we propose the
Homogeneous Equilibrium Mixture Model defined by [2]:

Conservation of mass

@

@t
(A⇢g↵) +

@

@x
(A⇢g↵u) = 0, (1)

@

@t
(A⇢l(1� ↵)) +

@

@x
(A⇢l(1� ↵)u) = 0, (2)

where ⇢k,↵, u and A denote, respectively, the density of phase k (g, l), the volume fraction of
the gas, the velocity of both phases and the pipe cross-sectional area.

Conservation of momentum for the mixture

@

@t
(A⇢u) +

@

@x
(A⇢u2) +A

@p

@x
= ATw �A ⇢ g sin ✓, (3)

in which ⇢, p, Tw, g and ✓ are the density of the mixture, the common pressure of gas and liquid
phases, the term of friction on the pipe wall, the gravitational acceleration and the angle of
inclination of the pipe, respectively. Further, these are defined as:

Mixture density: ⇢ = ⇢g↵+ ⇢l(1� ↵).

Equilibrium of pressures: pg = pl = p, where pk is the pressure of the phase k =g,l.

Compressibility of phases:
1

⇢k

d⇢k
dp

=
1

Kk
, where Kk is the bulk modulus of the phase k.

Cross-sectional area:
1

A

dA

dp
=

D

eK
. e, K and D stands for the thickness of the pipe wall,

the Young’s modulus for the pipe material and the circle pipe diameter, respectively.

Viscous stress: Tw = �1

2
�⇢l

u|u|
D

, with � is the friction coe�cient.

For the purpose of this paper, the compressibility of gas and liquid is taken as:

Kg = p and Kl = Constant,

which yields to ⇢g(p) =
p

a2
and ⇢l(p) = ⇢l,0e

(p� p0)/Kl with the following cross-sectional

found as a function of the pressure:

A(p) =
A0⇣

1� D0

2eK
(p� p0)

⌘2
.

Further details about the mathematical nature and physical parameters are not stated here due
to space limitation. For additional information, please see [2].
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3 Numerical Experiment and Discussion

In this section, we describe the Lax-Friedrichs and Richtmyer methods, two numerical methods
widely used in the simulation of the hyperbolic systems of conservative laws related to single-
phase flows. The advantage of these numerical methods is the simple formulation of their
numerical flux and also, the low cost of their computations compared to finite volume methods.
It is well-known that the Lax-Friedrichs scheme is very dissipative and Richtmyer scheme is
known as dispersive. Yet, within such small dissipation in their behaviour they remain to be
high frequency when one investigate bubbly flows.

Lax-Friedrichs scheme: is an explicit, first order scheme defined as

Wn+1
j = Wn

j � �t

�x

⇣
Fn
j+1/2 � Fn

j�1/2

⌘
,

where

Fn
j+1/2 =

1

2

⇣
F (Wn

j + F (Wn
j+1))

⌘
� �t

2�x

⇣
Wn

j+1 �Wn
j

⌘
,

together with the stability of this scheme holds if
�t

�x
max|�j | < 1, where �j denotes the wave

speed [2].

Richtmyer scheme: is an explicit predictor-corrector scheme of second-order defined by the
following steps

Step 1. Predictor: W⇤
j =

1

2

⇣
Wn

j +Wn
j+1

⌘
� �t

2�x

⇣
F (Wn

j+1)� F (Wn
j )
⌘
.

Step 2. Corrector: Wn+1
j = Wn

j � �t

�x

⇣
F (W⇤

j ) � F (W⇤
j�1)

⌘
, where the stability holds if

�t

�x
max|�j | <

1

2
. See [5] for both methods.

Further, we present the numerical resolution for the Riemann problem related to two-phase
mixture composed of liquid and small air bubbles. To evaluate the performance of the proposed
numerical methods, a comparative study is carried out between the numerical results obtained
by the Richtmyer and Lax-Friedrichs schemes and those obtained analytically for the Riemann
problem. Figure 1 depicts the transient evolution of the pressure corresponding to the four cases
of the Riemann solution. These solutions include three wave functions defined by the rarefac-
tion, contact discontinuity and shock waves. For all the computations, the distance increment
is taken to be �x = L/600, L =295m being the pipe length. The time increment is evaluated at
each iteration through the CFL criterion. As illustrated by figure 1, the numerical simulations
reproduce accurately the exact Riemann solution. In addition to that, the comparison between
theoretical and numerical results indicates a good agreement with the analytical solutions of the
rarefaction and shock waves. We observe that the Richtmyer scheme gives a better simulation
compared to the Lax-Friedrichs scheme. Despite its good agreement, the Richtmyer scheme
appears to be highly oscillatory due to its dispersive property of second order accurate.

4 Conclusions and Future work

The robustness and accuracy of the proposed numerical methods have been clearly demonstrated
by the di↵erent comparisons made between the numerical results and those provided analytically
for the Riemann problem. The simulation also indicates that the Richtmyer scheme is the most
accurate and e�cient numerical method compared to the Lax-Friedrich scheme. The perspective
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Figure 1: Comparison between Exact Riemann solver and Numerical Resolutions at time t =
0.065

of this work is the extension of the numerical schemes for the case of two-dimensional two-phase
mixture and the resolution of the spurious oscillations by considering exact or approximate
Riemann solvers.
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1 Instituto Universitario de Matemática Multidisciplinar,
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1?ellona1@doctor.upv.es

Abstract: The aim of this contribution is to perform a probabilistic analysis of the deflection
of a cantilever beam by means of a full randomization of the classical governing fourth-order
di↵erential equation with boundary conditions. The probabilistic study is based on the cal-
culation of the first probability density function, via the Random Variable Transformation
method, of the solution stochastic process as well as the density function of further quan-
tities of interest associated with this engineering problem such as the maximum slope and
deflection at the free end of the cantilever beam, which are treated as random variables.
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1 Introduction

In this contribution we deal with the stochastic analysis of the deflection experienced by a load-
carrying beam. It is well-known that this phenomenon can be mathematically described by
means of the following fourth-order di↵erential equation [1]

d4Y (x)

dx4
=

W (x)

EI
, 0 < x < l, (1)

where Y (x) represents the deflection curve of the beam, E is the Young’s modulus of elasticity
of the material of the beam, I denotes the moment of inertia of the cross section of the beam
around a horizontal line through the centroid of the cross section, l is the length of the beam
and W (x) represents the density of downward force acting vertically on the beam at the space
point x, which can be interpreted as load per unit length acting on the beam. For the latter, we
will assume that W (x) consists of two di↵erent loads, represented by W0 and W1, that occupy
the same space on the beam, i.e.

W (x) = W0 (U(x)� U(x� l/2)) +W1 (U(x� l/2)� U(x� l)) , (2)

where U(·) is the unitary Heaviside function.

Depending on the type of beam, we will have di↵erent boundary conditions. The case we are
going to study is a cantilever beam (a beam firmly fastened at the origin, x = 0, but with no
support at the end, x = l). In Fig. 1 we show a graphical scheme of the model. Therefore,
hereinafter the following boundary conditions will be assumed

Y (0) = 0, Y 0(0) = 0, Y 00(l) = 0, Y 000(l) = 0. (3)
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Figure 1: Cantilever beam with two
loads modelled via random variables.

Due to the heterogeneity of the material, the mathe-
matical nature of the Young’s modulus is random rather
than deterministic as it has been reported in di↵erent
investigations [3, 4]. Additionally, in practice the value
of W (x) on the whole spatial domain is approximated
via measurements, so containing epistemic errors. All
these considerations lead to rigorously treat (1) as a
random di↵erential equation. We are going to consider
E an absolutely continuous random variable and W (x)
represents two uniform loads characterized by two in-
dependent random variables.

Under our approach, the solution of the randomized
boundary problem (1)–(3) is a stochastic process, Y (x), and our goal will be to determine the
so-called first probability density function (1-p.d.f.) of the solution, fY (x)(y), taking advantage
of the Random Variable Transformation (RVT) technique (see [2, page 25]). The calculation
of this function is of great usefulness from a practical standpoint since it permits determining
all the one-dimensional moments and the probability that the solution lies on a certain interval
of specific interest. We will also obtain the p.d.f. of other quantities of interest, such as the
maximum deflexion and the maximum slope at the free end of the beam, since these quantities
are of major interest when analyzing and designing cantilever beams in civil engineering.

In the stochastic analysis of civil engineering structures this information is of paramount im-
portance since it permits evaluating the probability of breaking of a structure (like a bridge, a
balcony, a crane, etc.) that is carrying on distributed or uniform forces. Indeed, this is done by
calculating the probablity that the deflection of a beam lies within a certain safety interval.

2 Results and discussion

In order to obtain the 1-p.d.f., fY (x)(y), taking advantage of the RVT technique (see [2, page
25]), we first need to explicitly calculate the stochastic solution of Eq. (1). To this end several
techniques can be applied, here we shall apply the Laplace transform because of the well-known
advantages of this integral transform. Then, the solution stochastic process, Y (x), of model
(1)–(3) is given by

Y (x) =

8
>><

>>:

l2W0 + 3l2W1

16EI
x2 � lW0 + lW1

12EI
x3 +

W0

24EI
x4, 0 < x  l/2,

l2W0 + 3l2W1

16EI
x2 � lW0 + lW1

12EI
x3 +

W0

24EI
x4 +

W1 �W0

384EI
(l � 2x)4, l/2 < x  l,

(4)

Notice that the solution Y (x) is di↵erentiable, hence continuous at x = l/2, which is interesting
from an engineering standpoint, since informs us that the deflection varies smoothly at the
spatial point, x = l/2, where the load changes.

As Y (x) is a piecewise function, the calculation of the 1-p.d.f. of Y (x) will be done separately
in the two subdomains 0 < x  l/2 and l/2 < x  l. Then, applying the RVT method and
expressing the obtained 1-p.d.f. in terms of the expectation operator w.r.t. random variables
(W0,W1), the 1-p.d.f. for 0 < x < l/2 is given by

fY (x)(y) = EW0,W1


fE

✓
1

48yI

�
3l2W0x2 + 9l2W1x2 � 4lW0x3 � 4lW1x3 + 2W0x4

�◆

· 1

48y2I

���3l2W0x2 + 9l2W1x2 � 4lW0x3 � 4lW1x3 + 2W0x4
���
�
, 0 < x  l/2,

(5)
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and the 1-p.d.f. on the second piece of the domain l/2 < x  l is given by,

fY (x)(y) = EW0,W1


fE

✓
1

384yI

�
�l4(W0 �W1) + 8l3(W0 �W1)x+ 96l2W1x2 � 64lW1x3 + 16W1x4

�◆

· 1

384y2I

����l4(W0 �W1) + 8l3(W0 �W1)x+ 96l2W1x2 � 64lW1x3 + 16W1x4
���
�
.

(6)

The maximum slope, ⇥, and the maximum deflection, �, in a cantilever beam represent key
information to account for safety and control measures [1] . In the case of a cantilever beam, it
is clear they are calculated at the free end of the beam, i.e., x = l. It is easy to check that they
are given by the following expressions

⇥ = Y 0(l) =
l3

48EI
(W0 + 7W1) , � = Y (l) =

l4

384EI
(7W0 + 41W1) . (7)

In our context, ⇥ and� are random variables, whose respective p.d.f.’s, f⇥(✓) and f�(�), provide
important information about its probabilistic behaviour. The RVT technique permits explicitly
calculating them

f⇥(✓) =
l3

48✓2I
EW0,W1


fE

✓
l3

48✓I
(W0 + 7W1)

◆
(W0 + 7W1)

�
, (8)

and

f�(�) =
l4

384�2I
EW0,W1


fE

✓
l4

384�I
(7W0 + 41W1)

◆
(7W0 + 41W1)

�
. (9)

We point out that the results derived throughout this section can be extended, using the same
reasoning, to a finite number of loads including the case that the loads occupy di↵erent lengths
on the beam.

Example 1 We take the following data for the deterministic parameters of the model (1): l =
10 m and I = 722 cm4, while for the random parameters, we will assume that the Young’s
modulus of elasticity, E, has a Gaussian distribution with mean 210 · 109 Pa (Pascals) and
variance 420 · 107 Pa2, i.e. E ⇠ N(210 · 109; 420 · 107). We assume that the loads are defined by
random variables whose distributions are Gaussian, W0 ⇠ N

�
µW0 = 40;�2

W0
= 0.4

�
and W1 ⇠

N
�
µW1 = 20;�2

W1
= 0.2

�
.

Fig. 2 shows the graphical representation of the 1-p.d.f. given by expressions (5) and (6) at
di↵erent spatial points x 2 {1, ..., 10}. As it is expected, we can observe that the variance
increases as x does.

Figure 2: 1-p.d.f., fY (x)(y), of the solution stochastic process (4), computed by (5) and (6), at
di↵erent spatial points x 2 {1, ..., 10}. Example 1.

In Table 1, we include the numerical results for the mean and the standard deviation of random
variables ⇥ and � obtained from expressions (8) and (9).
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Mean Standard deviation

Slope at free end 0.0024742 0.00005343

Max. deflection 0.0189006 0.00040673

Table 1: Mean and standard deviation of the maximum slope and the maximum deflection of
Y (x) at the free end of the beam. Example 1.

3 Conclusions and Future work

Throughout the paper, we have studied, from a probabilistic standpoint, a foundational model
to describe the deflection of a cantilever beam subject to two uniform loads characterized by two
independent random variables. Our analysis has several advantages, first, it permits computing
not only the mean and the standard deviation of deflection, but its probability density function
that provides a fuller description. Besides, we have probabilistically characterized, via the
corresponding densities, important quantities of interest as the slope and maximum deflection
of the cantilever beam under mild hypotheses. We think that this approach can be promising
to deal with, in future works, the stochastic analysis of the deflection of other kinds of beams
than cantilevers and using di↵erent loads functions.
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Abstract: We study the Cauchy problem for the semilinear massless wave equation:

utt(t, x)� (1 + t)
�2`

�u(t, x) +
�

1 + t
ut(t, x) = |u|p

with 0 < ` < 1, � > 0 and p > 1, in FLRW spacetime. The solution u
0
of the corresponding

linear Cauchy problem will be represented in the explicit form using Fourier multipliers

operators with multipliers expressed in terms of special functions. Our main goal is to prove

global (in time) existence of solutions in the case of decelerating expansion universe with

small initial data belongs to L
1
(Rn

) \ H
k�1

(Rn
), k � 1. We are focused in finding the

critical exponent of Fujita type: pc(n, `) = 1 +
2

n(1�`) . It means that, if 1 < p  pc(n, `)

there exist small data for which u blow-up in finite time while if p > pc(n, `) the global

solution has the same long time behavior of u
0
. We derive optimal L

p � L
q
estimates of u

0

and then we use Duhamel’s principle to prove our results.

keywords: semilinear evolution equations, critical exponent, global existence, small data

solutions

MSC2020: 35A01, 35B33, 35L05, 35L71

1 Introduction

We prove the global (in time) existence of small data solutions to the Cauchy problem for the

semilinear wave equation with scale-invariant damping and decreasing in time propagation speed

8
><

>:

utt(t, x)� (1 + t)
�2`

�u(t, x) +
�

1+t
ut(t, x) = f(u(t, x)), t � 0, x 2 Rn

,

u(0, x) = 0 = u0(x), x 2 Rn
,

ut(0, x) = u1(x), x 2 Rn
,

(1)

with ` 2 (0, 1), � > 0 and f(u) = |u|p for some p > 1 or, more in general, f satisfying the

following local Lipschitz-type condition

|f(u)� f(v)|  C |u� v|
�
|u|p�1

+ |v|p�1
�
. (2)
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We consider that this wave equation is represented in the family of FLRW spacetime, which is

endowed with a metric written in the form

ds
2
= �dt

2
+ ↵

2
(t)(dx

2
1 + . . .+ dx

2
n)

with an appropriate scale factor ↵(t). If
d

dt
↵(t) > 0 and

d
2

dt2
↵(t) < 0 we can say that the

universe is in decelerating expansion. Our model (1) is derived from ↵(t) = (1+ t)
`
with ` =

2
�n

satisfying
2
n
< �  2, n � 2 (see [5]). We also have ↵(t) = (1 + t)

2/3
for the Einstein- de Sitter

4-dimensional spacetime, so that it is well known as a particular case of FLRW spacetime in a

decelerating expansion universe model. Moreover, the case in which � = 2, n = 3 and ` =
2
3 in

(1) it is called the covariant massless field in the Einstein- de Sitter spacetime with non-singular

(at t = 0) coe�cients (see [4]).

2 Results

Before stating our results, let us introduce a suitable notion of weak solution to the Cauchy

problem (1).

Definition 1 We say that u 2 C([0,1), L
q
), is a weak solution to (1) with f(u) = |u|p if, for

any test functions  2 C1
c ([0,1)) and ' 2 C1

c (Rn
), the following equality holds true:

Z 1

0

Z

Rn
|u(t, x)|p  (t)'(x) dx dt+  (0)

Z

Rn
u1(x)'(x) dx

=

Z 1

0

Z

Rn
u(t, x)

�
@
2
t � (1 + t)

�2`
�� �

1 + t
@t +

�

(1 + t)2

�
 (t)'(x) dx dt.

(3)

Indeed, if u is a smooth solution to (1), then (3) follows integrating by parts.

Let

pc(n, `)
.
= pF (n(1� `)) = 1 +

2

n(1� `)
(4)

the critical exponent of Fujita type. In the next theorems, due to the fact that pc(n, `) ! 1 as

`! 1, the choice of the spaces of solutions is related to fixed ranges for ` 2 [0, 1) and the space

dimensions n � 2. In theorems 2 and 3 we restrict our analysis to the case of small values for

�, whereas the simple case of large values for � is treated in Theorem 1.

Theorem 1 Let ` 2
�
1� 2

n
, 1
�
for n � 2 and k

.
= 1 +

n`

2 .
If � � 2 � ` + n(1 � `)(1 + `) and p > max{pc(n, `), k}, with pc(n, `) given by (4), then there
exists � > 0 such that for any initial data

u1 2 D = H
k�1

(Rn
) \ L

1
(Rn

), ||u1||D  �,

there exists a unique weak solution u 2 C([0,1), H
k
(Rn

)) to (1), which satisfies the following
estimates

||u(t, ·)||L2 . (1 + t)
n
2 (`�1)||u1||D; (5)

and

||u(t, ·)||
Ḣk . ||u1||D

(
(1 + t)

(`�1)(n
2+k)

, � > `+ n(1� `) + 2k(1� `)

(1 + t)
`��
2 (ln(e+ t))

1
2 , � = `+ n(1� `) + 2k(1� `).

(6)
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Theorem 2 Let ` 2
�
1� 2

n
,
2
n

�
for n = 2, 3 or ` = 2

3 for n = 3. If ` + n(1 � `)(1 + `)  � <

2� `+ n(1� `)(1 + `) and p > pc(n, `), with pc(n, `) given by (4), then there exists � > 0 such
that for any initial data

u1 2 D = H
k�1

(Rn
) \ L

1
(Rn

), ||u1||D  �,

with k
.
= 1+

n`

2 , there exists a unique weak solution u 2 C([0,1), H
k
(Rn

)) to (1), which satisfies
the following estimates

||u(t, ·)||L2 . (1 + t)
n
2 (`�1)||u1||D,

||u(t, ·)||
Ḣk�1 . h(t)||u1||D,

with

h(t) =

(
(1 + t)

(`�1)(n
2+k�1)

, `+ n(1� `)(1 + `) < � < 2� `+ n(1� `)(1 + `),

(1 + t)
`��
2 (ln(e+ t))

1
2 , � = `+ n(1� `)(1 + `),

and

||u(t, ·)||
Ḣk . (1 + t)

`��
2 ||u1||D.

In the following result we may consider the case ` 2
�
2
3 , 1

�
for n = 3, by looking for solutions

with additional regularity H
(r1)�1,r2(R3

), with (r1) = 3

⇣
1
2 � 1

r1

⌘
and r1, r2 satisfying

r1 >
2(3`� 1)

1� `
, 2 < r2 <

6

2(r1)� 1
. (7)

Theorem 3 Let n = 3, ` 2
�
2
3 , 1

�
, r1, r2 satisfying (7) with (r1) = 3

⇣
1
2 � 1

r1

⌘
. If ` + 6(1 �

`)

⇣
1� 1

r1

⌘
 � < 2� `+ 3(1� `)(1 + `) and

pc(3, `) < p < 1 +
r1(2� (r1))

3
, (8)

with pc(3, `) given by (4), then there exists � > 0 such that for any initial data

u1 2 D = H
(r1)�1

(R3
) \ L

1
(R3

), ||u1||D  �,

there exists a unique weak solution u 2 C([0,1), H
(r1)(R3

) \ Ḣ
(r1)�1,r2(R3

)) to (1), which
satisfies the following estimates

||u(t, ·)||
Ḣj(r1) . (1 + t)

(`�1)(n
2+j(r1))||u1||D, j = 0, 1;

and

ku(t, ·)k
Ḣ(r1)�1,r2 . (1 + t)

(`�1)
⇣
n

⇣
1� 1

r2

⌘
+(r1)�1

⌘

||u1||D.
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Abstract: Fisher-KPP problems have been widely studied involving non-linear and non-
homogeneous operators. In the present analysis, a Fisher-KPP problem with a fourth order
operator and non-linear advection is introduced. The intention is to provide a systematic
treatment to find asymptotic solutions based on an exponential scaling that ends into a
Hamilton-Jacobi equation. Furthermore, positivity conditions are explored and a compari-
son principle introduced.
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1 Introduction

The Fisher or KPP model appears in numerous scenarios from theoretical perspective to applied
scopes (see [1], [2] and [3]). Recently, the KPP models have been reformulated in terms of
di↵erent evolution operators: see for example fractional operator [9] or higher order operator
[6]. In addition, the higher order operators have been discussed as perturbed terms to a regular
di↵usion, see for example [8]. The equation under study is constituted by a non-homogeneous
di↵usion of fourth order, a non-linear advection and a reaction term of KPP type:

nt = �nxxxx + c(nq)x + n(a� n), n0(x) 2 L2
loc(R) \ L1(R), n0,x 2 Lq(R), q > 0, a > 0. (1)

2 Results and discussion

The proposed equation (1) is discussed based on the following non-linear exponential scaling:

n(x, t) = em(x,t). (2)

The exponential scaling has been employed widely in the search of solutions for the Schrodinger
equation and a whole formalism has been previously introduced (see [10] and [11]). The non-
homogeneous evolution operator { @

@t +Dxxxx} (where D represents spatial derivatives) is well-
known to hold oscillatory profiles of solutions (see for example [5] and [6]). Hence, the function
m(x, t) is complex and defined as m : X ⇥ [0, T ] ! C. Following some ideas in [4], the function
m(x, t) satisfies the following Hamilton-Jacobi equation:

mt = H4

✓
m,

@m

@x

◆
+ P4

✓
m,

@jm

@xj

◆
, j = 2, 3, 4, (3)
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H4(m) = �m2
xm

2
x + cqmxe

(q�1)m + a� em, (4)

and where P4 involves the higher order derivatives:

P4(m) =�Dxxxxm�Dxx(DxmDxm)� 2DxmDxxxm� 2(DxmDxm)Dxxm

� 2DxmDx(DxmDxm)� (Dxxm)2.
(5)

It is the intention to study a solution spanned up to the first spatial derivative. This given a
smooth function � 2 H4(R) and for any � 2 R, it holds |P4(��)| = O(�3@↵�) << H4(��) =
O(�4 �x), where ↵ = 1, 2, 3, 4. Considering only the leading terms, the equation (1) is expressed
by:

mt = �m2
xm

2
x + cqmxe

(q�1)m + a� em. (6)

Based on the form of (2), standing waves solutions to (6) are explored. To this end, assume the

standard separation of variables m(x, t) = (� + t)�
1
3⇥(x), where � < t < T (for further details

refer to [4]). Upon replacement in (6) with � � 1:

� 1

3
⇥ = �⇥4

x + cq(� + t)⇥x + a⇤, (7)

where for any � � 1 and any t < k�, k > 1, a⇤ = (a � 1) (k + 1)4/3 �4/3. Note that em =

e(�+t)�
1
3⇥(x) ! 1, e(q�1)m = e(q�1)(�+t)�

1
3⇥(x) ! 1, for � � 1. After balancing of the leading

terms in (7) for |⇥x| ⌧ 1:

� 1

3
⇥ = cq(� + t)⇥x + a⇤. (8)

Considering again |⇥x| ⌧ 1 for � � 1, and searching for a propagation front where ⇥ = 0, it
holds:

|x| = 3 c q ln(a⇤) (� + t), (9)

for t su�ciently close to �. After balancing the first derivative with |⇥x| ⌧ cq(� + t) ⌧ |⇥4
x|,

the expression (7) is rewritten as �1
3⇥ = �⇥4

x+a⇤. The solution is ⇥(x) = 3
�
1
4C(i)x

� 4
3 � 3a⇤,

where C(i) = (�1)
1
4 . Then, departing from � and for any t < k�, k > 1:

m(x, t) = 3

 ✓
1

4
C(i)x

◆ 4
3

� a⇤
!
t�

1
3 . (10)

Considering (2), a solution is n(x, t) = e�3a⇤t�
1
3 e3t

� 1
3 ( 1

4C(i)x)
4
3
, in the oscillatory range while

propagating along the front (9). Note that solutions are indeed oscillating given the complex
C(i).

The intention now is to explore the behaviour of the solution to (1) when evolving to the
equilibrium n = 0 and for the envelope (nq)x = 0. Hence, the equation (1) can be studied based
on the properties of the homogeneous:

nt = �nxxxx, n0(x) 2 L2
loc(R) \ L1(R). (11)

To study the profiles close the null solutions, assume the initial function as a step-like Heaviside
n0(x) = H(�x). The idea is to obtained a positive maximal kernel to the higher order operator.
To this end, consider the following self-similar scaling:

 (y, t) = f(y) ett�
1
4 , y =

x

t
1
4

. (12)

Introducing (12) into (11), the following elliptic equation holds:

� f4 +
1

4
f 0y +

1

4
f = 0;

Z

R

f(y)dy = 1. (13)

2
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Figure 1: The monotone solution F is a maximal evolution to the oscillatory f for C1 = 3 and
k1 = 0.5. This figure has been obtained based on numerical explorations to (13). Both solutions
exhibit an asymptotic exponential decreasing rate.

Note that a bound holds for f (see [5]) :

|f(y)|  C1F (y), F (y) = ⇠0e
�k1|y|

4
3 > 0, ⇠0 =

✓Z

R

e�k1|y|↵dy

◆�1

. (14)

The constant ⇠0 is introduced so that the maximal and positive F satisfies the normalizationR
R F (y)dy = 1. Note that C1 > 0 is the order deficiency, and shall be considered su�ciently big
so that C1F (y) > f(y). The Figure 1 provides values for C1 and k1 to keep the distance (no
intersection) between both f, F while keeping the monotone and maximal evolution of F . The
next step, in the characterization of the maximal kernel (F ), is to obtain a suitable value for k1.
For this purpose, we use an asymptotic approach for the self-similar kernel elliptic ODE (13),
so that:

y ! 1; f ! 0 ) �f (4) +
1

4
y f 0 = 0. (15)

A value for k1 can be assessed by a Wentzel-Kramers-Brillouin (WKB) approximation. To this
end, assume that the exponential decreasing rate exhibited in Figure 1 is expressed as e�k1G(y),
where G(y) = y

4
3 . Given the WKB approach and into (15):

�
✓
k1

4

3

◆4

y4/3e�k1y4/3 +

✓
k1

4

3

◆3

e�k1y4/3 +
2

3

✓
4

3

◆2

k31e
�k1y4/3

+ k31
16

27
e�k1y4/3 � 1

4
yk1

4

3
y1/3e�k1y4/3 = 0.

(16)

Making the leading terms balance: �
�
k1

4
3

�4 � 1
4k1 = 0,! k1 = Re

⇣
�33

28

⌘ 1
3
. At this point,

two solutions holds, one oscillatory (n) and one with a positive evolution (N) while keeping the

exponential decreasing behaviour:  (x, t) = t�
1
4 etf(y),  (x, t) = t�

1
4 etF (y), y = x

t
1
4
. Now,

based on the maximal and positive  , a comparison principle holds. Indeed, assume an initial
condition ñ0(x), such that ñ0(x) � n0(x), then ñ(x, t) � n(x, t).

ñ(t)� n(t) =  (t) ⇤ ñ0 �  (t) ⇤ n0 �  (t) ⇤ ñ0 � | (t)| ⇤ |n0|
�  (t) ⇤ ñ0 � (t) ⇤ |n0| =  (t)(ñ0 � |n0|).

(17)

considering ñ0 � |n0|, ñ(t) � n(t). To introduce the spatial variable, assume symmetric condi-
tions at x = 0, and evolving towards x > 0, i.e. nx(0, t) = nxxx(0, t) = 0, t > 0. Similarly for

3
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ñ. Then:

ñ(x)� n(x) =  (x) ⇤ ñ0(t)�  (x) ⇤ n0(t) �  (x) ⇤ ñ0 � | (x)| ⇤ |n0|
�  (x) ⇤ ñ0 �  (x) ⇤ |n0| =  (x)(ñ0 � |n0|).

(18)

Considering ñ0 � |n0| ! ñ(x) � n(x), as intended to show.

3 Conclusions and future work

The asymptotic analysis, supported by the exponential scaling introduced, has permitted to
study the behaviour of solutions to a order four operator. A comparison principle has been
shown to hold for a maximal kernel that was obtained based on a self-similar and exponential
scaling. In addition, dedicated values to the involved constant for the maximal kernel have been
provided based on analytical (WKB approximation) and numerical evidences.
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[4] Chavez, M. and Galaktionov, V. (2001). Regional blow up for a higher-order semilinear
parabolic equation. Euro. Jnl of Applied Mathematics vol 12, pp. 601-623.

[5] Galaktionov, V.A. (2001). On a spectrum of blow-up patterns for a higher-order semilin-
ear parabolic equation. Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences.

[6] Galaktionov, V. (2012). Towards the KPP–Problem and Log-Front Shift for Higher-Order
Nonlinear PDEs I. Bi-Harmonic and Other Parabolic Equations. Cornwell University
arXiv:1210.3513.

[7] Harley, K,; Van Heijster, R.; Marangell, R.; Pettet G.; Roberts, T. and Wechselberger M.
Instability of Travelling Waves in a Model of Haptotaxis. (2019) Preprint.
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Abstract: A nonlinear second-order discrete equation of Emden–Fowler type

�
2
v(k) = �k

s
(�v(k))

3

is studied for k ! 1, where s 6= 1 is a real number, v is an unknown function, �v(k) =

v(k + 1) � v(k), and �
2
v(k) = v(k + 2) � 2v(k + 1) + v(k). This equation is a discrete

analogue of Emden–Fowler second-order di↵erential equation

y
00
(x) = y

s
(x),

having non-continuable blow–up solutions.
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1 Introduction

Di↵erential equations of Emden–Fowler type are a class of nonlinear equations. One of the

classic forms of Emden-Fowler equation, often investigated in the literature, is

y
00 ± x

↵
y
m

= 0, (1)

where ↵ and m are constants. Many investigations deal with the analysis of proper solutions [1,

2, 3, 5, 9]. Such solutions are unboundedly continuable to the right.

Nevertheless, equations of Emden–Fowler type can have non–continuable blow–up solutions [4].

To illustrate such a behaviour of solutions, consider an autonomous second-order Emden–Fowler

type di↵erential equation of the type (1)

y
00
(x) = y

s
(x), (2)

where s 6= 1 is a real number. Let us show that (2) can have blow–up solutions. Equation (2)

is solvable and its general solution is

Z y(x)

y0

dzs

2

Z z

zo

ts dt+D

= x� x0, (3)
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where D is an arbitrary admissible constant and (x0, y0) is an arbitrary admissible point. If, for

example, s = 3 and D = 0, then it is easy to derive from (3) a class of solutions

y(x) = ±
p
2

x+ C
,

where C is an arbitrary constant and one can see the blow-up phenomenon explicitly if x ! �C.

A direct transfer of equation (2) to a discrete equation is problematic since, in discrete equations,

the discrete independent variable runs over a set of integers. Therefore, we prove the existence

of blow–up solutions implicitly. Consider a change of variables

x = u(y). (4)

If, for y ! 1 we have limy!1 x = limy!1 u(y) = 0 (or the limit equals to a nonzero constant

x
⇤
), then one can expect that, for a suitable function u(y) in (4), this property implies the

existence of a blow–up solution such that limx!0 y = 1 (or limx!x⇤ y = 1) to equation (2).

For u we derive

u
00
= �y

s
�
u
0�3

(5)

and equation

�
2
v(k) = �k

s
(�v(k))

3
(6)

is its discrete variant. In (6), k 2 Z1
k0

:= {k0, k0 + 1, . . . }, k0 is an integer, k is a discrete

independent variable, v : Z1
k0

! R is an unknown function, �v(k) = v(k + 1) � v(k) and

�
2
v(k) = v(k + 2)� 2v(k + 1) + v(k).

As an equivalent problem to the existence of a blow–up solution for di↵erential equation (2)

can be considered one of proving the existence of a nontrivial solution to equation (5) such that

limy!1 u(y) exists and is finite. This serves as a motivation for considering the problem of the

existence of a nontrivial solution to equation (6) such that the limit limk!1 v(k) exists and is

finite. More exactly, under condition s > 1, we prove the existence of a solution to equation (6)

such that

lim
k!1

v(k) = 0. (7)

Trying to look for an approximate solution of discrete equation (6) with asymptotic behavior

v(k) ⇠ c · k�↵
(8)

for k ! 1, where c and ↵ are constants, assuming c 6= 0 and ↵ 6= 0, we obtain

↵ =
s� 1

2
, c = ±

p
↵+ 1

↵
= ±

p
2s+ 2

s� 1
. (9)

2 Main result

Below, the notation “O” is used for Landau order symbol big “O”. The main result of the paper

is following.

Theorem 1 Let s > 1. Let "i, �i, i = 1, 2 be fixed positive numbers such that "2 < "1 < 1,

�2 < �1 < 1. Then, there exists a solution v = v(k) to equation (6) such that

�"1|c|k�↵
< v(k)� ck

�↵
< �1|c|k�↵

, (10)

�"2�2�(|c|k�↵
)) < �v(k)� (�(ck

�↵
)) < �2�(|c|k�↵

)) (11)

and

�
2
v(k) = O(1) (12)

for all k 2 Z1
k0

provided that k0 is su�ciently large.
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Describe shortly the proof of the above theorem. The change of variables

v(k) = ck
�↵

(1 + Y1(k)), (13)

�v(k) = (�(ck
�↵

))(1 + Y2(k)), (14)

�
2
v(k) = (�

2
�
ck

�↵
�
)(1 + Y3(k)), (15)

where Yi(k), i = 1, 2, 3 are new dependent functions Yi : Z1
k0

! R, c and ↵ are defined by (9)

transforms equation (6) into a system

�Y1(k) = (�k
�↵

)(Y2(k)� Y1(k))(k + 1)
↵
, (16)

�Y2(k) = (�
2
k
�↵

)(�(k + 1)
�↵

)
�1

(Y3(k)� Y2(k)), (17)

where

Y3(k) =


�k

s↵+ 1

↵2
(�k

�↵
)
3
(1 + 3Y2(k) + 3Y

2
2 (k) + Y

3
2 (k))��

2
k
�↵

�
· (�2

k
�↵

)
�1

. (18)

Using equation (18), after some computations, system (16), (17) can be written as

�Y1(k) =

✓
↵

k
+

↵(↵� 1)

k2
+O

✓
1

k3

◆◆
(Y1(k)� Y2(k)), (19)

�Y2(k) = �
✓
↵+ 1

k
+O

✓
1

k2

◆◆✓
2Y2(k) + 3Y

2
2 (k) + Y

3
2 (k) +O

✓
1

k

◆◆
. (20)

Equation (20) is a scalar one and can be investigated using Theorem 4 in [7]. It can be proved

that there exists a solution Y2 = Y
⇤
2 (k) to equation (20) satisfying the inequality

�"2 < Y
⇤
2 (k) < �2, k 2 Z1

k0 , (21)

where k0 is su�ciently large and the positive numbers "2, �2, "2 < 1, �2 < 1 are fixed. Note,

that this solution is not trivial as follows, e.g., from analysing equations (17), (18). Using this

solution in (19) we arrive at a scalar equation

�Y1(k) =

✓
↵

k
+

↵(↵� 1)

k2
+O

✓
1

k3

◆◆
(Y1(k)� Y

⇤
2 (k)). (22)

Applying a slight modification of Theorem 1 in [8] or Theorem 2 in [6] we see that, if s > 1,

there exists a nontrivial solution Y1 = Y
⇤
1 (k) to equation (22) satisfying the inequality

�"1 < Y
⇤
1 (k) < �1, k 2 Z1

k0 , (23)

where k0 is su�ciently large and the positive numbers "1, �1 satisfying "2 < "1 < 1, �2 < �1 < 1

are fixed. System (19), (20) has a solution (Y1(k), Y2(k)) = (Y
⇤
1 (k), Y

⇤
2 (k)) where Y

⇤
1 (k) and

Y
⇤
2 (k) satisfy inequalities (23), (21). Using the change of variables (13)–(15), inequalities (23),

(21), and equation (18), we derive the inequalities (10)–(12) in Theorem 1.

3 Conclusions and Future work

In the paper, discrete and di↵erential second–order Emden–Fowler types equations are con-

sidered. Equation (2) has so–called blow–up solutions and the existence of such solutions is,

within a specified meaning, studied for the discrete equation (6). The problem of the existence

of blow-up solutions is transformed to one of the existence of vanishing solutions of (6) when

k ! 1.
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It is an open question whether it is possible to prove the existence of blow–up solutions without

auxiliary transformations used in the paper. To solve it we suggest the following approach -

to develop a suitable discretization (instead considering discrete equation (6)) derived directly

from di↵erential second-order equation (2). Such a discretization should use a discrete increasing

sequence of values of the independent variable with a finite limit point (where the blow–up

phenomenon would occur). Then, a modification of the method used in the proof of Theorem 1

should be employed to derive the desired result on the existence of a blow–up solution.
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1 Introduction

One of the simplest viscoelastic models found in the literature is given by,

� (t) =

tZ

0

G(t� t
0)
d�(t0)

dt0
dt

0
, (1)

where � is the stress, d�(t0)
dt0 is the rate of deformation tensor, t0 is the elapsed time, and t is

the current time. The stress and the rate of deformation, are related by a relaxation modulus
G (t� t

0), which controls how the stress evolves when a particular deformation occurs.

In previous works [1, 2], we consider a more complex relaxations modulus, that generalises the
Maxwell and Fractional viscoelastic models.

In [1, 2], the proposed relaxation modulus is given by,

G
�
t� t

0� =
Z 1

0

c(↵)

�(1� ↵)
(t� t

0)�↵
d↵,

where c(↵) 2 C([0, 1]). The resulting distributed-order viscoelastic model is given by:

� (t) =RL
0 Dt�(t), t > 0, (2)

where RL
0 Dt is the Riemann-Liouville distributed-order fractional derivative,

RL
0 Dtf(t) =

Z 1

0
c(↵)RL

0 D
↵
t f (t) d↵, (3)
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with RL
0 D

↵
t f (t) the Riemann-Liouville di↵erential operator:

RL
0 D

↵
t (f(t)) =

d

dt

1

�(1� ↵)

Z t

0

f(s)

(t� s)↵
ds. (4)

The function c(↵), acting as a weight for the order of di↵erentiation, is such that c(↵) �

0 and

Z 1

0
c(↵) d↵ = C > 0 and the dimensions of c(↵) are [time]↵ / [length]2.

The GDOM model considered in this work consists of a distributed springpot and a dashpot
arranged in series. The distributed-springpot is represented by equation (2) and the dashpot
obeys the Newton’s law of viscosity

�(t) = ⌘�̇(t),

where ⌘ is the shear viscosity.

Since the stress, �(t), is the same in both elements, their respective strain expressions are given
by ([2]):

�1(t) = �(t) ⇤ L�1

✓
1

b(s)
; t

◆
, �2(t) = �(t) ⇤ L�1

✓
1

⌘s
; t

◆
,

where

b(s) =

Z 1

0
c(↵)s↵d↵. (5)

The total deformation is therefore the sum of the deformations determined for the two elements
in series �(t) = �1(t) + �2(t), and, it satisfies

�(t) = �(t) ⇤ L�1

✓
⌘s+ b(s)

⌘sb(s)
; t

◆
. (6)

Applying to both sides of equation (6) the Laplace transform and then the inverse Laplace
transform, using the convolution theorem for the Laplace transform it follows that

�(t) =

Z t

0
�(t� ✓)L�1

✓
⌘sb(s)

⌘s+ b(s)
; ✓

◆
d✓. (7)

The main goal of this work is to better understand the model and to catalogue the plethora of
di↵erent behaviours of the model through the use of the distributed order derivative.

2 Results and discussion

In order to better understand the GDOM model, the following flows will be analysed: relaxation
test, creep test, small amplitude oscillatory shear (SAOS) and a steady shear deformation. Note
that the model used in this work (equation (7)) is linear and the steady shear deformation
measures a nonlinear deformation.

Relaxation and Creep: limiting cases

Suppose that the stress is given by �(t) = �0H(t), where H is the Heaviside step function. Then
from (6) and using the properties of the Laplace transform it follows

lim
t!0

�(t) = 0, lim
t!+1

�(t) = +1. (8)
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Note the fact that using a dashpot does not guarantee that the strain will converge to a plateau
at long times.

Suppose now that the strain is given by �(t) = �0H(t). From (7) we can prove that

lim
t!0

�(t) = +1, lim
t!+1

�(t) = 0. (9)

Thus, a distributed-springpot and a dashpot in series have complete stress relaxation (regardless
of the weighting function used).

Steady Shear Viscosity

For the case of a steady shearing deformation the functional of the deformation imposed during
steady shear is given by �̇(t) = �̇0H(t), where �̇0 is the steady shear rate applied at time t = 0,
and we intend to analyse lim

t!+1
�(t).

In this case we prove that
lim

t!+1
�(t) = ⌘�̇0. (10)

Therefore, we have that the steady shear viscosity ⌘
+(t) = �(t)

�̇0
! ⌘ as expected (we are using

a dashpot).

SAOS The storage (G0) and loss (G00) moduli for a distributed-springpot and a dashpot in series
is given by

G
0(!) =

⌘
2
!
2
b1(!)

(b1(!))2 + (b2(!) + ⌘!)2
, (11)

G
00(!) =

⌘!
�
(b1(!))2 + (b2(!))2

�
+ (⌘!)2 b2(!)

(b1(!))2 + (b2(!) + ⌘!)2
, (12)

respectively, where b1 and b2 are given by

b1(!) =

Z 1

0
c(↵)!↵ cos

⇣
⇡

2
↵

⌘
d↵, (13)

b2(!) =

Z 1

0
c(↵)!↵ sin

⇣
⇡

2
↵

⌘
d↵. (14)

For some specific c(↵) functions, an explicit expression is possible to obtain for the storage and
loss moduli. A few of these particular cases are presented next. It is possible to obtain more
analytical expressions considering other weighting functions. Whenever this is not possible, the
G

0 and G
00 values for each ! must be obtained numerically.

G'

G''

10-9 10-6 0.001 1

10-9

10-5

0.1

c(α)=1

G'

G''

10-9 10-6 0.001 1

10-9

10-7

10-5

0.001

0.100

10

c(α)=α

G'

G''

10-9 10-6 0.001 1

10-9

10-5

0.1

c(α)=e-α

Figure 1: Plots of the storage and loss modulus for a distributed-springpot and a dashpot in series for ⌘ = 40000

Pa.s. The x axis shows the angular frequency, !, in rad/s. Left: c(↵) = 1; Center: c(↵) = ↵; Right: c(↵) = e↵.

Due to the simple distributed contribution of all derivatives (c(↵) = 1,↵, e�↵), we obtain quite
similar profiles for G0 and G

00 (figure 1). We have a viscoelastic fluid behaviour (G00
> G

0) for low
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frequencies, a rubbery plateau and a transition region for higher frequencies. This shows that
the model is robust, and allows for the modelling of a more complex behaviour, when compared
to the single distributed-springpot (that shows a viscoelastic solid behaviour).

Figure 2 shows the e↵ect of ⌘ on G
0 and G

00, for c(↵) = 1. As expected, when the viscosity
decreases, a fluid behaviour is dominant.

G'

G''

10-9 10-6 0.001 1
10-7

10-4

0.1

100
c(α)=1, η=10000000

G'

G''

10-9 10-6 0.001 1
10-21

10-16

10-11

10-6

0.1

c(α)=1, η=1

G'

G''

10-9 10-6 0.001 1
10-28

10-23

10-18

10-13

10-8

0.001

c(α)=1, η=0.001

Figure 2: Plots of the storage and loss modulus for a distributed-springpot and a dashpot in series for c(↵) = 1.

The x axis shows the angular frequency, !, in rad/s. Left: ⌘ = 10000000 Pa.s; Center: ⌘ = 1 Pa.s; Right:

⌘ = 0.001 Pa.s.

3 Conclusions and Future work

We have developed a viscoelastic model (a distributed-springpot spring pot and a dashpot
in series) that generalises the Maxwell model, the fractional viscoelastic fluid, and the three-
parameter fluid model. The model predicts viscoelastic fluid behaviour for low frequencies and
a rubbery plateau and transition region for higher frequencies. Therefore, the model appears to
be appropriate for polymer systems.

The model is only valid for linear flows (is not invariant). Therefore, it will be adapted to non-
linear flows in the future. Also the suitability to fit experimental data from di↵erent rheological
experiments will be checked in the future.
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1 Introduction

The stress (�(t)) of a viscoelastic material can be written as [1],

� (t) = �0G(t)H(t) +

tZ

0+

G
�
t� t

0� d�

dt0
dt

0
, (1)

where � is the strain, H(t) is the Heaviside function and G(t) is known as the relaxation modulus.
We assume that the state of stress at t = 0 is not influenced by any kind of past (t < 0) process.

Some materials show a fading memory that follows an algebraic decay, G (t) = St
�↵. Therefore,

taking into account the di↵erent relaxations in the di↵erent regions of the complex material, we
consider a combination of algebraic decays [2, 3], such as,

G (t) = S1t
�↵1 + S2t

�↵2 + ...+ Snt
�↵n , (2)

with 0 < ↵i < 1, i = 1, ..., n. Making n ! 1, covering the open set (0, 1), we can write a
continuous version of the previous finite combination of algebraic decays, which is given by:

G (t) =

Z 1

0
S(↵)t�↵

d↵, (3)
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where S(↵) is a function that interpolates (↵i, Si) i = 1, ..., n..
Let c(↵) be a function such that S(↵) = c(↵)/�(1 � ↵) (c(↵) will be defined later), then, the
relaxation modulus can be written in the form:

G
�
t� t

0� =
Z 1

0

c(↵)

�(1� ↵)
(t� t

0)�↵
d↵. (4)

Inserting equation (4) into (1), for t > 0 we obtain:

� (t) =RL
0 D(c)

t (�(t)) , (5)

where RL
0 D(c)

t is the Riemann-Liouville distributed-order fractional derivative given by,

RL
0 D(c)

t f(t) =

Z 1

0
c(↵)RL

0 D
↵
t f (t) d↵, (6)

with RL
0 D

↵
t f (t) the Riemann-Liouville di↵erential operator defined by [4],

RL
0 D

↵
t (f(t)) =

d

dt

1

�(1� ↵)

Z t

0

f(s)

(t� s)↵
ds =

f(0)t�↵

�(1� ↵)
+

1

�(1� ↵)

Z t

0

f
0(s)

(t� s)↵
ds. (7)

The function c(↵), acting as a weight for the order of di↵erentiation, is such that c(↵) �
0 and

R 1
0 c(↵) d↵ = C > 0 (see [5] for more details).

Since the Maxwell model consists of two elements in series (a spring and a dashpot), in this
work we also consider two elements (two distributed-springpots) in series, as shown in figure 1.
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Figure 1: Two distributed-springpots in series: the GDOM Model.

Theorem 1.1 [3] The strain �(t) that satisfies the distributed order equation (5) is described
as a function of the stress, �(t), through the following equality

�(t) = �(t) ⇤ L�1

✓
1

b(s)
; t

◆
, (8)

where ⇤ denotes the convolution of �(t) and b(·) is defined as b(s) =
R 1
0 c(↵)s↵ d↵.

If we consider two distributed-order elements in series, and that the stress is the same for both
elements, the respective stress-strain relationships for two elements are given by

�1(t) = �(t) ⇤ L�1

✓
1

b1(s)
; t

◆
, (9)

�2(t) = �(t) ⇤ L�1

✓
1

b2(s)
; t

◆
, (10)
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where bi(s) =
R 1
0 ci(↵)s↵ds, and the functions ci, i = 1, 2, correspond to the weighting functions

related with the distributed derivative.

Assuming that the total deformation is given by the sum of the deformations obtained for the two
elements in series (�(t) = �1(t) + �2(t)), we obtain the Generalised Distributed-Order Maxwell
Model (figure 1):

�(t) =

Z t

0
�(t� y)L�1

✓
b1(s)b2(s)

b1(s) + b2(s)
; y

◆
dy. (11)

This is a complex expression requiring more than one integration, and simpler formulas are
possible only for certain weighting functions ci(↵), as shown in the next section.

2 Results and discussion

This model di↵ers from most common classical and fractional models in that a weighting function
is used instead of a finite number of parameters. We will now show that the GDOM model
generalises several viscoelastic models.

Let C1 and C2 be real positive constants, then:

• for c1(↵) = C1�(↵�0) and c2(↵) = C2�(↵�1) the model reduces to a spring and a dashpot
in series, and we recover the classical Maxwell model (figure 2 (top-left)):

� (t) +
C2

C1

d� (t)

dt
= C2

d� (t)

dt
. (12)

• for c1(↵) = C1�(↵��1) and c2(↵) = C2�(↵��2) we recover the Fractional Maxwell Model
[7] (figure 2 (top-right)):

� (t) +
C2

C1

d
�2��1� (t)

dt�2��1
= C2

d
�2� (t)

dt�2
, (13)

where d�2��1

dt�2��1
is the fractional derivative according to Caputo, which coincides with the

fractional derivative according to Riemann-Liouville (equation (7)) when �(0) = 0.
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Figure 2: Particular cases of the GDOM model.

• for c1(↵) = C1�(↵�1)+C2�(↵�0) and c2(↵) = C3�(↵�1) we have a distributed-springpot
(that consists only of a spring and a dashpot in parallel - a standard linear solid) connected
to a dashpot in series. This model is known as the three parameter fluid model (figure 2
(bottom-left)).

• for c1(↵) = C1�(↵� 1)+C2�(↵� 0)+C3�(↵� �1) and for c2(↵) = C4�(↵� �2) we have a
distributed-springpot (that consists only of a spring, a dashpot and a springpot in parallel)
connected to a springpot in series (figure 2 (bottom-right)).
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3 Conclusions and Future work

We have developed a generalised Maxwell model that covers most classical and fractional vis-
coelastic models. The model advocates a di↵erent philosophy than previous models, by using a
continuous weighting function instead of parameters.

In the future, we will investigate the influence of more complex weighting functions on the model
behaviour and also perform fits to experimental data.
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1 Introduction

For many decades, we have witnessed several applications of the Fourier transform, and its

related transforms, to multiple areas of knowledge. More recently, some Fourier transform gen-

eralizations have gained additional prominence due to their great application potential, as well as

to their high flexibility (e.g. in the parameters that they use). This is the case of the quadratic-

phase Fourier transform introduced by [5] which includes, as subcases, the fractional Fourier

transform and the linear canonical transform (see also [4, 9] for complementary information).

We recall that the quadratic-phase Fourier transform is defined as

(Qf)(x) =
1p
2⇡

Z

R
eiQ(a�e)(x,y)f(y) dy, (1)

where Q(a�e)(x, y) := ax2 + bxy + cy2 + dx+ ey, with a, b, c, d, e 2 R (and b 6= 0), for elements

f 2 L1
(R) or f 2 L2

(R) (cf. [5]).
The inversion formula of (1) is given by

f(x) =
bp
2⇡

Z

R
e�iQ(a�e)(y,x)(Qf)(y) dy,

for almost every x 2 R.
In this work, one of the goals is to interconnect the advantages of the quadratic-phase Fourier

transform with the general structure of the wavelet transform. So, similarly to [7, 8], we construct
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a new convolution associated with the quadratic-phase Fourier transform, that serves as a basis

to construct a new wavelet transform. Here it is worth mentioning that new convolutions and

their interactions with integral transforms of the most varied types have lately had many fruitful

developments; cf., e.g., [2, 3].

Part of the interest in studying wavelet transforms is related to their applications to signal

processing. In fact, the Fourier transform decomposes the signal into sines and cosines; and,

in contrast, the wavelet transform can have a kernel chosen arbitrarily, since it obeys to some

conditions. Consequently, with the Fourier transform, we obtain a representation of the signal

in the frequency domain and, with the wavelet transform, we have a representation of the signal

in both the time and frequency domains.

We will introduce a convolution associated with the quadratic-phase Fourier transform and,

based on that convolution, we present a new generalized wavelet transform. This makes it

possible to build a mathematical context for obtaining a Heisenberg-Pauli-Weyl uncertainty in-

equality for this new wavelet transform. Mathematically, uncertainty principles (or inequalities)

may be realized as inequalities that, for example, for the Fourier transform, state that a nonzero

function and its Fourier transform can not both be sharply localized. This fact is of significative

importance, e.g., in the theory and applications of partial di↵erential equations (cf. [1, 6]).

2 Results and discussion

We begin by introducing a new convolution associated with the quadratic-phase Fourier trans-

form. We will do it by using an appropriate exponential weight function in the kernel of the

classical convolution. Namely, for c 2 R, and f, g 2 L2
(R), we define

(f ⇤c g)(x) =
1p
2⇡

Z

R
f(u)g(x� u)e�ic(x2�u2) du. (2)

The next theorem gives us the factorization identity associated with the proposed convolution

and the quadratic-phase Fourier transform, this is, when we apply the quadratic-Fourier trans-

form to our new convolution, we can decouple the convolution into a product of two functions

(that depend on the image of the quadratic-phase Fourier transforms of the initial two functions).

Theorem 1 If f, g 2 L2
(R), then the convolution introduced in (2) has the following factoriza-

tion identity:

(Q(f ⇤c g)) (x) = e�i(ax2+dx)
(Qf)(x)(Q(e�ic(·)2g))(x),

for almost every x 2 R.

Based on the introduced convolution, as well as on the properties that it exhibits, we define a

new generalized wavelet transform as follows. For any f 2 L2
(R), we will call generalized wavelet

transform of f (with respect to a wavelet  2 L2
(R) and the parameter c 2 R) to

⇣
W c

↵,�
f
⌘
(↵,�) =

1p
2⇡

Z

R
f(x) c

↵,�(x) dx, (3)

where

 c
↵,�(x) =

1p
↵
 

✓
x� �

↵

◆
e�ic(x2��2).

For this new generalized wavelet transform, we obtain an uncertainty principle of Heisenberg-

Pauli-Weyl type in the next theorem.
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Theorem 2 Let (W c
↵,�

f)(↵,�) be the generalized wavelet transform introduced in (3). Then,

the following uncertainty inequality holds:

Z

R⇥R+
�2

���(W c
↵,�

f)(↵,�)
���
2 d�d↵

↵2

� Z

R
x2 |(Qf) (x)|2 dx

�
�

C 
4|b|2 kfk

4
2,

where

C =

Z

R+

|(Q )(↵x)|2

↵
d↵ < 1,

for almost every x 2 R; and

 (↵, x) = e�i(cx2+e(x�↵x)) (�x).

This uncertainty principle is obtained by starting to use the classical Heisenberg-Pauli-Weyl

inequality for the quadratic-phase Fourier transform. Then, using that uncertainty principle

and identifying W c
↵,�

f as a function of the time variable t, we obtain a new inequality that will

be integrated with respect to (d↵)/↵2
. After this, we use the Cauchy-Schwartz inequality, the

Parseval identity for the generalized wavelet transform and the relation between the generalized

wavelet transform and the quadratic-phase Fourier transform to obtain the result.

3 Conclusions and future work

In this work, we introduce a new generalized wavelet transform and study some of its properties.

The main result was a Heisenberg-Pauli-Weyl type uncertainty principle associated with this new

transformation.

As future work, we hope to obtain more uncertainty principles associated with this new general

transform that will allow us to further describe its relationships with its images and other integral

and wavelet transforms. We also have the future objective of obtaining more generalizations for

wavelet transforms, studying their properties and elaborating comparative studies (with what

already exists) that allow us to show the possible advantages of such generalizations.
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1 CITMAga, 15782 Santiago de Compostela, Spain.
2 Departamento de Estat́ıstica, Análise Matemática e Optimización,
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1 Introduction

The work [22] provided a new framework to deal with the uncertainty due to subjective factors,
namely, the concept of fuzzy set. Since then, di↵erential equations of fuzzy type have been
considered one possible way to predict the evolution of phenomena subject to uncertainty (see
[10], for instance).

The obstacles found in the resolution of this type of di↵erential equations with uncertainties
led to the proposal of di↵erent perspectives and notions of solution. The most extensively
used approaches are based on the concept of a derivative for a fuzzy function [8, 18], Zadeh’s
Extension Principle [17], di↵erential inclusions [9], etc. Hence, several notions of derivative
appeared, such as Hukuhara di↵erentiability, strongly generalized di↵erentiability, generalized
Hukuhara di↵erentiability, or metric-based derivatives, for instance, see [1, 2, 3, 4, 14, 15, 21], and
di↵erent authors explored the relation between the approaches available [3, 5, 6, 7, 11, 12, 13, 19].

This contribution is devoted to compare two di↵erent approaches in the resolution of di↵erential
equations with uncertainties given by interval-valued (concept in [16]) and fuzzy-valued terms.
In particular, we consider the perspective of di↵erential calculus and di↵erential inclusions (for
details, see [20]).
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2 Results and discussion

To start with, we recall from [20] the connection between the solutions to interval-valued prob-
lems under di↵erent perspectives. For this, consider a di↵erential inclusion of the type

ẋ 2 a(t)x+ F (t), t 2 [0, T ], x(0) 2 X0, (1)

for F (t) = [f(t), g(t)], f(t)  g(t), and X0 = [x0, y0] with x0  y0.

With the aim of comparing the expression of the solution with those corresponding to some
related linear problems under the perspective of strongly generalized derivative, we consider the
following initial value problem:

x0 = a(t)x+ F (t), t 2 [0, T ], x(0) = X0. (2)

The simplest case arises when a > 0, where the solution of the di↵erential inclusion (1) is exactly
the same as the solution through the H-derivative ((i)-di↵erentiability) to the problem (2).

By constrast, if a < 0 and f(t) = g(t), then the solution to the di↵erential inclusion (1) coincides
with the solution to problem (2) from the point of view of the (ii)-di↵erentiability. However, if
f(t) 6= g(t), this is not true.

If a is continuous, the study of the intervals of monotonicity of the diameter of the solution
can give an interesting information. The solution to the equation via di↵erential inclusions
can exhibit a behavior changing from nondecreasing to nonincreasing diameter and conversely.
Despite of this fact, the solution via di↵erential inclusions does not coincide with the solution
under the strongly generalized di↵erentiability by using switching points in the derivative for
an invariant equation. As we show in [20], it is also required to switch the equation to other
di↵erential problem, similar but non equivalent to the original one. This suggests us to consider
the combination of di↵erent types of derivatives and problems depending on the sign of a, by
the introduction of switching points, with a switch not only in the type of derivative but also in
the di↵erential problem (see [20]).

For the general equation (1), we have the following cases, where we assume that the correspond-
ing problems make sense:

• If a > 0, the solution via di↵erential inclusions coincide with the (i)-solution to (2).

• For a < 0, we have the solution to

x0 = F (t) (�a(t))x, t 2 [0, T ], x(0) = X0, (3)

under (i)-di↵erentiability, provided that the corresponding di↵erences exist.

• If a > 0, and F (t) is real, then we have the (ii)-di↵erentiable solution to

x0 = F (t) (�a(t))x, t 2 [0, T ], x(0) = X0, (4)

provided the di↵erences exist. In this case, X0 and the solution have also to be real.

• If a < 0 and F (t) is real, the solution to (2) via di↵erential inclusions is a (ii)-di↵erentiable
solution to the same problem (2).

• If a < 0 and F (t) is non real, we have the (ii)-di↵erentiable solution to

x0 = a(t)x (�F (t)), t 2 [0, T ], x(0) = X0, (5)

provided that the corresponding di↵erences exist.
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Summarizing, if F (t) is real, the solution to (2) via di↵erential inclusions is the (i)-solution to
the same equation on the intervals where a > 0 and the (ii)-solution to the equation on the
intervals where a < 0. Note that the initial condition is updated at the switching points (in this
case, the points where a changes its sign).

On the other hand, if F (t) is non real, the solution to (2) via di↵erential inclusions is the (i)-
solution to the same equation on the intervals where a > 0 and, on the intervals where a < 0,
it is the (i)-solution to the equation in (3) provided that this problem makes sense and the
(ii)-solution to (5) provided that it makes sense.

In the fuzzy case, we consider the solution to x0 2 a(t)x + b(t) under di↵erential inclusions’
approach. In [20], it is proved that the solution to the di↵erential inclusion is obtained by
considering subsequent initial value problems defined by varying the type of di↵erentiability
and the type of right-hand side term in the expression x0 = Fi(t, x), where i 2 {1, 2, 3} and
F1(t, x) = a(t)x+ b(t), F2(t, x) = b(t) (�a(t))x, and F3(t, x) = a(t)x (�b(t)), provided that
the corresponding di↵erences exist. See [20], for further details.

3 Conclusions and Future work

We have compared the solutions under the approaches of strongly generalized di↵erentiability
and di↵erential inclusions for some types of simple di↵erential equations subject to uncertainty,
study that can be extended to more general problems.
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2 CEMAT, Instituto Superior Técnico & University of Trás-os-Montes e Alto Douro, UTAD, Portugal.
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1 Introduction

The most elementary model for the constitutive response of viscoelastic fluids was proposed by
Maxwell [1, 2] and is given by:

�(t) + �
d�(t)

dt
= ⌘�̇(t), (1)

with � the stress tensor,

�̇(t) =
d�(t)

dt
=

⇣
ru+ (ru)T

⌘
(2)

the rate of deformation tensor, u the velocity vector, � the relaxation time of the fluid and ⌘
the zero shear-rate viscosity. The model can also be written in integral form as,

� (t) =

tZ

�1

G0e
� t�t0

�
d�(t0)

dt0
dt0 (3)

where G (t) = G0e
�t
� is the relaxation modulus (the response of the stress to a jump in deforma-

tion), � is the deformation tensor, and it is assumed that the fluid is at rest for t < 0. This is one
specific form of the Boltzman integral for linear viscoelastic deformations of complex materials
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[1]. This type of Maxwell-Debye relaxation (exponential decay) is observed in several complex
viscoelastic fluids, but there are other materials showing a more complex fading memory that
follows a more generalised exponential decay, that is,

G (t) = S0�(�)E↵,� (t) , (4)

where E↵,� is the Mittag-Le✏er function (a generalisation of the exponential function), � is the
Gamma function and the normalisation � (�) is used to ensure that G(0) = S0, for all choices
of �. The Mittag-Le✏er function is defined as,

E↵,� (z) =
1X

j=0

zj

� (↵j + �)
, (5)

with ↵, � being real and positive. When ↵ = � = 1, the Mittag-Le✏er function reduces to the
exponential function, and when � = 1 the original one-parameter Mittag-Le✏er function, E↵(·)
is obtained.

The new constitutive equation (Maxwell-ML model) is then given by:

� (t) =

tZ

�1

S0�(�)E↵,�

✓
� t� t0

�

◆
d�(t0)

dt0
dt0 (6)

where G(t � t0) = S0�(�)E↵,�

⇣
� t�t0

�

⌘
is the relaxation modulus. This model has one or two

new fitting parameters ↵ and �, resulting in an additional fitting flexibility.

It should be remarked that a monotonic decay is expected. Therefore, we must impose restric-
tions on the ↵ and � parameters, so that a proper relaxation is obtained.

Theorem 1.1 [3] The function
E↵(�z), z 2 R+ (7)

is completely monotonic for any 0 < ↵  1.

Theorem 1.2 [4] The function
E↵,�(�z), z 2 R+ (8)

is completely monotonic for ↵ > 0 and � > 0 if and only if 0 < ↵  1 and � � ↵

These two theorems set the restriction imposed in the ↵, � parameters, that is: 0 < ↵  1 and
� � ↵.

The Maxwell model can be written in both di↵erential (Eq. 1) and integral (Eq. 3) forms.
The new constitutive equation (given by Eq 6) is more complex, and can only be reduced to an
integro-di↵erential form.

Lemma 1.1 The Maxwell-ML model can be written in integro-di↵erential form, as:

S0�(�)

↵�

tZ

�1

A(t� t0)�̇(t0)dt0 +
d�(t)

dt
= S0�̇(t), (9)

where A(t� t0) = E↵,↵+��1

⇣
t0�t
�

⌘
+ (1� �)E↵,↵+�

⇣
t0�t
�

⌘
.

2
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The main objective of this work is to develop new viscoelastic models that allow better modelling
of complex materials, without the use of fractional derivatives that can lead to more complex
numerical implementations (due to the presence of singular kernels). To better understand
the newly proposed model, we perform fits to experimental data and compare the results with
classical models.

2 Results and discussion

Since the Maxwell- ML model has four parameters, it is expected to provide additional flexibility
in fitting a wider range of complex fluid rheology. To test this, we performed a fit using a Maxwell
model, a 2-mode Maxwell model, and the Maxwell- ML model (with only one new parameter ↵)
to the storage and loss modulus experimental data (G0 and G00) obtained from the rheological
characterization (small amplitude oscillatory shear at 230 �C) of a polystyrene [5].

The following lemma establishes the mathematical expressions of G0 and G00 for the Mawell-ML
model. These expressions were used to perform a fit to the experimental data shown in Fig. 1.

Lemma 2.1 The storage (G0) and loss (G”) moduli for the 1D Maxwell-ML viscoelastic model
are given by:

G0(!) = !S0�(�)

Z 1

0
E↵,�

✓
�t

�

◆
sin (!t) dt, (10)

G00(!) = !S0�(�)

Z 1

0
E↵,�

✓
�t

�

◆
cos (!t) dt. (11)
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Figure 1: Fit of the elastic and viscous contributions G0 and G00 to the linear viscoelastic modulus
obtained from the rheological characterisation of a polystyrene extrusion grade, Polystyrol 158K
from BASF using (a) Maxwell model; (b) Maxwell model with 2 modes; (c) The model proposed
in this work, with the one parameter ML function E↵(·) Maxwell-ML.

From the results shown in Fig. 1, it can be seen that using the Maxwell-ML model (with only
three parameters) a better fit is obtained. To quantify the error incurred during the fitting
process we used the mean square error given by,

" =
X

i

h
logG

0
i � logG

0
fit(!i)

i2
+

X

i

h
logG

00
i � logG

00
fit(!i)

i2
. (12)

It should be remarked that the � parameter was not used in the fitting process. This means
that we could achieve a better fit with 3 parameters when compared the Maxwell model with 2
modes (4 parameters).

3
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3 Conclusions and Future work

We have developed a Maxwell-type linear viscoelastic model using the Mittag-Le✏er in the
relaxation modulus. The model has 4 parameters and allows a better fit to the storage and
loss modulus data of polymer systems (even using only 3 parameters). The model is linear
and is currently being improved to become frame invariant by using an invariant measure of
deformation such as the Finger tensor B(t, t0) [1] (instead of the infinitesimal strain �(t, t0)).
The invariant model is presently being implemented in the numerical code HiG-Flow [6, 7].
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1 Introduction

The paper deals with the linear boundary value problem with parameter

dx

dt
= A(t)x+B(t)x(�(t)) + C(t)µ+ g(t), t 2 (0, T ), x 2 Rn, µ 2 Rm (1)

K0µ+K1x(0) +K2x(T ) = d, d 2 Rm+n, (2)

where n⇥nmatrices A(t), B(t), n⇥mmatrix C(t) and n�dimensional vector g(t) are continuous
on [0, T ]; the (n + m) ⇥ m matrix K0 and (n + m) ⇥ n matrices K1 and K2 are constant;
kxk = max

i=1,n
|xi|. The argument �(t) is a step function defined as �(t) = ⇣j if t 2 [✓j , ✓j+1),

✓j  ⇣j  ✓j+1, j = 0, N � 1, where 0 = ✓0 < ✓1 < . . . < ✓N = T .

A solution of problem (1), (2) is a pair (µ⇤, x⇤(t)), where µ⇤ 2 Rm and x⇤(t) is a function that
satisfies the conditions: (i) x⇤(t) is continuous on [0, T ]; (ii) x⇤(t) is continuously di↵erentiable
on (0, T ) with the possible exception of the points ✓j , where one-sided derivatives exist; (iii)
x⇤(t) satisfies (1) with µ = µ⇤ on each interval (✓j , ✓j+1), j = 0, N � 1; at the points ✓j Eq. (1)
is satisfied by the right-hand derivatives of x⇤(t); (iv) x⇤(t) satisfies (2) with µ = µ⇤.

In this paper, we develop an algorithm for solving problem (1), (2) that is based on the Dzhum-
abaev parametrization method [1]. This is a constructive method for studying and solving
various types of boundary value problems. In particular, this method was applied to a two-
point boundary-value problem for a second order di↵erential equation with piecewise-constant
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argument of generalized type [2]. We adapt a new approach to the concept of general solution of
Eq. (1) proposed by Dzhumabaev (see [3]). The structure of the new general solution is based
on the partition of [0,T] that takes into account the features of the problem. The new general
solution contains N + 1 arbitrary vectors and satisfies Eq. (1) everywhere on (0, T ) except
the interior partition points. The question of solvability of the problem under consideration is
reduced to that for a system of algebraic equations in N + 1 parameters, which are the values
of the unknown function x(t) at the points ✓j , j = 0, N .

2 Results

Let �N denote the partition of [0, T ] into N subintervals by points ✓j , j = 0, N . We will
denote by C([0, T ],�N ,RnN ) the space of function systems x[t] = (x1(t), x2(t), . . . , xN (t)) whose
elements xr(t) : [✓r�1, ✓r) ! Rn are continuous and have left-hand limits lim

t!✓r�0
xr(t) for all

r = 1, N , with the norm kx[·]k = max
r=1,N

sup
t2[✓r�1,✓r)

kxr(t)k.

Suppose that a pair (µ, x(t)) is a solution to Eq.(1) and xr(t) is the restriction of x(t) to the rth
subinterval of �N , r = 1, N . Then the functions xr(t) satisfy the following system of equations:

dxr
dt

= A(t)xr +B(t)x(⇣r�1) + C(t)µ+ g(t), t 2 [✓r�1, ✓r), r = 1, N.

A solution of this system is a pair (µ̂, x̂[t]) with µ̂ 2 Rm and x̂[t] 2 C([0, T ],�N ,RnN ) whose
elements satisfy the equations of the system on the partition subintervals.

If (µ, x(t)) is a solution of Eq.(1) and x[t] = (x1(t), x2(t), . . . , xN (t)) is the system of the restric-
tions of x(t) to the partition subintervals, then the components of this system must satisfy the
continuity conditions at the interior points of �N :

lim
t!✓p�0

xp(t) = xp+1(✓p), p = 1, N � 1. (3)

Let us introduce additional parameters �r = xr(⇣r�1), r = 1, N , and make the substitutions
ur(t) = xr(t)��r on every subinterval [✓r�1, ✓r). We then obtain the system of Cauchy problems
for ordinary di↵erential equations with parameters µ and �r

dur
dt

= A(t)(ur + �r) +B(t)�r + C(t)µ+ g(t), t 2 [✓r�1, ✓r), ur(⇣r�1) = 0, r = 1, N. (4)

Let ⇠ denote the vector of parameters ⇠ = (�1,�2, . . . ,�N , µ) 2 RnN+m. For fixed r and ⇠,
each of Cauchy problems (4) has a unique solution ur(t, ⇠), t 2 [✓r�1, ✓r). It is easily seen that
u[t, ⇠] 2 C([0, T ],�N ,RnN+m). We will refer to u[t, ⇠] as a solution to the system of Cauchy
problems with parameters (4).

Definition 1 Let a function system u[t, ⇠] be a solution to the Cauchy problem (4) for some
⇠ 2 RnN+m. Then the pair x(�N , t, ⇠) defined as

x(�N , t, ⇠) =

8
<

:
�r + ur(t, ⇠), if t 2 [✓r�1, ✓r), r = 1, N,

�N + lim
t!T�0

uN (t, ⇠), if t = T

is called the �N -general solution to Eq.(1).

It follows from the definition that the �N -general solution depends on m + nN arbitrary con-
stants and satisfies Eq.(1) for all t 2 (0, T ) \ {✓p, p = 1, N � 1}.
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Theorem 1 Suppose a function x̃(t) is piecewise continuous on [0, T ] with possible discontinu-
ities at t = ✓p, p = 1, N � 1, continuously di↵erentiable at t 2 (0, T ) \ {✓p, p = 1, N � 1}, and
satisfies Eq.(1) with some µ = µ̃ 2 Rm. Then there exists a unique ⇠̃ 2 RnN+m such that the
equality x̃(t) = x(�N , t, ⇠̃) holds for all t 2 [0, T ].

Corollary 2 Let a pair (µ⇤, x⇤(t)) be a solution of Eq.(1) and x(�N , t, ⇠) be the �N -general
solution of Eq.(1). Then there exists a unique ⇠⇤ 2 RnN+m such that the equality x⇤(t) =
x(�N , t, ⇠⇤) holds for all t 2 [0, T ].

The solutions of the Cauchy problems (4) can be represented in the form

ur(t, µ,�r) = �r(t)

Z t

✓r

��1
r (⌧){[A(⌧) +B(⌧)]�r + C(⌧)µ+ g(⌧)}d⌧, t 2 [✓r�1, ✓r), r = 1, N,

where �r(t) is a fundamental matrix of the di↵erential equation
dxr
dt

= A(t)xr.

Let us introduce the auxiliary Cauchy problems

dz

dt
= A(t)z + P (t), z(⇣r�1) = 0, t 2 [✓r�1, ✓r), r = 1, N,

where P (t) is a continuous matrix or vector. Then the �N -general solution to Eq.(1) can be
represented in terms of solutions of auxiliary Cauchy problems in the following way:

x(�N , t, ⇠) =

8
<

:
�r + ar(A+B, t)�r + ar(C, t)µ+ ar(g, t), if t 2 [✓r�1, ✓r), r = 1, N,

�N + lim
t!T�0

uN (t, ⇠), if t = T.
(5)

Let us now turn to the boundary value problem with a parameter (1),(2) and make use of the
�N -general solution to Eq.(1) in solving this problem. As mentioned above, the �N -general
solution depends onm+nN arbitrary constants that are components of vector-valued parameters
µ 2 Rm and � 2 RnN . By substituting x(�N , t, ⇠) into the boundary conditions (2) and the
continuity conditions (3), we obtain the following system of linear algebraic equations in unknown
parameters µ and �:

[K0 +K2aN (C, T )]µ+K1�1 + [K2 +K2aN (A+B, T )]�N = d�K2aN (g, T ),

ap(C, ✓p)µ+ �p + ap(A+B, ✓p)�p � �p+1 = �ap(g, ✓p), p = 1, N � 1.

Denoting by Q⇤(�N ) the square matrix of order m+ nN corresponding to the left-hand side of
this system, we rewrite the system in the matrix form:

Q⇤(�N )⇠ = �F ⇤(�N ), ⇠ 2 Rm+nN , (6)

where F ⇤(�N ) = (�d+K2aN (g, T ), a1(g, ✓1), a2(g, ✓2), . . . , aN�1(g, ✓N�1)) 2 Rm+nN .

Theorem 3 The boundary value problem (1),(2) is uniquely solvable if and only if the matrix
Q⇤(�N ) is invertible.

Based on the results obtained, we propose the following algorithm for finding a solution to the
linear boundary value problem with parameter (1),(2).

1. Construct the �N -general solution (5).

2. Set up the system of linear algebraic equations (6) by substituting the �N -general solution
into the boundary conditions (2) and continuity conditions (3). Find the solution ⇠⇤ 2 Rm+nN

of system (6).

3. Substitute the components µ⇤ 2 Rm and �⇤ 2 RnN of ⇠⇤ into the �N -general solution to get
the solution (µ⇤, x⇤(t)) to problem (1),(2).
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1 Introduction

We consider the Fredholm integro-di↵erential equation (FIDE)

dx

dt
= A(t)x+

mX

k=1

'k(t)

Z T

0
 k(⌧)fk(⌧, x(⌧))d⌧ + f0(t), t 2 (0, T ), x 2 Rn, (1)

where the n ⇥ n matrices A(t), 'k(t),  k(⌧), are continuous on [0, T ], f0 : [0, T ] ! Rn, fk :

[0, T ]⇥Rn ! Rn
are continuous, k = 1,m,; kxk = max

i=1,n
|xi|.

Denote by C
�
[0, T ], Rn

�
the space of all continuous functions x : [0, T ] ! Rn

with the norm

kxk1 = max
t2[0,T ]

kx(t)k. By a solution to equation (1) we mean a continuously di↵erentiable on

(0, T ) function x(t) 2 C
�
[0, T ], Rn

�
satisfying equation (1).

The special Cauchy problem plays an essential role in constructing the new general solutions for

Fredholm IDEs [1], [2] and solving boundary value problems [3], [4], [5].

The goal of this work is to establish the solvability conditions of the special Cauchy problem

resulting from the use of D. Dzhumabaev parametrization method for equation (1).
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2 Results and discussion

Let �N be a partition of the interval [0, T ) into N parts: [0, T ) =
NS
r=1

[tr�1, tr) and h = max
r=1,N

(tr�

tr�1). Given a vector �(0) =

⇣
�(0)1 ,�(0)2 , . . . ,�(0)N

⌘
2 RnN

and numbers ⇢� > 0, ⇢ > ⇢�, ⇢v 2
(0, ⇢� ⇢�], we compose the sets:

S
�
�(0), ⇢�

�
=
�
� = (�1,�2, . . . ,�N ) 2 RnN

:
���r � �(0)r

��  ⇢�, r = 1, N
 
,

S
�
x0(t), ⇢

�
=
�
x 2 Rn

:
��x� x0(t)

��  ⇢
 
,

G0
(⇢) =

�
(t, x) : t 2 [0, T ],

��x� x0(t)
��  ⇢

 
,

where a piecewise constant vector function x0(t) on [0, T ] is defined by the equalities x0(t) = �(0)r ,

t 2 [tr�1, tr), r = 1, N, and x0(T ) = �(0)N .

Condition A. Let the following inequalities be fulfilled:

(1) kf0(t)k  M0, t 2 [0, T ], kfk(t, x)k  Mk, (t, x) 2 G0
(⇢), Mk is a constant, k = 1,m;

(2) Dh =

h
↵(⇢+ k�(0)k) +

mX

k=1

max
t2[0,T ]

k'k(t)k
NX

j=1

Z tj

tj�1

k k(⌧)kd⌧Mk +M0

i
h < ⇢,

where ↵ = max
t2[0,T ]

kA(t)k.

We construct the following sets:

G0
p(⇢) =

n
(t, x) : t 2 [tp�1, tp), kx� x0(t)k  ⇢�D(tp � t)

o
, p = 1, N � 1,

G0
N (⇢) =

n
(t, x) : t 2 [tN�1, tN ], kx� x0(t)k  ⇢�D(tN � t)

o
, and

G0
(�N , ⇢) =

NS
r=1

G0
r(⇢).

Further, we choose ⇢� = ⇢�Dh and ⇢v = Dh.

If a function x(t) satisfies Eq.(1) and (t, x(t)) 2 G0
(�N , ⇢), then the functions xr(t), r = 1, N,

being the restrictions of x(t) to [tr�1, tr), satisfy the nonlinear IDEs

dxr
dt

= A(t)xr +
mX

k=1

'k(t)
NX

j=1

Z tj

tj�1

 k(⌧)fk(⌧, xj(⌧))d⌧ + f0(t), t 2 [tr�1, tr), (2)

and (t, xr(t)) 2 G0
r(⇢), r = 1, N. Introducing the parameters �r=̂xr(tr�1) and making the

substitutions ur(t) = xr(t)� �r, t 2 [tr�1, tr), r = 1, N, we obtain the system of nonlinear IDEs

with parameters

dur
dt

= A(t)(ur + �r) +
mX

k=1

'k(t)
NX

j=1

Z tj

tj�1

 k(⌧)fk(⌧, uj(⌧) + �j)d⌧ + f0(t), t 2 [tr�1, tr), (3)

subject to the initial conditions

ur(tr�1) = 0, r = 1, N. (4)

We will refer to problem (3), (4) as to the special Cauchy problem for the system of nonlinear

IDEs with parameters on the subintervals.
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Let C
�
[0, T ],�N , RnN

�
denote the space of all function systems u[t] =

�
u1(t), u2(t), . . . , uN (t)

�
,

where ur : [tr�1, tr) ! Rn
is continuous and has the finite left-sided limit lim

t!tr�0
ur(t) for any

r = 1, N, with the norm
��u[·]

��
2
= max

r=1,N
sup

t2[tr�1,tr)
kur(t)k.

A solution to (3), (4), for a fixed parameter � = �⇤ =
�
�⇤1,�

⇤
2, . . . ,�

⇤
N

�
2 RnN , is a function

system u[t,�⇤] =
�
u1(t,�⇤), u2(t,�⇤), . . . , uN (t,�⇤)

�
2 C

�
[0, T ],�N , RnN

�
, where ur(t,�⇤), r =

1, N, are continuously di↵erentiable with respect to t on their domains and satisfy the system

(3) with � = �⇤ and initial conditions (4).

System of IDEs (2) is equivalent to the special Cauchy problem with parameters on subintervals

(3), (4).

In constructing a new general solution and in solving boundary value problems we will use the

limit values of the solution to problem (3), (4), it is therefore reasonable to consider the following

special Cauchy problem on the closed subintervals:

dvr
dt

= A(t)(vr + �r) +
mX

k=1

'k(t)
NX

j=1

Z tj

tj�1

 k(⌧)fk(⌧, vj(⌧) + �j)d⌧ + f0(t), t 2 [tr�1, tr], (5)

vr(tr�1) = 0, r = 1, N. (6)

Denote by eC
�
[0, T ],�N , RnN

�
the space of all function systems v[t] =

�
v1(t), v2(t), . . . , vN (t)

�
,

where vr : [tr�1, tr] ! Rn
is continuous for all r = 1, N, with the norm

��v[·]
��
3
= max

r=1,N
max

t2[tr�1,tr]
kvr(t)k.

For the solutions to problems (3), (4) and (5), (6), the following relations are fulfilled:

ur(t,�) = vr(t,�), t 2 [tr�1, tr), lim
t!tr�0

ur(t,�) = vr(tr,�), r = 1, N.

At a fixed parameter b� 2 S
�
�(0), ⇢�

�
, we get

dvr
dt

= A(t)vr +A(t)b�r +
mX

k=1

'k(t)
NX

j=1

Z tj

tj�1

 k(⌧)fk(⌧, vj(⌧) + b�j)d⌧ + f0(t), t 2 [tr�1, tr], (7)

vr(tr�1) = 0, r = 1, N. (8)

Let us introduce the following notation:

S
�
0, ⇢v

�
=
�
v[t] = (v1(t), v2(t), . . . , vN (t)) 2 eC

�
[0, T ],�N , RnN

�
: kv[·]k3  ⇢v

 
.

Theorem 1 Let Condition A be fulfilled and the following inequalities be valid:

(i)
��fk(t, x0)� fk(t, x00)

��  Lkkx0 � x00k, Lk is a constant, (t, x0), (t, x00) 2 G0
(⇢), k = 1,m;

(ii)

⇣
↵+

mX

k=1

max
t2[0,T ]

k'k(t)k
NX

j=1

Z tj

tj�1

k k(⌧)kd⌧Lk

⌘
h < 1;

(iii) h

✓
↵(k�(0)k+ ⇢) +

mX

k=1

max
t2[tr�1,tr]

��'k(t)
��

NX

j=1

Z tj

tj�1

�� k(⌧)
��d⌧Mk +M0

◆
 ⇢v.

Then, for any b� 2 S(�(0), ⇢�), there exists a unique function system v[t, b�] = (v1(t, b�), v2(t, b�), . . . , vN (t, b�)),
the solution to the special Cauchy problem (7), (8) in S(0, ⇢v).
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3 Conclusions and Future work

The solvability conditions of the special Cauchy problem are obtained. The special Cauchy

problem will be used in the study of Fredholm IDEs.
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1 Introduction 
 
The neutral functional differential equation is a mathematical model of such system whose behavior at 
a given moment depends on the velocity and state of the system in the past. Many real processes are 
described by neutral functional differential equations and the theory of such equations is presented in 
[1-3]. For illustration, here we consider a model of economic growth. Let )(tp be a quantity of a 
product produced at the moment t  which is expressed in money units. The fundamental principle of 
the economic growth has the form 

),()()( titatp +=                                                               (1.1) 
where )(ta  is a quantity money for the salaries and social programs; )(ti is a quantity money for the 
induced investment (purchase of new technologies and etc). We consider the case where the functions  

)(ta  and  )(ti have the form  
)),(,()( tptta =                                                               (1.2) 

),())(),(),(),(,()())(),(),(,()(  −−−++−−= tptvhtptphtpttptptptptti       (1.3) 
 
where ],[)( 21 vvtv  is a control function (investment from the government or from the private firms), 
with ;012  vv 0  is a given number; 0,0  h  and 0 are so-called delays. The formula 
(1.3) shows that the value of investment at the moment t  depends: on the quantity of money at the 
moment −t  and ht −  (in the past); on the velocity (production current) at the moments −tt, and 

ht − ; on the acceleration at the moments t  and −t . From formulas (1.1)-(1.3) we get the equation 
 

 )())(),(),(),(,())(),(),(,())(,()(1)( 


−−−−−−−−= tptvhtptphtpttptptpttpttptp   

 
which is equivalent to the following controlled quasi-linear neutral functional differential equation: 
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here ).()(1 tptx =  
 
In the paper, for the controlled neutral functional differential equation 
 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )  1000000 ,,,,,,, ttIttxtxtftxtuhtxtxtAtx =−+−−=   

 
with the initial condition  
 

( ) ( ) ( ) 00000 ,, xtxttttx ==  
 

the theorem on the continuous dependence of solution is given, when perturbations of  the initial 
vector 00x , the initial function )(0 t , delay parameters 000 ,, h and the control function  )(0 tu are 
small in the Euclidean topology, and a perturbation of the function ),,(0 yxtf  is small in the integral 
sense. Theorems of such a type play an important role in studying optimal control problems, in 
proving variation formulas of solution [3] and  in the sensitivity analysis of models. 
 

2 Results and discussion 
 

Let  nRO  be an open set and rRU  be a compact set; let 0,0 1212  hh  and 012 
be given numbers. Suppose that E  is the set of functions nROIf → 2: satisfying the following 
conditions: for each fixed 2),( Oyx  the function nRIyxf → :),,( is measurable; for each Ef 
and compact set OK  there exist functions )),,0[,()(),( ,,  ILtLtm KfKf such that for almost all 

It  
 

,),(),(),,( 2
, Kyxtmyxtf Kf   

 
( ) .),(,),(,)(),,(),,( 2

22
2

112121,2211 KyxKyxyyxxtLyxtfyxtf Kf −+−−  

 

Let    be the set of continuously differentiable initial functions ],,ˆ[,)( 0ttOt    where

 ,,,minˆ 22,20  ht −= with  .],ˆ[:)()(sup 01
tttt  += 

 By   denote the set of piecewise-

continuous control functions ,,)( ItUtu  with  .:)(sup Ittuu =  Let ),,,( uyxtA  be a given nn  

matrix function satisfying Lipschitz's condition on the set .2 UOI   
   To each element  

EOhhWftutxhw == ],[],[],[)),(),(,,,,( 2121210   
 
we assign the differential equation  
 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) IttxtxtftxtuhtxtxtAtx −+−−= ,,,,,,                       (2.1) 
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with the initial condition  
 

( ) ( ) ( ) .),,ˆ[, 000 xtxttttx ==                                                  (2.2) 
 
 
Definition.  Let ,Ww  a function ],ˆ[,);()( 1ttOwtxtx =  is called a solution of  Eq. (2.1) 
with the initial condition (2.2) or a solution corresponding to the element w  and defined on the 
interval ],ˆ[ 1t  if it satisfies the condition (2.1) and absolutely continuous on the interval ],[ 10 tt  and 
satisfies Eq. (2.1) almost everywhere on ].,[ 10 tt  
 

To formulate the main result we introduce the following sets:  
 

  ,)()()),,0[,()(),(:);( ,,,,








+= 
I

KfKfKfKf cdttLtmILtLtmEfcKP  

where OK  is a compact set and 0c  is a fixed number independent of ;f  
 

 ,:],[);( 0210  −= hhhhhhB  ,:],[);( 0210  −=B  
 

 ,:],[);( 0210  −=B  ,:);( 000000  −= xxOxxB  
 

 ,:);(
100  −=B  ,:);( 00  −= uuuuB  

 
 ,:);(),,;( 0  =

K
fcKPfcKfB  

where 

,),,,(:),,(sup 22
21

2

1 











=  KIyxssdtyxtff
s

s
K  

],,[ 210 hhh  ],,[ 210   ],,[ 210   Ox 00  are the fixed points; ,0  0u  and Ef 0  are 
the fixed functions, 0  is a fixed number. 
 
Theorem. Let )(0 tx  be a solution corresponding to Wftutxhw = )),(),(,,,,( 000000000   
and defined on ].,ˆ[ 1t  Let OK 0  be a compact set containing a certain neighborhood of the set

]).,ˆ([ 10 tx   Then the following assertions hold: 
2.1. there exists a number 00   such that to each element 
 

);();();();(),,;()),(),(,,,,( 0000000000000  xBBBhBcKwBftutxhw ==
),,;();();( 0000000  cKfBuBB   

there corresponds the solution );( wtx  defined on the interval ],ˆ[ 1t and satisfying the condition 
;);( 0Kwtx   

2.2. for any arbitrary 0  there exists a number ],0()( 011  =  such that the following 
inequality holds for any :),,;( 100 cKwBw
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.,)();( 0 Ittxwtx −   
 

Remark.The theorem on the well-posedness for the quasi-linear neutral functional differential 
equation without perturbation of 0  and where ( ) ( ) ( )( ) )(,,, tAtuhtxtxtA − is proved in [3].We note 
that if the right-hand side of the equation (2.1) is nonlinear in )( −tx , then the problem (2.1)-(2.2) is 
ill-posed in general when a perturbation of ),,(0 yxtf  is small in the integral sense [3]. 
 

 

3 Conclusions and Future  work 
 

On the basis of the given Theorem can be proved the necessary conditions for optimality of delay parameters, 
initial vector, initial and control functions and also can be proved  analytical relations between of solutions of 
the initial and perturbed equations. Future work will consider the case when the initial moment 0t is non-fixed 
and a controlled quasi-linear neutral functional differential equation contains several variable delays. 
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Abstract: We investigate in this paper a fuzzy q-symmetric variational problem. Based
on the relative distance measure fuzzy arithmetic (RDM-FA) and horizontal membership
functions (HMFs), we first propose the new concepts of granular q-symmetric di↵erentiability
and integrability for fuzzy-valued functions. Then, fundamental foundations of q-symmetric
calculus of variations based on HMFs are provided. With the help of HMFs and the granular
q-symmetric di↵erentiability, we derive the necessary optimality condition for the fuzzy q-
symmetric variational problem. Finally, some numerical examples to illustrate the proposed
approach are presented.
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1 Introduction

The calculus of variations, known as a field of optimization, works with the determinating of
extrema or stationary values of functionals. It has various applications in many fields such as
physics, engineering and applied mathematics. Extending the theory of classical variational
calculus using the fuzzy set theory, founded by L. Zadeh, to deal with uncertainties has at-
tracted increasing research interest. One of the earliest works proposed by Farhadinia (see
[3]). In that work, by using the Buckley-Fuering derivative, he obtained the necessary opti-
mality conditions for the fuzzy unconstrained and constrained variational problems. Since then
there has been a great deal of interest in the study of variational problems and optimal con-
trol problems with the fuzzy environments. Notably, in [2], the authors studied the generalized
fuzzy Euler-Lagrange equation and fuzzy isoperimetric problem with the help of fuzzy Caputo-
type generalized Hukuhara fractional derivative. In [10], the authors considered the necessary
optimality conditions for fuzzy variational problems, based on the generalized Hukuhara dif-
ferentiability concept. Some further works relating to fuzzy variational problems and fuzzy
di↵erential equations being with generalized Hukuhara di↵erentiability can be found in [11, 12].
Concerning approaches using generalized Hukuhara di↵erence, although the major limitation
of the Hukuhara and Seikkala derivatives, the diameter of the fuzzy-valued functions (FVFs)
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must be assumed to be non-decreasing, is solved, this approach also leads to some shortcomings
such as the existence of di↵erence, the monotonicity of the vagueness, the multiplicity of fuzzy
solutions and unnatural behavior in modeling phenomenon and so on. To overcome these draw-
backs, in [6], Mazadarani proposed the new concept of di↵erentiability motivated by HMFs (see
[9]) to study fuzzy di↵erential equations. By its convenience, there are various works such as the
fuzzy Bang-Bang (FBB) control problem (see [7]), fuzzy variational problem and fuzzy optimal
control (see [8]) that are established based on this tool.

Quantum calculus, especially q-symmetric quantum calculus, has various applications and plays
an essential role in many fields of science, in particular, in quantum mechanics (see [4]). Quantum
variational calculus allows us to study the calculus of variations for a class of non-di↵erentiable
functions by using di↵erence operators such as q-di↵erence operator, h-di↵erence operator, q-
symmetric di↵erence operator, or Hahn’s di↵erence operator, in stead of classical derivatives.
For works in quantum variational calculus and its applications, we refer to references [1, 5].

With above observations, we propose the new concepts of q-symmetric di↵erentiability and
integrability for FVFs by using Relative Distance Measure (RDM) variables. Fundamental
foundation of q-symmetric calculus of variations based on HMFs are provided. With the help
of HMFs and granular q-symmetric di↵erentiability of FVFs, we obtain the necessary condition
for the fuzzy variational problem which called fuzzy granular Euler-Lagrange equation.

2 Results and discussion

For our analysis, it is necessary to recall some theorical bases of horizontal fuzzy numbers which
is called granular representation of fuzzy numbers and its operations are mentioned (see [6, 9]).

In Relative Distance Measure (RDM) interval arthmetic, an arbitrary interval A = [a, a] is
described by a set of numbers: A = {a | a = a+ (a� a)µa, µa 2 [0, 1]}.

Definition 1 A fuzzy set (membership function) u : [x, y] ✓ R ! [0, 1] is said to be a fuzzy
number on R if it is normal, fuzzy convex, upper semicontinuous and compact supported. We
denote by Rf the set of all fuzzy numbers on R.

Let u be a fuzzy number. For 0 < ↵  1, an ↵-level set of u is defined by [u]↵ = {s 2 R | u(s) �
↵} and [u]0 = {s 2 R | u(s) > 0}. The ↵-level set of u can be represented by [u]↵ = [u↵, u↵],
where u and u are lower and upper branches of u, respectively.

Definition 2 Let u : [x, y] ✓ R ! [0, 1] be a fuzzy number and [u]↵ = [u↵, u↵] be its ↵-level
representation. The horizontal membership function ugr : [0, 1]⇥ [0, 1]! [x, y], is defined by

ugr(↵, µu) = u↵ + (u↵ � u↵)µu,

where ↵ 2 [0, 1] is called the membership degree of u and µu 2 [0, 1] is called RDM variable. We
denote the horizontal membership function of u 2 Rf by H(u) = ugr(↵, µu). The ↵-level sets of
the vertical membership function u is given by the following transformation

H
�1(ugr(↵, µu)) = [u]↵ = [ inf

��↵
min
µu

ugr(�, µu), sup
��↵

max
µu

(�, µu)].

Definition 3 (Arithmetic Operations) Let u, v 2 Rf and H(u) and H(v) be the horizontal
membership functions of u and v, respectively. We denote by ~ one of basic operations on Rf

including addition, subtraction, multiplication, and division. Then, u ~ v is a fuzzy number w
satisfying

H(w) = H(u) ⇤H(v),
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where the operation ⇤ is understood the corresponding operations on R. It is noticed that if ~
stands for the division operation, we need to assume 0 /2 H(v). The di↵erence between two fuzzy
numbers in Definition 3 is called granular di↵erence (gr-di↵erence, for short). The gr-di↵erence
between two fuzzy numbers u and v is denoted by u gr v.

Definition 4 (Ordering relation) Let u, v 2 Rf . Then, we say u  v if and only if H(u) 
H(v), for all µu = µv 2 [0, 1],↵ 2 [0, 1].

2.1 q-symmetric calculus for fuzzy-valued functions

Let q 2 (0, 1). In what follows, we denote by Iq the set Iq = {qx | x 2 I}, where I is an interval
of R containing 0. We note that Iq ✓ I.

Definition 5 Let q 2 (0, 1) and F : I ! Rf be a FVF. The FVF F is said to be granular
q-symmetric di↵erentiable at t 2 Iq, if there exists a fuzzy number D̃gr

q [F ](t) 2 Rf such that

D̃gr
q [F ](t) =

F (q�1t) gr F (qt)

t(q�1 � q)
, t 2 Iq\{0},

and D̃gr
q [F ](0) = Dgr[F ](0)1, provided F is granular di↵erentiable at 0. Then, the fuzzy number

D̃gr
q [F ](t) is called the granular q-symmetric derivative of F at t.

Theorem 1 Let F : I ! Rf be a FVF. Then, F is granular q-symmetric di↵erentiable at
t0 2 Iq if and only if its horizontal function H(F ) is q-symmetric di↵erentiable with respect to

t at t0. Moreover, we have H

⇣
D̃gr

q [F ](t0)
⌘
= @̃qF gr(t0,↵,µF )

@t .

Definition 6 Let a, b 2 I and a < b. Let F : I ! Rf be a FVF and F gr(t,↵, µF ) be its
horizontal membership function such that F gr(t,↵, µF ) is q-symmetric integrable on [a, b]. LetR b
a F (t)d̃qt denote the granular q-symmetric integral of F from a to b. Then, the FVF F is said

to be granular q-symmetric integrable on [a, b] if there exists a fuzzy number u =

Z b

a
F (t)d̃qt

such that H(u) =
R b
a F gr(t,↵, µF )d̃qt.

2.2 Fuzzy q-symmetric variational Problem

In this section, we consider the necessary condition for fuzzy q-symmetric variational problem
(Fq-SVP) defined by

J (X) =

Z b

a
L
⇣
s,X(qs), D̃gr

q X(s)
⌘
d̃qs ! min

subject to the constraints: X(a) = ⇤1, X(b) = ⇤2,

where ⇤1,⇤2 are fixed fuzzy numbers and the fuzzy curve X(t) is granular q-symmetric di↵eren-
tiable with respect to t 2 [a, b]. By using HMFs and the assumptions on the Lagrangian L, we
establish the necessary optimality condition for (Fq-SVP) under fuzzy granular q-symmetric
di↵erentiability concept.

1Dgr[F ](0) is known as the granular derivative of F at 0 (see[6]).
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3 Conclusions and Future work

In this paper, we studied the fuzzy q-symmetric variational problem under the granular dif-
ferentiability approach. The main contributions are highlighted as follows: 1) Based on the
horizontal membership functions of fuzzy numbers, we proposed the notions of granular q-
symmetric derivative and integral for FVFs. Some fundamental characteristics of the proposed
concepts are investigated; 2) We introduced granular fuzzy q-symmetric variational problem
based on the granular q-symmetric di↵erentiability and integrability of FVFs; 3) The granular
Euler-Lagrange condition for the fuzzy q-symmetric variational problem is investigated. Some
numerical examples are provided to illustrate the proposed methods.
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1 Introduction

Adsorption is defined as the deposition or adhesion of molecular species such as atoms, ions or
molecules on a surface. The adsorption method has important applications, for example it is
broadly used in water and wastewater treatment processes [1].

There exist numerous mathematical models that describe the interactions between adsorbents
and adsorbates at the equilibrium, as the Lagergren or Ho models for pseudo-first order (PFO)
and pseudo-second order (PSO), [2, 3]. These models are defined by the following di↵erential
equations

PFO:
dq(t)

dt
= k1(qe � q(t)), (1)

PSO:
dq(t)

dt
= k2(qe � q(t))2, (2)

where qe � 0 is the adsorption capacity at equilibrium (mg/g), q(t) the adsorption capacity at
time t (mg/g) and k1 > 0 (min�1) and k2 > 0 ((mg/g)�1 min�1) the adsorption rates.

The generalization of these models gives rise to the general kinetic model, which takes the
following form
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dq(t)

dt
= kn(qe � q(t))n, (3)

with n � 1 being the order of the reaction. It is obtained experimentally, so it can also take frac-
tional values. Notice that, from equation (3), PFO and PSO are directly derived by considering
n = 1 and n = 2, respectively.

Kinetic models depend on several parameters, such as the amount adsorbed at equilibrium,
qe. Classically, the kinetic parameters are deduced by comparing the experimental data with
the linearized equations of the model considered. Nevertheless, previous studies show that
the incorrect application of the linear equation for the PFO and PSO kinetic models lead to
erroneous values of the intrinsic parameters. Furthermore, since the parameters are calculated
from experimental data and depend on molecular properties that are not completely known, they
contain an intrinsic uncertainty. Therefore, it is more advisable to consider them as random
variables rather than as deterministic constants. Consequently, this gives rise to the random
di↵erential equations, in particular to the following randomized general kinetic equation

dq(t,!)

dt
= kn(!)(qe(!)� q(t,!))n(!), (4)

whose randomized solution is

q(t,!) = qe(!)� (qe(!)
1�n(!) + kn(!)(n(!)t� 1))

1
1�n(!) , (5)

where qe(!), kn(!) and n(!) are assumed to be absolutely continuous random variables defined
on a common complete probability space (⌦, F,P) with a known joint PDF f0(qe, kn, n). Notice
that equation (5) is a stochastic process.

The objective is to obtain a complete probabilistic description of the solution stochastic process
coming from the randomization of the deterministic counterpart. To do this, the first probability
density function (1-PDF) must be calculated.

2 Results and discussion

To obtain the following semi-explicit expression of the 1-PDF of the solution stochastic process,
we apply the Random Variable Transformation (RVT) technique [4]

f1(q, t) =

Z 1

0

Z 1

1
f0

✓
qe,

q1�n
e � (qe � q)1�n

t(1� n)
, n

◆
1

t(qe � q)n
dndqe. (6)

The theoretical results are illustrated using the real-world data collected in Table 1.

ti 0 0.089 0.138 0.247 0.494 0.750 0.997 1.995 2.992
qi 0 15.064 25.335 37.661 46.819 50.157 52.468 56.234 57.518

Table 1: Adsorption capacity of methyl orange on bentonite, qi, for di↵erent time instants ti.
Source [5].

Hereafter, we will present the results for the general model (4) for n = 1, 2. We will assume
that model parameters are independent random variables, so we have estimated the following
probability distributions for each model parameters

kn(!) ⇠ Unif([a, b]), 0 < a < b; qe(!) ⇠ NT (µ,�), T = [0,1), µ,� > 0.
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Once, we have estimated the 1-PDF, f1(q, t), by its integration, it is straightforward to calculate
the mean and 95% confidence intervals, which show that the uncertainty coming from our data
is captured. The results are shown in Figure 1.

In Figure 2 we can see the 1-PDF for PFO and PSO models.

Comparing both models, we can conclude that the variability is lower in the PFO models, while
the PSO model provides a better fit to these data.
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Figure 1: Expectation (solid line) and 95% confidence intervals (dashed lines).

(a) PFO model (b) PSO model

Figure 2: 1-PDF visual representation of the solution stochastic process of the PFO and PSO
random models.

3 Conclusions and Future work

We have studied, from a probabilistic point of view, a randomized general kinetic model from
the 1-PDF of the solution stochastic process under very general assumptions, where we consider
the parameters involved as dependent continuous random variables with arbitrary probability
density functions.

Computing the probabilistic distribution of other quantities of interest, such as the time until
a given adsorbed amount is reached, and using other techniques to estimate model parameters
distributions from real data, such as Bayesian techniques, are some future work.
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1 Introduction

Montecarlo (MC) simulations (see [1, 2]) and generalized Polynomial Chaos expansions (gPCe,
see [3]) are some of the most widely-known techniques used for uncertainty quantification of
mathematical models given by ODEs or PDEs with random or stochastic terms, whose solutions
are Stochastic Processes (SPs). However, MC simulations su↵er from a very low convergence
rate, and gPCe is meant to e�ciently compute the solution moments, such as the mean and
variance of the solution SP. The most desirable goal is to have an expression or approximate
representation of the Probability Density Function (PDF) of the solution SP. One of the methods
used to achieve this goal is the so-called Random Variable Transformation (RVT) method (see
[4, 5]). However, this method has a significant drawback: it is only applicable when an explicit
solution SP is known, which is generally not the case.

In this contribution, we are going to focus on a method based on the Liouville Equation (see
[6]), also known as Continuity Equation in fluid dynamics or optimal transportation theory (see
[7]). This method is relatively unknown in the setting of RDEs. The result can be stated as
follows:

Theorem 1 ([6, Ch.6]). Let X(t), t � t0 be the stochastic process verifying the following RDE

in the mean square sense:

8
<

:

dX(t)

dt
= g(X(t), t), t > t0,

X(t0) = X0 2 L2(⌦,Rn).
(1)
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Then, the 1-PDF of the stochastic process X(t), denoted by f , verifies the Liouville PDE:

@tf(x, t) +rx · [g f ](x, t) = 0, (2)

being rx· the divergence operator with respect to variables (x1, . . . , xn) = xT
. However, if

g(·, t) 2 C1(D) and rx · g(·, t) is Lipschitz continuous for all t � t0, we may compute the

product inside the divergence term in equation (2), obtaining a more useful form of the Liouville

equation:

@tf(x, t) + g(x, t) ·rxf(x, t) = �f(x, t)Divxg(x, t). (3)

For the sake of simplicity, we only state the Liouville PDE theorem for the case of random initial
conditions, although this result can easily be adapted to the case of random RDE coe�cients.

This result allows the theoretical and numerical study of the probability distribution evolution
of general dynamical systems defined by one or more RDEs. This is motivated by the possi-
bility of studying the PDF evolution through its characteristic curves (see [8]). Particularly, if
{X(· ;x0)}x0 is a family of characteristic curves for the PDE, whose solution we denote f , then
it can be seen that

f(X(t;x0), t) = f0(x0) exp

✓
�
Z t

0
rx · g(X(s;x0), s)ds

◆
. (4)

Now, this approach involves transforming the number of equations of the RDE system into
“spatial” dimensions of the Liouville PDE. This fact limits the use of classical numerical methods,
such as Finite Di↵erences, Finite Volumes, or Finite Elements at dimensions higher than 3, which
a 3-equation RDE system would form.

Therefore, we have resorted to the so-called Lagrangian methods, in which basically grid points
are treated as particles that move according to characteristic curves of the PDE. The PDF val-
ues are updated at the curves instead of at the grid points. Also, a Wavelet compression-based
Adaptive Mesh Refinement technique has been employed due to the large number of particles
to be transported. Although this computational approach has its drawbacks, it has two over-
whelming advantages for simulating the PDF of an RDE system: 1) It (almost) avoids the curse
of dimensionality because the number of characteristic equations to be solved is directly pro-
portional to the number of equations forming the RDE system. 2) It can be easily programmed
in massively-parallel architectures, such as GPUs or several-core CPUs, greatly accelerating the
simulation of the evolution of the PDF.

2 Results and discussion

In this section, we will show in detail an example from one of our latest works in the current set-
ting of Liouville’s Equation in RDE uncertainty quantification evolution. Also, we will mention
some other works we have done in this setting for whoever is interested.

2.1 Random Du�ng Model

The harmonically-forced Du�ng equation is a classical mathematical model used in engineering
when analyzing spring-damper vibration dynamics outside the “linear behavior” region of the
spring (see [9, 10]). The model is given by the following nonlinear second-order di↵erential
equation: 8

><

>:

d2X(t)
dt2 + 2⇠ dX(t)

dt +X(t) + ↵X(t)3 = A cos (⌫ t), t > 0,

X(0) = X0, Ẋ(0) = Ẋ0,

(5)
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where the model parameters ⇠ > 0, ↵ > 0 and A, as well as the initial conditions X0 and Ẋ0,
are assumed to be second-order random variables, while ⌫ = 3 is the frequency of the external
forcing and it is assumed deterministic. The corresponding Liouville PDE terms; that is, the
flow function and its divergence are defined as follows:

g(x, t) = (x2,�2⇠ x2 � x1 � ↵x31 +A cos (⌫ t)), rx · g(x, t) = �2⇠, (6)

where x = (x1, x2). Figure 2 shows the final distribution as it has evolved through the Du�ng
equation, with the initial distribution at Figure 1. These figures show a preview of some of
its interesting dynamics and the versatility of the Liouville approach to accurately simulate the
PDF evolution.
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Figure 1: Left figure shows the joint PDF at time t = 0, with its 95% confidence region (red
curve). The right figure shows the points selected by the AMR to be simulated.
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Figure 2: Left figure shows the joint PDF at time t = 8, with its 95% confidence region (red
curve). The right figure shows the points selected by the AMR to be simulated.
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3 Conclusions and future work

We have used the Liouville Equation to simulate the 1-Probability Density Function evolution
of Stochastic Processes defined as solutions of Random Di↵erential Equations both in the mean
square and pathwise sense. We have shown that, by using specific numerical techniques such as
Lagrangian methods and Adaptive Mesh Refinement, we can significantly increase the e�ciency
while maintaining the high precision of the simulations. We have shown the versatility of the
Liouville approach with the used numerical techniques utilizing well-known models used in real-
world mathematical modeling.

We are currently working on comparing the Montecarlo and Liouville approaches for random
higher-dimensional problems (3D, 4D and 5D). Also, we are working to improve the e�ciency and
accuracy of the simulations via full-GPU implementation in low-level programming languages
such as C-based CUDA. All this work has the primary goal of being useful in real-world scenarios
with actual data, as we have shown in 1 and 2-D cases.
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1 Introduction

With regard to their practical importance, qualitative properties of second-order neutral di↵er-
ential equations have been studied extensively during the last decades. The aim of this work is
to consider the oscillation problem for the second-order half-linear neutral functional di↵erential
equation �

r
�
z0
�↵�0

(t) + q(t)x↵(�(t)) = 0, t � t0 > 0, (1)

where z(t) = x(t) + p(t)x(⌧(t)) and

(H1) ↵ > 0 is a quotient of odd positive integers;

(H2) r(t) 2 C([t0,1), (0,1)) satisfies R(t, t0) :=
R t
t0
r�1/↵(s)ds ! 1 as t ! 1;

(H3) �(t), ⌧(t) 2 C([t0,1),R), either �(t)  t or �(t) � t, either ⌧(t)  t or ⌧(t) � t, and
limt!1 �(t) = limt!1 ⌧(t) = 1;

(H4) q(t) 2 C([t0,1), (0,1));

(H5) p(t) 2 C([t0,1), [0, 1)) and there exists a constant p0 2 [0, 1) such that

p0 � p(t) for ⌧(t)  t,

p0 � p(t)
R(⌧(t), t0)

R(t, t0)
for ⌧(t) � t.

(2)
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For the reader’s convenience, we define

�⇤ :=

8
>><

>>:

1

↵
lim inf
t!1

r1/↵(t)q(t)R(t, t0)R
↵(�(t), t0) for �(t)  t,

1

↵
lim inf
t!1

r1/↵(t)q(t)R↵+1(t, t0) for �(t) � t.

In addition, we put

�⇤ :=

8
>>><

>>>:

lim inf
t!1

R(t, t0)

R(�(t), t0)
for �(t)  t,

lim inf
t!1

R(�(t), t0)

R(t, t0)
for �(t) � t,

�⇤ := lim inf
t!1

R(t, t0)

R(⌧(t), t0)
for ⌧(t)  t,

!⇤ := lim inf
t!1

R(⌧(t), t0)

R(t, t0)
for ⌧(t) � t.

Eq. (1) can be understood as a generalization of the half-linear di↵erential equation (with �(t) = t
and p(t) = 0 in (1)) �

r
�
x0
�↵�0

(t) + q(t)x↵(t) = 0 (3)

widely investigated in the literature, see the excellent Došlý and Řehák monograph [1] for a
compact summary of most results known up to 2005.

By using a method of iteratively improved monotonicity properties of nonoscillatory solutions
(see [5] for a detailed description), we proposed recently a sharp extension of the classical (Hille-)
Kneser oscillation criterion to the non-neutral case of (1)

�
r
�
x0
�↵�0

(t) + q(t)x↵(�(t)) = 0. (4)

In particular, it has been shown that all solutions of (4) are oscillatory if

�⇤ >

(
0 for �⇤ = 1,

c(↵,�⇤) for �⇤ < 1,
(5)

where

c(↵,�⇤) =

(
max {m(1�m)↵��↵m

⇤ : 0 < m < 1} for �(t)  t,

max {m↵(1�m)��↵m
⇤ : 0 < m < 1} for �(t) � t,

for the delayed case �(t)  t, see [2, Theorem 2, Theorem 4] for ↵ � 1 and [3, Theorem 3] or [5,
Corollary 2] for general ↵; and for the advanced case �(t) � t, see [4, Theorem 1,Theorem 2].
Note that the oscillation constant c(↵,�⇤) is best possible in the sense that the strict inequality
in (5) cannot be replaced by a nonstrict one without a↵ecting validity of the criterion. In the
non-neutral case (3), condition (5) reduces to

lim inf
t!1

r1/↵(t)R↵+1(t)q(t) >

✓
↵

↵+ 1

◆↵+1

,

which is a famous Kneser-type oscillation criterion for (3), obtained as a direct consequence of
the Sturmian comparison methods. The purpose of this work is to present an extension of (5)
to a neutral equation (1).

346



2 Results and discussion

In this section, we present the main result of our work: oscillation criterion for (1). We essentially
revise the commonly used investigation method based on establishing the lower bound of the
ratio x/z, which makes possible to investigate (1) with help of (4). There have been two main
disadvantages associated with this method: first, it gives usually sharp results only if p(t) ! 0
and moreover, it is not capable to detect potential dependence of the oscillation criteria on ⌧(t),
see [5] for more details. Our technique allows to remove both the above mentioned disadvantages
and to derive new results involving an unimprovable oscillation constant in a nonneutral case.
The presented result, which extends [5, Theorem 2] with the advanced case �(t) � t, is a
consequence of the process of finding optimal values of a and b for a nonoscillatory solution x
of (1) such that

az > r1/↵z0R and bz < r1/↵z0R,

which correspond to the monotonicities

⇣ z

Ra

⌘0
< 0 and

⇣ z

Rb

⌘0
> 0.

Theorem 1 If one of the conditions

(C1) �⇤ > 0 and �⇤ = 1;

(C2) either ⌧(t)  t and �⇤ = 1 or ⌧(t) � t and !⇤ = 1,

(a) �(t)  t, and the equation
�⇤ = m(1�m)↵��↵m

⇤

has no solution m 2 (0, 1), that is,

�⇤ > max
�
m(1�m)↵��↵m

⇤ : 0 < m < 1
 
;

(b) �(t) � t, and the equation
�⇤ = m↵(1�m)��↵m

⇤

has no solution m 2 (0, 1), that is,

�⇤ > max
�
m↵(1�m)��↵m

⇤ : 0 < m < 1
 
;

(C3) ⌧(t)  t, �⇤ < 1,

(a) �(t)  t, and the system

�⇤ =
m(1�m)↵��↵m

⇤
(1� p0�

�k
⇤ )↵

�⇤ =
k↵(1� k)��↵m

⇤
(1� p0�

�k
⇤ )↵

has no solution {m 2 (0, 1), k 2 (0, 1)};
(b) �(t) � t, and the equation

�⇤ =
m(1�m)↵��↵m

⇤
(1� p0�

�m
⇤ )↵

has no solution m 2 (0, 1), that is,

�⇤ > max

⇢
m(1�m)↵��↵m

⇤
(1� p0�

�m
⇤ )↵

: 0 < m < 1

�
;

347



(C4) ⌧(t) � t, !⇤ < 1,

(a) �(t)  t, and the equation

�⇤ =
m(1�m)↵��↵m

⇤
(1� p0!

�m
⇤ )↵

has no solution m 2 (0, 1), that is,

�⇤ > max

⇢
m(1�m)↵��↵m

⇤
(1� p0!

�m
⇤ )↵

: 0 < m < 1

�
;

(b) �(t) � t, and the system

�⇤ =
m↵(1�m)��↵m

⇤
(1� p0!⇤�k)↵

�⇤ =
k(1� k)↵��↵m

⇤
(1� p0!

�k
⇤ )↵

has no solution {m 2 (0, 1), k 2 (0, 1)};

is satisfied, then (1) is oscillatory.

3 Conclusions and Future work

The results based on the method of iteratively improved monotonicity properties open many
fruitul problems for further research. It could be interesting to extend the method and establish
corresponding results for neutral di↵erential equations of the form (1) with either di↵erent ranges
of p(t) than those in (H5), mainly p(t) > 1 or �1 < p(t)  0; or with more general function z(t),
involving, e.g., mixed (delayed and advanced, or positive and negative) neutral terms.

It also remains open how to extend the approach presented in this work for neutral di↵erential
equations of higher-order (n � 3); half-linear delay di↵erential equations of higher-order (n � 3);
and/or corresponding classes of functional di↵erence equations.
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[5] I. Jadlovská, New Criteria for Sharp Oscillation of Second-Order Neutral Delay Di↵erential
Equations, Mathematics 9(17) (2021), 1–23.

348



International Conference onMathematicalAnalysis andApplications in Science andEngineering

ICMA2SC’22

ISEP Porto-Portugal, June 27 - 29, 2022

SYMMETRIC FLOW MODELS OF AN IDEAL
MICROPOLAR COMPRESSIBLE AND

HEAT-CONDUCTING GAS

Ivan Dražić

University of Rijeka, Faculty of Engineering, Croatia

idrazic@riteh.hr
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geneous boundary conditions are analyzed and the existence of the solution, the solution
properties and the possible methods for finding a numerical solution are commented.
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1 Introduction

The micropolar continuum is a generalization of the classical model used in the mathematical
analysis of materials, which takes into account the micro-scale behavior. In fact, the classical
models usually consider only macro phenomena and neglect the influence of micro phenomena,
which cannot give satisfactory results in areas with small geometries. Let us note that in addition
to the standard hydrodynamic and thermodynamic variables (mass density (⇢), velocity (v) and
temperature (✓)), the microrotation vector (!) is introduced to describe the microphenomena.

In recent years, the micropolar fluid model has found wide application in various fields of en-
gineering. For example, the micropolar fluid model serves as a basic model for liquid crystals
with rigid molecules, magnetic fluids, dust clouds, muddy fluids, some biological fluids, etc. For
more information on the micropolar continuum, see the article [1] and references cited therein.

In this paper, we focus in particular on micropolar compressible gas assuming the ideal gas
state equation and polytropy, and describe the flow model between thermally isolated and solid
walls. This problem leads to an initial boundary value problem with homogeneous boundary
conditions for velocity, microrotation and heat flux, as follows:

@t⇢ = �(r⇢) · v � ⇢r · v, (1)

⇢ @tv = �⇢((rv) · v)�Rr (⇢✓) + (�+ µ� µr)r(r · v) + (µ+ µr)�v + 2µrr⇥ !, (2)

jI⇢ @t! = �jI⇢((r!) · v) + 2µr (r⇥ v � 2!) + (c0 + cd � ca)r(r · !) + (cd + ca)�!, (3)
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cv⇢ @t✓ = �cv⇢(r✓) · v + k✓�✓ �R⇢✓(r · v) + �(r · v)2+
µ

2
(rv + (rv)T ) : (rv + (rv)T ) + 4µr

✓
1

2
r⇥ v � !

◆2

+ c0(r · !)2+

(cd + ca)r! : r! + (cd � ca)r! : (r!)T ,

(4)

⇢(x, 0) = ⇢0(x), v(x, 0) = v0(x), !(x, 0) = !0(x), ✓(x, 0) = ✓0(x), (5)

v|@⌦ = 0, !|@⌦ = 0,
@✓

@n

����
@⌦

= 0, (6)

defined on the domain QT = ⌦⇥]0, T [, where T > 0 is arbitrary and ⌦ ⇢ R3.

For the full three-dimensional model in this case, a full mathematical analysis has not yet
been performed, in particular, a full analysis of the existence and uniqueness of the solution.
Therefore, three-dimensional models are often analyzed with certain simplifications, such as the
spherical and cylindrical symmetry of the solutions analyzed here.

2 Results and discussion

In the mathematical analysis of compressible fluids it is convenient to use Lagrangian description.
Let us emphasize that the convenience behind introducing the Lagrangian coordinates is to
e↵ectively eliminate the hyperbolic part of the system, given that the conservation law for mass
becomes explicitly solvable once the velocity has been determined. At the same time, the other
equations remains parabolic. Accordingly, all systems of partial di↵erential equations are given
below in the Lagrangian description.

In the case of spherical symmetry of the solution, where the flow between two concentric spheres
is analyzed, the three-dimensional problem takes the following form:

@⇢

@t
= � 1

L
⇢2

@

@x

�
r2v

�
, (7)

@v

@t
= �R

L
r2

@

@x
(⇢✓) +

�+ 2µ

L2
r2

@

@x

✓
⇢
@

@x

�
r2v

�◆
, (8)

⇢
@!

@t
= �4µr

jI
! +

c0 + 2cd
jIL2

r2⇢
@

@x

✓
⇢
@

@x

�
r2!

�◆
, (9)

⇢
@✓

@t
=

k

cvL2
⇢
@

@x

✓
r4⇢

@✓

@x

◆
� R

cvL
⇢2✓

@

@x

�
r2v

�
+

�+ 2µ

cvL2


⇢
@

@x

�
r2v

��2

� 4µ

cvL
⇢
@

@x

�
rv2

�
+

c0 + 2cd
cvL2


⇢
@

@x

�
r2!

��2
� 4cd

cvL
⇢
@

@x

�
r!2

�
+

4µr

cv
!2, (10)

⇢(x, 0) = ⇢0(x), v(x, 0) = v0(x), !(x, 0) = !0(x), ✓(x, 0) = ✓0(x), (11)

v(0, t) = v(1, t) = 0, !(0, t) = !(1, t) = 0,
@✓

@x
(0, t) =

@✓

@x
(1, t) = 0, (12)

considered on the domain QT =]0, 1[⇥]0, T [.

The function r(x, t) is defined by

r(x, t) = r0(x) +

Z t

0
v(x, ⌧)d⌧, (x, t) 2 QT (13)

where

r0(x) =

✓
a3 + 3L

Z x

0

1

⇢0(y)
dy

◆ 1
3

, x 2]0, 1[ (14)
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and a > 0 is a radius of smaller boundary sphere. For more information on this initial boundary
problem, see [1].

In the case of cylindrical symmetry, where the problem is considered between two coaxial cylin-
ders, we have

⇢(x, t) = ⇢(r, t), ✓(x, t) = ✓(r, t), (15)

v(x, t) = vr(r, t)e1 + v'(r, t)e2 + vz(r, t)e3, (16)

!(x, t) = !r(r, t)e1 + !'(r, t)e2 + !z(r, t)e3, (17)

where

e1 =
1

r
(x1, x2, 0), e2 =

1

r
(�x2, x1, 0), e3 = (0, 0, 1), (18)

and we observe the following problem:

@⇢

@t
= �⇢2

@

@x
(rvr) , (19)

@vr

@t
= �Rr

@

@x
(⇢✓) + (�+ 2µ)r

@

@x

✓
⇢
@

@x
(rvr)

◆
+

(v')2

r
, (20)

@v'

@t
= (µ+ µr)r

@

@x

✓
⇢
@

@x
(rv')

◆
� vrv'

r
� 2µrr

@!z

@x
, (21)

@vz

@t
= (µ+ µr)r

@

@x

✓
⇢
@

@x
(rvz)

◆
+ (µ+ µr)

vz

⇢r2
+ 2µr

@

@x
(r!') , (22)

jI
@!r

@t
= (c0 + 2cd)r

@

@x

✓
⇢
@

@x
(r!r)

◆
+ jI

!'v'

r
� 4µr

!r

⇢
, (23)

jI
@!'

@t
= (cd + ca)r

@

@x

✓
⇢
@

@x
(r!')

◆
� jI

!rv'

r
� 2µrr

@vz

@x
� 4µr

!'

⇢
, (24)

jI
@!z

@t
= (cd + ca)r

@

@x

✓
⇢
@

@x
(r!z)

◆
+ (cd + ca)

!z

⇢r2
+ 2µr

@

@x
(rv')� 4µr

!z

⇢
, (25)

cv
@✓

@t
= k

@

@x

✓
r2⇢

@✓

@x

◆
+ ⇢


(�+ 2µ)

@

@x
(rvr)�R✓

�
@

@x
(rvr)� (µ+ µr)⇢

✓
@

@x
(rv')

◆2

+(cd + ca)⇢

✓
@

@x
(r!')

◆2

+ (c0 + 2cd)⇢

✓
@

@x
(r!r)

◆2

+ (µ+ µr)⇢r
2

✓
@vz

@x

◆2

+

(cd + ca)⇢r
2

✓
@!z

@x

◆2

� 2cd
@

@x

�
(!r)2 + (!')2

�
� 2µ

@

@x

�
(vr)2 + (v')2

�

+4µr
(!r)2

⇢
+ 4µr

(!')2

⇢
+ 4µr

(!z)2

⇢
+ 4µrr!

'@v
z

@x
� 4µr!

z @

@x
(rv') ,

(26)

⇢(x, 0) = ⇢0(x), vr(x, 0) = vr0(x), v'(x, 0) = v'0 (x), vz(x, 0) = vz0(x), (27)

✓(x, 0) = ✓0(x), !r(x, 0) = !r
0(x), !'(x, 0) = !'

0 (x), !z(x, 0) = !z
0(x), (28)

vr(0, t) = vr(L, t) = 0, v'(0, t) = v'(L, t) = 0, vz(0, t) = vz(L, t) = 0, (29)

!r(0, t) = !r(L, t) = 0, !'(0, t) = !'(L, t) = 0, !z(0, t) = !z(L, t) = 0, (30)

@✓

@x
(0, t) =

@✓

@x
(L, t) = 0 (31)

on the domain QT =]0, L[⇥]0, T [, where

L =

Z b

a
s⇢0(s)ds, r(x, t) = r0(x) +

Z t

0
vr(x, ⌧)d⌧, (x, t) 2 QT , (32)
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r0(x) =

✓
a2 + 2

Z x

0

1

⇢0(y)
dy

◆ 1
2

, (33)

and a > 0 is the radius of the smaller boundary cylinder. For more information on this initial
boundary problem, see [2].

For both problems, the theorems of existence and uniqueness of the solution locally and globally
in time are known, as are the stabilization properties. For additional conditions that must be
valid for the proof of these properties to be implemented, we refer to [1, 2].

3 Conclusions and Future work

The described model of an ideal micropolar fluid in three dimensions has been studied only for
the case of spherical and cylindrical symmetry of the solution, and the corresponding results
are presented in this paper. In future research, e↵orts should certainly be made to solve the
original problem and general domains, but also to extend the problem to the real micropolar
fluid described in [3].

Special attention should certainly be given to the problem of finding a numerical solution to
these problems. The article [1] describes two functional methods for finding an approximate
solution. One is based on Faedo-Galerkin approximations and the other on the finite di↵erence
method, but this is certainly still an open area of research.
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Abstract: Simple and understandable representation is required in many research areas,
but especially in mathematics. Therefore, we use existing possibilities of how to define
Laplace operator and extend these by the possibility of representation of this operator by
means of fuzzy transform. Fuzzy transform allows us to unify both - discrete and continuous
- cases of definitions, which is one of the main advantages of this approach. Moreover, we
show that this F-transform-based representation of the Laplace operator can be described
in terms of well-known Laplace-Beltrami operator.
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1 Introduction

Laplace operator is an important notion appearing throughout many research areas. From our
point of view, its main contribution is the fact it can provide interesting insight into function
behavior. The easiest explanation is that it provides the average deviation from function values
in the given neighborhood. We investigated this operator from a side of spaces with a fuzzy
partition structure, trying to provide a simple representation, applicable to more general types
of spaces in the end.

Motivated by various kinds of applications1, discrete Laplace operator �w : RX ! RX is com-
monly represented as follows

(�wf) (x) = �
X

y⇠x

w(x, y)(f(x)� f(y)), (1)

where notation y ⇠ x stands for all points y in the neighborhood of current point x, where
the value of Laplacian is computed, and corresponding function f : (X,w) ! R, where X is
finite set of all possible argument values, so the sum in (1) is finite, and therefore well-defined.
Relation w : X ⇥ X ! R0

+ plays a role of weight, and is said to be reflexive and symmetric.
Formula (1) is often introduced along with the concept of weighted graph, which provides the
weights appearing in the formula.

However, in case of an unweighted graph with finite number of edges and vertices (therefore
function f has only finite number of function values and can be written in a form of vector), this

1e.g. in image processing (or signal processing in general)
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definition is identical to that of the so called graph Laplacian (Laplacian matrix). It is enough to
identify (�wf)(x) with the xth entry of a resulting vector of a product L · f , whereas matrix L
is the di↵erence of the degree matrix D and the adjacency matrix W of the graph, L = D�W .

Nevertheless, except the one special case of an unweighted graph, when these two representations
coincides, this means we are in general unifying two di↵erent concepts, since each one of them
operates on a completely di↵erent space. So how can we formally call both these terms by the
same name? The answer can be found in an axiomatical point of view. Both of these are linear
operators with specific properties2, among which, vanishing on constant functions, symmetry,
local support or positive-semidefiniteness can be mentioned. Therefore, if we claim that Laplace
operator is an operator satisfying these properties [3], then we have an accurate representation.
Then, based on the properties we can allege that (1), since it fulfills all the properties3, can be
considered to be the Laplace operator.

2 Laplace operator based on fuzzy transform

As mentioned, we would like to introduce the formula which represents the Laplace operator in
the space with the fuzzy partition. So now, let us suppose that underlying space is endowed
with the fuzzy partition, and let us reason about how to characterize the model of such a space.

2.1 Fuzzy partition

Since we assume not everybody is familiar with those concepts, let us briefly introduce few
notions from fuzzy theory. As the most basic term appears fuzzy set which can be seen as
generalization of classic set, and it is associated with its membership function, i.e. mapping
A : X ! [0, 1], where X is a non-empty set. Fuzzy sets A1, . . . , An, then establish a fuzzy
partition of an interval [a, b] with nodes {xi}ni=1 if for k = 1, . . . , n holds

1. Ak(xi) = 0 if xi 62 (xi � h, xi + h), where h is a width of Ak support

2. Ak(xk) = 1

3. covering property holds:
Pn

k=1Ak(x) > 0, 8x 2 X ✓ [a, b].

Fuzzy sets A1, . . . , An are then called basic functions. For simplicity, from now on, let us assume
basic functions to be triangular shaped.

2.2 Fuzzy transform

As we stated in the beginning, our goal is to represent discrete Laplace operator with fuzzy
transfom, therefore, let us also mention this concept in short. Discrete fuzzy transform or
F-transform is a result of weighted linear transformation with weights determined by basic
functions.

Let A1, . . . , An be a fuzzy partition of [a, b] and a function f be defined on the set X =
{x1, . . . , xp} ✓ [a, b] that is su�ciently dense with respect to A1, . . . , An

4. We say that the
n-tuple of real numbers F [f ] = (F1[f ], . . . , Fn[f ]) is a discrete F-transform [2] of f with respect
to A1, . . . , An if

Fk[f ] =

Pp
j=1 f(xj)Ak(xj)Pp

j=1Ak(xj)
. (2)

2which we will not discuss in detail in this contribution, reader interested in this problematics can see e.g. [3]
3as shown in [3]
4there is an element xj 2 X belonging to the support of Ak, formally (8k)(9j)Ak(xj) > 0
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2.3 Concept of the proximity space

Our analysis of the corresponding operator is happening in a space which is not necessarily
equipped with a notion of distance. Therefore, we introduce so called proximity space (X,w),
which represents a weaker environment than is e.g. metric space with a distance function.

The assumptions on so called proximity measure include non-negativity and symmetry of the
underlying proximity function w. It is also possible to establish a connection of the proximity
to the classic distance function [3].

2.4 Representation of the Laplace operator

The idea of including basic functions of the fuzzy partition is very natural, since it intuitively
provides an information about how much does the given point belong to some set. In our case,
describing in what degree does the point belong to a neighborhood of the point we are interested
to know the value of Laplacian at. Here we claim the basic functions to be non-negative and
symmetric functions, with a bounded support and range in [0, 1], let X ✓ [a, b] be a finite set
and the weights be defined as follows

w(x, y) = Ax(y) = A(x, y), (3)

for every x, y 2 X. In addition, each weight is multiplied by normalization coe�cient. Then,
based on equation (1), we can define discrete Laplace operator at every point by

�f(x) = Fx[f ]� f(x), (4)

where symbol Fx[f ] stands for F-transform component computed at point x. It is worth men-
tioning that in our approach we do not distinguish between nodes and points (as it is usual when
it comes to F-transform approach). This basically means, every point is considered to be a node
of the fuzzy partition, therefore we have a component for each x 2 X and the latter equation is
well-defined. When one observes the right-hand side of the equality, this is nothing more that
a di↵erence between an average value of the function f at point x and a function value at the
same point. Therefore, this formula states the information about how the function di↵ers from
its average value (in some small neighborhood), which fully corresponds with the initial idea
behind the definition of the Laplace operator. Moreover, since we also checked that all required
axiomatical properties are fulfilled also in this case [3], we can justly claim expression (4) to be
Laplace operator.

2.5 A note on convergence

It is necessary to mention that there also exists another operator, which is connected with
the term Laplace operator - so called - Laplace-Beltrami operator, which is represented by
a composition of two adjoint operators (divergence and gradient). So there occurs a natural
question if the previously mentioned Laplace operators (graph Laplacian and discrete Laplace
operator) can be described as special cases in terms of Laplace-Beltrami operator.

In the case of graph Laplacian, Belkin in his paper [1] has already adressed this question and
proved that under certain specific conditions, graph Laplacian converges to the Laplace-Beltrami
operator. Therefore, there immediately arises a question if this statement is valid also for F-
transform-based Laplacian. And the answer is yes, and we reason on how it is possible to justify
it in the following text.

So the main idea is to transform our representation to a form of a graph representation. Since F-
transform is a linear operator, and in the discrete space every linear operator can be represented
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in the form of matrix, we transform the Laplacian into a kind of matrix multiplication form.
Considering F-transform, each element on (x, y)-position of the matrix of fuzzy transform Fx is
defined as

Fx(x, y) =
Ax(y)P
y⇠xAx(y)

(5)

and when the F-transform is applied to a function, the procedure corresponds to matrix multi-
plication

Fx[f ] = Fx · f =
X

y⇠x

Fx(x, y)f(y) (6)

since f is know only in finite number of arguments when it comes to the discrete space. Finally,
F-transform-based Laplacian is then a latter product minus the original function value vector,
while the value in given point x corresponds to

�f(x) = Fx[f ]� f(x). (7)

3 Conclusions and Future work

In spite of the fact there already exist quite a few definitions of so called Laplace operator, in
this contribution, we introduced another one based on fuzzy transform. Its main advantage is
that it allows us to unify the form of representation in both - discrete and continuous5 - cases,
since the structure of the formula remains the same. From the point of view of axiomatical
definition, our representation has every right to be called Laplace operator because it satisfies
all necessary properties one could expect in comparison to standard definitions. To this end,
based on recent work of Belkin [1], we also investigated the convergence of our operator to the
well-known Laplace-Beltrami operator. In our future research, we would like to investigate the
convergence directly, without the need of transitioning F-transform to a form of matrix.
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Abstract: Data shift is gap between data distribution used for training and data distri-
bution encountered in real-world. Data augmentations help narrow the gap by generating
new data samples, increasing data variability, and data space coverage. We present new
data augmentation: Unproportinal mosaicing. Our augmentation randomly splits an image
into various-sized blocks and swap their content (pixels) while maintaining block sizes. Our
method achieves a lower error rate when combined with the other state-of-the-art augmen-
tations.
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1 Introduction

Deep neural networks (DNNs) excel in extracting features from data and, based on them, solving
a wide range of problems. Considering image processing, the tasks of classification, segmentation,
or object detection attracted the most attention of researchers. DNNs are data-driven, so the
number of samples in the training dataset a↵ects the performance of a trained model. To achieve
good performance and generalization of the model, the data must have a high variability to cover
as much of the data space as possible. Variability manifests as a di↵erent lighting condition,
blur, perspective change, or geometric transformation in the case of image data. Quite often,
variability is not explicitly captured in the data, leading to generalization failure, overfitting,
and low accuracy. The di↵erence between training and the distribution of real-world data is
called a ”data shift” [7].

The problem of data shift can be mitigated by data augmentation that produces new samples
from existing ones [8]. It has been proven [4] that data augmentation also performs an implicit
regularization that suppresses data shift more e�ciently than explicit regularization, such as
weight decay [3] or dropout [9].The construction of a proper data augmentation pipeline remains
an open issue, resulting in the continuous development of new augmentation schemes. Existing
augmentation techniques can be roughly divided into spatial and intensity groups. The spatial
group includes translation, rotation, skewness, scaling, horizontal flipping, and cropping. The
intensity group consists of histogram equalization, color jittering, blurring, or noise addition.

The described basic augmentations can be chained to create a complex augmentation pipeline,
where the sequence can be ad-hoc or the result of a search algorithm. AutoAugment [1] searches
for an optimal set of augmentation sub-policies and the augmentation magnitudes for a given
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Figure 1: Demonstration of the proposed Unproportional mosaicing. Left: input image; Right:
augmented output image.

dataset, using reinforcement learning. Its time complexity was improved by Fast AutoAug-
ment [6] through a density matching search strategy. Tian et al. [10] took AutoAugment and
implemented weight sharing known from Network Architecture Search. PBA [5] changes the
augmentation search, and instead of looking for a fixed augmentation policy, it searches for the
augmentation policy schedule, which is much less expensive. RandAugment [2] removed the
AutoAugment search phase altogether. Instead, it chooses N augmentations of magnitude M
from a set of possible augmentations.

Our contribution is a unique augmentation that combines resize, side length jittering, and blur-
ring within a single image, making the augmentation strong and leading to better generalization.

2 Unproportional mosaicing

We suppose an image F ⇢ Rw⇥h. Furthermore, let a(F, ✓) be an augmentation function of an
image F according to the augmentation parameters ✓. Standard spatial and intensity augmen-
tations such as rotation, scaling, intensity change, etc., are applied over the whole image F with
the same parameters. Such an augmentation creates new, augmentation consistent data samples
(see Definition 1). The augmentations can be chained as a(a(. . . F . . . , ✓1), ✓2), but the result
will remain augmentation consistent.

Definition 1 An image F is augmentation consistent with respect to intensity augmentation
function a if for arbitrary p1, p2 2 F , F (p1)  F (p2) holds F 0(p1)  F 0(p2), where F 0 = a(F, ✓)
and consistent with respect to geometric augmentation function a if for arbitrary R1, R2 ✓ F,
|R1|  |R2| holds |a(R1, ✓)|  |a(R2, ✓)|.

When a model is trained, a set of augmentations is applied, usually with probability p < 1. A
large enough batch of images ensures the stability of the training process by including all types
of augmentations. The problem may arise when there are many augmentations involved, as a
large batch requires large GPU memory. On the other hand, augmentation inconsistent images
can reduce the need for larger batch size because the augmentations are not applied over the
whole image but over its parts. Based on this fact, the primary motivation of our work is to
create an augmentation inconsistent technique.

We propose combining aspect ratio, blurring, sharpening, shu✏ing, and resizing augmentations
in a single image. Let R = {R1, ..., Rn}, Ri ⇢ F be a set of rectangular areas such that
F =

S
8R2RR and T = {✓1, ..., ✓n} be a set of augmentation parameters such that ✓i 6= ✓j holds

for arbitrary i 6= j. The image processed by Unproportional augmentation is then defined as
R

0 = {a(R1, ✓1), ..., a(Rn, ✓2)} such that |R0| = |R| is preserved. The problem is to define T to
hold the equality. To solve it, we introduce the ’unproportional division’. The original grid-based
division separates the input image into mutually exclusive blocks that have the same width and
height. Our approach modifies this idea by extending block shapes from the same-sized blocks
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to arbitrary-sized blocks. When the content from a rectangular area is placed into a di↵erent
rectangular area, it is resized, causing suppressing/enhancing of high frequencies according to
the used interpolation. Also, the ratio of side lengths is di↵erent, resulting in augmentation
known as side length jittering. For visualization, see Figure 1. The proposed augmentation
algorithm is shown in Algorithm 1.

Algorithm 1 Unproportional mosaicing augmentation pseudo code
Input: image F , image width w, image height h, aspect ratio G, number of rectangles N ,

number of steps J and probability P
1: if P < P 0 ⇠ U(0, 1) then
2: return F
3: end if

4: B {{0, 0, w, h}}
5: while |B| < N do

6: random select rectangle B 2 B

7: random select split S 2 {vertical, horizontal}
8: if S is horizontal then
9: sample T ⇠ U(0, B2 �B0)

10: B0  {B0, B1, T, B3}
11: B00  {T,B1, B2 � T,B3)
12: else

13: sample T ⇠ U(0, B3 �B1)
14: B0  {B0, B1, B2, T}
15: B00  {B0, T, B2, B3 � T}
16: end if

17: B B\B
18: B B [B0 [B00

19: end while

20: Refine rectangles to get to the aspect ratio G, with J steps at most
21: Randomly swap image patches according to B

To evaluate the performance, we trained three models: Wide-ResNet-40-2, Wide-ResNet-28-10,
and Shake-Shake(26 2x32d). Wide-ResNets were trained in 200 epochs with a batch size of 128
using SGD optimizer with Nesterov momentum, learning rate 0.1, and cosine decay. Shake-
Shake(26 2x32d) had the same parameters except for training epochs, 1800. For training, we
have used the o�cial Fast AutoAugmentation repository1. The results are shown in Table 1.
For Fast AA, we report two scores: the first one is reported by the authors of Fast AA, and the
second score is our rerun of Fast AA experiments using the said source code repository. The
proposed augmentation leads to lower test error for all three tested neural networks.

Model Fast AA ?Fast AA Unproportional mosaicing
Wide-ResNet-40-2 3.7 3.72 3.56

Wide-ResNet-28-10 2.7 2.86 2.46

Shake-Shake(26 2⇥32d) 2.5 2.86 2.77

Table 1: Top-1 error rate on CIFAR10 test dataset; lower is better. Fast AA values are from [6]
Table 3. ?Fast AA are repeated experiments using authors repository. Unprop are our results,
using unproportinal mosaicing on top of augmentations found by Fast AA.

1https://github.com/kakaobrain/fast-autoaugment
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3 Summary

We have focused on data augmentation techniques in image processing to avoid data shift that
leads to poor generalization of deep neural network models. We have introduced the notion of
’augmentation consistent image’ and have discussed the disadvantages of such an image. To pro-
duce augmentation inconsistent images, we have designed a new augmentation technique called
’Unproportional mosaicing’ that combines several basic augmentations. We have compared Un-
proportinal mosaicing with state-of-the-art augmentation algorithm, Fast AA, and showed that
our proposed technique leads to lower error rate.

References

[1] Ekin D Cubuk, Barret Zoph, Dandelion Mane, Vijay Vasudevan, and Quoc V Le. Au-
toaugment: Learning augmentation strategies from data. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition, pages 113–123, 2019.

[2] Ekin D Cubuk, Barret Zoph, Jonathon Shlens, and Quoc V Le. Randaugment: Practical au-
tomated data augmentation with a reduced search space. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition Workshops, pages 702–703, 2020.

[3] Stephen Hanson and Lorien Pratt. Comparing biases for minimal network construction with
back-propagation. Advances in neural information processing systems, 1:177–185, 1988.
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Abstract: CONTRIBUTION IN MEMORY OF PROF. J.A. TENREIRO MACHADO,
SUBMITTED TO SYMPOSIUM #9: DIFFERENCE & DIFFERENTIAL EQUATIONS
WITH APPLICATIONS
This work is devoted to the development of the upper and lower solutions method and the
monotone method for nonlinear second-order functional di↵erential equations with piecewise
constant arguments subject to boundary value conditions. Some of the results are connected
with reference [1], a joint work with S. Buedo-Fernández, and D. Cao Labora.
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1 Introduction

Some references dealing with functional di↵erential equations of second-order are, for instance,
[10, 11, 14, 15, 16], where the functional dependence is given by the integer part function, and the
right-hand term does not depend on x0. Concerning the development of upper and lower solutions
method and the monotone iterative technique, we mention [4] for impulsive problems. In [6],
the existence and multiplicity of periodic solutions for problems with no explicit dependence on
x0 is studied.

However, for the introduction in the model of a dependence on x0 (a linear one), we refer to [5],
some other works that consider problems without delay, or, more recently, [12], where Avery-
Peterson fixed point theorem is applied to a thermostat model whose nonlinearity introduces the
first-order derivative. On the other hand, in [9], it is analyzed the existence of periodic solutions
for high-order functional di↵erential equations including a linear dependence on the derivatives
x(i), by applying coincidence degree theory.

More related with the specific contents of this contribution, the authors of [16] study the periodic
boundary value problem for second-order functional di↵erential equations of the type:

⇢
�x00(t) = f(t, x(t), x([t])), t 2 J = [0, T ],

x(0) = x(T ), x0(0) = x0(T ).
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We also mention [3, 7], where some similar problems for first-order equations were analyzed.

Motivated by these works, in [8] a linear functional problem of the type
8
<

:

x00(t) + ax0(t) + bx(t) + cx0([t]) + dx([t]) = �(t), t 2 J = [0, T ],
x(0) = x(T ),

x0(0) = x0(T ) + �
(1)

was studied through the analysis of the solutions to the family of impulsive linear boundary
value problems 8

>><

>>:

x00(t) + ax0(t) + bx(t) + cx0([t]) + dx([t]) = 0, t 2 R,
x(0) = x(T ),

x0(0�) = x0(T+),
x0(s+) = x0(s�) + 1,

(2)

for s 2 J , a, b, c, d, � 2 R, T > 0, and � piecewise continuous. In this reference, it was proved
that the solution to problem (1) can be calculated in terms of an integral expression whose
kernel (Green’s function) is provided by the solution of the family of problems (2) (see [13] for
some other related results).

Another relevant tool is the study in [2], where the existence of constant sign solutions to (1)
is studied in terms of relations between the values of the coe�cients in the equation. These
properties lead to comparison results, which are essential to develop iterative techniques for our
problem of interest, whose right-hand side is influenced by x0 and this term is also subject to a
functional dependence.

2 Results and discussion

In this contribution, we study the existence and approximation of solutions to boundary value
problems for second-order functional di↵erential equations of the type:

8
<

:

x00(t) = g(t, x(t), x0(t), x([t]), x0([t])), t 2 J = [0, T ],
x(0) = x(T ),

x0(0) = x0(T ) + �,
(3)

where � 2 R, and g : J ⇥ R4 �! R is continuous on (J \ {1, 2, . . . , [T ]})⇥ R4 with finite limits

lim
t!n�

g(t, x, y, u, v), g(n, x, y, u, v) = lim
t!n+

g(t, x, y, u, v), n 2 {1, 2, . . . , [T ]}.

In particular, we adress the following issues:

a) Definition of relevant base spaces in relation with piecewise regular functions, and useful
results on the expressions of the solutions for related linear problems [8, 2].

b) Presentation of comparison results for linear delay di↵erential equations subject to boundary
conditions, useful to compare two solutions and their derivatives.

c) Definition of the concepts of upper and lower solutions for (3), and deduction of the relation
between solutions to comparable problems.

d) Study of the existence of solution to problem (3) in the functional interval determined by
the upper and the lower solution through the application of fixed point results to a suitable
integral operator, and comparison results. Besides, some estimates for the derivative of the
solution are provided.

e) Development of the monotone iterative technique for problem (3), providing the existence of
monotone sequences starting at the upper and lower solutions and converging uniformly to
the respective maximal and minimal solutions to (3) in a certain region. Besides, estimates
for the derivatives of the approximations of the solutions are given.
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Abstract: This paper is devoted to the problem of indefinite stochastic linear quadratic
(LQ) optimal control in an infinite horizon case. By restricting the set of admissible controls
to the class of piecewise constant stochastic processes, we reformulated the above control
problem under the setting of systems modelled by Itô di↵erential equations controlled by
impulses. We show that the solution of the indefinite stochastic LQ control problem is
equivalent to the existence of a global stabilizing solution associated to a class of backward
matrix linear di↵erential equation with a Riccati type jumping operator.

keywords: stochastic linear quadratic optimal control; piecewise constant controls; infinite
horizon; generalized Riccati equations.

MSC2020: 93E20; 49N10.

1 Introduction

One of the main di↵erentiating characteristics of the stochastic linear quadratic control theory
when compared to its deterministic counterpart appears when one allows the cost weighting
matrices for the state and the control to be indefinite. Indeed, the fundamental finding of the
pioneering work [1] is that a stochastic LQ problem with indefinite cost weighting matrices
may still be well-posed. Beside the fact that the indefinite stochastic LQ theory is an interesting
mathematical theoretic problem on its own, it has also a solid practical background. For example,
one can cite the mean-variance portfolio selection problem [2, 3], pollution control problem [1]
and so on. The finding of [1] has triggered extensive research since then on the indefinite
stochastic LQ problem; see, for example, the follow-up works of [4, 5, 6, 7]. Recently, we have
addressed in [8] the problem of indefinite stochastic LQ problem in the finite horizon case.
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By following the generalized Riccati equations (GREs) setting introduced initially by [7], we
succeeded to propose less conservative necessary and su�cient conditions for the solvability of
the considered optimal control problem. The proposed solution path relies on the restriction of
the class of admissible controls and the reformulation of the control problem under the setting
of systems modelled by Itô di↵erential equations with finite jumps (or impulsive stochastic
systems). Linear impulsive systems are a class of hybrid systems in which the state propagates
according to linear continuous-time dynamics except for a countable set of times at which the
state can change instantaneously. Our aim in the present paper is to consider the infinite-horizon
time counterpart of [8]. It is worth mentioning that the results developed in this article are far
from being a trivial extension of the developments reported in [8]. This is mainly due to the
stability considerations inherent to the infinite horizon case. The main mathematical object
defined in order to resolve the considered optimal control problem is a class of backward matrix
linear di↵erential equation with a Riccati type jumping operator. By analogy with [7], such
an object could be recalled as GREs with finite jumps. By adequately defining the notion of
stabilizing solution for such a class of nonlinear equations with jumps, we succeeded to show
that the solution of the indefinite stochastic LQ control problem in the infinite horizon case is
equivalent to the existence of a global stabilizing solution associated with the considered GRE
with finite jumps.

2 Results and discussion

2.1 The problem Setting.

We consider the controlled system having the state space representation described by

dx(t) = (A0(t)x(t) +B0(t)u(t))dt+ (A1(t)x(t) +B1(t)u(t))dw(t),

x(t0) = x0, (1)

t � t0 � 0, where x(t) 2 Rn is the vector of the state parameters at the instance time t, while
u(t) 2 Rm are the vectors of control parameters. In (1), {w(t)}t�0 is a 1-dimensional standard
Wiener process defined on a given probability space (⌦,F ,P). Beside the control system (1) we
consider the performance criterion described by

J(t0, x0;u(·)) = E

2

4
1Z

t0

(xTu (t)M(t)xu(t) + uT (t)R(t)u(t))dt

3

5 (2)

where xu(·) = xu(·, to, x0) is the solution of the given initial value problem (IVP) (1). The class
of the admissible controls, Uad(t0, x0) considered in this work consists of all stochastic processes
{u(t)}t�t0 of the form

u(t) = uk, tk  t < tk+1, k 2 Z+ = {0, 1, 2, . . .} (3)

where 0  t0 < t1 < . . . < tk < tk+1 < . . . is a partition of the interval [t0,1). In (3)
uk : ⌦ ! Rm are random vectors with the properties uk is measurable with respect to the

��algebra Ftk ;,
1P
k=0

E[|uk|2] < 1; and lim
t!1

E[|xu(t; t0, x0)|2] = 0. Throughout this work, Ft ⇢ F

is the ��algebra generated by the random variables w(s), 0  s  t. As usual E[·] stands for
mathematical expectation. Regarding the matrix valued functions involved in (1) and (2) we
make the assumption

H1) (a) t ! (Aj(t), Bj(t)) : R+ ! Rn⇥n ⇥ Rn⇥m, j = 0, 1, t ! (M(t), R(t)) : R+ ! Rn⇥n ⇥
Rm⇥m are bounded and continuous matrix valued functions;
(b) M(t) = MT (t), R(t) = RT (t), for all t 2 R+.
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The optimal control problem on the unbounded interval [t0,1), that we want to solve, asks for
finding a control ũ(·) 2 Uad(t0, x0) which minimizes the cost functional (2) over the class of the
admissible controls Uad(t0, x0), i.e.

J(t0, x0; ũ(·))  J(t0, x0;u(·)), for all u(·) 2 Uad(t0, x0). (4)

In order to obtain the control ũ(·) which satisfies the optimality condition (4) we reformulate
this problem as an optimal control problem in which the controlled system is described by a
system of Itô di↵erential equations with jumps.

2.2 Main Results.

Substituting a control of type (3) in (1) and (2), respectively, we obtain

dx(t) = (A0(t)x(t) +B0(t)uk)dt+ (A1(t)x(t) +B1(t)uk)dw(t), tk  t < tk+1, k 2 Z+

x(t0) = x0 (5)

and

J(t0, x0;u(·)) = E

2

4
1Z

t0

xTu (t)M(t)xu(t)

3

5+
1X

k=0

E

2

4uTk

tk+1Z

tk

R(t)dt uk

3

5 . (6)

We set v(t) = uk, tk  t < tk+1, k 2 Z+. One sees that t ! v(t) : [t0,1) ! Rm is derivable

for all t 6= tk, k 2 Z+ and we have v̇(t) = 0, tk < t < tk+1 and v(t+k )
4
= lims!0

s>0
v(tk + s) =

uk, for all k 2 Z+. Let ⇠(t) := (xT (t) vT (t))T . By direct calculations one can reformulate (5)
as:

d⇠(t) = A0(t)⇠(t)dt+A1(t)⇠(t)dw(t), tk < t  tk+1 (7a)

⇠(t+k ) = Ad⇠(tk) + Bduk, k 2 Z+. (7b)

⇠(t0) = ⇠0 = (xT0 0T )T 2 Rn+m (7c)

where: Aj(t) =

✓
Aj(t) Bj(t)
0mn 0mm

◆
, j = 0, 1, Ad =

✓
In 0nm
0mn 0mm

◆
and Bd =

✓
0nm
Im

◆
. Employing

the coe�cients of the controlled system (7) we define the following backward jump matrix linear
di↵erential equation (BJMLDE)

� Ẏ (t) = AT
0 (t)Y (t) + Y (t)A0(t) +AT

1 (t)Y (t)A1(t) +M(t), tk  t < tk+1 (8a)

Y (t�k ) = AT
d Y (tk)Ad �AT

d Y (tk)Bd(Rk + BT
d Y (tk)Bd)

†BT
d Y (tk)Ad, k 2 Z+. (8b)

where M(t) =

✓
M(t) 0nm
0mn 0mm

◆
and Rk =

tk+1R

tk

R(t)dt. Let

✓
Ỹ11(t) Ỹ12(t)
Ỹ T
12(t) Ỹ22(t)

◆
be the partition of

the bounded and stabilizing solution Ỹ (t) of the BJMLDE (8). We define:

F̃1k = �(Rk + Ỹ22(tk))
†Ỹ T

12(tk) + [Im � (Rk + Ỹ22(tk))
†(Rk + Ỹ22(tk))]K̃1k (9a)

F̃2k = [Im � (Rk + Ỹ22(tk))
†(Rk + Ỹ22(tk))]K̃2k. (9b)

where K̃1k 2 Rm⇥n, K̃2k 2 Rm⇥m adequately chosen such that Fk(Ỹ (tk), K̃k) is the optimal
stabilizing feedback gain. The main result of this work is resumed by the following Theorem:

Theorem 1 Assume

(a) the assumption H1) is fulfilled;
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(b) h  tk+1 � tk  h̄ for all k 2 Z+ for some positive constants h and h̄;

(c) the BJMLDE with Riccati type jumping operator (8) has a bounded and stabilizing solution
satisfying constraints of type:

Rk + Ỹ22(tk) � 0 (10a)

[Im � (Rk + Ỹ22(tk))
†(Rk + Ỹ22(tk))]Ỹ

T
12(tk) = 0, k 2 Z+. (10b)

We consider the piecewise constant control law

ũ(t) = F̃10x0, t0  t < t1 (11a)

ũ(t) = F̃1kx(tk) + F̃2kũ(tk�1), tk  t < tk+1, k � 1. (11b)

Under the considered assumptions the control law (11) lies in Uad(t0, x0) and it is a solution of
the optimal control problem (4). The minimal value of the cost functional (2) is J(t0, x0; ũ(·)) =
xT0 Ỹ11(t

�
0 )x0.

Acknowledgments

This research was funded by 1 Decembrie 1918 University of Alba Iulia through scientific research
funds.

References

[1] S. Chen, X. Li, X. Y. Zhou, Stochastic linear quadratic regulators with indefinite control
weight costs, SIAM J. Control Optim., 36 (1998), 1685–1702.

[2] E. B. Lim, X. Y. Zhou, Mean-variance portfolio selection with random parameters in a
complete markets, Math. Oper. Res., 27 (2002), 101–120.

[3] X. Y. Zhou, D. Li, Continuous-time mean-variance portfolio selection: A stochastic LQ
framework. Appl. Math. Optim., (2000), 19–33.

[4] S. Chen, J. Yong, Stochastic linear quadratic optimal control problems with random coef-
ficients. Ann. Math. Ser. B, (2000), 323–338.

[5] S. Chen, J. Yong, Stochastic linear quadratic regulators with indefinite control weight
costs.II. SIAM J. Control Optim., (2000), 1065–1081.

[6] Y. Hu, X. Y. Zhou, Indefinite stochastic Riccati equations. SIAM J. Control Optim., (2003),
123–137.

[7] M. Ait Rami, J. B. Moore, X. Y. Zhou, Indefinite Stochastic Linear Quadratic Control and
Generalized Di↵erential Riccati Equation. SIAM J. Control Optim., (2002), 1296–1311.
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Abstract: The spread of a virus infection depends on many aspects of the virus-host in-
teraction, such as, the virus multiplication, their transport and the immune response. It
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This model considers the concentration of virus and immune cells, and neglects the delays
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1 Introduction

The ability of the immune system to restrain virus infections depends on many essential aspects
of the virus-host interaction and the spatial transport. The use of reaction-di↵usion systems for
modeling infectious diseases makes it possible to take into account the spatial distribution of
viruses and immune cells in various tissues and organs [1, 2].

The following reaction-di↵usion system (RDS) models the virus-immune system interaction
which neglects the delays in clonal expansion and apoptosis induction of the virus-specific T
cells.

ut = d1uxx + ku(1� u)� �uv,
vt = d2vxx + (c0 + f(u)v) (1� v)� g(u)v.

(1)

The first term in the right-hand side of first equation describes virus di↵usion, the second term
its production and the last term its elimination by the immune cells. Regarding right-hand side
of the second equation, the first term describes random motion of immune cells, the second term
gives the rate of the appearance of immune cells and the last term the rate of their death.

Here u, v are the normalized dimensionless concentrations of virus and immune cells respectively.
Parameters d1, d2, k and � are positive numbers, c0 could be zero or a positive number, the
functions f(u) and g(u) are positive and su�ciently smooth. Another reduced versions of the
previous RDS model can be found in [3].
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2 Lie point symmetries

In broad strokes, we have considered a one-parameter Lie group of point transformations acting
on independent and dependent variables

t̃ = t+ "⌧(t, x, u, v) +O("2),
x̃ = x+ "⇠(t, x, u, v) +O("2),

ũ = u+ "⌘u(t, x, u, v) +O("2),

ṽ = v + "⌘v(t, x, u, v) +O("2),

where " is the group parameter and the associated vector field takes the following form

X = ⌧(t, x, u, v)@t + ⇠(t, x, u, v)@x + ⌘u(t, x, u, v)@u + ⌘v(t, x, u, v)@v.

The Lie group of transformations is admitted by the equation (1), and carry any solution of the
equation into a one-parameter family of solutions of the equation, if the infinitesimal criterion
for invariance of a partial di↵erential equation is verified:

X(2)
⇣
� ut + d1uxx + ku(1� u)� �uv

⌘
= 0,

X(2)
⇣
� vt + d2vxx + (c0 + f(u)v) (1� v)� g(u)v

⌘
= 0,

when the RDS holds, and where X(2) is the second order prolongation [4, 5]. Previous equations
are known as the determining equations. It splits with respect to the di↵erential consequences
of u and v, and leads an overdetermined linear system of 51 equations for the infinitesimals
together with the parameters d1, d2, k, �, c0 and the functions f(u), g(u).

Theorem 1 The classification of all point symmetries admitted by the virus-immune system
interaction model (1) is:

(i) For d1, d2, k, � non-zero parameters, c0 an arbitrary parameters and f(u), g(u) arbitrary
functions,

X1 = @x,
X2 = @t.

(ii) For d1 = d2, f(u) =
k2�u2 � k2�u� c0�2

k2u2 � 2k2u+ k2
and

g(u) =
k3u3 � c0k2u2 � 2k3u2 + k2�u2 + 2c0k2u� 2c0k�u+ k3u� k2�u� c0k2 + 2c0k� � c0�2

k2u2 � 2k2u+ k2
.

Infinitesimal generators are X1, X2 and

X3 = 2t@t + x@x +
�2ku

�
� 2v +

2k

�
@v.

3 Symmetry reductions

In order to determine solutions of the virus-immune system interaction model (1) that are
not equivalent by the action of the group, we calculate the one-dimensional optimal system of
subalgebras [6]:
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i) For the case with arbitrary functions and parameters

{X1 + �X2} .

ii) For the special case of the functions and parameters

{X1 + �X2,X3} .

By using the optimal system, we calculate the similarity variables and solutions solving the
characteristic system:

dt

⌧
=

dx

⇠
=

du

⌘u
=

du

⌘v

For X1 + �X2

Similarity variables: z = x� �t
Similarity solutions: u(t, x) = U(z), v(t, x) = V (z).

This allows us to reduce the partial di↵erential equations (1) into a system of ordinary
di↵erential equations:

kU2 + �uv � d1U 00
� kU � �U 0 = 0,

f(U)V 2
� �V 0

� d2V 00
� f(U)V + g(U)V + c0V � c0 = 0.

(2)

For X3

Similarity variables: z = xp
t

Similarity solutions: u(t, x) = U(z), v(t, x) = 1
tV (z)� k

� (1 + U(z)).

This allows us to reduce the partial di↵erential equations (1) into a system of ordinary
di↵erential equations:

2�UV � zU 0
� 2d1U 00 = 0,

4k2�UV + 2g(U)U2V k2�t+ 2U2V c0k2�t� 4g(U)UV k2�t� 4UV c0k2�t
+4c0�2kUV t+ 2c0k�2t2 + 2g(U)k3t2 � 2c0�3V 2

� 2V k2� + 2k4U4t2 � 6k4U3t2

+6k4U2t2 � 2k4Ut2 � 4k3U3V t� + U 0U2k3tz + 2U 00U2d1k3t+ 8k3U2V t�
�2k2�2U2V t� 4c0k2U2t2� � 2V 00U2d1k2� � V 0U2k2�z � 2U 0Uk3tz � 4U 00Ud1k3t

�4k3UV t� + 2k2�2UV t+ 8c0k2Ut2� � 2c0�2kUt2 + 2g(U)V k2t�
+4V 00Ud1k2� + 2V 0Uk2�z + 2c0V k2t� � 4c0k�2V t� 4c0k2t2�

�2g(U)U3k3t2 � 2U3c0k3t2 + 2k3U3t2� + 6g(U)U2k3t2 + 2k2�2U2V 2 + 6U2c0k3t2

�4k3U2t2� � 6g(U)k3Ut2 � 2k2�2UV 2
� 6c0k3Ut2 + 2k3Ut2� + k3U 0zt+ 2d1k3U 00t

+2c0�3V t� 2d1V 00k2� � V 0zk2� + 2c0k3t2 � 2k2�U2V = 0.

4 Conclusions and Future work

In the present work we have found new results for the reaction-di↵usion system that models the
virus-immune system interaction (1). The results are mainly related to symmetries, including
optimal systems and symmetry reductions. Firstly, Lie point symmetries have been classified
depending on functions f(u) g(u) and the parameters d1, d2, k,� and c0. Then, we have con-
structed the maximal Lie algebras, and the commutator and adjoint relations. By using these
actions and the point symmetries generators, we have constructed the optimal systems of one-
dimensional subalgebras for each maximal Lie algebra. Finally, we have obtained the symmetry
reductions to reduce the governing system of PDEs to ODEs. As future work, we will study
di↵erent solutions that can be obtained from the reduced equations.
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Abstract: For Quality or related motives, in many industrial instances, the sums of
unequal size samples are recorded, while the individual values are not. We undertake the
computing of point estimation, with confidence intervals, of the standard deviation (and
mean) of the individual items, considered Gaussian, from those sums alone. A common
case of a sum is the weight of a load of bags on a truck, used as an illustration. For the
parameters mean and standard deviation of the distribution, we derive: point estimates,
leading to weighted statistics; and confidence intervals, for which we arrived at a plausible
conjecture for the mean, and a proposal for the standard deviation. All the results can be
e↵ectively verified by computation on our web pages, namely, for industrial use.
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1 Introduction

We address the estimation of the parameters, µ and �, of the assumed Gaussian distribution of
the individual items, when only the sums of unequal size samples are recorded, as in common
manufacturing processes. Our results, seemingly absent in the literature, are made accessible on
our web site to any interested user, namely, a non-expert. The point estimations of µ and � are
performed analytically; and confidence intervals are calculated (i) analytically for µ through
a plausible conjecture, and (ii) by simulation for �, with a further theoretical step, open to
investigation. With all the computing being verifiable on a web site, we make our methods and
results available to “meet the need to improve the reuse of scholarly data” (Wilkinson et al.
(2016) [8]), a goal immensely facilitated by the Internet.

In a factory (experience of the first author), the confirmation of the weight of a shipment (truck
loaded with bags) is the last control step. The numbers of items (sample sizes) are mostly
di↵erent, per each customer’s order. Companies making numerous similar items control the
quality of their production, through “statistical process control” (SPC). The mean and standard
deviation of critical characteristics are monitored, as well as the compliance with specifications.
The estimations herein also help confirm values previously calculated. Weighing sets of items is
a daily operation in many industrial activities. The cardinality of the set may be fixed, such as a
dozen, leading to equal size samples, but the more general case is that of unequal size samples.
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Table 1: Number of bags and load weights with unequal size samples, for a certain period.

Truck, t Number of bags,
nt

Load weight (kg), mt Average bag weight
(kg), x̄t = mt/nt

1 5 125.05 25.01
2 11 274.67 24.97
3 26 650.52 25.02
4 58 1446.58 24.94

A literature search for sample, size, sum, estimation yields thousands of irrelevant references.
A review of apparently related work provided useless information, such as the following sample.
Dunnett (1980) [4] discusses the e↵ect of unequal sizes on the error in comparisons, which is
not the problem under consideration. Ramsey and Ramsey (2008) [6] compare procedures with
unequal size samples. Montgomery (2013) [5] mentions variable size samples, but for control
charts with “ni not very di↵erent”.

Our objective is to estimate µ and �, especially the latter, from the sums of samples of known and
(in general) unequal sizes, the individual items (weight of each bag) being assumed independent
and identically distributed (i. i. d.) Gaussians. The computing is available in our web pages,
with the default data used here. We follow the incitement from an editor in a Statistics journal
(Colosimo, 2019 [3]) not only by sharing “data and code” (supplied by us if solicited), but also
by providing execution on our web pages.

In the next Section: the point estimation of the parameters is derived for unequal size samples;
confidence intervals for µ and � are addressed, with a plausible conjecture for µ and a proposal
for �; and numerical results are shown. In the last Section, some conclusions are mentioned.

2 Results and discussion

The point estimation of µ and � of the unequal size sample case is derived, equal size being
a particular case (e.g., Walpole et al. (2012) [7]). The number of samples is denoted by T
(“trucks”), t = 1, . . . , T is the number of the sample (“truck”). For each sample, t, its size is nt

(number of bags in truck), its sum is mt, and the sample average is x̄t = mt/nt. The averages,
which are not usual data, were calculated in an additional column in the example table (below).
The realistic values of µ = 25 kg and � = 0.2 kg for the Gaussian are used throughout. To
illustrate the estimation of µ and � for unequal size samples, we include Table 1 with a set of
prepared data from the said Gaussian. This might describe a certain period, say, one week, with
4 customers. For each truck in the 1.st column: the 2.nd is the number of bags; and the 3.rd, the
net weight, with the 4.th, the calculated average weight.

For the point estimates, maximum likelihood was applied to the sample averages, X̄t, a statistic
chosen from previous appraisal. The individual items being i. i. d. Gaussians with parameters
µ and �, it follows that the X̄t are also Gaussian, with common mean µ (same) and standard
deviation �/

p
nt. Thus, the likelihood is, with the usual application of logarithms,

lnL (µ, �) =
TX

t=1

(
� ln

h
(�/

p
nt)

p
2⇡

i
� 1

2

✓
X̄t � µ

�/
p
nt

◆2
)
. (1)

The estimators of µ and � result from solving for the maxima of Equation (1), leading to the
their maximum likelihood estimators

µ̂ =

PT
t=1 ntx̄tPT
t=1 nt

(2) �̂2 =
1

T � 1

TX

t=1

nt (x̄t � µ̂)2 . (3)

For confidence intervals of µ and �, a plausible conjecture for µ, which seems solid, and a proposal
for � are formulated, both requiring further study. A Monte Carlo simulation program provided
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a pathway for these intervals. The conjecture ensued the search of either a “surrogate” equal size
or even a function of the unequal sizes. The initial attempt was to constrain the surrogate size,
n⇤, to the interval nmin  n⇤  nmax, to include the equal size case. The (conservative)minimum
size, however, yielded no agreement with simulations (nor the maximum). A new perspective
was the use of the arithmetic mean of the sample sizes,

n⇤ =

$
1

T

TX

t=1

nt

'
= bn̄e . (4)

Indeed, the simulated result reproduced the conjectured theoretical curve, a Student’s-t with
n⇤ � 1 degrees of freedom. Thus, the experimental (simulated) curve can be replaced by that
Student’s distribution, the influence from the nearest integer approximation being negligible.

As regards the confidence interval for �, while simulation led to no “rule”, progress was obtained
as an incomplete proposal needing further work. As in the conjecture, we obtained full agreement
between the simulated and a simple, theoretical curve, shown in Figure 2, which was found to
be a chi-square with T � 1 degrees of freedom, and a scale factor b such that

f(x) = b�2
T�1(b x). (5)

The results above are now clarified through direct computing. The solution to this problem are
programs written by us (Fortran 90, “gnuplot”), and the computing is open on the Internet,
using HTML forms to pass the arguments to the programs, needing no software from the user.
The computing system was IST’s cluster (6 nodes, x86 64, Xeon®, CPU@2.0GHz, Debian 2021).

For the point estimates, results are shown for unequal size samples (data in Table 1), leading,
through Equations (2) and (3), to values (at Casquilho (2020) [1]) that “reproduce” the base
parameter (µ = 25, � = 0.2): µ̂ = 24.97 kg, and �̂ = 0.20 kg.

For the confidence intervals, the methodology found was based on Monte Carlo simulation, in
view of the starting lack of a theoretical method. This led to the plausible and solid conjecture
mentioned, allowing for e↵ective, public web pages for ready computing.

Some specific problems were solved: the problem in Table 1 and two industrial dimension ones,
corresponding to T = 25 and T = 50, respectively Case4, Case25 and Case50 in Casquilho
(2020) [1] web page. A level of 95% for the confidence intervals is used, as well as a fixed
random number generator. For Case4, the results are, in a compact notation, in Equation (6).
For Case25 and Case50 the results are, respectively, in Equation (7).

24.928 < (µ̂ = 24.968) < 25.007 0.05 < (�̂ = 0.20) < 0.35 . (6)

24.924 < (µ̂ = 24.928) < 24.931 0.20 < (�̂ = 0.28) < 0.35

24.922 < (µ̂ = 24.925) < 24.928 0.25 < (�̂ = 0.31) < 0.37 .
(7)

The conjecture for the confidence intervals for µ, and the proposal for � are illustrated in Figure
1, showing (Casquilho (2021) [2]) the simulated, “stitching” curve and the regular theoretical
Student’s-t, with n⇤ � 1 degrees of freedom. It is based on a simulation with 0.125⇥106 trials, a
“short” simulation so that the two curves may be distinguished. The proposal for the confidence
intervals for � is illustrated in Figure 2 (conditions of Figure 1), showing the simulated curve and
the regular theoretical chi-square, with T � 1 degrees of freedom and a certain value of the scale
factor, b, from the same short simulation (above), so that the two curves may be distinguished.
The unsolved issue is the determination of b, disclosed through the simulation procedure.
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Figure 1: CI for µ: ‘cand’ the candidate curve,
a Student’s-t with n⇤ � 1 degrees of freedom.

Figure 2: CI for �: ‘cand’ the candidate curve,
a chi-square with T � 1 degrees of freedom.

3 Conclusions and Future work

Starting from routinely recorded sums of unequal size samples, we provide methods to estimate
µ and � for the underlying Gaussian distribution. A non-specialist in Statistics, such as an
engineer, can thus obtain those estimates and their confidence intervals. The point estimations
for µ and � are obtained from maximum likelihood. As to confidence intervals, a Monte Carlo
procedure led to their determination and to a theoretical conjecture for µ and a proposal for �.
These methods solve the problem e↵ectively.

Aiming to applicability, all the computing is available on our website, for these and other results,
the Web being a computing tool we have since long suggested. Solutions and computational
procedure are described there, permitting a practitioner to use them.
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Abstract: Joint approximate diagonalization (JAD) of multiple matrices is a core problem
in many applications, such as: blind source separation, parameter identification in exponen-
tial sum, canonical polyadic decomposition of a tensor used in chemometrics, telecommu-
nications, psychometrics, data mining, machine learning, . . . . In this work we propose two
numerical methods for computing JAD, based on constrained optimization on two di↵erent
matrix manifolds, with emphasis on their numerical properties and e�ciency. Following
numerical analysis, we introduce modifications and parallel implementation of the proposed
methods that increase their e�ciency. Numerical experiments prove that these modifications
speed-up execution time of the proposed methods by factor 3 – 4 per iteration, for large
number of matrices.

keywords: joint approximate diagonalization; constrained optimization; conjugate gradient
method; matrix manifolds.

MSC2020: 15A20; 58C05; 58C25; 47J25; 65J15; 65K10; 65Y05; 65Y20.

1 Introduction

Our goal is to e�ciently solve the following problem: given a set of symmetric matrices A(1),
A(2), . . . ,A(m)

2 Rn⇥n, find orthogonal or nonsingular X 2 Rn⇥n such that

A(p) = X ·D(p)
·XT , for all p = 1, . . . ,m,

where D(p) are either diagonal (exact diagonalization), or as diagonal as possible according to
some criterion (approximate diagonalization) in case of noisy input data. The problem is divided
into two variants:

(a) the solution X has to be orthogonal, and the problem is equivalent to finding spectral
decompositions of the input matrices,

(b) X is only nonsingular, which is a more complex problem.

In practice, there are several approaches to solving this problem: Jacobi type methods, spectral
decomposition of a random linear combination of matrices A(p), minimization of appropriate
chosen function that measures diagonallity of A(p), and Riemannian optimization on appropriate
chosen matrix manifold. Most of the methods converge slowly for large number of matrices m,
and in some cases each iteration is numerically very expensive, or even require certain corrections
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in order not to converge toward zero-matrix. Hence, we were focused on approach which needs
no corrections, and which o↵ers opportunity for e�cient parallel implementation, especially for
larger dimension n and large number of matrices m. This approach is based on Riemannian
optimization by conjugate gradient method on

(a) Stiefel manifold (orthogonal group), when diagonalizing matrix X needs to be orthogonal,

(b) oblique manifold, otherwise,

since such optimization algorithms are adapted to utilize manifold geometry, and they guaranty
that all intermediate result stay on the manifold. The conjugate gradient optimization method
requires solution of 1-dimensional optimization problem in each iteration, has superlinear conver-
gence, and is very simple for implementation and suitable for parallelization. This method has
“cheaper” iterations than the other optimization methods commonly used in practice, such as
Newton’s method and trust region method, and until now it was not considered for optimization
on the oblique manifold. The objective function on both manifolds is

F (X) =
1

2

mX

p=1

kO↵(XTA(p)X)k2F ,

where for B = [bij ], O↵(B) = B�Diag(B), and Diag(B) = diag(b11, . . . , bmm). Diagonalization
or approximate diagonalization is represented by the minimization problem

min
X2M

F (X), where M is appropriate manifold.

2 Results and discussion

The Riemannian conjugate gradient optimization method requires concepts of tangent vector
fields on the manifold, Riemannian metric, geodesic, parallel translation, gradient and Hessian
on the manifold. These concepts are numerically quite simple for Stiefel and oblique manifolds.
The first-order and second-order partial derivations of F (X) are also easily obtained. The
method requires the following terms, presented here for our objective function

FX(X) =


@F

@xrs
(X)

�
= 2

mX

p=1

A(p)X ·O↵(XTA(p)X),

FXX(X)(⌅1,⌅2) =
nX

r,s=1

nX

u,v=1

@2F

@xuv@xrs
(X)⇠(1)rs ⇠

(2)
uv =

= 2
mX

p=1

h
tr(⌅T

1 A
(p)⌅2 ·O↵(XTA(p)X)) + tr(XTA(p)⌅1 ·O↵(XTA(p)⌅2)) + tr(⌅T

1 A
(p)X ·O↵(XTA(p)⌅2))

i
,

where ⌅1 and ⌅2 are tangent vectors. In the both expressions, terms involving multiplications
with di↵erent matrices A(p) can be computed in parallel, which we exploited in our e�cient
implementation of the method. Moreover, since the products A(p)X and B(p) = XTA(p)X
are used several times, they are computed once and stored. Besides that, we also optimize
computation of the terms tr(A · B) or tr(AT

· B), where only diagonal element of the products
are computed in parallel.

The 1-dimensional optimization problem solved in each iteration of conjugate gradient, concerns
minimization of the objective function F on a geodesic �(t), by solving equation d

dtF (�(t)) = 0.
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(a) On Stiefel manifold, whose points are defined as elements of the set Sn,n = {X 2 Rn⇥n :
XTX = I}, geodesic �(t) determined by �(0) = X, �̇(0) = ⌅, and ⇥ = XT⌅ is given by
formula

�(t) = Xe⇥t and
d

dt
F (�(t)) = 2

mX

p=1

tr(O↵(C(p))C(p)⇥), where C(p) = (e⇥t)TB(p)e⇥t.

Computation of exponential function e⇥t is implemented by “scaling and squaring” method,
which is also suitable for parallelization, and it is optimized for evaluation with di↵erent
parameter t.

(b) On oblique manifold, whose points are defined as elements of the set On,n = {X 2 Rn⇥n :
Diag(XTX) = I}, geodesic �(t) determined by �(0) = X, �̇(0) = ⌅ = [⌅1, . . . ,⌅n], and
⇤0 = diag(k⌅1k2, . . . , k⌅nk2) is given by formula

�(t) = X cos(⇤0t) + ⌅⇤�1
0 sin(⇤0t).

We showed that d
dtF (�(t)) can be transformed into the sum of 14 terms, where each of

them is equal to trace of a certain diagonal matrix. All these terms are computed in
parallel very e�ciently.

Equation d
dtF (�(t)) = 0 for both variants is solved by bisection method, since we have explicit

formulae for d
dtF (�(t)).

3 Conclusions and Future work

In our work, we proposed optimization algorithms for solving two variants of JAD problem, based
on conjugate gradient method. Besides that, we developed e�cient parallel implementations
of the both variants. It should be mentioned, that orthogonal joint diagonalization is most
easily solved by spectral decomposition of a random linear combination of matrices A(p), but
in presence of noise this might not be the optimal solution. Our method on Stiefel manifold
is best applied after spectral decomposition of a random linear combination, where it will give
a better solution in a few iterations. Even in case when this spectral decomposition produce
a solution which does not diagonalize all matrices A(p), our approach will complete the task.
Numerical experiments confirmed that our modified implementations of the conjugate gradient
method on two matrix manifolds are more e�cient than the original versions. The modified
algorithm on Stiefel manifold is 2-2.5 faster per iteration than the original version for dimensions
n = 1000, 2000, and even 4 times faster for n = 100 and large number of matrices m (up to 1000).
The speed-up factor per iteration for the modified algorithm on oblique manifold is between 2.6
and 3.3 for dimensions n = 1000, 2000, and between 1.2 and 2.1 for n = 100 and large number
of matrices m. In future, we plan to consider di↵erent matrix manifolds and di↵erent objective
functions with good numerical properties.
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Abstract: Many real-life problems have processes that exhibit crossover behavior. Modeling

processes based on crossover behaviors has proven to be a di�cult task for mankind. In

various instances, real-world di�culties have been observed as a result of the transition from

Markovian to randomness processes, such as in epidemiology with the spread of infectious

illnesses and even some chaos. To build the future state of the system and unpredictability,

deterministic and stochastic approaches were developed independently. We aim at modeling

behaviors of real-world exhibiting cross-over from deterministic to stochastic or vice versa.

An example of new piecewise modeling is presented with illustrations of hybrid fractional

derivatives chaos problems. Some important analyses including a piecewise existence and

uniqueness are presented. We constructed new methods for solving these models. Numerical

simulations are performed for di↵erent cases.

keywords: Stochastic-deterministic models, Piecewise numerical method; Hybrid fractional

chaotic systems, Grünwald-Letnikov nonstandard finite di↵erence method; Nonstandard

Milstein method.

MSC2020: 26A33; 34C28; 60H10.

1 Introduction

1.1 Stochastic-Deterministic Models

• The hyperchaotic finance model; Case 3: We consider the piecewise hyperchaotic

finance model [4], where the stochastic hyperchaotic finance model is defined in the first

time region (0, t1] and the hybrid fractional order hyperchaotic finance model is defined in

the second time region (t1, T ]:

8
>>>>>><

>>>>>>:

dX = (Z + (Y � a)X +W )dt+ �1XdB1(t),

dY = (1� bY �X2
)dt+ �2Y dB2(t),

dZ = (�X � cZ)dt+ �3ZdB3(t), 0 < t  t1,

dW = (�0.05XZ � %W )dt+ �4WdB4(t),

W (0) = W0, Z(0) = Z0, Y (0) = Y0, X(0) = X0.

(1)
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8
>>>>>><

>>>>>>:

CPC
0 D↵1

t X = Z + (Y � a)X +W,
CPC
0 D↵2

t Y = 1� bY �X2,
CPC
0 D↵3

t Z = �X � cZ, t1 < t  T,
CPC
0 D↵4

t W = �0.05XZ � %W,

W (t1) = W1, Z(t1) = Z1, Y (t1) = Y1, X(t1) = X1.

(2)

• Bloch model with time delay; Case 3: We consider the piecewise Bloch model with

time delay [3], where the stochastic Bloch model is defined in the first time region (0, t1]
and the hybrid fractional order Bloch model is defined in the second time region (t1, T ]:

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

dX = (�Y + aZ(t� ⌧c)

 
Xsin(⇥)� Y cos(⇥)

!
� bX)dt+ �1XdB1(t),

dY = (��X � Z + aZ(t� ⌧c)

 
Y sin(⇥) +Xcos(⇥)

!
� bY )dt+ �2Y dB2(t),

0 < t  t1,

dZ = (Y � asin(⇥)

 
X2

+ Y 2

!
� c

 
Z � 1

!
)dt+ �3ZdB3(t),

X(0) = X0, Y (0) = Y0, Z(0) = Z0.

(3)

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

CPC
0 D↵1

t X = �Y + aZ(t� ⌧c)

 
Xsin(⇥)� Y cos(⇥)

!
� bX,

CPC
0 D↵2

t Y = ��X � Z + aZ(t� ⌧c)

 
Y sin(⇥) +Xcos(⇥)

!
� bY,

t1 < t  T,

CPC
0 D↵3

t Z = Y � asin(⇥)

 
X2

+ Y 2

!
� c

 
Z � 1

!
,

Z(t1) = Z1, Y (t1) = Y1, X(t1) = X1.

(4)

2 Results and discussion

Figure 1: Numerical simulation for piecewise system (?? and ??), at �1 = 0.03,�2 = 0.01,�3 = 0.005,
t1 = 1000, ⌧c = 0.001.
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Figure 2: Numerical simulation for piecewise system (3 and 4), at di↵erent ↵ and �1 = 0.03,�2 =

0.01,�3 = 0.05, t1 = 1000, ⌧c = 0.001.
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3 Conclusions and Future work

In this article, classes of nonlinear ordinary di↵erential equations based on the concept of piece-

wise di↵erentiation are given. Two chaotic models are considered; these models are the financial

model and the Bloch model with time delay. The existence and uniqueness of the solutions for

the proposed piecewise models are given. Numerical studies for the proposed piecewise models

using CPC-GLNFDM are presented. The stability of the proposed method is studied. Numer-

ical simulations for the proposed models explained the emergence of new behaviors. Simulated

examples are presented alongside illustrative examples. The acquired results lead us to believe

that this new approach is the way to model complicated real-world problems in the future.
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Abstract: The use of a general di↵erential operator on the vectorial space of polynomial
functions that does not increase the degree of polynomials [5] and its properties allowed the
development of algebraic techniques for finding the corresponding polynomial eigenfunctions.
We present further results of a recent symbolic approach [6] regarding di↵erential relations of
third order and a specific type of multiple orthogonal polynomials, namely the 2-orthogonal
polynomial sequences. These polynomial sequences are described by the corresponding four-
term recurrence relation, and its classical character is analysed.
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1 Introduction

The classical orthogonal polynomials are characterised as the polynomial eigenfunctions of the
di↵erential equation established by Bochner [1], that can be written in the form [2]:

a2(x)y
00 + a1(x)y

0 + a0(x)y + �y = 0 ,

where a2(x), a1(x) a0(x) are polynomials of degrees at most 2,1, and 0, respectively, and � 6= 0.

This second order di↵erential relation can be rewritten in terms of the following di↵erential
operator [3, 5], defined on the vector space of polynomials with coe�cients in C, denoted by P,
where D is the standard derivative operator:

J =
X

n�0

an(x)

n!
Dn, deg an  n, n � 0 , (1)

where

a⌫(x) =
⌫X

i=0

a[⌫]i xi = a[⌫]0 + a[⌫]1 x+ a[⌫]2 x2 + · · ·+ a[⌫]⌫ xn .

With respect to the d-orthogonal polynomial sets, it is not yet established an analogous charac-
terisation, though they are known to fulfil a recurrence relation of order d+1 [4]. In particular,
for the case of 2-orthogonal polynomial sets, each sequence is uniquely defined by the three
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numerical sequences {�n}n�0, {↵n+1}n�0 and {�n+1}n�0, called the recurrence coe�cients, so
that:

Pn+3(x) = (x� �n+2)Pn+2(x)� ↵n+2Pn+1(x)� �n+1Pn(x), (2)

P0(x) = 1, P1(x) = x� �0, P2(x) = (x� �1)P1(x)� ↵1 , �n+1 6= 0 , n � 0. (3)

Some families of d-orthogonal polynomials {Pn(x)}n�0 fulfil di↵erential identities, in most cases
with di↵erential operators defined by coe�cients depending on n. The operator J defined
above has polynomial coe�cients not depending on n, and also permits the definition of further
operators J (m), as we see in (4), for any positive integer m, that often are raising operators.

Proposition 1 [6] Given an operator J defined by (1), and taking into account the definition

of the operator J (m)
, m � 0:

J (m) =
X

n�0

an+m(x)

n!
Dn , (4)

the following identities hold.

J (i) (xp(x)) = J (i+1) (p(x)) + xJ (i) (p(x)) , i = 0, 1, 2, . . . . (5)

Considering the problem of finding 2-orthogonal polynomial sets that fulfil the following di↵er-
ential identity

✓
a0(x)I + a1(x)D +

a2(x)

2
D2 +

a3(x)

3!
D3

◆
(Pn(x)) = �[0]

n Pn(x) , �[0]
n 6= 0 , (6)

with �[0]
n = a[0]0 +

✓
n

1

◆
a[1]1 +

✓
n

2

◆
a[2]2 +

✓
n

3

◆
a[3]3 , n � 0 ,

a symbolic approach based on the use of the content of Proposition 1, concluded that such polyno-
mial sets {Pn}n�0 must fulfil an algebraic identity of the form J (3) (Pn+2(x)) =

Pn+5
i=n�4 �i,nPi(x).

For given specific polynomial coe�cients a⌫(x), ⌫ = 0, 1, 2, 3, so that �[0]
n 6= 0, this latest identity

yields a set of di↵erence equations through which we find the recurrence coe�cients of {Pn}n�0.

As an example of application of this method, we recall next a 2-orthogonal polynomial set
constituted by polynomial eigenfunctions of the operator J defined below in (7).

Corollary 2 [6] The 2-orthogonal polynomial sequence {Pn}n�0 fulfilling

J (Pn(x)) = �[0]
n Pn(x) , n � 0 ,

where

J = a[0]0 I +
1

24
xD +

(x� 1)2

3!
D3 , (7)

is defined by the following recurrence coe�cients

�n = �12(n� 1)n , n � 0 , (8)

↵n = 12(n� 1)n(2n� 3)2 , n � 1 , (9)

�n = �4n(n+ 1)(2n� 3)2(2n� 1)2 , n � 1. (10)
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2 Results and discussion

The method outlined in [6] has been applied into other third order di↵erential operators. In
some cases it has provided a negative response by assuring the nonexistence of such polynomial
eigenfunctions, and in other cases it has given the full description of the solution, as we can
illustrate with the next new result.

Proposition 3 The 2-orthogonal polynomial sequence {Pn}n�0 fulfilling

J (Pn(x)) = �[0]
n Pn(x) , n � 0 ,

where

J = a[0]0 I +
1

24
xD + (x� 1)D2 +

(x� 1)2

3!
D3 , (11)

is defined by the following recurrence coe�cients

�n = �12n(n+ 3) , n � 0 , (12)

↵n = 12n(n+ 1) (4n(n+ 3)� 15) , n � 1 , (13)

�n = �4n(n+ 1) (4n(n+ 3)� 15) (4n(n+ 5) + 1) , n � 1. (14)

The previous result can be enlarged when we introduce parameters on the polynomial coe�cients
a1(x) and a2(x) of the operator J . Nevertheless, we must take into account the 2-orthogonal
regularity conditions: �n 6= 0, for all positive integer n. In a similar way to the sequence of
Corollary 2, the 2-orthogonal sequence described above fulfils Hahn’s property and thus is Hahn
classical.

3 Conclusions and Future work

The work developed so far facilitates the search for 2-orthogonal polynomial eigenfunctions of
given di↵erential operators defined by their polynomial coe�cients a⌫(x). A new family has been
described, though much more pairs of operators and polynomial sequences remain to catalogue
in the study of 2-orthogonal polynomial solutions of di↵erential identities.
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Abstract: The standard Du�ng equation is a second order di↵erential equation with con-
stant coe�cients. When considering the original model with variable coe�cients, wide appli-
cation possibilities open up. The research considers Du�ng equations with two-component
Poisson stable coe�cients and perturbations. The Poisson stable inputs and outputs of our
research are functions, which are not only non-periodic, but are rather chaotic. The existence
and uniqueness of the Poisson stable solutions have been proved. Numerical simulations of
the solutions are provided.
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1 Introduction

Classical Du�ng equation is the second order di↵erential equation with constant coe�cients [1].
Considering the original model one can assume mechanical reasons for variable coe�cients. For
instance, not constant damping and driving force [2]. The second order di↵erential equations,
despite their small dimension produce strong di�culties for study [3], and are source for most
modern complexity investigations. This is why, comprehensive modifications of the Du�ng
equation with subsequent new methods of investigation have to be in the focus of researchers.

In the present paper, we propose the model with Poisson stable coe�cients and find conditions
on the functions, such that the result-dynamics is Poisson stable. This version of the Du�ng
equation has not been considered in literature, at all. Another principal novelty of our research
is the method of included intervals [4], which has been adapted for Poisson stable solutions in
di↵erential equations [5, 6].

The main subject of this article is the following equation,

x
00 + p(t)x0 + q(t)x+ r(t)x3 = F (t) cos(�t), (1)

where t, x 2 R; � is a real constant; p(t), q(t), r(t) and F (t) are continuous functions.

The next concept of recurrence is a fundamental for the present investigation.

Definition 1 [7] A continuous and bounded function  (t) : R ! Rn
is called Poisson stable, if

there exists a sequence tk, which diverges to infinity such that the sequence  (t + tk) converges

to  (t) as k ! 1 uniformly on bounded intervals of R.
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The sequence tk is said to be the Poisson sequence of the function  (t). For fixed real constant
! > 0, one can write that tk ⌘ ⌧k(mod !), where 0  ⌧k < !, for all k � 1. The boundedness
of the sequence ⌧k implies that there exists a subsequence ⌧kl , which converges to a number ⌧!.
That is, there exist a subsequence tkl of the Poisson sequence tk and a number ⌧! such that
tkl ! ⌧!(mod !) as l ! 1. In what follows, we shall call the number ⌧! as the Poisson shift for
the Poisson sequence tk with respect to the !. It is not di�cult to find that for the fixed positive
! the set of all Poisson shifts, T!, is not empty, and it can consist of several or even infinite
number elements. The number ! = inf T!, 0  ! < !, is said to be the Poisson number for
the Poisson sequence tk with respect to the number !.

2 Results

This section presents the main result of our study. Let us denote ! = 2⇡
� , and assume that the

following conditions are satisfied.

(C1) The function F (t) is Poisson stable. The coe�cients are of two components such
that p(t) = p0 + p1(t), q(t) = q0 + q1(t) and r(t) = r0 + r1(t), where p0, q0 and r0 are real
constants, p1(t), q1(t), and r1(t) are Poisson stable functions;

(C2) there exists a Poisson sequence tk common for functions p1(t), q1(t), r1(t), F (t)
and the Poisson number ! is equal to zero;

(C3) p0 > 0, p
2
0 � 4q0  0.

It can be easily shown that p(t), q(t), r(t) and F (t) are Poisson stable functions with the common

Poisson sequence tk. Condition (C3) implies that the eigenvalues of the matrix A =

✓
0 1

�q0 �p0

◆

have negative real parts and there exist numbers K > 1 and µ > 0 such that keAtk  Ke
�µt

for t � 0. We consider the equation (1) provided that a solution x(t) and its derivative x
0(t) are

bounded such that supt2R | x(t) |< H, supt2R | x0(t) |< H, where H is a fixed positive number.

Let us introduce some notations

sup
t2R

| p1(t) |= ↵, sup
t2R

| q1(t) |= �, sup
t2R

| r0 + r1(t) |= �, sup
t2R

| F (t) |= �.

Throughout the paper, the following additional conditions are required.

(C4)
K

µ
(H(↵+ �) + �H

3 + �) < H;

(C5)
K

µ
(↵+ � + 3�H2) < 1.

By using the method of included intervals, we have proved the next theorem.

Theorem 1 The Du�ng equation (1) admits a unique asymptotically stable Poisson stable

solution provided that conditions (C1)-(C5) are satisfied.

Example. Consider the following Du�ng equation

x
00(t) + (p0 + p1(t))x

0(t) + (q0 + q1(t))x(t) + (r0 + r1(t))x
3(t) = F (t) cos(2t), (2)

2
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where the constants p0 = 5, q0 = 3, r0 = 0.002. The functions p1(t) = �0.5⇥(t), q1(t) = �⇥3(t),
r1(t) = �0.4⇥2(t) and F (t) = 1.5⇥(t) are Poisson stable [6]. Conditions (C1)-(C5) are hold
with K = 2, µ = 2.5, � = 1 (the period ! = ⇡), H = 2, ↵ = 0.2, � = 0.064, � = 0.064 and
� = 0.6. Since the elements of the Poisson sequence are multiples of 3⇡ and the period is equal
to ⇡, the Poisson number is equal to zero. The trajectory of the Poisson stable solution is shown
in Figure 1.
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Figure 1: The trajectory of the Poisson stable solution, x(t), of the equation (2).
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1 Introduction

We investigate the abstract second–order Cauchy problem

u��(t) = Au(t), t 2 T+
0 , u(0) = x, u�(0) = y, (1)

where x, y 2 X, and A is a closed linear operator in a Banach space X. This formulation satisfies
all the properties for the operator solutions in the already known cases T = R and T = Z. With
this formulation, we proceed to develop a solution of the problem (1), defining the solution
operators. The use of Laplace Transform will be necessary, to include the case T = R, and must
to be valid for all types of time scales.

Definition 1 A classical solution of (1) is a function u 2 C2
rd(T

+
0 , X) such that u(t) 2 D(A) for

every t 2 T+
0 and satisfies the problem (1).

Definition 2 A mild solution of (1) is a function u 2 Crd(T+
0 , X) which satisfies

Z t

0

Z s

0
u(r)�r�s =

Z t

0
(t� �(s))u(s)�s 2 D(A)

and for all t 2 T+
0 ,

u(t) = x+ ty +A

Z t

0
(t� �(s))u(s)�s.

       Cosine and sine functions on Time Scales 
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2 Results and discussion

The first result brings an important property of a mild solution of (1).

Theorem 1 Let u 2 Crd(T+
0 , X), ! 2 D{u}. Assume � 2 C is such that

lim
t!1

e �(t, 0) = 0, lim
t!1

u(t)e �(t, 0) = 0, lim
t!1

e �(t, 0)

Z t

0
u(s)�s = 0, (2)

and Reµ(�)(t) > Reµ(!)(t) for all t 2 T+
0 . Then, u is a mild solution of (1) if, and only if,

bu(�) 2 D(A) and �x+ y = (�2 �A)bu(�), for all � which satisfies (2).

This property allows to define the operator solutions for the problem (1).

Definition 3 A strongly rd-continuous function C : T+
0 ! L(X) is called a cosine function

with generator A if the following conditions are satisfied: C(0) = I and there exists ! 2 R such
that (!,1)T ⇢ ⇢(A), �2 2 D{C}, and for all x 2 X,

bC(�)x =

Z 1

0
e� �(t, 0)C(t)x�t = �(�2 �A)�1x, Reµ(�

2)(t) > !, t 2 T+
0 . (3)

Definition 4 A strongly rd-continuous function S : T+
0 ! L(X) is called a sine function with

generator A if the following conditions are satisfied: C(0) = I and there exists ! 2 R such that
(!,1)T ⇢ ⇢(A), �2 2 D{C}, and for all x 2 X,

bS(�)x =

Z 1

0
e� �(t, 0)S(t)x�t = (�2 �A)�1x, Reµ(�

2)(t) > !, t 2 T+
0 . (4)

Our definitions of abstract sine and cosine functions on time scales are directly related with the
existence of mild solutions to problem (1).

Theorem 2 Let A 2 L(X). Then, the problem (1) has a unique mild solution.

This result allows us to write an explicit formula for the solution of our second order problem (1).
Such equality, with the property for cosine function defined in formula (3), and the respective
formula for sine function given in formula (4), yield

u(t) = C(t)x+ S(t)y

as the unique solution of equation (1).
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1 Introduction

We deal with the system of the magneto-hydro-dynamic equations (shortly MHD equations)

@tu + u ·ru� curl b⇥ b = �rp +
1
Rf

�u, (1)

@tb� curl(u⇥ b) =
1

Rm
�b, (2)

div u = div b = 0 (3)

in a domain ⌦ ⇢ R3 in the time interval (0, T ) (where 0 < T  1). These equations describe the
motion of a viscous incompressible electrically conductive fluid in the absence of an external specific
body force and an external magnetic induction. The system (1)–(3) represents the equations in the so
called dimensionless form. The unknowns are the velocity u ⌘ (u1, u2, u3) of the fluid, the magnetic
field b ⌘ (b1, b2, b3) and the pressure p. The positive parametersRf andRm represent the fluid Reynolds
number and the magnetic Reynolds number.

We consider the so called Navier–type boundary conditions

a) u · n = b · n = 0, b) curl u⇥ n = curl b⇥ n = 0 on @⌦⇥ (0, T ) (4)

for both the velocity u and the magnetic field b (where n denotes the outer normal vector field on @⌦)
and the initial conditions

u
��
t=0

= u0, b
��
t=0

= b0 in ⌦, (5)

where both u0 and b0 are supposed to be divergence–free. (Naturally, the conditions (4) make sense if
⌦ 6= R3.)
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The equations (1) and (2) are often written in the modified form

@tu + u ·ru� b ·rb = �r
�
p + 1

2 |b|
2
�

+
1
Rf

�u, (1)

@tb + u ·rb� b ·ru =
1

Rm
�b. (2)

Note that if b0 = 0 then one can consider b = 0 and the system (1)–(3) reduces just to the well known
Navier–Stokes equations.

We assume that ⌦ is either the whole space R3 or a bounded domain in R3 with the boundary of the class
C2+(◆) for some ◆ > 0.

By analogy with the theory of the Navier–Stokes equations, if u0 and b0 lie in the space L2
�(⌦) (which

is the closure of the linear space of all infinitely differentiable divergence–free vector functions in ⌦,
with a compact support in ⌦, in L2(⌦)) then the IBVP (1)–(5) has the so called suitable weak solution,
which is a pair of functions u, b in L1(0, T ; L2

�(⌦))\L1(0, T ; W1,2(⌦)), completed by an associated
pressure p 2 L5/3(QT ), such that these functions satisfy in an appropriate sense the equations (1), (2),
the boundary conditions (4), the initial conditions (5) and in addition to that, also the so called localized
energy inequality. (See, e.g., [4], [5] for the definitions and further details.)

A space–time point (x, t) 2 QT is said to be a regular point of the solution (u,b, p) if there exists a
neighborhood U(x, t) ⇢ QT of this point such that both u and b are essentially bounded in U(x, t).
Other points in QT are called singular points.

It follows from [3] that u, b are Hölder–continuous in some neighborhood of each regular point.

It is shown in [4] that if ⌦ = R3 then p is essentially bounded in some space–time neighborhood of each
regular point of (u,b, p), and if ⌦ is a smooth bounded domain in R3 then rp is essentially bounded in
some neighborhood of any regular point.

Using this fact and the information that the 1D Hausdorff measure of the set of singular points is zero
(see [1]), one can show that p can be modified by an additive function ⇣ = ⇣(t) 2 L5/3(0, T ), so that
p + ⇣ is an associted pressure with a weak solution (u,b), too, and p + ⇣ is is essentially bounded in
some space–time neighborhood of each regular point of the solution (u,b, p + ⇣). Denote by P the
class of associated pressures with the same property. We further assume that p has already been modified
so that p 2P .

Suppose that � is the so called Young function. It means that � can be expressed in the form �(s) =R s
0 '(�) d� for s � 0, where ' has the following properties: '(0) = 0, '(�) > 0 for � > 0, ' is
right-continuous and non-decreasing on [0,1) and lim�!1 '(�) = 1. It follows directly from the
definition that the Young function has a series of further properties, see e.g. [6, Lemma 4.2.2]. If D is
a domain in R3 then the Orlicz space L�(D) is the space of all measurable functions f on D with the
finite norm defined by

kfkL�(D) := inf{� > 0;
Z

D
�

⇣ |f(x)|
�

⌘
dx  1}. (6)

Formula (6) represents the so called Luxemburg norm in L�(D), see [6].

In this paper, we consider a Young function � that has these additional properties:

(i) s�3/2 �(s) is monotone increasing on [0,1) and and tends to infinity as s!1,

(ii) �(s)�2/3 2 L1((1,1)).

One can prove that the next theorem holds (see [5], [2]).
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Theorem 1 Suppose that

↵) ⌦ be either the whole space R3 or a bounded domain in R3 with the boundary of the class C2+↵ for
some ↵ > 0,

�) the Young function � satisfies the conditions (i) and (ii),

�) (u,b, p) is a suitable weak solution of the MHD equations (1)–(3) in ⌦⇥ (0, T ) with the Navier–type
boundary conditions (5) (in the case ⌦ 6= R3),

�) ⌦0 is a sub-domain of ⌦ and 0  T1 < T2  T .

Then the vector fields u and b are Hölder continuous in ⌦0 ⇥ (T1, T2) if at least one of the following
conditions holds;

1) p� 2 L1(T1, T2; L�(⌦0)),

2) B+ 2 L1(T1, T2; L�(⌦0)), where B := p + 1
2 |u|

2 + 1
2 |b|

2.

Here, p� denotes negative part of p, B := p + 1
2 |u|

2 + 1
2 |b|

2 and B+ denotes the positive part of B.
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('(u
0
))
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= f(t, u, u

0
),
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Our methods of proofs are based on the extension of Mawhin’s continuation theorem for

quasi–linear operators.
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1 Introduction

We discuss existence results for the boundary value problem consisting of the di↵erential equation

('(u
0
))

0
= f(t, u, u

0
), (1)

where f is continuous and ' is a homeomorphism, and the nonlinear boundary conditions

g(u(0), G(u
0
)) = 0, h(u

0
(1), H(u)) = 0, (2)

where g, h are continuous functions and G,H are continuous functionals. Our methods of proofs

make use of the extension of Mawhin’s continuation theorem for quasi–linear operators due to

Ge and Ren [1]. The talk is based on a joint work with Katarzyna Szymańska–Dȩbowska.

2 Results and discussion

Our main existence result is the following theorem.

Theorem 1 Let the following assumptions be satisfied:

(A1) f : [0, 1]⇥ R2 ! R is continuous;
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(A2) ' : R ! R is a homeomorphism such that '(0) = 0 and '(±1) = ±1;

(A3) g, h : R2 ! R are continuous;

(A4) G,H : (C([0, 1],R)) ! R are continuous functionals taking bounded sets into bounded sets;

(A5) there exist M1,M2 2 R, M1  0  M2 and � 2 {�1, 1} such that for all y 2 R we have

� h(M1, y)  0, � h(M2, y) � 0;

(A6) there exist m1, m2 2 R, m1 < m2 and ↵ 2 {�1, 1} such that for all y 2 R the following
conditions are satisfied

↵ g(m1, y) < 0, ↵ g(m2, y) > 0.

(A7) for each t 2 [0, 1] and x 2 [m1 +M1,m2 +M2] we have

f(t, x,M1)  0, f(t, x,M2) � 0.

Then problem (1)–(2) has a solution u satisfying

m1 +M1  u(t)  m2 +M2, M1  u
0
(t)  M2, t 2 [0, 1].

3 Conclusions and Future work

Similar results can be obtained for the boundary value problem with (2) replaced by

g(u
0
(0), G(u)) = 0, h(u(1), H(u

0
)) = 0.

Let us mention that Theorem 1 extends the results from [2] to the problem involving a generalized

p-Laplacian and the functionals G and H.
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1 Introduction

Let us consider fractional functional di"erential equation (FFDE) for model with a discrete
memory e"ect

D
1
2
a u(t) =

ti!t!

i=1

Fi(t)u(ti) + r(t), t ! [a, b], (1)

where D
1
2
a is the Caputo fractional derivative of order 1

2 , a < t1 < t2 < · · · < tm < b are given,
r : [a, b] " Rn is integrable function and Fi ! C([a, b], GLn(R)), i = 0, 1, . . . ,m, are defined by

Fi(t) :=

"

###$

f i
11(t) f

i
12(t) . . . f

i
1n(t)

f i
21(t) f

i
22(t) . . . f

i
2n(t)

...
...

. . .
...

f i
n1(t) f

i
n2(t) . . . f

i
nn(t)

%

&&&'
, and set ! :=

"

###$

"1 0 . . . 0
0 "2 . . . 0
...

...
. . .

...
0 0 . . . "n

%

&&&'
,

{"1,"2, . . . ,"n} # {$1, 1}. If u = (ui)ni=1 ! Rn, then |u|" = max1!i!n |ui| and C([a, b],Rn)
is the Banach space of continuous functions [a, b] " Rn with the norm C([a, b],Rn) % u "
maxs#[a,b] |u(s)|" = maxt#[a,b] ess sup |u(t)|.
The main goal of our investigations is to establish the exact conditions su!cient for the unique
solvability of the initial value problem

u(a) = c, (2)

for systems of linear FFDE (1) presented by isotone, in a sense, operator (see Definition 3).
For this aim, we use Theorem 2 from [1]. The mentioned theorem was established using the
method of test elements studied for the estimation of the spectral radius of a linear operator
based on knowledge of the value of the operator on a single, suitably chosen, element of the
space. The unique solution of the problem (1), (2) is presented in view of the Neumann’s series.
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Definition 1 By a solution of the linear boundary-value problem (1) and (2), we understand
continuous vector function (u ! C([a, b],Rn)) possessing property (2) and satisfying relation (1)
for almost all t from the interval [a, b].

Definition 2 For a function u ! [a, b] the Caputo derivative of fractional order q is defined by

Dq
au(t) =

1

#(1$ q)

( d

dt

)* t

a
(t$ s)$q

+
u(s)$ u(a)

,
ds, 0 < q < 1, #(q) :=

* "

0
tq$1e$tdt.

Definition 3 For a certain given {"1,"2, . . . ,"n} # {$1, 1} an operator

C([a, b],Rn) % u &" (lu)(t) :=
ti!t!

i=1

Fi(t)u(ti) (3)

is a #"-positive operator if the fact that, for all t ! [a, b], the relation

!u(t) ' 0, (4)

is true implies that !
-ti!t

i=1 Fi(t)u(ti) ' 0, for almost every t from [a, b].

Let us fix arbitrary y0 ! C([a, b],Rn) and introduce the sequence of functions

yk(t) :=
1

#(12)

* t

a

1

(t$ s)
1
2

m!

i=1

Fi(s)$i(s)yk$1(ti)ds. (5)

with properties
"kyk(t) > 0, t ! (a, b], yk(a) = 0, (6)

where $i(t) is the characteristic function of the interval [ti, b] : $i(t) = 1, if t ! [ti, b] and $i(t) =
0, if t (! [ti, b]. The following inclusion is then satisfied obviously: {yk ' 0} # C([a, b],Rn).

2 Results and discussion

Let us put y0(t) = %(t$ a), % ! Rn.

Theorem 1 Assume that

!Fi(t)! ' 0 for almost all t ! [a, b], 1 ) i ) n (7)

is fulfilled. Suppose that there exist a number & > 1. Additionally, there are fulfilled the suc-
ceeding di!erential inequalities

!
(4%

(
t$ a

) 3
2

3#(12)
$ &

ti!t!

i=1

Fi(t) %(ti $ a)
)
' 0 (8)

for a certain m ' 0, all ' = 1, 2, . . . , n, and almost all t ! [a, b].

Then the nonhomogeneous non-local boundary-value problem (2) for FFDE (1) has a unique
solution u(·) for arbitrary c ! Rn and integrable function r : [a, b] " Rn, and this solution is
representable in the form u(t) =

-n
k=0 r

[k](t), t ! [a, b], where

r[k](t) =
1

#(12)

m!

i=1

* t

a
(t$ s)$

1
2Fi(s)$i(s)r

[k$1](ti)ds,

r[0](t) = c+
1

#(12)

* t

a
(t$ s)

1
2 r(s)ds.
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If, furthermore, for all ' = 1, 2, . . . , n and t ! [a, b], the inequalities

"!
(
c! +

1

#(12)

* t

a
(t$ s)$

1
2 r!(s)ds

)
' 0 (9)

are true, then the components (u!)n!=1 of the unique solution u(·) of the initial value problem (2)
for FFDE (1) satisfy the conditions (4). The corresponding homogeneous initial value problem
has only a trivial solution.

To prove Theorem 1 we use

Theorem 2 (Theorem 2 [1]) Assume that the linear operator l = (lk)nk=1 is #"-positive. Sup-
pose that there exist a number & > 1, a function y0 ! C([a, b],Rn), and a certain integer k ' 0
such that the components of the function (yk,!)n!=1 of the respective function yk are continuous
and satisfy conditions (6). Additionally, there are fulfilled the succeeding di!erential inequalities

"!
(
Dq

ayk,!(t)$ &(l!yk+m)(t)
)
' 0 (10)

for a certain m ' 0, all ' = 1, 2, . . . , n, and almost all t ! [a, b].

Then the nonhomogeneous non-local boundary-value problem (2) for FFDE

Dq
au(t) = (lu)(t) + r(t), t ! [a, b], 0 < q < 1, (11)

has a unique solution u(·) for arbitrary c ! Rn and r : [a, b] " Rn, and this solution is repre-
sentable in the form

u(t) = rc(t)+
1

!(q)

. t
a(t$s)q$1(lrc)(s)ds+

1
!(q)

. t
a(t$·)q$1l

(
1

!(q)

. ·
a(t$s)q$1(lrc)(%)d%

)
(s)ds+. . . ,

where the functional series converges uniformly on [a, b] and rc(t) := c+ 1
!(q)

. t
a(t$ s)q$1r(s)ds.

If, furthermore, for all ' = 1, 2, . . . , n and t ! [a, b], the inequalities (9) are true, then the
components (u!)n!=1 satisfy the conditions (4). The corresponding homogeneous initial value
problem has only a trivial solution.

Obviously, condition (7) is condition on #"-positivity of the operator l from (11) defined by (3).
Since (8) is a particular case of the di"erential inequality (10) for k = 0, m = 0, y0(t) = %(t$a),
% ! Rn, then the assertion of Theorem 1 is an immediate consequence of Theorem 2.

3 Conclusions and Future work

Summarizing, we apply derived abstract results from [1] to the model with discrete memory (1), (2). Here
are established exact conditions su!cient for the unique solvability of the initial-value problem for the
system of linear fractional functional di"erential equations determined by isotone operators. A possible
future work would be to study several coupled FFDEs with di"erent fractional derivatives. We also intend
to extend the method of this paper to such kinds of systems.
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1 Introduction

Let ! = IR3 or ! be a simply connected three-dimensional bounded domain with the boundary
!! of the Hölder class C2+" for some " > 0. Suppose that 0 < T < ! and put QT = !" (0, T ).
We study the initial–boundary value Navier–Stokes problem

!tu# #"u+ (u ·$)u+$P = 0 in QT , (1)

divu = 0 in QT , (2)

u(0) = u0 in !. (3)

We denote by u the velocity, P is the pressure and u0 denotes the initial condition. For simplicity,
we suppose the kinematic viscosity # to be equal to 1. We add Navier’s boundary conditions

u · n = 0, [(($u) + ($u)T )n]# + $u = 0 on !!" (0, T ), (4)

where $ > 0 denotes the friction coe#cient between the fluid and the fixed wall and n is the
outer normal vector on !!, or Navier-type boundary conditions

u · n = 0, ! " n = 0 on !!" (0, T ), (5)

where ! = $" u, or Dirichlet boundary conditions

u = 0 on !!" (0, T ). (6)

Now we define weak and strong solutions of the problem (1)–(4). Weak and strong solutions of
problems (1)–(3) and (5) and (1)–(3)and (6) are defined in a similar way.
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Definition 1 We say that u % L!(0, T ; L2
$(!)) & L2(0, T ; W 1,2

$ (!)) a weak solution of the
problem (1)–(4) with initial velocity u0 % L2

$(!) if

! T

0

!

!

"
#u · !t"+

#
($u) + ($u)T

$
$"+ (u ·$)u · "

%
dx dt+ #

! T

0

!

%!
$ u" dx dt

#
!

!
u0 · "(0) dx = 0

for all " % C!([0, T ]; W 1,2
$ (!)) such that "(T ) = 0.

Definition 2 Let u be a weak solution of the system (1)–(4). Suppose that the inequality

&&u(t)
&&2
2
+

! t

0

&&$u(%) + ($u)T (%)
&&2
2
d% + 2$

! t

0

&&u(%)'22,%!d% (
&&u(s)

&&2

holds for every t % (0, T ) and for almost every s % (0, t). Then we say that u satisfies the strong
energy inequality.

Definition 3 Let u be a weak solution of the system (1)–(4). We say that u is regular if there
exist real numbers p, r such that 3 < r < !, 2 < p < !, 2/p+ 3/r = 1 and

u % Lp
loc((0, T ]; L

r(!)).

2 Presented results

Theorem 1 summarizes the results published in [2] and [3]. These results relate to the robustness
of the solution of the regular Navier-Stokes equations.

Theorem 1 Let u be a regular solution of (1)–(4) of (1–(3) and (5) on the time interval (0, T )
(where 0 < T ( !). Then to every & > 0, there exists ' > 0 such that if v0 % W 1,2

$ (!) satisfies

'v0 # u(0)'3 < ' (7)

then there exists a unique regular solution v with the initial velocity v0, on the same time interval
(0, T ). The solution v satisfies the estimate

'v(t)# u(t)'3 < & (8)

for all t % (0, T ).

Theorem 1 can also be interpreted as a theorem on the continuous dependence of a strong
solution on the initial condition. The perturbed strong solution v exists on the same time
interval (0, T ), where the “basic” solution u exists. In the case T = !, inequality (8) yields
that any strong solution u on the time interval (0,!) is stable in the L3–norm.

Theorems 2 and 3 present results published in [1]. These results deal with the conditional
regularity of the weak solutions to the Navier-Stokes equations.

Theorem 2 Let ( ) 1 and u be a weak solution of either the problem (1)–(4) or the problem
(1), (2), (3) and (5). Let u satisfy the strong energy inequality and be equipped with the initial
condition u0 % L3

$(!). If

u ·$|u|& % Lp(0, T ; Lr(!)), where
2

p
+

3

r
= (+ 2, r %

' 3

(+ 2
,!

(
,

then u is regular on (0, T ].
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Theorem 3 Let ( % [1, 2] and u be a weak solution of the problem (1)–(3) and (6). Let u
satisfy the energy inequality and be equipped with the initial condition u0 % L3

$(!). If

u ·$|u|& % Lp(0, T ; Lr(!)), where
2

p
+

3

r
= (+ 2, r %

' 3

(+ 2
,

3

(+ 1

(
,

then u is regular on (0, T ].

Let velocity w and pressure Q solve the equations (1) and (2) in IR3" (0, T ). Then the rescaled
functions wµ, Qµ, µ > 0, defined as wµ(x, t) = µw(µx, µ2t) and Qµ(x, t) = µ2Q(µx, µ2t) solve
(1) and (2) in IR3 " (0, T/µ2). The spaces Lp(0, T ;Lr(!)) with 2/p + 3/r = 1 are called criti-
cal since their norms are invariant with regard to the presented scaling, i.e., 'w'Lp(0,T ;Lr(R3)) =

'wµ'Lp(0,T/µ2;Lr(R3)). One can verify that 'w·$|w|&'Lp(0,T ;Lr(R3)) = 'wµ·$|wµ|&'Lp(0,T/µ2;Lr(R3))

provided 2
p + 3

r = (+ 2, r %
'

3
&+2 ,

3
&+1

(
. In this sense criterion presented in Theorems 2 and 3

is optimal.

For ( = 1 u·$|u| corresponds with flow of velocity magnitude and for ( = 2 u·$|u| corresponds
with flow of energy.
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1 Introduction

Di↵usion processes can be sometimes modeled by nonlocal operators, which take into account
the influence of the value of the variable in the whole domain (or in part of them) and not only
in the current point. We consider the following stochastic system of di↵erential equations:

d

dt
ui (t) =

X

r2D
ji�rur (t)� ui(t) +

X

r2Z\D
ji�rgr (t) + b�i(ui(t))

dwi

dt
, i 2 D, t > 0, (1)

ui (0) = u
0
i , i 2 D,

where wi (t) are independent Brownian motions and b > 0 is the intensity of the white noise.
We will assume the following assumptions on the kernel {ji} and the functions {gi( )}:

(H1) ji � 0 for all i 2 Z.

(H2)
P

i2Z ji = 1.

(H3) g 2 C([0,+1), l12 ),

where l
1
2 = {(ui)i2Z\D : supi2Z\D |ui|}.

413



We will consider two specific type of noises. Namely: 1) �i(v) = v (linear case); 2) �i(v) =
v(1 � v). The choice of the noise in the second case is motivated by the fact that we are
interested in studying variables like the probability of death, which take values in the interval
[0, 1].

We present some theoretical results concerning the properties of solutions of the stochastic
system. First, we prove in the linear case the existence of a unique positive solution whenever
the initial datum is positive. Second, we establish in the second case that if the initial condition
takes values in the interval (0, 1), then the solution remains in this interval for any future time.

Also, we perform numerical simulations of solutions and analyse the e�ciency of model (1) for
prediction of mortality using data from Spain.

2 Properties of solutions

In this section, under certain conditions on the functions of the problem, we will establish first
that for any positive initial condition there exists a unique globally defined solution which is
almost sure positive. Then we will prove that if the initial condition lies in the interval (0, 1),
then the solution remains there for all positive times. This is important for the application to
life tables.

First, we will consider a standard linear noise, that is, we study the system

d

dt
ui (t) =

X

r2D
ji�rur (t)� ui(t) +

X

r2Z\D
ji�rgr (t) + bui(t)

dwi

dt
, i 2 D, t > 0, (2)

ui (0) = u
0
i , i 2 D.

Denote Rm
+ = {v 2 Rm : vj > 0 for all j}.We prove first the existence of global positive solutions.

Lemma 1 Assume that gr(t) � 0 for all r and t. Then for any u
0 2 Rm

+ there exists a unique
globally defined solution u ( ) such that u (t) 2 Rm

+ almost sure for t � 0.

Corollary 2 Let u0, v0 2 Rm be two initial conditions satisfying u
0
i > v

0
i for any i 2 D. Also,

g
u
, g

v 2 C([0,+1), l12 ) are such that gui (t) � g
v
i (t) for all i 2 D and t � 0. Then, ui (t) > vi (t),

for all i 2 D and t � 0, where u ( ), v ( ) are the unique solutions to problem (2) corresponding
to {u0, gu} and {v0, gv}, respectively.

Second, we are going to consider the system

d

dt
ui (t) =

X

r2D
ji�rur (t)� ui(t) +

X

r2Z\D
ji�rgr (t) + bui(t)(1� ui(t))

dwi

dt
, (3)

ui (0) = u
0
i ,

where i 2 D, t > 0.

We are interesting in proving that if the components of the initial condition lie within the interval
(0, 1) and the functions gr (t) take values in [0, 1], then the components of the solution u (t) also
lie in (0, 1) for any t � 0 a.s. This is important for applying the results to life tables, as in such
situation the variable is a probability.

Lemma 3 Assume that gr(t) 2 [0, 1] for all r and t. Then for any u
0 2 Rm such that u0i 2 (0, 1),

for any i 2 D, the unique solution u ( ) to (3) satisfies almost sure that ui (t) 2 (0, 1) for all
i 2 D and t � 0.
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3 Application to life tables

The mortality table is the most widely used tool for studying the survival of a population. This
instrument is based on the so-called biometric functions. In this work we will focus on the
probability of death, denoted by q

t
x.

We solve numerically system (1) by using the Euler-Maruyama method. In the resolution of
this system, the mortality data for the year 2010 from the National Institute of Statistics (of
Spain) are used as initial values. Also, the mortality values for 2019 are used as a reference for
the suitability of the estimates.

In relation to the values of the parameters that are used for the resolution of the stochastic
system, we observe first that ages are taken from 0 to 100 (thus, m1 = 0, m2 = 100). The
function g is defined to be piecewise constant, with gi = 0.41, for i > 100, and gi = 0.001802,
for i < 0; the choice of the value 0.41 is the one proposed in [1, 2] as the convergence value
of the limit mortality. The value 0.001802 is obtained applying static kernel graduation to the
initial series of values. The time step is one year, which is subdivided into 50 sub-periods for
the intermediate calculations. A Gaussian kernel with bandwidth equal to 1 is used.

Figure 1 shows (in logarithmic scale) the observed mortality values for the years 2010 and 2019,
together with 50 trajectories obtained in the numerical resolution of the system. It can be seen
that all of them contain the three parts in which the mortality curve is traditionally subdivided:
adaptation to the environment, social or accident hump, and natural longevity. Therefore we
can say that the system preserves the qualitative properties of the mortality curve and, in this
sense, is adequate.

Figure 1: Ensemble of estimates of mortality

Although the proposed model is adequate from the qualitative point of view, it is evident that the
estimated mortality rates are not between the initial values

�
q
2010
x

 
and the observed limit values�

q
2019
x

 
. This is due to the fact that the model does not take into account the improvements

in mortality, which, as it was already mentioned, is the essential nature of dynamic mortality
models. It is easy to obtain an initial correction of the estimates using the average annual
improvement rate, IR, which is calculated as the arithmetic mean of the improvement rates by
age:

IRx =
q
t
x

q
t+1
x

.

We have obtained that IR = 0.03. Figure 2 shows the new graphic after this correction. Now,
the set of corrected predictions lies between the observed values in 2010 and 2019.
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Figure 2 shows how a simple correction provides reasonable estimates in magnitude for a short
period of time. However, it can be seen that these estimates are not equally adequate for all
ages. This is due to the fact that the improvement in mortality does not a↵ect all ages in the
same way and, therefore, it is necessary to introduce appropriate correction rates for each age,
for example incorporating the history of mortality through delay terms as has benn carried out,
in the deterministic system, in the previous work [3]. In this sense, the study of the stochastic
model with delay would be an improvement of the current work.

Figure 2: Ensemble of estimates of mortality
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1 Introduction

Generalized Krichever-Novikov equation (gKN)

ut � uxxx +
3

2

u2xx
ux

� f(u)

ux
= 0

For f(u) an arbitrary quartic polynomial, it is integrable (infinite number of higher order

local symmetries and conserved densities)

No master symmetry was known until work in [2]; it was obtained from finding a conser-

vation law in which t, x appear explicitly

2D generalization of the equation is known:

⇣ut � uxxx
ux

+

3
2(u

2
xx � �u2y) + f(u)

u2x

⌘

x
+ �

⇣uy
ux

⌘

y
= 0, � = const.

integrable equation (Lax pair)
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2 Variational formulation

The 2D gKN equation is the extremal of a functional given by a Lagrangian:

L =
1

2

ut
ux

� 1

2

u2xx + �u2y
u2x

+
1

3

f(u)

u2x
modulo total divergence

Extremal is obtained from the Euler operator:

Eu(L) =
1

ux

✓⇣ut � uxxx
ux

+

3
2(u

2
xx � �u2y) + f(u)

u2x

⌘

x
+ �

⇣uy
ux

⌘

y

◆

3 Noether’s Theorem

For arbitrary f(u): point symmetries are the span of

X1 = @t, X2 = F (t)@x, X3 =
1

2
�F 0

(t)y@x + F (t)@y

where F (t) is an arbitrary function.

For specific f(u): point symmetries consist of

a) f(u) = C exp(�4au), X4a = 3at@t+ ax@x+ 2ay@y + 2@u

b) f(u) = C(u+ b)2�4a, X4b = 3at@t+ ax@x+ 2ay@y + (u+ b)@u

c) f(u) = C(u+ b)4 exp(4a/(u+ b)),

X4c = 3at@t+ ax@x+ 2ay@y + (u+ b)2@u

d) f(u) = C(u+ b+ c)2+2a/c
(u+ b� c)2�2a/c,

X4d = 3at@t+ ax@x+ 2ay@y + ((u+ b)2 � c2)@u

e) f(u) = C((u+ b)2 + c2)2 exp ((�4a/c) arctan((u+ b)/c)) ,

X4e = 3at@t+ ax@x+ 2ay@y + ((u+ b)2 + c2)@u

f) f(u) = C(u+ b)4,

X4f = 3t@t+ x@x+ 2y@y � 2(u+ b)@u, X5f = (u+ b)2@u

where a, b, c, C are arbitrary non-zero constants.

The variational point symmetries of the 2D gKN equation are given by:

X1 = @t,

X2 = F (t)@x,

X3|�2=1 = ±1
2yF

0
(t)@x + F (t)@y,

X4b|a=0 = (u+ b)@u,

X4c|a=0 = X5f = (u+ b)2@u,

X4d|a=0 = X4e|a=0 = ((x+ b)2 + c2)@u.
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4 Conservation Laws

Conserved densities arising from variational point symmetries:

T1 =
�
1
2(u

2
xx + �u2y)� 1

3f(u)
�
/u2x,

T2 = 0,

T3 = F (t)uy/ux,

T4b =
1
2(u+ b)/ux,

T4c =
1
2(u+ b)2/ux,

T4d =
�
(u+ b)2 � c2

�
/ux.

For future work, the goal is to search for nonlocal conservation laws involving t,x explicitly.
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1 Introduction

The phenomena of energy transport in an anharmonic crystal material [1, 2] can be modelled
by a coupled gKdV-NLS system

ut + ↵upux + �uxxx = �(| |2)x (1)
i t +  xx = �u (2)

in which u(x, t) is real-valued and  (x, t) is complex-valued. In this system, p > 0 is nonlinearity
power, and ↵,�, �,,� are real non-zero constants.

There is a strong interest in studying exact solutions which describe frequency-modulated soli-
tary waves

u = U(⇠),  = ei!t (⇠), ⇠ = x� ct (3)

where c is the wave speed, and ! is the modulation frequency. For the KdV case p = 1, some
solutions have been found in Ref. [1], while for the mKdV case p = 2, no exact solutions were
found [2]. Nothing has been done for higher nonlinearities p � 3.

In the present work, we derive exact solutions for p = 1, 2, 3, 4, starting from the travelling wave
ODE system satisfied by U and  . The method is new:
(i) obtain first integrals by use of multi-reduction symmetry theory [3];
(ii) apply a hodograph transformation which leads to triangular (decoupled) system;
(iii) introduce an ansatz for polynomial solutions of the base ODE;
(iv) characterize conditions under which solutions yield solitary waves;
(v) solve an algebraic system for the coe�cients in the ansatz under those conditions.
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The resulting solitary waves exhibit a wide range of features: bright and dark peaks; single
peaked and multi-peaked; zero and non-zero backgrounds.

We will use the dimensionless form of the system (1)–(2):

ut + s1u
pux + uxxx + s2(| |2)x = 0 (4)

i t +  xx + ku = 0 (5)

where

s1 =

(
1, p = odd
±1, p = even

, s2 =

(
±1, p = odd
1, p = even

(6)

and k 6= 0 is an arbitrary constant.

Substitution of the invariant form (3) into the coupled equations (4) and (5) yields an ODE
system for U(⇠) and  (⇠):

U 000 + (s1U
p � c)U 0 + s2(| |2)0 = 0 (7a)

 00 � ic 0 + (kU � w) = 0 (7b)

It will be useful to consider the polar form of this system, which arises from expressing  in
amplitude-phase form

 = A exp(i�) (8)

The polar variables A(⇠) and �(⇠), along with U(⇠), satisfy the coupled ODEs

U 000 + (s1U
p � c)U 0 + 2s2AA0 = 0 (9a)

A00 + (kU + c�0 � �02 � w)A = 0 (9b)
A�00 + (2�0 � c)A0 = 0 (9c)

This system for U(⇠), A(⇠), �(⇠) consists of one third-order ODE (9a) and two second-order
ODEs (9b) and (9c). Therefore, the general solution would require a total of seven integrations.
As noted in the work [1, 2], inspection of the ODEs suggest that only a few explicit integrations
are possible.

The steps (i) to (v) in our new method will now be carried out. Symmetry multi-reduction
yields four conservation laws for the gKdV–NLS system (4)–(5), each of which is inherited as a
first integral by the ODE system. Three of the four first integrals are functionally independent,
and hence the ODE system is reduced to one second-order ODE and two first-order ODEs

U 00 = cU � s1
1

p+1Up+1 � s2A
2 + C1 (10)

1
2kU 02 + s2A

02 = kC1U + 1
2kcU2 � s1

1
(p+2)(p+1)kUp+2 � s2kUA2

� s2(1
4c2 + !)A2 � s2C2

2A�2 � C3

(11)

�0 = 1
2c + C2A

�2 (12)

where C1, C2, C3 are free constants. Next, this reduced system can be decoupled into a triangular
form, without any assumptions, by applying the hodograph transformation

A = F (U) (13)

This yields

U 00 = cU � s1
1

p+1Up+1 � s2F (U)2 + C1 (14)

U 02 =
(kC1U + 1

2kcU2 � s1
1

(p+2)(p+1)kUp+2 � s2((1
4c2 + !) + kU)F (U)2 � C3)F (U)2 � s2C2

2

F (U)2(1
2k + s2F 0(U)2)

(15)

�0 = 1
2c + C2F (U)�2 (16)
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The second-order ODE (14) now has the form of a nonlinear oscillator equation. It possesses
the first integral

U 02 = �s22G(U)� s1
2

(p+1)(p+2)U
p+2 + cU2 + 2C1U + 2C4, G(U) =

R
F (U)2 dU (17)

where C4 is an arbitrary constant. Equating equations (17) and (14), and replacing

F (U)2 = G0(U), F 0(U) = 2G00(U)/F (U), (18)

yields
1
2(s2G(U) + s1

1
(p+1)(p+2)U

p+2 � 1
2cU2 � C1U � C̃4)G00(U)2

= (kU + 1
4c2 + !)G0(U)2 � (kG(U)� s2(C̃3 + kC̃4))G0(U) + C2

2
(19)

This is a second-order ODE for G(U). Hence, the following result has been obtained.

Theorem 1.1 Any solution of the second-order ODE (19) for G(U) yields a solution of the

ODE system (10)–(12) by quadratures: First, integrate ODE (17), which is separable, to get

U(⇠). Second, substitute U(⇠) into transformations (18) and (13) to get A(⇠). Last, substitute

A(⇠) into ODE (12) and integrate to get �(⇠). The resulting expressions (U(⇠), A(⇠),�(⇠)) give

a frequency-modulated travelling wave (3).

An e↵ective ansatz for solving the ODE (19) is to take G(U) as a polynomial in U , whose degree
is determined by balancing powers in the ODE (19). This leads to the expression

G(U) = �s1s2
1

(p+1)(p+2)U
p+2 + g3U

3 + g2U
2 + g1U + g0 (20)

where g0, g1, g2, g3 are constant parameters which can be determined from the ODE (19).

Solutions exist for p = 1, 2, 3, 4 and take the form

U(⇠) = b + s3h sech2
�p

gh/2 ⇠
�

(21)

A(⇠) =
q

g1 + 2g2U(⇠) + 3g3U(⇠)2 � s1s2
1

p+1U(⇠)p+1 (22)

�(⇠) =
c

2
⇠ + C1

Z ⇠

0

d⇠

A(⇠)2
+ � (23)

where s3 = s2 sgn(g3) = ±1, g = |g3|, h = 1
2

p
d/g, b = �1

3(s3h + (g2 � s2
1
2c)/g3), d = (c �

s22g2)2 + 12g3(s2C1 � g1) > 0. The wave profile U is similar to a KdV soliton, while the profile
for A can have several di↵erent shapes depending on p and the solution parameters (k, c,!, b, h)
and the signs s3, s2, s1. These parameters obey a set of equations and inequalities, which di↵er
for each case of p. In each of the four cases, there is an allowed range for b and h.

Hence, large multi-parameter families of solitary waves are obtained.
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1 Introduction

If we consider the non-local equation

@u

@t
� a(kuk2

H
1
0
)
@
2
u

@x2
= �f(u) (1)

with Dirichlet boundary conditions, then it is possible to define a suitable Lypaunov functional.
In [1] it is shown that regular and strong solutions generate (possibly) multivalued semiflows
having a global attractor which is described by the unstable set of the stationary points. In
the case where the function f is odd and equation (1) generates a continuous semigroup the
existence of fixed points of the type given in the Chafee-Infante problem was established in [2].
Moreover, if a is non-decreasing, then they coincide with the ones in the Chafee-Infante problem.

2 Setting of the problem

Previous results are extended for a more general function f : strictly concave if u > 0 and strictly
convex if u < 0. Also, we will impose: f 2 C(R), f(0) = 0, f 0(0) = 1, growth and dissipation
conditions: for p � 2, Ci > 0, i = 1, .., 4, we have |f(u)|  C1 + C2|u|p�1 and

f(u)u  C3 � C4|u|p, if p > 2, lim sup
u!±1

f(u)

u
 0, if p = 2.

It is worth mentioning that we focus on the particular situation where the domain is one-
dimensional and the function f is of the type of the standard Chafee-Infante problem, for which
the dynamics inside the attractor has been completely understood [3].
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3 New results

Our goal is to describe the structure of the attractor as accurately as possible. For this aim, the
first question tackled is about existence of solution.

Theorem 1 Assume the existence of constants �, � > 0 such that

f (u)u  � + �u
2 for all u 2 R.

Then, for any u0 2 H
1
0 (⌦) problem (1) has at least one strong solution.

Using the property of upper semicontinuity, existence and characterization of the attractor is
obtained. By this way, we focus on equilibria and we have the same dynamic than in the classical
Chafee-Infante equation.

Theorem 2 If �  a (0)⇡2 (k + 1)2 and a is non-decreasing, then there are exactly 2k+1 fixed
points: 0, u

±
1,d⇤1

, ..., u
±
k,d

⇤
k
. Also, the only unstable fixed points are 0 and u

±
k,d

⇤
k
, k � 2.

Finally, in view of the lap number concept, we obtain that the only allowed connexion between
equilibra are from those who have more zeros towards those with less. By this way, the global
attractor A consists of the set of stationary points (which has 2n+1 elements) and the bounded
complete trajectories that connect them (the heteroclinic connections).
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1 Introduction and Presentation of Results

We consider the Navier-Stokes equations for the viscous incompressible fluid in the entire three-dimensional
space, i.e.

!u

!t
!!u+ u ·"u+"" = 0 in R3 # (0,$), (1)

" · u = 0 in R3 # (0,$), (2)
u|t=0 = u0, (3)

where u = u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) and " = "(x, t) denote the velocity of the fluid and
its pressure respectively. u0 = u0(x) is the initial velocity.

If u0 % L2
" (solenoidal functions from L2) the problem (1) - (3) possesses at least one global weak

solution u % L!
loc([0,$);L2

") & L2
loc(0,$;W 1,2) satisfying the energy inequality

||u(t)||22 + 2

! t

0
||"u(#)||22 d# ' ||u0||22

for every t ( 0. If moreover u0 % L2
"&W 1,2 then these solutions are regular on a time interval (0, $), $ >

0, which means that "u % L!
loc(0, $;L

2). As is well known the regularity of u on every interval (0, T ),
T > 0, is an outstanding open problem (see [6] for the definitions and further details). Nevertheless,
the regularity of u can be achieved by endowing it with some reasonable additional conditions. Mention
here specifically a simple version of the following classical regularity result usually referred to as the
Prodi-Serrin conditions: a weak solution u equipped with the initial condition u0 % L2

" & W 1,2 and
satisfying the energy inequality is regular on (0, T ), T > 0, if u % Lp

loc(0, T ;L
r), where 2/p+ 3/r = 1

and r % [3,$].
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It is well known that if u and p solve the system (1) - (3) then the same is true for the rescaled functions
u#, p#, % > 0, defined as

u#(x, t) = %u(%x, %2t), p#(x, t) = %2p(%x, %2t).

The spaces Lp(0, T ;Lr), where 2/p + 3/r = 1 are called critical since their norms are invariant with
regard to the presented scaling, i.e. ||u||Lp(0,T ;Lr) = ||u#||Lp(0,T/#2;Lr) for every % > 0. In this sense the
Prodi-Serrin conditions are optimal.

We will now present several new optimal regularity criteria in terms of the rate of change of some
fundamental physical quantities along the streamlines and compare these criteria with some famous
criteria from the literature. In the following we denote â = a/|a| for any vector a.

Let us start with the criterion based on û ·"|u|$, & % [1,$). As is discussed below, for & = 1 and & = 2
this quantity has a clear physical interpretation.

Theorem 1 Let u be a weak solution of (1)–(3) satisfying the energy inequality and equipped with the
initial condition u0 % L2

" &W 1,2. Suppose that & % [1,$) and

û ·"|u|$ % Lp
loc(0,$;Lr),

where 2/p+3/r = 1+& and r % (max(1, 3/(1+&)),$). Then u is regular on (0, T ) for every T > 0.

If & = 1 then Theorem 1 shows that controlling the rate of change of the velocity magnitude along the
streamlines provides the regularity of the solution. Since obviously

"""û ·"|u|
""" ' |"|u||,

it specially means that if "|u| % Lp
loc(0,$;Lr) with 2/p+3/r = 2 and r % (3/2,$), then u is regular

on (0, T ) for every T > 0. We can compare this result with a result by Vasseur who proved in [7] that the
regularity is obtained if one is able to control the rate of change of the velocity direction. More precisely,
he proved that if div û % Lp

loc(0,$;Lr), where 2/p + 3/r = 1/2 and r % [6,$], then u is regular on
every (0, T ). So the above criterion for & = 1 and the Vasseur’s criterion are complementary: if one
controls either the rate of change of the velocity direction or the rate of change of the velocity magnitude,
the blow-up of the solution is excluded.

It is known (see [4]) that if !3u % Lp
loc(0,$;Lr), where 2/p + 3/r = 2 and r % (3/2, 6], then u is

regular on (0, T ) for every T > 0. The extension of this result to r % (6,$) is still an open problem.
One can formulate a similar problem in terms of !3|u|: prove the regularity of u on every (0, T ) under
the assumption that !3|u| % Lp

loc(0,$;Lr), where 2/p+ 3/r = 2 and r % (3/2,$). Since

|!3|u|| '
"""
!u

!x3

""",

it is clear that the problem in terms of !3|u| is stronger than the problem in terms of !3u. It is interesting
to compare the problem in terms of !3|u| with the above result for & = 1. While in the first case we
differentiate the velocity magnitude in a fixed direction and the problem has not yet been solved, in the
second case |u| is differentiated in the variable direction of the velocity and we have got an optimal
criterion for every r % (3/2,$).

If & = 2 then Theorem 1 shows that controlling the rate of change of the energy along the streamlines
provides the regularity of the solution.

Theorem 2 Let u be a weak solution of (1)–(3) satisfying the energy inequality and equipped with the
initial condition u0 % L2

" &W 1,2. Then u is regular on (0, T ) for every T > 0 if

" ) ((û ·")u) · û % Lp
loc(0,$;Lr), where

2

p
+

3

r
= 2 and r %

#3
2
,$

$
. (4)
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While the vector (û · ")u is a derivative of the velocity in the direction of the velocity, " from (4) is
the projection of this vector into the velocity direction. The velocity is generally dependent on the space
and time variables. If we replace the variable direction of the velocity by the fixed direction (0, 0, 1), we
get instead of " only one item of the velocity gradient !3u3. While the critical condition (4) yields the
regularity, the regularity results in terms of !3u3 are not even optimal (see e.g. [1], [2], [5] and [9]).

Theorem 3 Let u be a weak solution of (1)–(3) satisfying the energy inequality and equipped with the
initial condition u0 % L2

"&W 1,2. Let P be the associated pressure. Then u is regular on (0, T ) for every
T > 0 if

"P · û % Lp
loc(0,$;Lq), where

2

p
+

3

q
= 3 and q % (1,$). (5)

Thus, controlling the derivative of the pressure along the streamlines yields the regularity. If we replace
the direction û with the fixed direction (0, 0, 1), i.e. if we differentiate the pressure not along the stream-
lines but in the fixed direction (0, 0, 1) we obtain the criterion in terms of !3P . Regarding this criterion,
the best result reached so far is non-optimal and has been published in [8]. It says that u is regular if
!3P % Lp(0, T ;Lq), where 2/p+ 3/q = 2 + 1/q and q % (1,$).
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Abstract: This work focuses on the Laplace approximation for the rough di↵erential equa-

tion (RDE) driven by mixed rough path (BH ,W ) with H 2 (1/3, 1/2) as " ! 0. Firstly,

based on geometric rough path lifted from mixed fractional Brownian motion (fBm), the

Schilder-type large deviation principle (LDP) for the law of the first level path of the solu-

tion to the RDE is given. Due to the particularity of mixed rough path, the main di�culty

in carrying out the Laplace approximation is to prove the Hilbert-Schmidt property for

the Hessian matrix of the Itô map restricted on the Cameron-Martin space of the mixed

fBm. To this end, we imbed the Cameron-Martin space into a larger Hilbert space, then

the Hessian is computable. Subsequently, the probability representation for the Hessian is

shown. Finally, the Laplace approximation is constructed, which asserts the more precise

asymptotics in the exponential scale.
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1 Introduction

In this paper, we consider the rough di↵erential equation (RDE) driven by mixed rough paths

as follows,

dY "

t = [� (Y "

t ) |�̂ (Y "

t )] "d(B
H ,W )t + � (", Y "

t ) dt, Y "

0 = 0, (1)

where " > 0 is a small parameter. And [�|�̂] denotes the block matrix with � 2 C1

b
(Rn,Mat(n, d1))

and �̂ 2 C1

b
(Rn,Mat(n, d2)), and � 2 C1

b
([0, 1]⇥ Rn,Rn

) with C1

b
being the set of bounded

smooth functions with bounded derivatives. (BH ,W )t 2 G⌦p(Rd1+d2), where G⌦p(Rd1+d2)

is the geometric rough path space, represents the mixed geometric rough path, which will be

introduced in Section 2. Let
�
⌦,F , {Ft}t�0 ,P

�
be a completely probability space, (bHt )t�0 is

Rd1-valued fractional Brownian motion (fBm) with Hurst index H 2 (1/3, 1/2), (wt)t�0 is Rd2-

valued Brownian motion (Bm). For each time t, we denote by Ft the �-field generated by the

random variables {(bHs , ws), 0  s  t} and all P-null sets. The expectation with respect to P is

denoted by E.
Let Y "

= �̂"("(BH ,W ),�) : G⌦p

�
Rd1+d2+1

�
7! G⌦p (Rn

) denote the Itô map corresponding to

(1) with �t = t. The purpose of this paper is to prove the Laplace approximation for Y ",1
under

natural assumptions, the first level path of the solution map,

J(") := E
"
exp

 
�
F
�
Y ",1
t

�

"2

!#
, (2)
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where F is a suitable real-valued bounded continuous function. See Section 2 for precise as-

sumptions.

To investigate the precise Laplace asymptotics for the first level path of Y "
t , firstly, we prove that

the mixed fBm can be lifted to the mixed geometric rough path. Then, we give the Schilder-type

LDP for the laws of the first level path of the solution to the above RDE (1), which provides

the asymptotics of J(") with " ! 0 on logarithmic scale. Furthermore, it proceeds to show the

Laplace approximation, providing more precise asymptotics in the exponential scale. Due to the

particularty of mixed rough path, the main di�culty in carrying out the Laplace asymptotics

is to analyze Hilbert-Schmidt property for the Hessian matrix of the Itô map restricted on the

Cameron-Martin space. To this end, we imbed the Cameron-Martin space into a larger Hilbert

space. We prove the Hilbert-Schmidt property with an orthonormal basis in this Hilbert space.

Then, the probability representation for the Hessian is analyzed. Finally, the precise Laplace

asymptotics for RDE driven by mixed rough path is constructed.

2 Results and discussion

Denote Cp�var
0 (Rn

) the space of continuous paths in Rn
with p-variation (2 < p < 3) starting at

0. Let Y "
= �̂"("(BH ,W ),�) : G⌦p

�
Rd1+d2+1

�
7! G⌦p (Rn

) denote the Itô map corresponding

to (1) with �t = t. Denote the Y ",1
is the first level path of the solution map. Consider the

solution map �̂"("(BH ,W ) + (�, ⌘),�),

dỸ "

t =
⇥
�
�
Ỹ "

t

�
|�̂
�
Ỹ "

t

�⇤
("d(BH ,W )t + (�t, ⌘t)

T
) + �

�
", Ỹ "

t

�
dt, Ỹ "

0 = 0. (3)

Denote �(")
= Ỹ ",1

the first level path of the solution map. Now �̂0((�, ⌘),�) is the solution

map lying above �0
=  (�, ⌘) 2 Cq�var

0 (Rn
) with 1 < q < 2, satisfying that

d�0
t =

⇥
�
�
�0
t

�
|�̂
�
�0
t

� ⇤
d(�t, ⌘t)

T
+ �

�
0,�0

t

�
dt, �0

0 = 0. (4)

We assume

A1. The function F is real-valued bounded continuous on Cp
0
�var

0 (Rn
) with p0 > 1/H.

A2. The function F⇤ := F ��+ ||(·, ·)||2
H
/2 attains its minimum at a unique point (�, ⌘)T 2 H,

with �(�, ⌘) = �0
.

A3. The function F is m+ 3 times Fréchet di↵erentiable on a neighborhood U(�0
) with �0

2

Cp
0
�var

0 (Rn
). Furthermore, there exist positive constants M1,M2, · · · such that

��rjF (⌘)hz, . . . , zi
��  Mjkzk

j

p0�var (j = 1, . . . ,m+ 3),

hold for any ⌘ 2 U(�0
) and z 2 Cp

0
�var

0 (Rn
).

A4. The bounded self-adjoint operatorA onH, which is related to the Hessian matrix r
2
(F � )(�, ⌘)

��
H⇥H

,

is strictly larger than �IdH.

Then, here follows our main result.

Theorem 2.1 Under Assumptions (A1)-(A4), we have the following asymptotic expansion with
" ! 0. There exist constants c,↵0,↵1, · · · s.t.

E
⇥
exp

�
�F

�
Y ",1

�
/"2
�⇤

= exp
�
�F⇤(�, ⌘)/"

2
�
(�c/") ·

�
↵0 + ↵1"+ · · ·+ ↵m"m +O

�
"m+1

��
, (5)

for any m � 0.
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3 Conclusions and Future work

In this work, we lift the mixed fBm to the mixed geometric rough path. Based on the LDP, the

precise Laplace asymptotics for RDE driven by mixed rough path is constructed. Delays are

ubiquitous in many fields, and it has received attention in a long time. As a result, it is worthy

to studying the precise Laplace asymptotics for rough functional di↵erential equations driven

by rough paths in the future.
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1 Introduction

We consider some abstract so called local operators acting in some functional spaces. Such

operators and corresponding equations plays important role in the theory of pseudo-di↵erential

operators and equations. There are a few approaches to the theory of pseudo-di↵erential oper-

ators and equations on non-smooth manifolds and manifolds with non-smooth boundarues, but

it seems the suggested abstract variant is very close to this theory. Some first steps were done in

the author’s papers [1,2], and here we present this abstract variant and give some applications.

2 Results and discussion

2.1 General concept

Let M be a compact m-dimensional manifold with a boundary @M , and A(x) be a certain

operator-function defined on M . Let Mk, k = 0, 1, ...,m � 1, be smooth k-dimensional sub-

manifolds on @M so that by definition Mm�1 ⌘ @M,M0 consists of isolated points on @M .

Further, we introduce a set of operator classes Tk, k = 0, 1, ...,m, so that for x 2 Mk, A(x) :

H
(1)
k ! H

(2)
k is a linear bounded operator, where H

(j)
k , k = 0, 1, ...,m, j = 1, 2, are some Banach

spaces.

We say that sub-manifold Mk is a singular k-sub-manifold if 8x 2 Mk we have A(x) 2 Tk.

Additionally, we will assume that if x 2 Mr \Mk�1 6= ; then A(x) 2 Tk�1.

Theorem 1. If the family A(x) consists of local Fredholm operators and this family is continuous

on each component Mk \ [k�1
i=0Mi, k = 0, 1, ...,m, then it generates a unique Fredholm operator

A acting in the spaces
mP
k=0

�H
(1)
k !

mP
k=0

�H
(2)
k .
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2.2 Pseudo-di↵erential operators

We consider a certain integro-di↵erential operator A on m-dimensional compact manifold M

with a boundary. This operators is defined by the function A(x, ⇠), (x, ⇠) 2 R2m
. We will

suppose that the symbol has the order ↵ 2 R, i.e.

c1(1 + |⇠|)↵  |A(x, ⇠)|  c2(1 + |⇠|)↵,
for all admissible x, ⇠ with universal positive constants c1, c2.

We consider such a compact manifold M with a boundary that there are some smooth compact

sub-manifolds Mk of dimension 0  k  m � 1 on the boundary @M of manifold M which

are singularities of a boundary. These singularities are described by a local representative of

operator A in a point x0 2 M on the map U 3 x0 in the following way

(Ax0u)(x) =

Z

Dx0

Z

Rm

e
i⇠·(x�y)

A('(x0), ⇠)u(y)d⇠dy, x 2 Dx0 ,

where ' : U ! Dx0 is a di↵eomorphism, and the canonical domain Dx0 has a distinct form

depending on a placement of the point x0 on manifold M . We consider following canonical

domains Dx0 : Rm
,Rm

+ = {x 2 Rm
: x = (x

0
, xm), xm > 0},W k

= Rk ⇥ C
m�k

, where C
m�k

is

a convex cone in Rm�k
. For instance, if we consider a cube Q in 3-dimensional space then we

have 4 canonical domains: R3
for inner points, R3

+ = {x 2 R3
: x = (x1, x2, x3), x3 > 0} for six

2-faces, R ⇥ C
2
= {x 2 R3

: x = (x1, x2, x3), x>0, x3 > 0} for twelve 1-dimensional edges, and

C
3
= {x 2 R3

: x = (x1, x2, x3), x1 > 0, x2 > 0, x3 > 0} for eight vertices.

Such an operator A will be considered in Sobolev–Slobodetskii spaces H
s
(M), and local variants

of such spaces will be spaces H
s
(Dx0).

Definition 1. The symbol of an operator A is called the operator-function A(x) : M ! {Ax}x2M
which is defined by local representatives of the operator A.

Under some additional assumptions on smoothness properties of the function A(x, ⇠) one has

the following

Theorem 2. The operator A has a Fredholm property i↵ its symbol is composed by Fredholm
operators.

Definition 2. An operator A is called an elliptic operator if its symbol is composed by invertible
operators.

Corollary 1. Elliptic operator is a Fredholm operator.

Theorem 3. If the classical elliptic symbol A(x, ⇠) admits k-wave factorization with respect to
the cones C

m�k with indices æk(x), k = 0, 1, · · · ,m� 2 satisfying the condition

|æk(x)� s| < 1/2, 8x 2 Mk, k = 0, 1, · · · ,m� 1,

then the operator A : H
s
(M) ! H

s�↵
(M) has a Fredholm property.

3 Conclusions and Future work

We have described a new approach to constructing the theory of pseudo-di↵erential equations

and related boundary value problems. This approach is based on general principles for special

local operators.

2

              
              
              
               

            

In our opinion such considerations will be useful for discrete situations in which pseudo-differential 
operators are defined in functional spaces of discrete variable. Some first considerations in this 
direction were done, for example, in Math. Model. Anal., 2018, 23, 492–506. Moreover, discrete 
situation is more accessible, since it permits to apply computer calculations. We hope to develop 
these studies in this direction including a comparison between discrete and continuous cases.
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Abstract: The purpose of this paper is to build and analyse a model of labour market
slack considering unemployment along with employment in which the number of hours is
limited to a level below that preferred by employees, which thus become ’underemployed’.
The distributed time are considered into the policy respons. We observe jobs separation and
matching, but also moves in and out of underemployment, as well as allowing for migration
to an open economy with delayed policy intervention. We analyse the stability behaviour
of the resulting equilibrium for our dynamic system, including models with Dirac and weak
kernels. The numerical simulations support the theoretical results.
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MSC2020: 49-XX; 34-XX; 92-XX.

1 Introduction

With the focus on understanding the dynamics of unemployment, in a previous mathematical
model (investigated in [8]), using some concepts from [5, 3], the following variables were consid-
ered: number of unemployed, employed, and new vacancies; a time delay has been incorporated
into the rate of change for the creation of new vacancies.

Furthermore, Misra et al. [6] demonstrated the link between the improvement of workers’
capabilities and the reduction of unemployment by utilizing skill development programs. The
impact of training programs has also been investigated in [1]. Moreover, Harding and Neamţu
[2] considered migration as a contributing factor when defining unemployment policies, including
distributed time delay. In [7, 4], the optimal control analysis has been completed.

In [3] we investigated the interaction between the number of unemployed people, immigrants,
temporary employees, regularly employed people, and the number of available vacancies in the
setting up of delay di↵erential equations. The distributed time delay has been included to reflect
the rate of change in available vacancies’ dependence on past regular employment levels. The
global asymptotic stability findings are presented both for the employment free equilibrium and
the positive equilibrium.
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The present paper proposes a five-dimensional mathematical model for studying unemployment,
based on the past history of the state variables.

We reconsider the possibility of ’time limited jobs’ or underemployment, as an intermediary
status in the labour market - between regular employment and unemployment. Our system
allows for both job creation, as well as policy intervention to limit unemployment, but also the
possibility that migrants are taking some of the regular positions.

The potential impact of our findings is related to upcoming biological and economical mathe-
matical models connected to population dynamics.

The most important benefit could be related to the strategic policy makers of our society. Our
system allows for both job creation, as well as policy intervention to limit unemployment, but
also the possibility that migrants are taking some of the regular positions.

2 Results and discussion

In this paper, our aim was to test the significance of taking underemployment and migration
into account when formulating policy to address unemployment. Consequently, the proposed
model is described by a nonlinear di↵erential system with distributed time delays as follows:

8
>>>>><

>>>>>:

U̇(t) = a1 � a2U(t)V (t) + a3R(t)� a4U(t) + a5T (t)� b1
R1
0 h1(s)U(t� s)ds

Ṁ(t) = m1 �m2M(t)V (t)� b2M(t)
Ṫ (t) = a4U(t)� a5T (t)� c1T (t)V (t)� b3T (t)
Ṙ(t) = a2U(t)V (t) +m2M(t)V (t) + c1T (t)V (t)� a3R(t)� b4R(t)
V̇ (t) = b4

R1
0 h2(s)R(t� s)ds� b5V (t)

(1)

We take into account the following variables: the number of unemployed persons U , the num-
ber of immigrants M , the number of those underemployed or persons working limited hours
T , the number of regularly employed persons R, and the number of available vacancies V . All
the parameter are positive real numbers. The integral terms appearing in system (1) repre-
sent distributed time delays with the kernel functions h1 and h2 which are probability density
functions.

The positivity and boundedness of solutions are provided and the local asymptotic stability
findings are presented both for the employment free equilibrium and the positive equilibrium
according to distributed time delays.

In the absence of delays the equilibrium point is locally asymptotically stable, if the system
parameters satisfies certain conditions. In addition in the absence of the delay in the first
equation of system (1) the positive equilibrium point is globally asymptotically stable if the rate
of firing from regular employment is zero [3].

In the presence of two distributed time delays in system (1), if the basic reproduction number
R0, which has the role of a threshold parameter that prognosticate whether the unemployment,
immigration and underemployed problems will increase or decrease, is less than 1 then the
employment free equilibrium point is locally asymptotically stable under some conditions, oth-
erwise is unstable, for any choice of the delay kernels. In the case of Dirac kernels, it is proved
that there is a Hopf bifurcation and as a result, the stable equilibrium becomes unstable as the
delay crosses some critical values. Moreover, for the positive equilibrium point of the system
(1), the Hopf bifurcation curves are found numerically and the stability region is plotted in the
parameter plane of the two average time delays.

We thus observed the evolution of unemployment, underemployment, regular employment, mi-
gration, market jobs and government supported vacancies with a delayed policy intervention.
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3 Conclusions and Future work

The paper introduced a five-dimensional mathematical model that facilitates the understanding
of new ways for studying the labour market while observing the levels of unemployment, migra-
tion, fixed term contractors, full time employment and the number of available vacancies. Two
distributed time delays have been considered.

Where both kernels are weak Gamma kernels, under some conditions of parameters, the equi-
librium point is locally asymptotically stable.

As a future work we develop the mathematical model proposed by introducing control and we
study the model in the framework of stability theory and bifurcations.
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Abstract: In this study, we introduce a new semilocal convergence result for derivative free
improved Chebyshev-Secant-type methods (ICSTM) under weaker conditions using auxiliary
points. The existence and uniqueness theorem is established for the solution using recurrence
relations. The domain of parameters is also presented for both di↵erentiable and non-
di↵erentiable cases. Finally, a nonlinear integral equation of mixed Hammerstein type arising
in electro-magnetic fluid dynamics, dynamic models of chemical reactors, and vehicular
tra�c theory is considered to check the applicability of our work. It can be easily observed
that improved convergence domains are obtained as compared to earlier studies [4].
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1 Introduction

Many real life problems occuring in various fields of Science and Engineering can be expressed
in the form

H(#) = 0, (1)

where H : D ✓ Y ! Z is nonlinear operator which is defined on a non-empty open convex
domain D of a Banach space Y to Z. Sometimes we are not able to obtain a closed form
solution to (1), so we use iterative approaches to solve these equations. The most commonly
used iterative methods for approximating the solution is the Newton’s method [1] and it is
defined by

#0 2 D, #i+1 = #i � [H
0
(#i)]

�1
H(#i), i � 0. (2)

This method has good accessibility, quadratic convergence and minimal operational cost.
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To obtain derivative-free techniques, it is general to approximate derivatives by divided dif-
ferences (see [2, 3]). In [4], the improved Chebyshev-Secant-type methods (ICSTM) for non-
di↵erentiable operator are established and given by

#i+1 = #i �A�1
i H(#i), Ai = [#i, ⌫i;H],

!i = #i+ a(#i+1 � #i),

⌫i+1 = #i �A�1
i (bH(#i) + cH(!i)), i � 0, (3)

where #0, ⌫0 2 D are two initial points, a, b and c are non-negative real parameters and
[⌫,!;H] 2 L(Y, Z) is a bounded linear first-order divided di↵erence. The semilocal conver-
gence, domain of parameters and dynamics of ICSTM (3) are established in [4] and convergence
analysis is discussed by using recurrence relations on first-order divided di↵erences with weaker
continuity conditions.

In this work, we analyze the semilocal convergence of the method (3) by using conditions on the
initial approximation and auxiliary points. Recurrence relations are established using auxiliary
points under more generalized conditions [5] for non-di↵erentiable operators. Further, we discuss
the domain of parameters for both di↵erentiable and non-di↵erentiable operators.

2 Semilocal convergence analysis

In this section, we establish the semilocal convergence analysis of ICSTM (3) under the following
(S) conditions:

(S1) There exist #0, ⌫0, #̃ 2 D, µ > 0, ✓ > 0, such that k#0 � #̃k = µ, k#0 � ⌫0k = ✓,
[#̃,#0;H]�1

2 L(Z, Y ) and k[#0.⌫0;H]�1
H(#0)k  ⌘.

(S2) k[#̃,#0;H]�1([⌫,!;H] � [y, z;H])k  ⇢(k⌫ � yk, k! � zk) holds for all ⌫,!, y, z 2 D with
⌫ 6= ! and y 6= z, where ⇢ : R+ ⇥ R+ ! R+ is a non-decreasing continuous function in
both arguments.

(S2’) k[#̃,#0;H]�1([⌫,!;H] � [#̃,#0;H])k  ⇢0(k⌫ � #̃k, k! � #0k) holds for all ⌫,! 2 D with
⌫ 6= !, where ⇢0 : R+ ⇥ R+ ! R+ is a non-decreasing continuous function in both
arguments.

(S3) (1� b) = c(1� a) with a 2 (0, 1].

(S4) The equation

(�0() + 1� �())⌘ � (1� �()) = 0 (4)

where �0() =
M

1� ⇢0(µ+ ,)
, �() =

N

1� ⇢0(µ+ ,)
,

M = max

✓
ac⇢(⌘, ✓)

1� ⇢0(µ, ✓)
, ⇢(⌘, ✓), a⇢(⌘, ✓)

◆
and N = max(ac⇢(⌘, ⌘), ⇢(⌘, ⌘)), has atleast one

positive root and let r be the smallest root.

(S5) B(#0, r) ✓ D and �0(r) + �(r) < 1.

Under the above conditions, we can prove the following recurrence relations for q � 2 and
existence-uniqueness theorem for the solution of (1) :

(iq) k#q+1 � #qk  �(r)k#q � #q�1k  �(r)q�1
k#2 � #1k  �(r)q�1�0(r)k#1 � #0k < ⌘,
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(iiq) k#q+1 � #0k  k#q+1 � #qk+ k#q � #q�1k+ . . .+ k#1 � #0k

 (�(r)q�1 + ...+ �(r) + 1)k#2 � #1k+ k#1 � #0k

<
1

1� �(r)
k#2 � #1k+ k#1 � #0k <

✓
1 +

�0(r)

1� �(r)

◆
⌘ = r,

(iiiq) k⌫q+1 � #q+1k  �(r)k#q+1 � #qk,

(ivq) #q+1, ⌫q+1 2 B(#0, r).

Theorem 1 Assume that the conditions (S) are satisfied. Then, the sequences {#i}, {⌫i} and
{!i} generated by the method (3) are well defined, remains in B(#0, r) for each i = 0, 1, 2, ...
and converges to a unique solution #⇤

2 B(#0, r) of (1).

3 Conclusions

The semilocal convergence analysis of Chebyshev-Secant-type methods is presented for solving
nonlinear equations in Banach spaces. The su�cient convergence conditions involving auxiliary
points are weaker than in previous studies. Further, the convergence domains are established for
the solution. We have also discussed the domain of parameters for both di↵erentiable and non-
di↵erentiable cases. Numerical examples involving nonlinear mixed Hammerstein-type integral
problems are worked out and obtained the larger convergence domains as compared to earlier
studies [4].
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Abstract: The existence of a mild solution to the Cauchy problem for semilinear second-

order di↵erential inclusion in a Banach space is investigated in the case when the nonlinear

term also depends on the first derivative.

keywords: second-order Cauchy problem; Banach spaces; fundamental system; approxima-

tion solvability method; mild solution.

MSC2020: 34A60; 34G25.

The talk deals with the Cauchy problem for a second-order di↵erential inclusion in a Banach

space of the form

ẍ(t) 2 A(t)x(t) + F (t, x(t), x0(t)),
x(0) = x0, ẋ(0) = x0.

�
(1)

in a reflexive Banach space E admitting a Schauder basis. The inclusion is semilinear, since

{A(t)}t�0 is a family of closed and linear operators, whose domain D(A(t)) = D(A) for every

t � 0 is dense in E, that generates a fundamental system {S(t, s)}t,s�0.

We first consider an impulsive boundary value problem associated to (1), namely

�x(tk) = Ik(x(tk), x0(tk)), k = 1, 2, . . . ,m,
�ẋ(tk) = Ik(x(tk), x0(tk)), k = 1, 2, . . . ,m,

�
(2)

(see [1]), with Ik, Ik 2 C(E ⇥ E, E), for all k = 1, 2, . . . ,m, then the existence of a solution

x : [0,+1) ! E (3)

in a non compact interval (see [2]).

The solution is understood in a mild sense, i.e. as solution we mean a continuously di↵erentiable

x such that, for all t,

x(t) = � @

@s
S(t, s)

����
s=0

x0 + S(t, 0)x0 +

Z t

0
S(t, s)f(s) ds,

where f is an integrable selection of F (·, x(·), x0(·)).
The proofs of our results are based on the usage of a fixed point theorem for multivalued

mappings. The use of the fixed point theorem in an infinite dimensional Banach space requires
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strong compactness conditions, which are usually guaranteed by assuming the compactness of

the fundamental system generated by the linear term or some conditions based on the measure of

noncompactness of the nonlinear term. To overcome this problem, the approximation solvability

method is applied, which consists of introducing a sequence of approximating problems with

values in finite-dimensional spaces, combined with the usage of the weak topology, which allows

avoiding any requirement of compactness. A limiting argument then leads to a solution to the

original problem. The existence of a mild solution for the Cauchy impulsive problem as well

as the existence of a mild solution in the non compact interval are obtained by a step-by-step

reduction to problems without impulses in compact intervals. We are able to consider the case

of a nonlinear term depending also on the first derivative and with a linear growth condition.

The talk concludes with an application of the obtained results to the generalized telegraph

equation with a Balakrishnan–Taylor-type damping term.
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Abstract: In this work, a block coupled algorithm for the solution of transient, laminar,

incompressible, non-isothermal, viscoelastic flow problems based on the log-conformation

tensor approach is presented. The inter-equation coupling of the incompressible Cauchy

momentum equations, log-conformation tensor constitutive equations and energy equation

is obtained by deriving a pressure equation in a procedure based on the Schur complement.

The divergence of the log-conformation tensor term in the momentum equations is implicitly

discretized in this work. In addition, the velocity field is considered implicitly in the log-

conformation tensor constitutive equations by expanding the advection term, rotation terms

and the rate of deformation terms with a second order Taylor series expansion. Finally, the

advection and di↵usion terms in the energy equation are also discretized implicitly. All

the equations, comprising the continuity, momentum, log-conformation tensor constitutive

model and energy, are block-coupled into a single system of equations. The validation of

the newly-developed algorithm was performed for the viscoelastic matrix-based Oldroyd-B

fluid flow in a two-dimensional axisymmetric 4:1 planar sudden contraction geometry.

keywords: Viscoelasticity, Log-conformation tensor, Non-isothermal e↵ects, Fully-implicit

coupled solver, OpenFOAM.
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Abstract: The stability of the zero equilibrium and the occurrence of flip bifurcation for a 

three-dimensional systems of exponential difference equations is investigated in this research. 
Moreover, the stability of this system is studied in the special case when one of the eigenvalues 
is equal to -1 and the remaining eigenvalues have absolute value less than 1, using center 
manifold theory.  
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Abstract: We consider an equation that captures a subdi↵usive behaviour that can appear
for instance in biological models. This equation involves a time Riemann-Liouville fractional
derivative on the right hand side of the di↵erential equation and the di↵usive coe�cient can
depend on space and time. Subdi↵usion processes appear most of the times described by a
di↵erential equation with a Caputo fractional derivative on the left hand side of the equation.
However, many times this is only a correct model if the di↵usive coe�cient does not depend
on time [1, 3]. To obtain an high order numerical method for the subdi↵usion problem with
a di↵usion coe�cient that depends on space and time, a numerical method is derived using
an approach based on fractional splines [2]. The main purpose of this work is to apply the
fractional splines to approximate the fractional integral and hence explain how to solve the
subdi↵usion problem using this approach. It is discussed how the order of convergence of
the numerical method depends on the regularity of the solution, the degree of the spline and
the order of the fractional derivative.

keywords: Fractional di↵erential equations, finite di↵erences, subdi↵usion problems
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Abstract: This talk emphasizes on proving a duality relation and an integration by parts

formula for fractional operators with a general analytical kernel. Based on these basic re-

sults, we are able to prove a new Grø̈nwall’s inequality and continuity and di↵erentiability of

solutions of control di↵erential equations. This allow us to obtain a weak version of Pontrya-

gin’s maximum principle. Moreover, our approach also allow us to consider mixed problems

with both integer and fractional order operators and derive necessary optimality conditions

for isoperimetric variational problems and other problems of the calculus of variations.
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Abstract: The lecture begins with some basic theory for di↵erential equations with state-
dependent delays [2, 1]. A toy example is the scalar equation

x0(t) = g(x(t), x(t� r)), r = d(x(t)),

with functions g : R2 ! R and d : R ! [0, h]. Systems of such equations are in general not
covered by the familiar theory for Retarded Functional Di↵erential Equations where delays
are constant. This is due to a specific lack of smoothness caused by variable delay, and it
is only on associated solution manifolds in the Banach space of continuously di↵erentiable
maps [�h, 0] ! Rn that initial values uniquely determine solutions which are di↵erentiable
with respect to the initial data - as required for linearization, local invariant manifolds,
Poincaré return maps, and more from dynamical systems theory. The second part of the
lecture deals with the nature of solution manifolds. For a large class of di↵erential systems
with state-dependent delays it can be shown that the associated solution manifolds are not
very complicated [3, 4, 5].

keywords: Delay di↵erential equation; state-dependent delay; solution manifold; almost
graph.
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Abstract: We present how the addition of the same damping parameter of the nonlinear

oscillator to the linear oscillator a↵ects the system’s dynamical behavior.
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In this work, we study a system of a cubic nonlinear oscillator coupled to a linear oscillator.

The question is: What is the e↵ect, to the system’s dynamics, of adding the same damping

parameter of the nonlinear oscillator in the linear oscillator ?

A nonlinear electronic circuit can emulate such a system. So, our work is essential for its

theoretical results and its possible practical use and applications.

Firstly, we study the dynamics of the coupled oscillators where the linear oscillator is undamped

Then we study the dynamics of the coupled oscillators with the damped linear oscillator and

compare the two systems.

Finally, we present an electronic circuit emulation of the system with the damped linear oscillator

and discuss its dynamical behavior.
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1 University of Rijeka, Faculty of Engineering, Croatia
2 University of Rijeka, Croatia

1?nelida@riteh.hr

Abstract: Nowadays, the possibilities of predicting the behavior of di↵erent dynamical
systems are in the focus of the research in many scientific disciplines. In this paper we
consider the dynamical systems generated by chosen nonlinear and non-autonomous ordinary
di↵erential equations. These dynamical systems are approximated by using the Koopman
operator based data-driven algorithms applied on the observable functions evaluated at
some finite set of the system states. The learned model is then used as a prediction tool
to envisage the values of the observable functions in the future system states. The aim of
this work is to test and analyze the prediction capabilities of such data-driven algorithms
on simple examples in order to make a foundation for understanding their behavior in the
prediction task in more complex systems, even in those for which the associated di↵erential
equations modeling the system are not known.

keywords: di↵erential equations; Koopman operator, data-driven algorithms, DMD algo-
rithm, prediction.
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1 Introduction

Our starting assumption is that observed data is generated by an ordinary di↵erential equation
system of the form d

dt
x(t) = F(x(t)).

The associated dynamical system is defined with a flow map St describing the evolution of
the state space in time. In this work we use the technique based on the Koopman operator,
whose action defined on the space of observable functions is given by Ktf(x) = f(St(x)). The
Koopman operator theory gives the connection between the underlying dynamical system and
the spectral properties of the associated Koopman operator. The numerical algorithms that
extract the spectral structure of the finite dimensional approximation of the Koopman operator,
such as the dynamic mode decomposition (DMD) [4] are crucial for obtaining Koopman mode
decomposition (KMD) [1]. The KMD is here used for the reconstruction and prediction of the
dynamical system.

Let us suppose that the values of the system observables fi 2 RN are acquired at the equidistant
time moments ti, i = 1, 2, ... and that the data up to the actual time moment tp�1 were known,
while the data at the next time moment tp is still unknown. For an active window of size w,
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starting at tb and ending at tp�1, we lift the observables into the higher dimensional space Rl,
l = N · nH , and arrange them as columns of a l ⇥ (mH + 1) (block) Hankel matrix:

H =

0

BBB@

fb fb+1 · · · fb+mH�1 fb+mH

fb+1 fb+2 · · · fb+mH
fb+mH+1

...
...

. . .
...

...
fb+nH�1 fb+nH

· · · fb+nH+mH�2 fb+nH+mH�1

1

CCCA
=

�
h0 h1 . . . hmH

�
. (1)

Our prediction tool will be KMD related with a Hankel matrix of the acquired observable
values. We apply to it enhanced DMD algorithm [4], which provides us with a set of Ritz values
and vectors (µj ,vj), j = 1, 2, ..., r. We can determine the coe�cients ↵j such that hk = Kkh0 =P

mH

j=1 µ
k

j
↵jvj+�k,mH

r̂mH
, k = 0, . . . ,mH , where K denotes the approximation of the projection

of the Koopman operator to the subspace spanned by first mH columns of matrix H, �k,mH
is

the Kronecker delta symbol, and r̂mH
is the residual of the orthogonal projection of hmH

onto
the span of the first mH columns of matrix H. The approximate decomposition of the snapshots
fk is given by active KMD

f̃k =
rX

j=1

bvj↵jµ
k�(b+nH�1)
j

. (2)

For k = b + nH , ..., p� 1, (2) is a reconstruction of the acquired data, while for k = p, p +
1, . . . , p+⌧ , (2) is an extrapolation of the active KMD, and it gives us predictions for future data
snapshots. The important tool for measuring the quality of Ritz pairs as approximating pair of
the Koopman eigenvalues and eigenvectors are residuals ⌘i = kKvi � µivik obtained from the
enhanced DMD algorithm [4]. By using only Ritz pairs with small residuals the reduced KMD
could be used as a prediction tool and in that case we say that the reduced KMD is used.

2 Results and discussion

2.1 Lorenz system.

The first test case that we consider is the Lorenz dynamical systems, modeled by

ẋ =

0

@
ẋ
ẏ
ż

1

A =

0

@
�(y � x)

x(⇢� z)� y
xy � �z

1

A . (3)

We use (3) to test the prediction potential of the KMD. It is well known that the model exhibits
the chaotic behavior for some initial conditions - we take here � = 10, � = 8/3, and ⇢ = 28. The
long term exponential divergence of nearby trajectories leads to unpredictability of this system.
However, we can consider the prediction capabilities of the algorithm for shorter prediction
times. We have generated data using numerical simulation (ODE solver) of (3) with the time
step �t = 0.01s. For computing the KMD, the scalar observable f = x and active windows of
size w = 400 and 300⇥ 100 Hankel matrices are used. By sliding the active windows along the
computational domain we get prediction at di↵erent times. The dynamics is predicted for 250
time steps. One can observe that, while inside one of the butterfly wings, the system behaves
in a predictable manner. After a switch between two wings happens, the columns of the Hankel
matrix do not lie in Koopman invariant subspace and the Ritz pairs obtained from the algorithm
are not good approximations of Koopman eigenvalues and eigenvectors. In the right columns
of the first raw of Figure 1, the real and imaginary parts of the eigenvalues extracted from the
sliding active windows are presented. For each active window, the Ritz pairs with the residual
below ⌘r = 0.01 are selected. We conclude that on the part of the domain where switching
between butterfly wings arise, there exist no Ritz pairs with small residuals. On the other
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Figure 1: Prediction of the Lorenz system.

hand, on the part of the domain where this is not the case, there are enough Ritz pairs with
small residuals that approximate and predict the dynamics of the system quite well. In this
way the state space can be actually split into domains over which prediction is possible and
those on which this is not the case. The orange curve in Figure 1 uses local algorithm with
shorter prediction times of few steps, which could be an appropriate choice when the global
prediction does not work. Furthermore, the reduced prediction is obtained by KMD with a
reduced number of modes that uses only the Ritz pairs with small residuals. One can observe
that the reconstruction and prediction capabilities are comparable with those using the full
KMD.

2.2 Nonautonomous di↵erential equations system.

Oscillator with the driven amplitude. The considered dynamical system is nonautonomous
and given with ✓

ẋ1
ẋ2

◆
=

✓
(�0 +Ad cos(!dt) +Bd sin(!dt))x1 + !0x2
�!0x1 + (�0 +Ad cos(!dt) +Bd sin(!dt))x2

◆
. (4)

By rewriting it in the skew product formulation✓
ṗ1
ṗ2

◆
=

✓
!dp2

�!dp1

◆
,

✓
ẋ1
ẋ2

◆
=

✓
�!0x1 + (�0 + p1)x2
(�0 + p1)x1 + !0x2

◆
(5)

it generates the skew product flow of the form Ss(t, (p,x)) = (✓t(p),St,p(x)). It can be considered
as autonomous flow on a larger space P⇥X, thus we can associate with it the Koopman operator.
By taking long enough trajectories of the Hankel matrix, we hope that we capture the dynamics
on the attractor and that the columns are in Koopman invariant subspace. As proved in [1],
in that case, the Hankel DMD will converge to the true eigenvalues and eigenfunctions of the
Koopman operator. In that case the KMD will have good prediction capabilities. This is
nicely visible in Figure 2 where one can observe that very accurate prediction is obtained, even
with the reduced KMD with relatively small number of terms. On the other hand, if in this
nonautonomous case just small time windows are taken into account, the algorithm fails with
an error which does not depend on �t. The details and analysis of the intrinsic error that arise
when data driven algorithms are applied in nonautonomous setting can be found in [2].
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Figure 2: Oscillator with the driven amplitude. Active window of size w = 340, prediction
⌧ = 300 (a) solution and prediction; (b) Ritz values; (c) residuals; (d) relative prediction error.

3 Conclusions and Future work

In this work, the prediction capabilities of a model that is determined using DMD style data-
driven algorithm on some chosen dynamical systems are analyzed. The model uses KMD which
is composed of spectral elements of the Koopman operator and is based on some theoretical
properties of the Koopman operator. In the first example, the classical autonomous system was
observed and situations in which the applied algorithm has good or bad prediction properties
were analyzed. Using the residual for detecting the Ritz pairs that could approximate well the
Koopman eigenvectors and eigenvalues, we conclude that it can be used as a good estimator of
the prediction capabilities of the built KMD model. Although the used data-driven algorithm
was developed primarily for autonomous systems, there are possibilities to apply it successfully
in non-autonomous framework also, as is shown in the second example. In the further work, the
possibility of prediction with the used approach will be considered on more complex systems,
especially those that have a stochastic component involved.
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Abstract: This work deals with the oscillatory behavior of solutions of second order quasi-

linear neutral delay di↵erential equation where it is introduced some new su�cient condi-

tions for the oscillation. The oscillation results depend on only one condition improving

some known results.
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Abstract: Structural stability and shadowing are studied for time scale systems.
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We consider a dynamic system on a time scale x� = f(t, x), x 2 Rn, t 2 T. Theory of such
dynamics is well-developed, see [1] and references therein. This is an e↵ective approach to study
non-uniform numerical methods or systems with strong nonlinearities.

We say that the considered system is structurally stable if all solutions are unique and for any
" > 0 there exists a � > 0 such that for any g(t, x) : |g(t, x)| < �, |g0x(t, x)| < � and any
t0 2 T there is a homeomorphism h of the space Rn such that |'f (t, x0) � 'f+g(t, h(x0))| < "
for any x0 2 Rn, t 2 T. Here 'f (t, x0) and 'f+g(x0) are solutions of systems x� = f(t, x) and
x� = f(t, x) + g(t, x) with initial conditions x(t0) = x0.

For systems of ordinary di↵erential equations, conditions for global structural stability were
obtained in [1] (see references therein). It was proved that a system is structurally stable if
its linearizations are uniformly hyperbolic on families of segments. We formulate and prove an
analog of this statement for time scale systems as well as su�cient conditions for shadowing.

In our proofs, we need to use specific approaches of time scale systems theory [2]. Remarkably,
the classical results for structural stability of autonomous ODEs (C.Robinson, 75) are, in general,
non-applicable for systems on time scales, even for the autonomous ones.
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Abstract: We modeled a new class of Cohen-Grossberg Neural Networks with mixed delays

on an arbitrary time domain by using the time scales theory. We establish the exponential

lag synchronization results by applying the feedback controller. We mainly use the unified

matrix-measure theory and Halanay inequality to establish these results. In the last, we

provide some simulated examples to show the e↵ectiveness of the obtained analytical results.
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Abstract: A new control algorithm based on the partial control method has been developed. The general 
situation we are considering is an orbit starting in a certain phase space region Q having a chaotic 
transient behavior affected by noise, so that the orbit will definitely escape from Q in an unpredictable 
number of iterations. Thus, the goal of the algorithm is to control in a predictable manner when to 
escape. While partial control has been used as a way to avoid escapes, here we want to adapt it to force 
the escape in a controlled manner. We have introduced new tools such as escape functions and escape 
sets that once computed makes the control of the orbit straightforward. The partial control method aims 
to avoid the escape of orbits from a phase space region Q where the transient chaotic dynamics takes 
place. The technique is based on finding a special subset of Q called the safe set. The chaotic orbit can 
be sustained in the safe set with a minimum amount of control. We have developed a control strategy 
to gradually lead any chaotic orbit in Q to the safe set by using the safety function. With the technique 
proposed here, the safe set can be converted into a global attractor of Q. This is joint work with Gaspar 
Alfaro and Rubén Capeáns, URJC, Spain. 
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Abstract: An unpredictable solution is investigated for a quasilinear di↵erential equation
with generalized piecewise constant argument. Su�cient conditions are provided for the
existence, uniqueness and exponential stability of the unpredictable solution. The results
are illustrated by example and simulations.
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1 Introduction and preliminaries

Periodic, quasi-periodic and almost periodic oscillations originated in the theory of celestial
dynamics and had been speeded to all areas of applied mathematics. More complex behaviors are
recurrent and Poisson stable motions. Poisson stable oscillations play important role in theory of
di↵erential equations [1]. In [2, 3], we have developed a recurrence in functional spaces to a more
refined level, and the Poisson stable functions are assigned with the unpredictability property.
Moreover, we utilize the new method, the method of included intervals [4, 6, 7, 8, 9], to verify the
Poisson stability of solutions of di↵erential equations and oscillations of neural networks. The
proof of the unpredictability simultaneously verifies the Poincare chaos of the Bebutov dynamics
in the functional space with the topology of uniform convergence on compact sets of the real
axis. It opens new prospects for control and synchronization of chaos in di↵erential equations.
This time, we proceed the initial steps of constructing the basics of the theory and prove the
existence of the unpredictable solution for a special type of hybrid systems, di↵erential equations
with generalized piecewise constant arguments [10, 11]. We have joined the chaos concept with
the most flexible and convenient di↵erential equations for applications.

Fix two real valued sequences ✓i, ⇠i, i 2 Z, such that ✓i < ✓i+1, ✓i  ⇠i  ✓i+1 for all
i 2 Z, |✓i| ! 1 as |i| ! 1.
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We consider the following quasilinear system with generalized piecewise constant argument of
mixed type

x
0(t) = Ax(t) + f(x(t)) + g(x(�(t))) + h(t), (1)

where t 2 R, x 2 Rm for a fixed m 2 N, A 2 Rm⇥m is a constant matrix and �(t) = ⇠i if
✓i  t < ✓i+1, i 2 Z. Throughout this paper, we assume that the functions f, g : D ! Rm are
continuous on a bounded domain D = {x 2 Rm : kxk < H}, where H is a positive constant.
h : R ! Rm is a uniformly continuous and bounded function. Moreover, it is assumed that
all eigenvalues of the matrix A have negative real parts and kAk = �. In this case, it can be
concluded that there exist real numbers � � 1 and � > 0 such that keAtk  �e

��t for all t � 0.

Definition 1 [3] A uniformly continuous and bounded function v : R ! Rm is unpredictable if
there exist positive numbers ✏0, � and sequences tn, un both of which diverge to infinity such that
v(t + tn) ! v(t) as n ! 1 uniformly on compact subsets of R and kv(t + tn) � v(t)k � ✏0 for
each t 2 [un � �, un + �] and n 2 N.

In the present paper the following conditions are required for the system (1):

(C1) functions f and g satisfy a Lipschitz condition with constants Lf , Lg : kf(u1)� f(u2)k 
Lfku1 � u2k and kg(u1)� g(u2)k  Lgku1 � u2k for all u1, u2 2 D;

(C2) 9 mf > 0, mg > 0 such that sup
kxk<H

kf(x)k  mf and sup
kxk<H

kg(x)k  mg;

(C3) 9 mh > 0 such that sup
t2R

kh(t)k  mh;

(C4)
�

�
(mf +mg +mh) < H;

(C5)
�

�
(Lf + Lg) < 1;

(C6) 9 ✓ > 0 such that ✓i+1 � ✓i  ✓ for all i 2 Z;

(C7) ��+ �(Lf +
�
1� ✓[(�+ Lf )(1 + Lg✓)e(�+Lf )✓ + Lg]

��1
Lg) < 0;

(C8) ✓[(�+ Lf )(1 + Lg✓)e(�+Lf )✓ + Lg] < 1;

(C9) 9 {⌘n} with ⌘n ! 1 as n ! 1 such that ✓i�⌘n + tn � ✓i ! 0 and ⇠i�⌘n + tn � ⇠i ! 0 as
n ! 1 on each finite interval of integers, where tn is the sequence defined in Definition 1.

2 Main results

Let P be defined as the space of vector-functions � : R ! Rm, � = (�1,�2, ...,�m) with
unpredictable functions such that k�k1 < H.

A function x(t) which is bounded on the whole real axis is a solution of system (1) if and only
if it satisfies the following integral equation

x(t) =

tZ

�1

e
A(t�s) [f(x(s)) + g(x(�(s))) + h(s)] ds.

474



Define an operator ⇧ on P as follows

⇧�(t) =

tZ

�1

e
A(t�s) [f(�(s)) + g(�(�(s))) + h(s)] ds.

The following assertions are needed for the proof of the main result of the paper.

Lemma 1 The operator ⇧ is invariant in P.

Lemma 2 The operator ⇧ is contractive on the space P.

The following theorem is proved by the method of included intervals.

Theorem 3 Assume that the conditions (C1)-(C9) are fulfilled. If the function h is unpre-
dictable, then the system (1) has a unique exponentially stable unpredictable solution.

Example. Consider the following quasilinear system with the generalized piecewise constant
argument of mixed type

x
0(t) =

0

@
0.1 �0.6 0
0.1 �0.4 0
0 0 �0.3

1

A

0

@
x1(t)
x2(t)
x3(t)

1

A+

0

B@
0.01 tanh(x1(t)

25 )

0.01 tanh(x2(t)
25 )

0.01 tanh(x3(t)
25 )

1

CA (2)

+

0

B@
0.01 tanh(x1(�(t))

20 )

0.01 tanh(x2(�(t))
20 )

0.01 tanh(x3(�(t))
20 )

1

CA+

0

@
�4⇥3(t) + 0.02
0.5⇥(t)� 0.03
3⇥3(t) + 0.01

1

A ,

where ⇥(t) - is the unpredictable function, which was defined in the paper [5]. Moreover, the
functions h1(t) = �4⇥3(t)+0.02, h2(t) = 0.5⇥(t)�0.03, h3(t) = 3⇥3(t)+0.01 are unpredictable
in accordance with Lemmas 1.4 and 1.5 given in [4]. The argument function �(t) = ⇠k is defined

by the sequences ✓k = 3
4k, ⇠k = ✓k+✓k+1

2 + 'k = 3(2k+1)
8 + 'k, k 2 Z.

The conditions (C1)-(C9) are valid for the system (2) with � = 0.1, �̄ = 0.7, Lf = 0.0004, Lg =
0.0005, mf = mg = 0.01, and moreover mh = 0.19, � = 20, H = 38. Thus, by the Theorem 3,
system (2) has a unique exponentially stable unpredictable solution x(t).

To imagine the behavior of the unpredictable oscillation x(t), we consider the simulation of
another solution  (t), with initial values  1(0) = �1.1951, 2(0) = �0.2828, 3(0) = 0.1587.
We consider the graph of the function  (t), which approaches to the unpredictable solution x(t)
of the system (2), as time increases. The coordinates of the function  (t), which exponentially
converges to the unpredictable solution x(t), are shown in Figure 1. The solution of system (2)
is continuous function with discontinuous derivatives, and it continuously di↵erentiable within
intervals [✓k, ✓k+1), k 2 Z.
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Figure 1: The coordinates of the function  (t), which exponentially converge to the coordinates
of the unpredictable solution x(t).
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Abstract: A mathematical model describing the flow and heat transfer characteristics of
non-Newtonian fluids in a porous and linearly stretching sheet is investigated in a magnetic
field. The mass transport of a water-based nanofluid is investigated in the presence of first-
order slip. Similarity transformations are used to reduce the system of nonlinear partial
di↵erential equations to a nonlinear ordinary di↵erential equation. The flow characteristics
are analytically investigated from the solution of the boundary value problem on a half line.
The exact solution of the momentum nonlinear ordinary di↵erential equation is given for
di↵erent scenarios of the fluid flow. The influence of the parameters of the porous medium,
the magnetic field and the slip on the velocity field is analysed.
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1 Introduction

In some materials, e.g. pigment-softening pastes, non-Newtonian rheological properties have
been observed at shear. Thixotropy, dilatancy and a markedly elastic solid response to sud-
denly applied stresses were observed and explained by flocculation of particles. A similar result
was described by Casson [1] for pigment-oil suspensions of the ink type. Originally developed
to characterize printing inks, the structure-based model, the Casson model, is widely used to
characterize a number of food dispersions.

The term ”nanofluid” is applied to a liquid containing a suspension of nano sized solid particles
(nanoparticles). The addition of nanoparticles to the base fluid can cause a significant change
in the characteristic properties of the base fluid. For this reason, they have also appeared in
several industrial and medical applications.

Steady-state laminar MHD boundary layer flow problems driven by moving boundaries have
been extensively studied. Pavlov [3] studied boundary layer flow in an electrically conducting
fluid under the action of a plate when the magnetic field is transverse. Chakrabarti and Gupta
[4] extended the work of Crane [2] by including the e↵ect of the transverse magnetic field on the
MHD flow over a stretching plate.

In the present work, we study the flow of Casson nanofluid over a stretching sheet under first-
order slip in the presence of a magnetic field.
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2 Problem formulation

In this paper we study the fluid flow over a stretching sheet and investigate the flow charac-
teristics in a magnetic field under a first-order slip condition. We seek exact solutions to the
boundary layer equation obtained from the Navier-Stokes equations using simplifications accord-
ing to boundary layer theory. The problem considered here is the steady boundary layer flow of
a non-Newtonian, Casson type nanofluid due to a moving flat surface in an otherwise quiescent
fluid medium. Let us consider a laminar, steady boundary layer flow of an electrically conduct-
ing and incompressible Casson nanofluid that passes through a stretched perforated sheet. The
laminar boundary layer flow is generated by a plate stretching in the x direction, where the
stretching surface is moving at a speed of U(x) = ±Uwx/L, Uw > 0 with shrinking (negative
sign) or stretching (positive sign) velocity.

The sheet is placed in the plane y = 0, the fluid is in the half space y > 0. The fluid flow is
considered in a constant vertical magnetic field H0 = (0, H0). Let the velocity vector of the
fluid flow is denoted with (u(x, y), v(x, y)). The surface is assumed in general to be permeable
and a lateral suction/injection with a constant suction rate of (0,�V0) is applied. The flow of
otherwise quiescent fluid is only caused by the movement of the sheet. A constant suction rate
of (0,�V ) is applied, V > 0 is the suction, while V < 0 is the fluid injection at y = 0.

The governing equations for zero pressure gradient laminar boundary layer flow of a Casson
nanofluid are as follows

@u

@x
+
@v

@y
= 0, (1)

u
@u

@x
+ v

@u

@y
= ⌫nf

⇣
1 +

1

�

⌘
@
2
u

@y2
� �H

2
0

⇢
u, (2)

where ⇢nf is the fluid density, ⌫nf = µnf/⇢nf is the kinematic viscosity, and � is the electrical
conductivity of the fluid. The parameter � is the Casson parameter. The density of the nanofluid
will be calculated according to [6]

⇢nf = (1� �)⇢b + �⇢p, (3)

where ⇢b denotes the density of the base fluid and ⇢p the density of nanoparticles, and � is the
volume fraction. For the determination of the viscosity of the nanofluid we refer to [5]. The
boundary conditions for the present Casson model are given below

u(x, 0) = Uw
x

L
d+

⇣
1 +

1

�

⌘
A
@u

@y
(x, 0), (4)

v(x, 0) = �V, lim
y!1

u(x, y) = 0. (5)

The constant A > 0 is the first-order slip coe�cients.

We introduce the stream function as  be then (u, v) = (@ @y ,�
@ 
@x ); moreover, variable ⌘ and

dimensionless stream function f(⌘) in the following forms:

⌘ =
p
Re

y

L
,  = ⌫nf

p
Re

x

L
f(⌘). (6)

Using (6), the fluid velocity components are given by

u = U(x)f 0(⌘), v = � V

Vp
f(⌘), (7)

where the Reynolds number and the dimensionless suction/injection parameter are defined as

Re =
UwL

⌫nf
, Vp =

V L

⌫nf

p
Re

. (8)
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.

Substituting (6)-(7) in (1)-(2) and in (4)-(5), we obtain the following nonlinear third order
boundary value problem

⇣
1 +

1

�

⌘
f
000 + ff

00 � f
02 �Mf

0 = 0, (9)

f(0) = Vp; f
0(0) = d+ cf

00(0) = 0; lim
⌘!1

f
0(⌘) = 0, (10)

where 0  ⌘ < 1, c = (1 + 1/�)A
p
Re/L � 0 and the magnetic parameter defined by

M =
�L

2
H

2
0

⇢nf⌫nfRe
. (11)

We introduce d = ±(1 + m), where positive and negative signs correspond to the stretching
and shrinking sheet cases, respectively, and m is the dimensionless mass transfer induced slip
parameter such that mVp  0. The exact solution to (9)-(10) can be searched in the form

f(⌘) = Vp +
d

↵(1 + c↵)
(1� e

�↵⌘), (12)

where ↵ is a positive root of the polynomial of degree three equation

a3↵
3 + a2↵

2 + a1↵+ a0 = 0, (13)

with a3 = �(c+ c
� ), a2 = cVp � 1� 1

� , a1 = Vp +Mc, a0 = M + d.

3 Results and discussion

The solutions to boundary value problem (9)-(10) will be discussed in some special cases. The
Crane solution [2] belongs to the problem of Newtonian fluid flow in non-magnetic field, when
there is no suction or injection and no slip, i.e.,

1

�
= 0, M = 0, c = 0, Vp = 0 (14)

the solution has the form
f(⌘) = 1� e

�↵⌘
. (15)

Pavlov [3] investigated the Crane’s problem with magnetic field, i.e.,

1

�
= 0, M 6= 0, c = 0, Vp = 0, (16)

the solution has the form

f(⌘) =
1

↵
(1� e

�↵⌘), ↵ =
p
1 +M. (17)

Bhattacharya et al. [7] gave the exact solution for Casson fluid in magnetic field with suc-
tion/injection,

1

�
6= 0, M 6= 0, c = 0, Vp 6= 0 (18)

in the form

f(⌘) = Vp +
1

↵
(1� e

�↵⌘), (19)

479



where ↵ =
Vp+

p
V 2
p +4(1+1/c)(1+M)

2(1+1/c) for shrinking and ↵ = �Vp+
p

V 2
p �4(1+1/c)(1+M)

2(1+1/c) for stretching
sheet.

Our aim is to investigate the solution to (9)-(10) when

1

�
6= 0, M 6= 0, c 6= 0, Vp 6= 0. (20)

The impact of various dimensionless parameters are analyzed for the flow structures. Both the
shrinking sheet case (d=+(1+m)) and stretching sheet case (d=-(1+m) are considered. The
dependence on the Casson e↵ect and the magnetic parameter are analyzed numerically.

4 Future work

The energy equation can be added to the governing equations. Then the similarity transforma-
tions can be applied to reduce the nonlinear partial di↵erential equations system to a nonlinear
coupled ordinary di↵erential equation system. The heat transfer characteristics will be studied
with two types of boundary conditions, namely with prescribed surface temperature and heat
flux. Knowing the exact solution to the momentum nonlinear ordinary di↵erential equation,
the temperature equation will be solved. The parameter dependency will be analyzed for the
temperature field.
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Abstract: External Beam Radiotherapy (EBRT) is suggested as a curative option for lo-
calised and locally advanced disease and as a palliative option for the metastatic low-volume
disease. Current planning systems provide ATLAS based segmentation methods, and al-
though initial contours are fast, the manual adjustment required is very time-consuming
and shown to be longer than manual. Deep learning methods have proven to be highly
e↵ective, precise and fast, improving treatment outcomes. This work is an attempt at a
segmentation framework for EBRT prostate patients. As a crucial step in treatment e↵ec-
tiveness, it is imperative to be precise. Medical experts use their knowledge and expertise
to perform these manual segmentations. Their perception of the positions of the organs is
sometimes anatomically holistic. So, what if our U-Net needed to perceive the position of
all organs to improve segmentation results? With this in mind, we attempted a multi-class
semantic segmentation for prostate cancer radiotherapy treatment planning optimization.
The results suggest that the awareness of the prostate and bladder improves the segmenta-
tion results for the rectum.

keywords: U-Net; Prostate Cancer; Multi-class; Semantic Segmentation; Radiotherapy.

MSC2020:

1 Introduction

The first described Prostate Cancer (PCa) case goes back to 1853, when John Adams, a surgeon
at the London Hospital, followed a histological examination for cirrhosis of the prostate gland.
He reported the condition as an orphan disease. In 2020, it was the second most frequent
malignancy, with 1.414.259 new cases and responsible for 7.3% of all cancer deaths in men [6].
The prostate gland is part of the male reproductive system and about the size of a walnut. It
is located in the pelvis surrounding the prostatic urethra and below the bladder [5]. Silently
asymptomatic in an early stage, has been traditionally diagnosed by Digital Rectal Examination
(DRE) and Prostate Specific Antigen (PSA), usually originating from the peripheral zone of the
prostate, adjacent to the rectum.

Current guidelines suggest EBRT as a curative option for localised and locally advanced disease
and as a palliative option for metastatic low-volume disease [3]. In the EBRT workflow, volumes
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are drawn manually by highly trained medical experts on top of a Computed Tomography (CT)
scan, a time consuming and error-prone task. EBRT systems do o↵er some automated contouring
solutions. Most of them are ATLAS based. In a recent study, Zabel et al. [7] compared the
impact of deep learning and ATLAS based segmentation methods with the traditional manual
segmentation of the bladder and rectum. Couto, Domingues, and Santos [2] evaluated four
algorithms to segment the bladder in PCa patients: k-means and several classifiers, a U-Net,
active contours and graph-based methods. A U-Net followed by morphological operations to
select the connected region gave the best results. Recently, Almeida et al. [1] presented a
framework to perform a 3D segmentation of the prostate, bladder and rectum using CT images.
The proposed architecture introduced an active contour method and an attention gate to a
traditional U-Net, improving the segmentation outcomes of deep learning.

In this work, we intend to explore and evaluate the use of a U-Net for a multi-class semantic
segmentation framework to automate and speed the segmentation task in EBRT planning work-
flow. With the rectum presenting itself as a very challenging organ to segment, this approach
tries to mimic the anatomical visualization of medical experts, a holistic segmentation. The
presence of the prostate and bladder in a multi-class model seems to improve dramatically the
ability to contour the rectum.

2 Results and discussion

This work is retrospective research that used treatment plans available at Instituto Português
de Oncologia do Porto Francisco Gentil (IPO-PORTO). All patients had undergone a CT scan
as part of the EBRT treatment. To train the models, we used an Intel Xeon Platinum 8253
CPU@2.20GHz, with 187 Gb of RAM and an Nvidia Quadro RTX 6000/8000 (24Gb/48Gb
GDDR6). The image dataset has CT images from 71 patients. All studies ranged from 2019 to
2021 with curative intent, and patients were between 51 and 89 years old. Images were acquired
in a 16 slice CT scanner from General Electric, GE Optima 580 available at the IPO-PORTO for
EBRT, with 2.5 mm slice thickness, 120 Kvp and automatic tube current modulation. All images
were anonymized and had the approval of use from the ethics committee. Segmentations were
performed manually by medical experts in the available EBRT planning system and converted
to an Nearly raw raster data (Nrrd) volume together with the corresponding Label map for
prostate, bladder and rectum structures.

A custom dataset holding the images in cache for training was designed. A 2D U-Net was
created and trained from scratch, with the ability to output a multi-class segmentation. The
implementation is almost identical to the one proposed by Ronneberger, Fischer, and Brox [4]
with slight modifications. We added a padding of 1 in the double convolution blocks in both
encoder and decoder arm, avoiding the cropping in the skip connections as both sizes will match,
as long as the input size is a multiple of 8. Single class models for the prostate, bladder and
rectum were built and also a multi-class model containing all three organs. Class weights for
the CrossEntropyLoss function were also computed to address class balancement.

To evaluate the quality of the segmentations the Dice Similarity Coe�cient (DSC) and the
Jaccard Index (JI) were computed and a ReduceLROnPlateau scheduler, which monitors the
improvement of the DSC and adjusts the learning rate accordingly. Besides, images were center-
cropped, assuring the segmentation was completely visible thus reducing the amount of back-
ground. The train/validation split was 80/20, assuring that images from the same patient only
appear either on training or validation. The settings for the runs and the obtained results are
shown in Table 1. Figure 1 shows the segmentations for the single class models and Figure 2 for
the multi-class model.
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Table 1: Settings and results. Mean values and standard deviations are shown for the 100 runs.

Prostate Bladder Rectum Multi-class

# Train 881 1462 2410 2739
# Val. 215 380 636 719
# Epochs 100 100 100 100
# Batch size 10 10 10 10
# Workers 10 10 10 10
Optimizer Adam Adam Adam Adam
Learning Rate 1 ⇥ 10�3 1 ⇥ 10�3 1 ⇥ 10�3 1 ⇥ 10�3

Image size 128x128 256x256 256x256 256x256
Time (min) 22 68 98 117

Acc 0.96 ± 0.04 0.98 ± 0.02 0.02 ± 0.10 0.97 ± 0.04
DSC 0.73 ± 0.08 0.90 ± 0.05 0.02 ± 0.01 0.71 ± 0.10
JI 0.77 ± 0.00 0.91 ± 0.00 0.01 ± 0.00 0.67 ± 0.00
Train Loss 0.06 ± 0.07 0.04 ± 0.02 0.69 ± 0.03 0.06 ± 0.14
Val. Loss 0.48 ± 0.21 0.03 ± 0.04 0.60 ± 0.05 0.22 ± 0.09

(a) Prostate model. (b) Bladder model.

Figure 1: Top 3 DSC for the prostate and bladder model.

Figure 2: Top 5 DSC for multi-class model. Bladder in dark blue; prostate in green; rectum in
light blue.

The prostate is a relatively small organ, at least when compared to the bladder. The number
of slices in the volume that contain the prostate structure is much less than the other organs.
The bladder can also be filled with urine, which is often the case in EBRT patients. The rectum
is a small organ when in an axial view but very extensive in volume. Therefore, the number
of selected images for training was higher than for other organs. Still the single-class model
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could not predict precisely the rectum in any image (obtained segmentations are omitted for
simplicity). The high heterogeneity of the Hounsfield Unit (HU) values found in the rectum
may present a challenge. In a multi-class scenario, images with at least one segmentation were
considered. Although the obtained mean DSC and JI were lower than the ones obtained for
single class models, the predicted segmentations included the rectum.

3 Conclusions and Future work

For Prostate cancer, the main segmentation challenges may arise from the wide diversity in
patients HU from the CT, even for the same organ. A young prostate does not have the same
attenuation coe�cient as an older prostate. The same for other organs. Besides, the bladder may
be filled with urine and the rectum with gas. A previously treated organ, either with surgery or
radiotherapy, also has a di↵erent attenuation coe�cient than an untreated one. This diversity
may provide challenges to overcome, searching for an accurate segmentation framework.

When performing manual segmentation, medical experts rely on Magnetic Ressonance Imaging
(MRI) images, to increase soft-tissue contrast. Besides, their expertise and anatomical knowledge
allows them to draw a contour based on a 3D mental representation of the volume. For some
2D images, it may seem impossible to segment any structure, at least for an untrained eye. Our
visual perception is sometimes improved by the awareness of other structures.

In this work, the results suggest that training a model using a multi-class strategy, seems to im-
prove the segmentation results for a previously challenging organ such as the rectum. Although
our multi-class model is not yet capable of quantifying the segmentations separately for each
class, the predictions for the rectum have improved dramatically. Still, some improvements need
to be done. A custom function is required to compute segmentation accuracy separately for
each class. Also, the dataset is small and unbalanced but data collection is an ongoing process
and data augmentation techniques will also be explored.
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[1] Gonçalo Almeida et al. “Segmentation of male pelvic organs on computed tomography
with a deep neural network fine-tuned by a level-set method”. In: Computers in biology and

medicine 140 (2022), p. 105107.

[2] Ana Couto, Inês Domingues, and João Santos. “Comparison of bladder segmentation tech-
niques in CT scans”. In: Portuguese Conference on Pattern Recognition (RecPad) (2021).

[3] C Parker et al. “Prostate cancer: ESMO Clinical Practice Guidelines for diagnosis, treat-
ment and follow-up”. In: Annals of Oncology 31.9 (2020), pp. 1119–1134.

[4] Olaf Ronneberger, Philipp Fischer, and Thomas Brox. “U-net: Convolutional networks for
biomedical image segmentation”. In: International Conference on Medical image computing

and computer-assisted intervention. Springer. 2015, pp. 234–241.

[5] Omesh Singh and Srinivasa Rao Bolla. “Anatomy, Abdomen and Pelvis, Prostate”. In:
StatPearls [Internet] (2019). url: https://www.ncbi.nlm.nih.gov/books/NBK540987/
(visited on 01/16/2021).

[6] Hyuna Sung et al. “Global Cancer Statistics 2020: GLOBOCAN Estimates of Incidence
and Mortality Worldwide for 36 Cancers in 185 Countries”. In: CA: a cancer journal for

clinicians (2021).

[7] W Je↵rey Zabel et al. “Clinical evaluation of deep learning and atlas-based auto-contouring
of bladder and rectum for prostate radiation therapy”. In: Practical Radiation Oncology 11.1
(2021), e80–e89.

484



 

 

International  Conference  on  Mathematical  Analysis  and  Applications  in  Science  and 

Engineering ICMA2SC’22 

ISEP Porto-Portugal, June 27 - 29, 2022  

 
 
 

FRACTAL BROWNIAN MOTION VS GLOBAL 
ASSESSMENT OF COP EXCURSION DURING 

IMPULSE PHASE ON STANDARD MVJ 
Carlos Rodrigues1* Miguel Correia2 João Abrantes3 

Benedetti Rodrigues4 Jurandir Nadal5 
1 INESC TEC, Portugal 
2 FEUP, Portugal 
3 ULHT, Portugal 
4 UFPE, Brazil 
5 UFRJ, Brazil 

1*carlos.b.rodrigues@inesctec.pt 
 

Abstract: This study confronts fractal Brownian motion assessment for structure analysis with 

global analysis as complementary tools to address the center of pressure (CoP) excursion during 
impulse phase on standard maximum vertical jump (MVJ) expanding CoP analysis from static to 
dynamic natural human activities such as MVJ and corresponding lower limb muscle stretch-
shortening cycle (SSC). This way, feet CoP contact control was assessed during impulse phase 
with long and short SSC in terms of dynamic stabilometry and differences were detected at short 
and long-term regime on structural analysis pointing to distinct stochastic process at each MVJ 
type, in line with global analysis at short, middle, and long-time range and detected behavior on 
unconstrained standing studies. 

keywords: fractal Brownian motion; COP excursion; countermovement 
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1 Introduction 

 
Gait presents from phylogenetic and ontogenetic perspectives, as a determinant 
advantage for human being [1]. On human phylogenetic evolution to biped gait our visual 
perspective has shifted from the ground to the horizon, increasing our distance to the floor 
and modifying the orientation of the field of vision, thus increasing our vision scope and 
the number of visual stimuli contributing to development of the brain. It released our 
hands from support at the ground contact, making them available for manipulating objects 
and developing tools, potentiating learning and brain development.  
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Human biped gait contributed also to the development of the brain through the greater 
complexity of stability control in relation to quadruped gait, increasing our progression 
velocity and improving our chances of survival whether escaping predators and enhance 
our hunting chances. On ontogenetic evolution we covered a similar path at different time 
scale from crawling to walking, running, and jumping [2], with such advantage on 
posture, dexterity, and performance that only when we lose these capacities, we truly 
become aware of their importance. Thus, gait as a contact control task requires precise 
control of the ground reaction force acting at the feet center of pressure (CoP), since it is 
responsible along with gravity force acting at the center of mass (CoM) by the 
acceleration of the whole-body CoM [3].  
The central nervous system (CNS) is responsible for muscles active control under the 
feedback of the proprioceptive system, for the actuation of musculoskeletal system 
towards human movement [4]. Despite isolated isometric, concentric, and eccentric 
muscle action gathered larger research attention, natural human action corresponds to 
muscle stretch-shortening cycle (SSC), with muscle stretch preceding muscle contraction 
for efficient submaximal and powerful maximal activity [5]. Although muscle SSC can 
be observed at gait and running its higher expression and accessibility is performed on 
standard maximum vertical (MVJ), with long SSC on countermovement jump (CMJ) and 
short SSC on drop jump (DJ) for comparison with squat jump (SJ) without SSC [6].  
According to the importance of CoP excursion during feet ground contact, its influence 
has been assessed on orthostatic equilibrium, gait, running and standard MVJ [7], with 
an open issue on advantage of fractal Brownian motion vs global assessment of CoP 
excursion to capture CoP underlying control on different MVJ impulse.  

 
2 Results and discussion 

 
Results from fractal Brownian motion analysis of CoP excursion presented during 
impulse phase at each MVJ type, two distinct behaviors for the short- and long-term 
regime regarding the average square distances <R2> for increasing t time steps as well 
as for the corresponding log-log plots, leading to different diffusion coefficient D and 
Hurst index scale exponent H, critical time tc and <R2

c > average square distance 
threshold between the two regimes [7]. Thus, DJ presented lower tc than SJ and CMJ, 
with CMJ presenting higher <R2

c > than SJ and DJ (p<0.05). SJ and CMJ presented 
lower short- and long-term diffusion coefficients Ds and Dl than DJ pointing to higher 
stochastic activity and postural instability on DJ in relation to SJ, CMJ, with higher Ds 
than Dl on SJ and CMJ thus pointing to short-term open loop control higher stochastic 
activity than at long-term closed loop control and the opposite at DJ. Short-term Hurst 
index exponent Hs presented higher mean value at SJ than CMJ (p<0.05) and DJ (p≥0.05) 
with higher mean at CMJ than DJ (p≥0.05). Hs presented mean value higher than 0.5 on 
SJ (p<0.05), CMJ and DJ (p≥0.05) pointing on short-term regime to stochastic process 
positively correlated and persistent behavior maintaining movement direction. Regarding 
long-term Hurst index exponent Hl presented higher mean value at DJ than CMJ (p<0.05) 
and SJ (p≥0.05), with CMJ higher mean value than SJ (p≥0.05). Furthermore, Hl 
presented at DJ mean value higher than 0.5 pointing at long-term regime to stochastic 
process positively correlated and persistent behavior maintaining movement direction 
whereas SJ and CMJ presented lower mean Hl than 0.5 pointing to stochastic process 
negatively correlated with anti-persistent behavior and tendency for future inversion of 
past tendency. 
Regarding global analysis of CoP excursion, focusing on accumulated square distance 
R2 of CoP during impulse, three different phases were detected at short, middle, and 
long-time range for each MVJ type [8]. Thus, SJ presents slow R2 increase before 
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- 350ms, with larger R2 growth between -350ms and -150ms and growth increase from 
-150ms to take-off. As regards to CMJ a steady growth is dominant from -800ms to take-
off. Finally, DJ presented initial sharp growth of R2 from - 200ms and -150ms followed 
by reduced growth from -150 ms and -10 ms with new sharp growth from -10ms to take-
off. 
  
3 Conclusions and Future work 

 
Fractal Brownian motion assessment and global analysis presented as complementary tools 
to address CoP excursion during impulse phase on standard MVJ. Whereas fractal Brownian 
motion assessment allowed detection of structural analysis with two distinct behaviors for 
short- and long-term regime at different MVJ, global analysis conducted to distinct time 
phases detection during the impulse on SJ, CMJ and DJ. Presented structural and global 
analysis constitute an expansion of static stabilometry analysis to dynamic stabilometric 
assessment during impulse phase on different MVJ involving long and short lower limb 
muscle SSC for comparison with no SSC. Future work may include the application of 
different structural analysis and new global variable assessment of CoP excursion on dynamic 
stabilometry during impulse phase on standard MVJ and corresponding muscle SSC. 
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Abstract: For a Radiotherapy treatment plan (TP) to be delivered to the cancer patients
more accurately, patient-specific quality assurance (PSQA) should be performed before the
treatment. During this process, the quality of the TPs is evaluated using the Gamma
Passing Rate (GPR) metric which is calculated by Verisoft® software. We have developed
an in-house script that can evaluate the TP before delivery to the patient. We discuss the
method that is used in Verisoft® to calculate GPR and we compare the results. To the best
of our knowledge, this is the first script that has been developed to emulate Verisoft®. Such
in-house software allows the analysis of several patient measurements at once and can be
integrated into larger software tools, to streamline the PSQA process in radiotherapy.

keywords: Radiotherapy; Quality Assurance; Gamma Passing Rate.

1 Introduction

When planning a Radiotherapy treatment, it is necessary to determine the radiation dose that
reaches the patient. The treatment plan (TP) needs to go through a quality control process
which is called patient-specific quality assurance (PSQA) process to evaluate if the dose is either
excessive or insu�cient. Gamma index [1] is the most commonly used metric to evaluate the
dose distribution. It compares point by point, the computed dose with the one delivered by the
linear accelerator (LINAC).

In this work, an in-house software was developed to evaluate the detector measurement points by
using the gamma index. Our results are validated by comparison with the commercial software,
VeriSoft®1.

1
https://www.ptwdosimetry.com/en/products/verisoft/
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2 Methodology

The dose distribution of the samples in this work was measured with OCTAVIUS II2 which
receives the dose in the PSQA process before it is delivered to the patient. It consists of a 2D
matrix of ionization chambers, displayed isotropically. In the process of PSQA, the measured
dose at the evaluating points of the 2D matrix with the resolution of 10 mm is compared to
the dose at the reference points with the resolution of 1 mm. The goal of this project was to
write a script that evaluates the detector measurement points based on Depuydt et al. paper [2]
and calculates the gamma index [1] and the dose di↵erence for each approved point. The script
evaluates the points in three levels and the output of the script determines the Gamma Passing
Rate (GPR) which is an indicator to approve or not the measurement output of the LINAC.
The gamma index [1] which compares the reference dose distribution (Dr(rr)) to the evaluating
dose distribution (Dc(rc)) at an evaluating point with the position of rc is calculated by:

�r(rc, Dc) =

s✓
�r2

�d2M

◆
+

✓
�D2

�D2
M

◆
(1)

where �r = |rr � rc| demonstrates the distance between the reference and the evaluating point
and �D = Dc(rc) � Dr(rr) is the dose di↵erence between the evaluating point at rc and the
reference point at rr. �dM and �DM stand for the acceptance criteria for the distance-to-
agreement (DTA) and for the dose di↵erence (in percentage with respect to the dose at the
evaluating point) respectively [2]. In order to evaluate a plan, first, the acceptance criteria are
set by the user. Then the gamma index is calculated for each evaluating point. If the evaluating
point does not fulfil the �r(rc, Dc)  1 criterion, it must be evaluated through the second and/or
the third level. The percentage of the total number of evaluating points that can pass one of the
three levels is reported as GPR (�DM )%/(�dM )mm. Figure 1 shows a simple diagram of how
an evaluating point may pass or fail while passing through three levels of evaluation process.

Figure 1: Graphic illustrating the evaluation process of each evaluating point on the 2D dose distribution matrix.

3 Results and discussion

A group of volumetric modulated arc therapy (VMAT) TPs from 12 patients was selected to
evaluate the in-house script. Each of the plans has 2 arc fields. The 12 patients come from
di↵erent treatment site groups and LINACs: Head and Neck (patients 1 to 3) and Mediastinum
(patients 4 to 6) plans, treated in a Varian®3 Trilogy LINAC; and Lung (patients 7 to 9) and
Prostate (pelvis) plans (patients 10 to 12), treated in a Varian Novalis LINAC. A subgroup of
5 plans were used to fine-tune the details of the script.

In Table 1 the preliminary results for a test group of patients 1 to 5 (In-house script-V1 column)
have been compared to VeriSoft®’s output in terms of the number of evaluated points and
the values of GPR 3%/3mm. The di↵erence between the number of evaluated points in some
cases made us suspicious about the way VeriSoft® selects the points. VeriSoft® claims that the

2
https://www.ptwdosimetry.com/en/products/octavius-ii/

3
https://www.varian.com/
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analysis is based on Depuydt et al. Paper [2]. There the number of evaluated points is defined
as the number of points above or equal to a threshold. The threshold is defined as 10% of the
maximum calculated dose which was used in the script. Upon reading the VeriSoft® document
in more detail, it was found that VeriSoft® does not use the maximum calculated dose. To get
a threshold, it considers the down-sampled maximum which is a sample of the calculated values
only in positions where there are measured dose values. Our in-house script was thus changed
based on this hypothesis and in Table 1 it is clear that the di↵erence between the number of
evaluated points decreased with respect to the results of the first version. There is an absolute
di↵erence of 0.5 % between GPR 3%/3mm of the script and the VeriSoft® in the worst case
which is very satisfactory.

Table 1: Comparison of the number of evaluated (EV) points and GPR 3%/3mm by Verisoft
®

with the outputs

of the first version (V1) and second version (V2) of the in-house script.

No. of EV points (GPR 3%/3mm (%))
Patient No. Arc In-house script-V1 In-house script-V2 VeriSoft®

1
RA1 281 (98.9) 287 (97.9) 288 (97.9)
RA2 283 (98.2) 291 (97.9) 284 (98.2)

2
RA1 391 (99.7) 396 (99.8) 395 (99.7)
RA2 375 (99.2) 384 (98.7) 385 (98.4)

3
RA1 427 (98.6) 427 (98.4) 427 (98.6)
RA2 420 (99.0) 421 (99.0) 420 (98.8)

4
RA1 434 (98.4) 435 (97.0) 436 (97.0)
RA2 422 (99.3) 422 (99.0) 423 (99.3)

5
RA1 188 (100.0) 203 (99.0) 197 (99.5)
RA2 164 (100.0) 169 (100.0) 167 (100.0)

(a) (b)

Figure 2: Comparison of the outputs of the (a) script and (b) VeriSoft
®

in terms of the dose distribution and

the status of the evaluating points in the Octavius II 2D matrix. The red dots in plot (a) correspond to the blue

dots in plot (b) which represent the failed points.

We also noticed that there are two tables in the VeriSoft® for the calculated doses. The “Mea-
surement Resolution” and the “High Resolution” tables. While the high-resolution table shows
the calculated dose values with 1 mm resolution, we expected that the measurement resolution
table contains the calculated dose values in the positions of the evaluating points (with 10 mm
resolution). However, we found out that the values of the calculated dose in the positions of the
evaluating points are di↵erent in the two tables. This could be one of the reasons for the di↵er-
ence between the number of evaluated points in Verisoft® and in our results. Yet the question
remains. What are the values in the table of “Measurement Resolution”? As it is mentioned in
the VeriSoft®’s Manual, the table contains “calculated mean values under the virtual chamber
areas”. It seems that the mean of calculated doses within an area around each evaluating point
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(a) (b)

Figure 3: Comparison of the outputs of the script and VeriSoft
®

software in terms of the (a) relative di↵erence

and (b) the absolute value of GPR 3%/3mm.

is calculated and inserted in the “Measurement Resolution” table. As a final attempt, we used
the maximum of the “Measurement Resolution” table in VeriSoft® to calculate the threshold.
This was done for all 24 samples (12 patients and 2 arcs for each patient). Although the number
of evaluated points changed for 7 of the samples, the GPR 3%/3mm did not change at all with
respect to the results of the second version of the script in Table 1. We were thus confident
that we can use the maximum of the calculated values in positions of the evaluating points to
calculate the threshold. Another thing that should be highlighted is the DTA criterium in level 3
of the evaluation process. There are no references which give us more details about level 3. The
DTA that we used for level 3 was primarily 4 mm but then changed to 3.5 mm because GPR
3%/3mm was higher than Verisof’s output in some cases and it was because there were points
that were passing through level 3 while they must not. The output of the script in terms of
the dose distribution over the Octavius II® 2D matrix and the failed points has been compared
to the output of VeriSoft® in Figure 2 for one of the patients. The dose distribution and the
failed points are perfectly matched however the latter may di↵er occasionally by one or two
points for other patients. Figure 3 represents a comparison between the outputs of the script
and the VeriSoft® by representing (a) the relative di↵erence and (b) the absolute value of GPR
3%/3mm. These results indicate the good agreement of the outputs.

4 Conclusions and Future work

In this work, an in-house program was developed to calculate the GPR of complex radiotherapy
treatments based on the methodology in Depuydt et al. paper [2]. Our results show a very
good agreement with the output of VeriSoft® which is widely used to evaluate the detector
measurement points in the process of Quality Assurance (QA) in radiotherapy. In the future,
the script is used in a sequence of analyses of the radiotherapy treatment data which intends to
improve and streamline the PSQA process through artificial intelligence methods.
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Abstract: The process of patient-specific quality assurance (PSQA) is performed before
radiotherapy treatment of the cancer patient to assure that the patient receives the appro-
priate dose. One way to streamline this process and assess the deliverability or quality of
treatment plans (TPs) before the PSQA measurement is to use Complexity Indexes (CIs).
In this work, we have developed in-house scripts to calculate a selective sample of CIs on
a sample of prostate patients with various complexities. We compare the strength of the
selected CIs to distinguish the TPs in terms of fractionation, and its impact on complexity,
which leads us to select more promising CIs to evaluate the quality of TPs in the future
through being employed in artificial intelligence methods.

keywords: Complexity Index; VMAT; Radiotherapy; Quality Assurance

1 Introduction

In order to perform a volumetric modulated arc therapy (VMAT), the safety and deliverability
of each radiotherapy treatment plan (TP) must be examined by medical physicists in the process
of patient-specific quality assurance (PSQA), to verify whether the dose delivered by the linear
accelerator (LINAC) corresponds to the calculated dose to be delivered to the patient. The
therapeutic photon beam comes out of a part of the LINAC called gantry, which can be rotated
around the patient and is shaped by a multileaf collimator (MLC). The MLC has 2 banks of
60 leaves each, which move independently to colimate the beam. In VMAT treatments, the
movements of MLC, the gantry speed (GS) and acceleration and the dose rate (DR) variations
are subject to errors that can a↵ect the dose delivered to the patient [5]. The Gamma Passing
(approval) Rate (GPR) so far has been the standard parameter to determine if the plan can
be delivered to the patient, despite being known to miss relevant positional errors of the MLC
leaves [5]. There are significant studies [1, 2, 3, 4] about the possible metrics, called Complexity
Indexes (CIs) that may help to assess the plan deliverability and to streamline the PSQA process.
Modulation complexity score applied to VMAT (MCSv) [1] and four Modulation Indexes (MIs):
MIs, MIa, MIt [3], and MIc [4], can be considered as CIs which have shown moderate to good
correlations to GPR [4, 6]. These CIs are focused on the variations of mechanical parameters
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under the assumption that an increase in mechanical parameter modulation will increase the
uncertainty in delivery [3]. While MCSv only takes the MLC positions into account [1], the
MLC speed, MLC acceleration and dose rate variations are taken into account on the calculation
of theMIs [3]. Additionally, MIc considers dose calculation uncertainty which is usually a↵ected
by small or irregular fields [4] and can be quantified using a thinning algorithm. In this work, we
developed in-house scripts to calculate MCSv and four MIs. The purpose is to implement the
best known CIs at a Radiotherapy department, to study, compare and improve the deliverability
of VMAT treatments, and, prospectively, optimize the use of material and human resources.

2 Data and Methodology

Table 1 shows a summary of a sample of 71 prostate patients (in a total of 136 treatment
arcs/beams) consisting of 5 types of fractionations which was used for the computation of the
selected CIs in this work. These were treated mainly on a Varian®1 Novalis LINAC, except the
SBRT treatments, programmed for a Varian® Truebeam LINAC.

Table 1: Summary of the Prostate sample used for CIs computation in this work.

Fractionation Treatment site Dose (Gy) Daily dose frac (Gy)
Moderate Hypofractionated PRa 60.00 3

SIBb PR/PLc 70.20 2.7
Conventional fractionation PL; PR+VSd; PR; PR 45;15;20;18 1.8;2.143;2;2

Special Cases PR+VS;PR+VS;PR 55;15;55 2.5;2.5;2.75
SBRTe PR 36.25 7.25

a Prostate; b Simultaneous Integrated Boost; c Pelvis; d Vesicle; e Stereotactic Body Radiotherapy

The scripts to calculate the selected CIs were programmed in Python 3.9.9. MCSv was calcu-
lated using the relation A4 in Masi et al. 2013 [1] (hereafter Masi13):

MCSarc =
I�1X

i=1


(AAVcpi +AAVcpi+1)

2
⇥ (

(LSVcpi + LSVcpi+1)

2
)⇥ (

MUCPi,i+1

MUarc
)

�
(1)

where, MUCPi,i+1 is the delivered dose in MU between ith and (i+ 1)th control point. Control
points (CPs) are equally-spaced discretization points in the angular space swept by the gantry
around the patient. LSV (leaf sequence variability) takes the di↵erences in position between
adjacent MLC leaves at each CP into account and is calculated by relation A2 in Masi13. AAV
(aperture area variability) considers the area defined by the apertures of opposing leaves at
each CP and is calculated based on the relation A3 in Masi13. The calculation of MIs were
done based on the relations in Park et al. 2014 [3] (hereafter Park14) and Park et al. 2015 [4]
(hereafter Park15). Here we su�ce to write the relations for the calculation of MIc:

MIc =
120X

n=1

Individual MIc,n (2)

where, Individual MIc,n =
R k
0 zc(f)df is the individual MIc,n of nth MLC leaf with k = 0.2,

0.5, 1 and 2 in this study. zc(f) is calculated as follows.

zc(f) =

✓
1

Ncp � 2

◆ NcpX

i=1

⇢
Ni

✓
f ;MLC speedi > f�MLC speed

orMLC acceli > ↵f�MLC accel

◆
WGA,i+1WMU,i+1WAI,i

�
(3)

The values of f which varies between 0.01 and 2 with a step of 0.01 has been defined by Webb
[7]. Ncp is the total number of CPs for a given VMAT plan, MLC speedi and MLC acceli
indicate the speed and the acceleration of the MLC between the ith and (i+ 1)th or (i+ 2)th CP
respectively. �MLC speed and �MLC accel are the standard deviations of the MLC speed and the
MLC acceleration respectively, ↵ is a weighting factor for the acceleration which is calculated
based on the time between the ith and the (i+ 2)th CP. WGA,i+1, WMU,i+1 and WAI,i indicate

1https://www.varian.com/
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the gantry acceleration, the dose rate variation, and the field aperture irregularity (AI) weighting
factors which are calculated by the relations (12) and (13) in Park14 and relation (2) in Park15
respectively. In order to calculate WAI,i, a thinning algorithm of image processing techniques
was developed to enable us taking the size and irregularity of field apertures at each CP into
account. Ni(f ; ) is a conditional counting for the ith CP which is 1 if the conditions are met
otherwise it becomes 0. If there is no modulation in GS, DR or AI, the weighting factors become
1 and the values of MIs will be the same if one calculates MIa, MIt, or MIc. In the calculation
of MIs and MIa there is no weighting factor and MIt only misses WAI,i with respect to MIc.

3 Results and discussion

Table 2 shows the mean value of the selected CIs utilizing 40 treatment arcs from prostate
and prostate plus vesicle TPs with 2.034� angular distance between CPs from our conventional
sample which is compared to a group of 40 plans with a majority of prostate and prostate plus
vesicle TPs in Masi13 and to a group of 20 prostate TPs in Park14 and Park15.

Table 2: Comparison of the values of selected CIs with Masi13, Park14 and Park15.

Reference k MIs MIa MIt MIc MCSv

This work
0.5 15.01±2.21 18.04±2.61 22.42±5.48 24.01±4.41

0.25±0.05
1.0 24.50±3.95 29.38±4.55 37.39±7.18 39.07±7.56

Park14
0.5 10.01±0.95 14.98±1.49 15.28±1.46 -

0.59±0.07
1.0 11.63±1.37 22.67±2.30 23.11±2.26 -

Park15
0.5 - - 16.3±3.8 19.3±4.8

0.57±0.11
1.0 - - - 29.4±8.0

Masi13 - - - - - 0.307

ForMCSv, our result seems to be more consistent with the result in the original source (Masi13).
There is also a good agreement between our results and the results in Park14 and Park15 for
the values of MIs (k=0.2), MIa (k=0.2, 0.5, 1.0), MIt (k=0.2, 0.5), and MIc however, it is
not possible to make an exact comparison because the samples used in each of the studies are
not selected based on the same criteria. They include single institution dataset (in Masi13)
and multi-institution dataset (in Park14 and Park15), and from di↵erent LINACS, which may
a↵ect the complexity of the plans. The values of MIs are increasing as k increases which is
expected based on the relation of individual MIc,n. In addition, when more uncertainties are
taken into account the value of the modulation index increases for the same k. MIc always
show the highest value for the same k with respect to the rest of MIs. Figure 1 represents the

(a) (b)

Figure 1: Comparison of the values of (a) MCSv and (b) MIc (k = 0.5) for di↵erent fractionations of the sample
summarized in Table 1. We only show the results of the calculation of MIc because MIs result in the same output
in terms of the distinction between di↵erent fractionations.

complexity values of our patient sample using MCSv and MIc (k=0.5). MCSv varies between
0 and 1. The more complex the plan means the closer the MCSv value to 0. Comparing
the plots in Figures 1 clearly confirms the strengths of MIc on the distinction of the plans
based on their complexity comparing to MCSv. Figure 1(b), indicates that Pelvis TPs can be
clearly distinct from prostate and prostate plus vesicle TPs in the conventional sample. For
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the whole patient sample, weak correlations were obtained between MCSv and GPR using
the Spearman0s correlation coe�cient (rs = 0.134, p � value = 0.202) and between MIs and
GPR (rs = �0.297, p � value = 0.004). Considering only the high dose per fraction (7.25 Gy)
SBRT TPs in Truebeam LINAC, the mean values of MIt and MIc are shown in Table 3, while
the correlations between the selected CIs and GPR 3%/3mm are displayed on the graphs of
Figure 2. The dose (MU/Gy) was also found a well-correlated parameter with MIs for SBRT
TPs. The best correlation between MIs and GPR 3%/3mm occurs using MIc (k = 2.0) with

Table 3: The mean values of MCSv, MIt and MIc for SBRT treatment plans.

k 0.2 0.5 1.0 2.0
MIt 8.00±1.25 17.54±2.99 29.11±5.37 42.95±8.17
MIc 8.06±2.08 18.27±4.83 30.33±8.26 44.76±12.29

MCSv 0.32±0.05

rs = �0.565 and p � value = 0.004. The correlation between dose (MU/Gy) and MIc (k =
2.0) (Figure 2(b)) yields rs = �0.568 and p � value = 0.004. These results demonstrate that
MIc and dose (MU/Gy) could be used as metrics to predict the probability of the plan’s failure
before PSQA process for SBRT plans in the future. Figure 2(c) shows the very good correlation
between dose (MU/Gy) and GPR 3%/3mm with rs = �0.659 and p� value = 0.000.

(a) (b) (c)

Figure 2: Correlation between (a) GPR 3%/3mm , (b) dose (MU/Gy) and MIc; and between (c) dose (MU/Gy)
and GPR 3%/3mm for SBRT treatment plans.

4 Conclusions and Future work

Our results confirm that the in-house scripts to calculate MCSv, MIs, MIa, MIt, and MIc
based on the instructions in Masi13, Park14, and Park15 can be used to score the complexities
of TPs in Radiotherapy. The results demonstrate that MCSv does not seem to be a promising
metric to score the complexity of the TPs precisely. However, MIt and MIc may help to
analyze and to distinguish the TPs in terms of complexity. Besides, using MIt and MIc for
analyzing the prostate conventional sample leads us to the conclusion that pelvis plans have
higher complexities than prostate and prostate plus vesicle plans. The good correlation of MIc
with PSQA results together with the support of the good correlation of the dose (MU/Gy) with
PSQA outcome for SBRT prostate TPs, indicate that MIc and dose (MU/Gy) could be used as
metrics to predict the failure probability of the SBRT plans before PSQA process in the future.
As future work, they can also be thought of as metrics to be used during the optimization process
in VMAT planning and in the artificial intelligence methods applied to improve the quality of
TPs and streamline the PSQA process.
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Abstract: The purpose of this work was to determine the incidence and severity of the
barotrauma and to identify the possibility of middle ear barotrauma in a large number of
patients undergoing regular hyperbaric oxygen therapy. To explore and clarify this issue in
terms of incident, seriousness and recurrence, age, gender, clinical signs, specific history of
chronic rhinitis and symptoms of nasal obstruction during the occurrence were registered.
A first approach can be found in [6, 7, 8] where the authors perform a descriptive statistical
analysis and apply some elementary and intermediate statistical techniques such as variance
analysis[5]. Here a Logit model is built allowing to relate the occurrence of barotrauma with
the clinical profile of patients. We could conclude that Hyperbaric Oxigen Therapy is a safe
terapy.

keywords: barotrauma; hyperbaric oxigen therapy; logit.
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1 Introduction

Hyperbaric Oxygen Therapy (HBOT) is a treatment in which 100% oxygen is given in a room
under pressure above sea level, providing an increase of perfusion of 02 in the tissues reduc-
ing inflammation and hypoxia of cells, which helps to treat ischemia and infection [1, 3]. The
complications are not yet well known. Making an e↵ort to better understand one of the compli-
cations due the HBOT, the barotrauma of the medium ear, was collected medical information
about the patients than undergo to HBOT treatment and analyzed the gravity degree of the
barotrauma and if it was in one or two ears, in the case of occurrence. Also, has continuation
of the work presented in [6, 7, 8] was developed a LOGIT model [2, 4, 5, 9] so we could relate
the barotrauma occurrence with the medical profile of the patients.
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2 Results and discussion

Were evaluated the clinical details of 1732 patients who were submitted to HBOT between
2012 and 2016 at the Portuguese Naval Center for Underwater and Hyperbaric Oxigen Therapy.
The incidence of BTOM was 8.3%. Between the patients that su↵ered barotrauma, 62% were
an unilateral case, 34% on the right ear; 28% on the left ear; 21% on both ears. Significant
association with barotrauma occurrence were gender, diagnosis of osteorradionecrosis of the
mandible and personal history of allergic rhinitis.

3 Conclusions

The aim of this work was to determine the incidence and severity, and obtain eventual risk factors
for barotrauma of the middle in the patients submitted to HBOT. Female gender, diagnosis of
osteorradionecrosis of the mandible and personal history of allergic rhinitis were identified as
risk factors. Taking into consideration the data set, it was concluded that OTHB is an e�cient
and safe therapeutic. Correct teaching of active equalization maneuvers and careful monitoring
during the first sessions can greatly reduce the incidence of barotrauma. In the present case
study, there was an incidence of BTOM of 8.3%, being, in the great majority, of low gravity.
The risk of recurrence should be taken into account, and some patients should therefore take
prophylactic medication for the remaining duration of treatment.
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Abstract: The purpose of this study was to investigate the knowledge, attitude and prac-
tices (KAP) to prevent the spread of Zika virus (Zika) between the boarded sta↵ in navy
ships. This work is the continuation of [3, 4] where it was applied a factor analysis. A
statistical analysis by generalized least squares was the chosen approach to analyze the im-
plemented questionnaire about the Zikv disease. Were considered two groups of participants.
One of groups consisted with people that already had navigated in endemic areas of ZIKV,
the other group had the sta↵ who would go navigate in endemic areas. There were evidenced
uneven responses between specific questions about ZIKV and between groups. The results
obtained are consistent with similar studies [7].
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1 Introduction

The Zika Virus was firstly identified at 1947 in a rhesus monkey in Uganda. From sixties to
eighties very few cases were detected and their majority were benign. Due the enlargement
of urban centers, the increment and facility of airflow between countries and the existence of
asymptomatic travelers, the dissemination of Zika, had a huge increase [11, 10], also there
was a great increment of asymptomatic carriers [2, 1]. Our case study consider military sta↵
embarked on Portuguese Navy ships. Knowing that military sta↵ can be exposed to ZIKV
during their journeys in sea, prevention of disease and promotion of the health of the sta↵ is
an important issue. To plann intervention strategies, through health education actions, it is
needed to evaluate the literacy about zika virus, also their attitude and practice. With such
objective was implemented a questionnaire in [3], similar to [7]. A statistical approach was
applied in [4, 8]. Detailing, it was applied a factorial analysis, some factors associated with kap
were identified. Such factors were considered in the present work as variables in a generalized
linear models approach[5, 6, 9].
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2 Results and conclusions

Summarizing the data, several groups of individuals were preliminary considered, 148 individuals
answered to a questionnaire about Zika. The first step organizes the data and get some simple
measures by descriptive statistic techniques and performs some intermediate level techniques,
e.g, proportion tests, independence tests, etc. All groups present a minimum and maximum age
of 25 and 56 years, with a mean age of 35. All groups have identical distribution of ages(can
hapen small di↵erences when certain ship garrison has some sta↵ absent.

The groups were composed of 80% men and 20% women. The distribution per gender is statisti-
cally di↵erent (p�value = 0.025). We can confirm that nobody answered correctly (or wrongly)
all seven questions that composed the initial questionnaire. Respectively, we have 10.9%of sta↵
that answered correctly to one question. Three correct answers was the most frequent result.
The maximum of number of correct answers was 6 with a percentage of 6%. We can infer the
the boarded still has a low level of literacy about Zika .
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Abstract: The experimental plan affects 

the fresh properties cement-based materials. 
This document regards to Part I of a major 
work wherein workability of cement-based 
pastes is evaluated. Here, several cement-
based paste compositions incorporating 
distinct constituent materials were tested 
and their effect on the measured. The 
overall work is composed by two parts. 
Here, in Part I, basic and typical run of 

experiments wherein only one input 
parameter is studied at once were applied. 
The results of Part I shown that basic run of 
experiments is easy and quick of develop 
and leads to results of easy analyses, 
however advanced and scientific analyses 
are difficult.                                                                                       
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1 Introduction 
 
The road to produce concrete can be understood as very easy as well as demanding high-
tech and scientific knowledge. On the one hand, it is just mixing gravel, sand, cement, 
water and eventually admixtures and additions in a trial-error method and ‘a concrete’ is 
produced. However, on the other hand when specific and unusual properties are required 
and no fail is accepted, high-tech and scientific kwon-how is crucial to achieve and define 
responsibilities.  
As a part of a major research work on the fresh properties of cement-based pastes wherein 
different experimental approaches were used, the present paper reports the findings of the 
Part I of the research wherein the experimental program was carried out performing 
changes in the input variables within the traditional approach ‘one-variable-at-a-time’. 
Other results of the overall research work can be found in the Part II wherein the 
experimental program was carried out through a statistical approach, i.e. applying a 
central composite design of experiments. Thus, the major goals of this paper (Part I) are 
(i) to characterize the primary effects of the different constituent materials of cement 
pastes on the fresh properties and parallelly (ii) to analyze and ponder about the type of 
research methodology applied, namely advantages and disadvantages of the traditional 
approach of changing one-variable-at-a-time when compared to an experimental program 
planed based on a central composite design. Therefore, in this paper 92 mix compositions 
are done while in the Part II only 15 mix compositions were executed. The overall 
research was carried out in cement-based pastes with the mini-cone [1] and the Marsh 
funnel [2] tests being performed to evaluate fresh properties. Being aware that results 
from Part I and Part II do not compare between themselves, rather they complement the 
overall characterization, the used approaches are evaluated and compared. 

 
2 Results and discussion 

 
In this experimental program it was also evaluated the loss of workability with the time. 
Two superplasticizers were tested in order to detect differences. Figure 1 shows 
graphically the loss of deformability of the two superplasticizer from immediately after 
mixing to 60 minutes after starting mixing. Similarly, Figure 2 shows the increase of 
viscosity. 
 

  
Figure 1 – Effect of two superplasticizers on the 
flow ability of mixes immediately after mixing and 
60 minutes after start mixing  

Figure 2 – Effect of two superplasticizers on the 
viscosity immediately after mixing and 60 minutes 
after start mixing evaluated through time of the 
Marsh funnel 

 
Results of the flow ability immediately after mixing of mixes composition are reported 
Table 1 as well as the corresponding coefficients of the linear regressions and the R2. 
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Table 1 – Linear regressions of the flow ability of mixes with different limestone filler content and different 
types of cement. 
# Mix D1a D1b D2a D2b D-flow Linear regression 
1 100%C,0%F-1 90 90 91 91 90.5   
2 100%C,0%F-2 95 95 100 101 97.8   
3 100%C,0%F-3 109 110 112 114 111.3 a= 0.006961 
4 100%C,0%F-4 123 123 129 130 126.3 b= 0.770234 
5 100%C,0%F-5 139 139 140 141 139.8 R2= 0.978597 
6 100%C,0%F-6 143 143 145 146 144.3   
7 100%C,0%F-7 151 151 153 153 152.0   
8 70%C,30%F-1 93 94 99 99 96.3   
9 70%C,30%F-2 105 105 111 112 108.3   
10 70%C,30%F-3 119 119 129 129 124.0 a= 0.008278 
11 70%C,30%F-4 125 126 130 131 128.0 b= 0.510641 
12 70%C,30%F-5 135 135 135 135 135.0 R2= 0.967530 
13 70%C,30%F-6 144 142 147 147 145.0   
14 70%C,30%F-7 152 152 146 146 149.0   
15 85%C,15%F-1 92 93 93 93 92.8   
16 85%C,15%F-2 102 102 105 105 103.5   
17 85%C,15%F-3 119 119 116 116 117.5 a= 0.007501 
18 85%C,15%F-4 129 129 123 123 126.0 b= 0.660015 
19 85%C,15%F-5 141 141 141 141 141.0 R2= 0.953415 
20 85%C,15%F-6 127 128 145 145 136.3   
21 85%C,15%F-7 155 155 150 151 152.8   
22 55%C,45%F-1 78 79 77 78 78.0   
23 55%C,45%F-2 89 89 88 87 88.3   
24 55%C,45%F-3 94 94 98 98 96.0   
25 55%C,45%F-4 120 121 115 114 117.5 a= 0.006733 
26 55%C,45%F-5 133 132 116 116 124.3 b= 0.636062 
27 55%C,45%F-6 123 123 132 132 127.5 R2= 0.980954 
28 55%C,45%F-7 144 144 150 151 147.3   
29 55%C,45%F-8 144 145 162 162 153.3   
30 55%C,45%F-9 155 150 166 168 159.8   
31 0%C,100%F-1 105 106 105 105 105.3   
32 0%C,100%F-2 115 115 123 125 119.5   
33 0%C,100%F-3 125 125 133 134 129.3 a= 0.007514 
34 0%C,100%F-4 145 145 145 146 145.3 b= 0.329800 
35 0%C,100%F-5 141 142 148 149 145.0 R2= 0.919727 
36 0%C,100%F-6 144 144 148 148 146.0   
37 0%C,100%F-7 154 155 165 165 159.8   
38 100%C+, 0%F-1 93 92 - - 92.5   
39 100%C+, 0%F-2 102 102 - - 102.0 a= 0.008734 
40 100%C+, 0%F-3 114 113 - - 113.5 b= 0.954350 
41 100%C+, 0%F-4 141 139 - - 140.0 R2= 0.963781 
42 100%C+, 0%F-5 158 160 - - 159.0   
43 80%C, 20%C+, 0%F-1 97 98 - - 97.5   
44 80%C, 20%C+, 0%F-2 114 114 - - 114.0 a= 0.008849 
45 80%C, 20%C+, 0%F-3 133 135 - - 134.0 b= 0.683382 
46 80%C, 20%C+, 0%F-4 156 156 - - 156.0 R2= 0.977411 
47 80%C, 20%C+, 0%F-5 161 163 - - 162.0   
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3 Conclusions and Future work 
 
In this paper the typical approach wherein the input parameters were changed within the approach one-
variable-at-a-time to characterize their effect on the fresh state of cement-based pastes – the results 
found are in agreement with the literature [4-9]. A vision of the advantages and disadvantages of the 
approach one-variable-at-a-time to apply response models when compared with the one applied in the 
Part II is portrayed below. 
 

• Advantages  • Disadvantages 
- Basic studies allow understanding the 
primary effects of the input parameter 
on the responses. It is easier to test 
different materials and check their main 
effects. 
- Simple experimental plans: with a few 
mixtures some tends are recognized. 
- Experimental plans may be adapted 
during the plan. 
- Trail-error experiments may be 
enough to check some doubts. 
- Appropriate to detect primary linear 
regressions. 
- Advanced expertise in statistics is not 
mandatory. 
- Interesting for rudimentary analysis.  
 
 

 - Studies are usually conducted under small and basic 
sets to be easier to interpretate and analyze and 
consequently do not allow applying advanced 
response models being typically reported through 
linear regressions with the R2. 
- Studies are not extensive, therefore data is not 
published because their scientific interpretation lacks 
support. 
- When several parameters need to be studied, the 
experimental program increased drastically and the 
interpretation of results and the comparison between 
parameters are difficult. 
- No advanced response models are obtained to 
identify secondary and cross effects. 
- As the results lack of a scientific approach 
frequently they are not deeply studied – here, in this 
paper, that happened with the SRA study. 
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Abstract: In this work Part II, the fresh 

properties of cement-based pastes were 
evaluated through the mini-slump test and 
the time in Marsh funnel. Several cement-
based paste compositions were studied with 
run of experiments being developed based 
in a central composite design in order to 
allow to carry out scientific analyzes and to 
apply response models. The approach 
allows changes in multiple input parameters 

at once. The results shown the ability of this 
type of approach to detect cross effects, to 
predict results and to allow composition 
optimization. The approach used in this Part 
II is faced with basic and simple approaches 
wherein only one input parameters is 
changed at once.                                                                                       
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1 Introduction 
Understanding fresh properties of cement-based materials is one of the key factors for 
correctly choosing the constituent materials and their mix proportions. That is especially 
important for specific applications wherein the fresh properties play a major role. Many 
researches [1-5] have being published on the topic with the overall conclusion being that 
the as constituent materials are different a characterization is required. 
As a part of a major research work to characterize fresh properties of cement-based pastes 
wherein different experimental approaches were used, the present paper reports the 
findings of the Part II of the research wherein the design of experiments was developed 
through a central composite design. Thus, the major goals of this work Part II are (i) to 
characterize the primary and cross effects due to the constituent materials of cement-
based pastes on the fresh properties and parallelly (ii) to analyze and ponder about the 
type of research methodology applied, namely advantages and disadvantages when 
compared to typical approaches. Therefore, in this paper only 15 mix compositions are 
performed for this specific purpose which compared with the 92 mix compositions done 
in the Part I. The overall research was carried out in cement-based pastes with the mini-
cone [6] and the Marsh funnel [7] tests being performed to evaluate fresh properties. Note 
that DOE of Part I and Part II are for distinct studies. Therefore, they do not compare 
between themselves. They complement each other for the overall research 
characterization and are here analyzed to evaluated and compared approaches. 

 
2 Results and discussion 

Two powders were used: (i) commercial cement CEM I 42.5R and (ii) limestone filler. A third-
generation superplasticizer and distilled water was used in all mixes. Mix compositions were defined 
by changing the following input parameters: water-to-cement ratio (w/c); superplasticizer-to-powder 
ratio (Sp/p); water-to-powder ratio (w/p). All mix compositions were prepared in a single batch which 
was prepared for 1.40 L. Fifteen mixtures were planned based in central composite design with three 
variables (A, B and C) corresponding to the three-input parameter (w/c, Sp/p, w/p), respectively. The 
central composition (i.e. the mix with the coded values A=w/c=0, B=Sp/p=0, C=w/p=0) was define 
with the actual values w/c=0.2886, Sp/p=0.80%, w/p=0.5333. The maximum changes of the input 
parameters in regarding to the central composition were 6.3%, 25.0% and 10.0% for w/c, Sp/p and w/p, 
respectively. Table 1 reports the data corresponding to each mix composition of the DOE. 
 
Table 1 – Mix compositions of the central composite design and the corresponding test results. 

std w/c Sp/p w/p  cem Filler Sp water D0 t0 D60 t60 
1 -1 -1 -1  1690.3 1046.7 19.159 461.15 19.95 82.50 19.18 140.12 
2 1 -1 -1  1587.9 1136.0 19.067 461.21 20.28 80.06 19.18 138.69 
3 -1 1 -1  1690.3 1046.7 24.634 457.87 20.25 78.50 19.35 107.75 
4 1 1 -1  1587.9 1136.0 24.515 457.94 19.93 76.09 19.45 100.03 
5 -1 -1 1  1804.4 861.3 18.660 493.35 18.13 67.50 18.43 112.72 
6 1 -1 1  1695.0 956.5 18.561 493.41 19.63 63.03 19.68 90.44 
7 -1 1 1  1804.4 861.3 23.991 490.15 21.35 61.56 21.25 87.28 
8 1 1 1  1695.0 956.5 23.864 490.23 21.90 59.34 20.78 75.78 
9 -1.6818 0 0  1806.6 901.6 21.666 475.88 19.98 68.46 20.20 109.87 
10 1.6818 0 0  1594.1 1086.8 21.447 476.01 21.18 57.82 20.43 85.78 
11 0 -1.6818 0  1693.7 1000.0 16.162 479.18 19.53 78.34 16.85 215.80 
12 0 1.6818 0  1693.7 1000.0 26.937 472.71 20.35 67.37 19.93 86.56 
13 0 0 -1.6818  1579.3 1188.9 22.145 442.55 18.80 87.97 18.43 144.03 
14 0 0 1.6818  1800.5 823.8 20.994 507.09 21.93 53.03 21.88 74.34 
15 0 0 0  1693.7 1000.0 21.550 475.95 20.30 70.97 20.00 105.25 
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The testing results of Table 1 – wherein the D0 and t0 are the flow diameter and the Marsh funnel time, 
respectively, immediately mixing and the D60 and t60 are the flow diameter and the Marsh funnel time, 
respectively, 60 minutes after mixing – were then analyzed in term of analysis to detect correlations 
between all the variables (either input or response). Those correlations might be expressed in a 
correlation matrix – Figure 1. This allowed a primary perception of the effect the input variable in the 
response variables. 

 
Figure 1 – Correlation matrix of the variables. 
 
After that, assisted by the software Design-Expert 13 Annual Network (Serial Number: 0964-0841-
3719-3394) the statistical procedure ANOVA was applied to the Reduced Quadratic Model fitting for 
the D0, t0, D60 and t60. The regression models were found significant after several analyses as the ones 
presented in the Figure 2 for the t0. With the response models obtained, analyses of the results were 
carried out to understand the influence of each input variable in the response variable (Figure 3). 
Especial attention was paid on cross effects. 
 

   
Figure 2 – Analysis of the quadratic model applied: left) normal plot of residuals, center) the Externally 
Studentized Residuals distribution vs. predicted, and right) the Cook’s Distance. 
 

     
Figure 3 – Plotted results: left) Primary effect of the input parameters, center) Interaction effect of the 
w/c and S/p, and right) 3D model visualization. 
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3 Conclusions and Future work 
In this paper a central composite design of experiments wherein the input parameters were changed all 
at once to characterize their effect on the fresh state of cement-based pastes. A vision of the advantages 
and disadvantages of the approach based in factorial design to apply response models when compared 
with the one applied in the Part II is portrayed below. 
 

• Advantages  • Disadvantages 
- It allows complex studies with many factors’ 
interactions with a reduced number of 
experiments. 
- As DOE is well-defined, it allows 
determining response models for more 
scientifically understand effects. 
- Besides the primary effects, models can also 
detect the crossed effects of two factor 
interaction and quadratic effects (or even 
higher terms). 
- Software assists the user and provides 
statistical analysis and several graphs. 
- It is easy to predict results for other mix 
compositions. 
- It allows to find out optimized compositions. 
 

 - The range of the mix compositions (input 
parameters) is reduced and well-defined with the 
response models being suitable only nearby that 
range. 
- Previous trial-error testes are normally necessary 
to define the range of the input parameter to 
defined DOE. 
- DOE has be complete, i.e. does not allow basic 
studies. 
- It is functional only when a software is available. 
- Models must be careful interpretated and effects 
and tends may not be easily understood. 
- If advanced models are not necessary or 
understood, results from DOE are difficult to 
interpretate. 
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Abstract: This paper presents an 

autonomous inspection method in the task 
of automatic location and evaluation of 
defects on the surface of ceramic pieces. 
The paper presents an 
explanation/presentation of the automation 
process that re-quires automation, robotic 
systems, artificial intelligence, 
communication networks, among others, 
creating more autonomous processes and 
less de-pendent on labor, the inclusion of 
automation has a fundamental role that 
uses a set of techniques aimed at making 
automatic the realization of tasks.                                                                                       
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1 Introduction 

 
Industrial automation consists of recreating several processes, replacing human labor 
with various equipment, ensuring gains in quantity and quality of production while 
offering more competitive prices to consumers. This evolution is largely linked to the 
recent advance of microelectronics, which has invaded the productive sectors despite 
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offering great progress in production, replacing people's work with robotic systems, 
providing enormous productivity gains by integrating different tasks between 
management and production. [1] 
The Ceramics industry in Portugal has an incredibly significant number of companies, 
being the largest European exporter of ceramic dishes for domes-tic use. Nevertheless, 
this type of industry employs many people. Considering the dimensions mentioned, it is 
imperative to monetize and improve various processes, to ensure increasingly optimized 
and efficient solutions. Much of the research and development in this area of knowledge 
has been carried out at the CTCV. [2] 
The CTCV was founded in 1987, is composed of a multidisciplinary team, with great 
experience accumulated over the years, and with excellent specialized training. It offers 
a set of integrated solutions that go through specialized consulting, auditing, professional 
training, measurement, testing, and solutions in Ceramics. He has worked on more than 
30 I&D projects in the last 10 years, involving about 100 national and international 
partners. [2] 
Recently, in the new buildings located in the iParque, it gave rise to new re-search 
projects, one of them in the Area of Robotics and Automation. Through the development 
in this area came the opportunity to create a partnership with the ISEC, allowing the 
support of the acquisition of essential knowledge in this technological area, and in the 
future promotion of I&D projects. [3] 
 
2 Results and discussion 

 
In the ceramics industry, despite technological advances, the process of quality control, 
for the most part, is carried out through human visual inspection. For this type of control, 
people with a high degree of experience in the presence of defects are used, such is their 
specificity and variety. With the automation of other processes and the increase of 
productivity and competitive-ness of companies, the process of quality control requires 
speed and reliability. The reduction of human resources with specific training, and with 
the in-crease in productivity of companies, the biological wear and tear of the hu-man 
body is one of the main factors that reduce quality control. Automation is not only for 
repetitive and easy-to-execute processes, but also able to make previously programmed 
decisions, or even create systems that develop intelligence. Having said that, a fully 
autonomous process has been developed for the inspection of ceramic defect-in-control 
parts. [4] 
This prototype is composed of a robotic mechanical system, which allows to manipulate 
the objects of ceramics to inspect. It adds an acquisition and pre-processing module 
(image acquisition system) suitable for the geometries of ceramic surfaces, as well as a 
computer vision and artificial intelligence software/algorithm module, which allows the 
development of a set of visible defects in diffuse lighting. At the same time, it entails a 
three-dimensional processing of information for the development of geometry defects, 
and these elements are automatically controlled, using automation thus dividing into 
different systems. 
The System of Control is composed for an automaton that can control all devices and a 
HMI designed, to provide human interaction. 
The transport system consists of three carpets, one of inlet and two output, where a 
selection and separation of parts with and without defect will be carried out. 
The Manipulation system consists of a robotic cell, with a maximum range of 1045mm, 
and the robot is positioned in the center of the prototype. This robot will have integrated 
a griped, composed of 3 tools powered by com-pressed air, where each is responsible for 
placing, removing, and turning, respectively. 
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It is below mirrored in Figure 1, the structure of the robotized cell - in a) -, and in b) the 
manipulation system mentioned above in detail. 

 
Figure 1 - a) Cell structure b) Manipulation system 

The System of acquisition shown below in Figure 2, contains a camera, laser, and lighting, which is 
positioned above the plate. The plate is positioned on a support, coupled to a linear axis, which is 
acquired by performing a linear movement below the chamber. 
2D vision and 3D vision are indispensable for capturing the necessary im-ages, responsible for the 
design of brightness and color defects, and geometry defects, respectively. 

 
Figure 2 - Acquisition system: a) projected, b) realized 

The prototype developed at an early stage works as follows: the ceramic pieces are routed to the 
entrance mat, which has in its terminus a sensor that has the function of sending a signal to the 
automaton. Therefore, the robot – which is in a resting position – waits for information that the object 
(dish) is positioned at the entrance. Then a 2D camera captures an image of the dish in that same 
position. With this two information, the robot can process and collect the dish, using the tool number 
1. 
After detaining the dish, the robot starts its defect-checking functionality through a free inspection 
system, which contains 2 tools. To perform the inspection of a dish, it is placed on a platform that is 
moved through a linear motor. This movement is performed through an instruction divided into 3 
phases, only two of them illuminated by 1 laser, contrary to the movement of the platform, acquiring 
the necessary images. After the 3 phases, the process is repeated, distinguishing itself from the 
previous sequence because at this moment, the robot mobilizes the dish (turns it), exposing the 
opposite face of the dish to the vision system. Subsequently, a new acquisition movement is carried 
out, where after the inspection process of the dish and the robot has the number 2 tools available, 
shifts the plate to its output respective carpet. That said, a project was elaborated with many 
instructions coupled to several PLC programming languages, to connect the systems built with the 
control system. 
 

a) b) 

b) a) 
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3 Conclusions and Future work 

 
It is thus concluded that the automation of ceramic inspection processes is a safe and practical step for the 
modernization of the ceramic industry, since without this automation, ceramic companies are dependent on an 
increasingly small set of workers specialized in the inspection of ceramics. 
However, the identification of ceramic defects is a challenge for artificial vision, because the environment in 
the ceramic industry may not be conducive to having a lot of dust, which prevent the realization of the 
process, re-quiring the maintenance of the prototype with more frequency 
Comparing this system with existing ones has a great advantage over the other inspection systems because as 
the manipulation is carried out by a robotic arm it will not be difficult to adapt to new types of inspections, 
besides for parts that take a long time to be analyze this system can have several inspection systems or even 
develop inspection system with specific environments for different types of dishes,  which gives a large 
diverse number of ap-plications and flexibility. 
In a future project, the implementation of artificial intelligence in the identification of new defects is an added 
value in this sector, as it is thus possible to implement this inspection method with a virtually zero error rate, 
increasing reliability and corresponding with the requirements of industry 4.0. 
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Abstract: This article aims to study the 

application of computer vision in the field 
of Ceramics, as well as the technologies 
used. It intends to make known the basic 
concepts of vision systems, as well as 
present different ways of identifying 
positions of objects of the ceramic 
industry, presenting the advantages and 
disadvantages as well as highlighting the 
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1 Introduction 

 
In Portugal the number of companies in the fields of Ceramics is quite significant, also 

is the largest European exporter of ceramic dishes, in addition this type of industry 
employs a high number of people [1]. Since it is an area under investigation there is a 
need to monetize and improve various processes to find more optimized and efficient 
solutions, many of these research and developments have been made in the CTCV [2] 
technology center of ceramic and glass. This center was founded in 1987, composed by a 
multidisciplinary team with great experience accumulated over the years, offers a set of 
integrated solutions that go through specialized consulting, professional training, and 
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solutions in the fields of Ceramics. The new building located in the iParque, gave rise to 
new projects and research, on Robotics and Automation (Figure 1). 
 

 
Figure 1 - Identification of Defects and Pick and Place of Ceramic Parts 

When we pretend to do complex analysis, with higher quality, we must replicate the 
industrial line with the use of several "sensors" that are in constant communication [3]. 
One of these sensors, which we will address more significantly, is what relates to vision 
system. 
 
2 Results and discussion 

 
The "Mako" chamber is a camera with monochrome lens and a resolution of 2K. The 

choice of camera was made considering the quality / price. In relation to communication, 
this was performed through the Ubuntu system (Linux) using the ethernet network, 
which allowed programming in OpenCV, since is an open system. The development of 
the program was done through one of these examples that allows the camera to visualize 
the frames it captures images in a fast way, to give the effect of a live video allowing 
changes to be made and check their influences on the image. 
A program has been created to save a removed image in the camera. This program wants 
to save the image, which is later imported into another program. To perform its analysis 
was used the function cv2.imwrite which allows the save of the frame in a jpeg image 
(Figure 2). 
 

 
Figure 1 - Saved Image 

After obtaining the image, the next step is to treat it, in a first phase it is necessary to 
convert it to shades of gray making the dish more visible, then you will detect the dishes 
and its centers, so that this information is sent to a robotic arm a posteriori. Attention 
should be paid to other variables, such as real coordinates. Through this image it is 
possible to easily remove the coordinates of the pixels, but to remove the coordinates of 
the world in relation to the robot a cartesian axis with several points was created, to 
make comparations between them and discover a constant measure that allows the 
calculation of the actual values. The following equation was created where DP is 
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Distance from dish in pixels and DR is Distance from dish in real values. The values 50 
is the measure between the holes and the 135 is the same measure but in pixels. 

 
50 × DP
135

= DR 

Equation 1 - Calculation of Real Plate Coordinates 
 

                    
                     Figure 2 - Setup Camera Reality/Simulator                                            Figure 3 - Cartesian Image(a)/Detect Centers(b)           

To represent the points, the cv2.circle function was used, adding the constant values so 
that all had the same distance between them and measured with a ruler the actual value 
(Figure 4 (a)). Considering the values obtained in the experiment presented, the 
calculation of the actual coordinate with the center of the dish was calculated and 
identified with a red dot, next to this point the coordinates are presented in the image and 
in the real world. 

In the end, the program gets this image (Figure 4 (b)), highlighting the coordinates that 
the robot will use, these distances represent the distance that the robot must make to 
catch the dish, being necessary to have a reference point to make the difference between 
two points and discover the space between them. 
The final state of the program has the steps that are present in the flowchart. You start by 
loading the camera The next step, after re-moving the image, will be to convert it to 
shades of gray, making the dish even more visible. After this begins to detect centers, if 
you do not detect any will not open any image with the detect if you detect will calculate 
the center of the dish and use this value to reach the distance in coordinates of the robot 
so that the dish is picked up. Then a human instruction is needed to place the calculated 
coordenates before going to the next dish. 
 

 
 

Lighting represents an important condition for a good processing of an image and may 
influence in a positive or negative way. Good lighting makes it possible to do better and 
more easily highlight regions of interest present in the image, so more efficient processing 
is possible, however it can also have disadvantages, such as reflections. The type of light 
that was used is directional used to characterize a direction and illuminate the objects 
present in that area [4]. 

 

              (a)                                      (b) 
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3 Conclusions and Future work 
 
The results of this experiment were quite positive and promising for the future, since the error of 

position of the robot to grab the dish is greatly reduced. However, it is not yet fully optimized, 
because it uses several programs and it is still a slow system at level of seconds, but for static pick 
and place, not demanding, it turns out to work very well. Despite detecting the dish, it is only 
possible in 2D, because if it were higher, it could not detect it so well and the robot would not have 
the perception that it had to climb to grab it. So, although this program works it turns out to have 
some limitations. 
Considering the results obtained in this project the results were quite positive and undoubtedly are 

an added value for various applications It should al-so be noted that the vision is a more valuable for 
the ceramics industry, particularly for the perception of defects in the dishes or the advantage it gives 
robots to identify the best position to grasp. 
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Abstract: Robotics encompasses the 

study and development of many areas, one 
of which is the area of manipulation. This 
area allows a robotic arm to orient and 
grab desired objects through actuators, 
which can be vacuum, fingers, among 
others. Usually, each gripper is designed to 
grab a particular group of objects or even a 
single object’s profile. Some objects, such 
as ceramic pieces that are fragile and have 
a smooth surface, require special attention 
to the force and the grip method exerted on 
them. For this end, there are grippers 
equipped with load sensors capable of 
evaluating the measured values and acting 
by them.                                                                                       
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1 Introduction 

 
In the area of industry, there is an increasing adhering to the use of industrial 
manipulators in the execution of dangerous tasks. Industrial manipulators are robots 
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commonly used to grab and handle heavy loads, allowing operators to move objects 
quickly, conveniently, and safely, reducing the effort required by them and the number 
of work accidents in the industrial sector. (Benotsmane, Dudás, & Kovács, 2021) 
A robotic gripper is the subsystem of the industrial robot responsible for ensuring the 
correct handling of the workpiece. The term gripper can also be applied in cases where 
it grabs the parts through suction or electromagnetism. (Zhang, Xie, Zhou, Wang, & 
Zhang, 2020) 
 
2 Mechanical gripper and sensorial feedback 

 
A mechanical gripper is a final actuator that uses fingers triggered by a mechanism to grab an object. 
The use of replaceable fingers allows its exchange due to wear and interchangeability. (Hu, Wan, & 
Harada, 2019). 
The surface of ceramics is not conducive to be handled through impact-type grippers since this 
material easily slips. However, if its fingers are specially designed in accordance with the profile of 
the workpiece, it is possible to apply them in the ceramic industry. The next images show the 
differences between a standard gripper and a special profile gripper printed with resin handling a cup 
of coffee. 

 
Figure 1 - Custom gripper (a) and standard gripper (b) 
As seen in Figure 1, the custom tweezers (a) display a bigger contact area (green) between the cup and 
the tweezers compared to the contact area (red) of the standard tweezers (b). A test was mate with the 
cup orientation reversed to demonstrate the stability of the tweezers. In the test with the customized 
tweezers (a), the gripper showed no difficulties in manipulating the cup, while in the test with the 
standard tweezers (b), the cup slipped and damaged when performed the same exercise. To prevent 
the damage of the ceramic material when being manipulated, an impact-type gripper prototype was 
created with a force sensor. The FX293X force sensor does not convert the force measured directly to 
an SI (international system of units), so a calibration with known masses was realized to obtain the 
following equation, where “y” is the mass converted to kilograms (kg), “x” the value obtained from 
the sensor, and “TARA” the value of TARA. 
 
(a) 𝑦 = 13.7172

1000 ∗ (𝑥 − 𝑇𝐴𝑅𝐴) [𝑘𝑔] 
 
The gripper was then programmed and powered by the Arduino NANO to open and close its fingers 
with the impulse of a button that activates the Tower Pro Sg90 Servo Motor. This servo motor can 
only exert a maximum force around 0.5 kg, so a threshold was created at 0.44 kg to represent the 
maximum force that the gripper can exert on the object. (see Figure 2) 

 
Figure 2 - Gripper holding a box (a) and its value of force (b) 

3 Vacuum gripper 
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It uses one or more suction cups to hold parts with flat surfaces. The vacuum created between the 
suction cup and the surface of the workpiece creates enough suction force to lift the piece. Between 
all grippers, this is the one that consumes less energy, but is subject to more accidents due to 
misaligned suction cups and other leaks that do not ensure an airtight seal. (Gabriel, Fahning, & 
Meiners, 2020) A vacuum gripper with a rotary engine was created to execute coffee plate glazing 
with a Yaskawa robot. (see Figure 3) 

 
Figure 3 - Vacuum suction cup with rotary engine 

4 Multiple end actuator gripper 
 
This gripper uses two or more clamping devices to handle objects. Reduces cycle time per part up to 
half by holding multiple workpieces at the same time. These grippers can also have different shapes 
to hold distinct pieces that pass through the same working path. (Sriskandarajah & Shetty, 2018) 
In ceramic production it is common to exist in the same treatment line a set of varied pieces of 
ceramics, implying the use of distinct grippers. Given the added value of the ceramic piece being 
low, the time lost in a robotic gripper exchange presents time losses that are reflected in high 
monetary losses. Therefore, the most common solution is the use of several actuators per gripper. 
(See Figure 4) 

 
Figure 4 - Multiple end Gripper, two suction cups (blue) and one mechanical gripper (green) 

5 Conclusion 
 

Although it is a simple task for humans, there are multiple obstacles to the manipulation robot handle 
various objects. The shape, material, or size of objects can be not conducive to handling with 
conventional grippers, being often necessary to develop a gripper with special profiles. The use of 
vacuum grippers is the simplest solution to handle ceramic objects but not applicable to all 
environments, such as lifting heavy workpieces like toilets. Therefore, the best solution today is the 
use of multiple end actuators in the same robotic gripper. This way, it is cheaper, and it saves a lot of 
time in the overall process. 
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Abstract:  

Experimenters often do not have adequate 
time, resources or budget to carry out large 
number of experiments. DOE based in 
factorial designs are a powerful tool for 
designing and optimizing advanced 
cement-based materials, such as high 
performance self-compacting mortars, 
where many constituents raw-materials are 
employed (binder phase, granular materials, 
and admixtures) and several engineering as 
aesthetics requirements. The objective of 

this work was to compare response models 
from full, fractional, and small Central 
Composite Design of experiments applied 
to mortars properties. 
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1 Introduction 
 
Design Of Experiments (DOE) is a systematic approach to understanding how process and product 
parameters affect response variables such as processability, physical properties, or product 
performance and uses statistical methodology to analyze data and predict product property 
performance under all possible conditions within limits selected for the experimental design [1]. 
However, the number of interactions between factors required for factor planning increases 
dramatically with the number of factors. Consequently, they also increase the chances that the 
interactions will not significantly affect the response. For this reason, fractional planning is 
proposed instead of full planning [2]. Because the size of an experiment increases rapidly with 
increasing number of levels and factors, there is a need to reduce the number of treatments in order 
to save time and reduce the cost of experimentation [3]. Factorial designs can be a powerful tool 
for designing and optimizing composite materials, where many constituent raw materials are 
employed (binder phase, granular materials and admixture(s)). Then, the objective of this work 
was compare the response models obtained from a full, a fractionated and a small central 
composite design to described, predict high performance self-compacting mortar properties. 
 
2 Central composite design 
 

The dataset available in Maia (2021) [4] regarded to a design of experiments carried out in mortars 
with commercial materials through a central composite design with five independent variables 
(key factors): (i) Vw/Vc - water to cement volume ratio; (ii) Sp/p – superplasticizer to powder 
mass ratio; (iii) Vw/Vp - water to powder volume ratio; (iv) Vs/Vm - sand to mortar volume ratio; 
(v) Vfs/Vs - fine sand to total sand volume ratio. The dataset corresponding to a full central 
composite design (25 augmented by 10 axial runs plus 8 central runs) [4], was analyzed previously 
by the authors. For this current study, the full factorial plan (25) was reduced to two half fractions 
(25-1 augmented by 10 axial runs plus 6 central runs). In addition, a small plan (11 mixtures, 
augmented by 10 axial runs plus 5 central runs), was analyzed. Four dependent variables, i.e., 
response variables, were considered: (i) slump-flow diameter (D-flow); (ii) the time in the V-
funnel (T-funnel); (iii) flexural strength, at 24 hours, determined by the three-point loading method 
(F,24h); (iv) compressive strength at 24 hours (Rc,24h) [4].  

 
3 Response models 
 

The statistical procedure will consist namely in: 
a) Full quadratic Model fitting (ANOVA); 
b) Model adequacy checking and diagnosis (plot analysis, Kolmogorov–Smirnov, Shapiro-
Wilk, Durbin-Watson, Cook’s distances); 
c) Evaluation of significant individual and interaction effects. 
 
Design-Expert software was used to assist in: analyses the results for each response variable by 
examining summary plots of the data, fitting a model using regression analysis and ANOVA, 
validating the model by examining the residuals for trends and outliers, leverage points, 
autocorrelation and violation of statistical assumptions, in general, and interpreting the model 
graphically. A detailed description of this procedure can be found in a previous publication by the 
authors [5], [6], [7] and/or in specialized bibliography [2], [8]. The central composite design 
adopted allows for the estimation of a full quadratic model as presented in Eq. 1. 

 
 
    Eq. 1 

 
where y represents the response variable; xi correspond to the design variables considered; the 
letter β is used for model parameters (β0 is the independent term, βi represents the linear effect of 
x, βii represents the quadratic effect of xi and βij represents the linear-by-linear interaction between 
xi and xj); and ε is the fitting error. The model parameters (β0, βi, βij) can be estimated by means 
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of a multilinear regression analysis. In the course of the analysis, it may happen that some of the 
terms in Eq. (1) may not be significant. The regression of Dflow is presented in Table 1 only for 
response variable Dflow due to length limitations  
 

The models generated with reduced values for D-flow and T-funnel, initially, resulted in a 
significant Lack of Fit. This fact led to the withdrawal some values. In case of fractional plans (A 
and B) for the D-flow, in order to reach the non-significant Lack of Fit, fewer points were 
excluded. However, the small model did not respond well to treatment, and they were excluded as 
initially proposed for the full plan. For the T-funnel Small plan, just applying the inverse transform, 
as recommended for full plan, adjusted the model and obtained Lack of Fit not significant. In the 
case of the Fractional A, 2 values were excluded based on the linearity of the normal plot of the 
residuals. In the case of the Fractional A, no was excluded, but the lack of was significant if no 
transform of variable is applied. The F,24h and Rc,24h considered all values and resulted in a not 
significant Lack of Fit for all types of plans. The Error! Reference source not found. shows the 
fitted models for D-flow for full, fractionated and small central composite design (an example for 
comparison among plans), and the respective linear correlation factors (R2). For a direct 
comparison, Fractionated B is shown with no transform of variable (i.e. with significant lack of 
fit). 
 

Table 1 – Fitted models for D-flow for full, fractionated and small central composite design (design 
variables in coded values). 

 FULL Fractionated 
A 

Fractionated 
B Small 

Model Terms D-flow 
(mm) 

D-flow  
(mm) 

D-flow  
(mm) 

D-flow 
(mm) 

Independent 343.75 338.36 337.66 343.90 
Vw/Vc 8.92 4.50 7.45 6.22 
Sp/p 4.58 NS NS 5.69 
Vw/Vp 19.42 16.28 17.60 18.69 
Vs/Vm -34.92 -37.37 -35.83 -34.70 
Vfs/Vs -1.42 NS NS NS 
(Vw/Vc) x (Vw/Vp) -5.36 NS -5.87 NS 
(Vw/Vc) x (Sp/p) -2.89 NS NS NS 
(Vw/Vc) x (Vs/Vm) NS 4.51 4.56 5.16 
(Vw/Vp) x (Vs/Vm) 3.11 NS NS NS 
(Vw/Vp) x (Vfs/Vs) 2.98 NS NS NS 
(Sp/p) x (Vfs/Vs) 1.89 NS NS NS 
(Vs/Vm) x (Vfs/Vs) NS NS NS NS 
(Vw/Vc)2 -20.67 NS NS -19.79 
(Vw/Vp)2 NS NS NS NS 
(Vs/Vm)2 NS -13.86 -14.35 NS 

(Vfs/Vs)2 NS NS NS NS 
Error term (ε)     
R2 0.9858 0.9830 0.9759 0.9885 

Adj-R2 0.9802 0.9793 0.9696 0.9808 
NS: non-significant term. The three most significant parameters are typed bold and the most significant term is also underlined. 

 
4 Conclusions  

 
DOE permit examine factors simultaneously in one experiment, in order to obtain a sound 
knowledge of physical and chemical mechanisms concerned. The generated models for Fractional 
and Small plans allowed to find answers with values close to the results of the samples obtained 
with Full plan. All models found high linear correlation R2. It possible to estimate a relatively large 
number of main effects using a small number of experimental units. 
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Abstract: 

The current work developed Statistical 
models to reach high-performance self-
compacting cement-based mortars for 
structural purposes. A central composite 
design approach was employed to describe 
mortar fresh and hardened properties 
(mechanical strength) in function of key 
mortar mixture design parameters. The 
fitted models allow to model and predict 
flowability and viscosity properties and find 

a range where self-compacting behavior 
existed. Sand to mortar volume ratio 
exhibited the main effect on flowability and 
viscosity, with a positive effect, which is 
explained by decreases in paste volume. As 
expected, the water to cement volume ratio 
had the highest effect on both flexure and 
mechanical strength of mortars. 
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1 Introduction 
 
The design of cement-based materials can be complex since they must meet several current 
requirements. Even though the selection of the material should try to improve robustness, making 
the mixture more tolerant to raw material variability, for economic reasons, it depends much on 
local availability so there is no fixed rule for the amount/type of aggregates, cement, additions and 
admixtures [1]. Thus, a decisive factor for the design of advanced cementitious materials, such as 
SCC, is the clear understanding of the effect of each constituent raw material and their interactions 
on final product properties [2]. Besides, the design and optimization of such mixtures need 
intensive laboratory testing, particularly if new and unconventional supplementary cementitious 
materials or aggregates are incorporated [3]. Therefore, a more scientific and multi-scale approach 
to mix-design is needed, in which key mixture design variables can explain the composite 
properties. DOE allows to mathematically model the influence of mixture parameters on relevant 
composite properties and their interactions [4], to allow an appropriate adjustment for individual 
constringent, as raw materials or "in situ" conditions, and come up with an optimal mixture for 
specifically defined requirements, including cost and sustainability indicators, in a reduced time 
[5], [6], [7], [8]. In the current work statistical analysis of data, model fitting, validation and 
optimization from data available in the literature at [9] concerning a full central composite design 
employed to optimize high-performance self-compacting cement-based mortars were performed. 
The objective of the central composite design (CCD) developed was to fit a model to 
mathematically describe the fresh (flowability and viscosity) and hardened (flexural and 
compressive strength) state properties of high-performance self-compacting cement-based 
mortars. 
 
2 Central composite design 
 

Maia (2021) (Maia 2021) performed a wide experimental programme in high performance self-
compacting mortars, by means of a full CCD 25. In total, 64 mortar mix compositions were done 
that corresponded to a full factorial design 25 augmented by 10 axial runs plus 8 central runs, 
resulting in a CCD with 50 mortar trial mix composition. The CCD complied five independent 
variables (factors): (i) Vw / Vc - water to cement volume ratio; (ii) Sp/p – superplasticizer to 
powder mass ratio; (iii) Vw/Vp - water to powder volume ratio; (iv) Vs/Vm - sand to mortar 
volume ratio; (v) Vfs/Vs - fine sand to total sand volume ratio. The effect of each key factor was 
evaluated at five levels -𝛼, -1, 0, +1, +α, as shown in Table 1. In order to make the design rotatable, 
the value of α was taken equal to nF

1/4, where nF is the number of points in the factorial part of the 
design. In the current study, this corresponds to taking an equal to 2.3784. Four dependent 
variables, i.e., response variables, were considered: (i) slump-flow diameter (D-flow); (ii) the time 
in the V-funnel (T-funnel); (iii) flexural strength, at 24 hours, determined by the three-point 
loading method (F,24h); (iv) uniaxial compressive strength at 24 hours (Rc,24h) (Maia 2021). 
 

Table 1 - Correspondence between coded values and actual values of design variables. 
Design 

Variables -2.3784 -1 0 +1 +2.3784 

X1: Vw/Vc 0.682 0.805 0.895 0.894 1.108 
X2: Sp/p 0.019   0.022 0.024 0.025 0.029 
X3: Vw/Vp 0.434 0.513 0.570 0.627 0.706 
X4: Vs/Vm 0.366 0.432 0.480 0.528 0.594 
X5: Vfs/Vs 0.043 0.250 0.400 0.550 0.757 

 
3 Response models 
 
The statistical procedure to obtain regression models to describe the response variables in terms 
of design variables consisted in: (i) Fitting a second-order polynomial model using regression 
analysis and ANOVA including the removal of non-significant terms in the model (p-value 
>0.05) and using backward method to eliminate non-significant terms in the regression model; 
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(ii) Model adequacy checking and diagnosis (plot analysis, Kolmogorov–Smirnov, Shapiro-
Wilk, Durbin-Watson, Cook's distances); (iii) Evaluation of significant individual and 
interaction effects, among other computations; (iv) Mixtures optimization using desirability 
function. Design-Expert software was used to assist in: analyses the results for each response 
variable by examining summary plots of the data, fitting a model using regression analysis and 
ANOVA, validating the model by examining the residuals for trends and outliers, leverage 
points, autocorrelation and violation of statistical assumptions, in general, and interpreting the 
model graphically. The central composite design adopted allows for the estimation of a full 
quadratic model as presented in Equation Eq. 1. 

 
    Eq. 1 

 
 
where y represents the response variable; xi correspond to the design variables considered; the 
letter β is used for model parameters (β0 is the independent term, βi represents the linear effect of 
x, βii represents the quadratic effect of xi and βij represents the linear-by-linear interaction between 
xi and xj); and ε is the fitting error. The model parameters (β0, βi, βij) can be estimated by means 
of a multilinear regression analysis. In the course of the analysis, it may happen that some of the 
terms in Eq. (1) may not be significant. The final equations in terms of coded factors are presented 
in Table 2. A variable transformation of the form 1/y was used in order to stabilize the Tfunnel 
response variance and improve the resulting model, which is in accordance with previous studies 
[6], [10]. From the coded equation can be identified the relative impact of the factors by comparing 
the factor coefficients. Higher values indicate higher influence of the design variable in the 
response. For each model, the three most significant parameters are typed bold and the most 
significant term is also underlined. A positive coefficient means that the response (or transformed 
response) variable will increase if the given mixture parameter increases and vice-versa.  
 

Table 2 – Fitted models (design variables in coded values). 

Model Terms D-flow 
(mm) 

1/T-funnel 

(s) F,24h Rc,24h 

Independent 343.75 0.0688 11.43 60.65 
Vw/Vc 8.92 0.0115 -0.4053 -6.17 
Sp/p 4.58 0.0050 NS NS 
Vw/Vp 19.42 0.0245 -0.2610 -1.19 
Vs/Vm -34.92 -0.0302 0.2608 0.2655 
Vfs/Vs -1.42 -0.0016 NS -1.33 
(Vw/Vc) x (Vw/Vp) -5.36 NS NS NS 
(Vw/Vc) x (Sp/p) -2.89 -0.0020 NS NS 
(Vw/Vc) x (Vs/Vm) NS -0.0037 NS NS 
(Vw/Vp) x (Vs/Vm) 3.11 -0.0061 0.1826 NS 
(Vw/Vp) x (Vfs/Vs) 2.98 NS NS NS 
(Sp/p) x (Vfs/Vs) 1.89 NS NS NS 
(Vs/Vm) x (Vfs/Vs) NS NS NS -0.4934 
(Vw/Vc)2 -20.67 -0.0017 NS 0.5639 

(Vw/Vp)2 NS 0.0011 NS 0.5486 

(Vs/Vm)2 NS NS -0.2834 NS 

(Vfs/Vs)2 NS -0.0014 NS NS 
Error term (ε)     
R2 0.9858 0.9922 0.6619 0.9588 

Adj-R2 0.9802 0.9897 0.6216 0.9519 
NS: non-significant term. The three most significant parameters are typed bold and the most significant term is also underlined. 

From regression models presented in Table 1, it can be perceived that Vs/Vm exhibited the 
strongest effect, a negative effect, on the fresh state properties, i.e., Dflow and T-funnel. This can 
be explained by the reduction on paste content. The factor Vw/Vp impacted fresh state properties 
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as expected, but with a positive effect. This as expected, since a high water content increase the 
flowability. Vw/Vc was by far the main factor determining the mechanical strength, both flexure 
and compression.In addition, Vs/Vm was also significant, but in this case a negative effect was 
observed. A significant quadratic term on Vs/Vm was also found Signiant for Flexure strength. 
Sp/p exhibited the lowest influence on high performance self-compacting mortar properties. This 
can be explained by the short range of variation of Sp/p in the experimental plan, which was 
determined by the strong dispersion action of the superplasticizer used (Viscocrete 3008). 

4 Conclusions  
 
- Quadratic models were found to be adequate to describe the mortar properties – slump-flow 
diameter, V-funnel time, flexure and compressive strength – over the experimental region; 
- Vs/Vm was the main effect on the slump-flow diameter and V-funnel. An increase of Vs/Vm 
reduces the slump-flow diameter and t-funnel; 
- Vw/Vc was found to be the most influencing variable flexure and compressive strength. An 
increase of Vw/Vc reduces the flexure and compressive strength;  
- Sp/p exhibited the lowest influence on high performance self-compacting mortar properties, 
which might be explained by the limited range dosages employes in the current work; 
- Numerical optimization allowed further improvement of the mortar properties in the fresh state 
and in terms of mechanical bahaviour; 
- DOE definitively is a power tool to better understand, optimize and design the mortar phase when 
very demanding performance requirements exists. 
- The compressive strength model (Rc,24h), among the four obtained, was the one that best 
translated the results found. 
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1 Introduction

Many natural and industrial phenomena exhibit nonlocal behaviour in temporal or spatial di-
mension. The former is responsible for processes for which its whole history influences the
present state. The latter, on the other hand, indicates that faraway regions of the domain may
have some impact on local points. This is useful in describing media of high heterogeneity.

Partial di↵erential equations that are nonlocal involve one or several integral operators that
encode this behaviour. For example, Riemann-Liouville or Caputo derivatives are used in tem-
poral direction, while fractional Laplacian or its relatives describe spatial nonlocality. When
it comes to numerical methods the discretization of these requires more care than their classi-
cal versions. Moreover, it is usually much more expensive, both on CPU and the memory, to
conduct simulations involving nonlocal equations.

In this talk we will present several approaches to discretize nonlocal and nonlinear parabolic
equations with various real-world applications such as hydrology and climatology. These include:
transformation into a pure integral equation for the time-fractional porous medium equation and
Galerkin spectral methods for a general parabolic equation with temporal nonlocality. We will
prove stability and convergence of these methods illustrating all the theoretical results with
numerical simulations implemented in Julia programming language with parallelization. The
talk is based on [2, 3, 1, 4, 5].
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Abstract: 

The technique of stochastic solutions is applied to linear and nonlinear partial
differential equations.
A  stochastic  solution  is  a  stochastic  process  that,  for  arbitrary  initial
conditions, generates the solution. In addition to providing a very convenient
formulation for linear problems, this technique has also allowed to obtain new
exact solutions for many nonlinear problems.
In  the  particular  case  of  one-dimensional  plasma transport  equations,  the
technique is applied to the characterization and control of internal transport
barriers. 
It is also explained how new exact solutions may be obtained for nonlinear
di¤usion equations, using diffusion and branching processes.
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Abstract: In this present study, Lie symmetry analysis is employed to the two dimen-
sional normal biological population model (NBPM). This technique represents a substantial
advancement over the other techniques in this field to obtain some exact solutions. System-
atically, we present the procedure to obtain the similarity solutions and the corresponding
reduced ordinary di↵erential equation (ODE) using Lie point symmetries. Further, by ex-
ploiting the symmetry properties, we obtain some exact solutions for the model which is
new to the literature.
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1 Introduction

Over the decades, the development of mathematical models help in describing a wide range of
physical phenomena in natural sciences and engineering e�ciently. Biological experts believe
that dispersion or emigration plays an important part in the regulation of a species’ population.
The mathematical modeling of such phenomenon is very important in the study of the population
density and mathematical strategies for controlling the emigration of species’ population [1, 2, 3].
On the other hand, Lie group analysis [4, 5, 6] is one of the powerful and convenient tools to
handle such problems. The technique’s fundamental premise is that for any subgroup of the
group symmetry, one can reduce the original partial di↵erential equation(PDE) to an equation
with fewer independent variables which make us easy to solve it.

The authors in [7] study Chaplygin gas equations and obtain some exact solutions whereas,
the authors in [8] obtained some new exact solutions for compressible isentropic Navier-Stokes
equation using the same technique. Sil and Raja Sekhar [9] also construct some exact solutions
for an integrable soliton equation using nonlocal symmetry. The main aim of this paper is to
solve the nonlinear 2nd-order normal biological population model which is in the form:

@%

@t
=

@
2
%
2

@x2
+

@
2
%
2

@y2
+ F(%), t � 0, x, y 2 R
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where % and F represents the population density and the population supply due to births and
deaths respectively. In our present problem, considering the Malthusian Law [10], we take
F(%) = c% where c is a constant to obtain the following equation:

@%

@t
� 2

⇣
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⌘2
� 2%

@
2
%
2

@x2
� 2

⇣
@%

@y

⌘2
� 2%

@
2
%
2

@y2
+ c% = 0, t � 0, x, y 2 R. (1)

2 Symmetry group of transformation

Let us consider a one-parameter Lie group of transformation for (1) as

x
⇤ = x+ ✏✓1(x, y, t, %) +O(✏2), y

⇤ = y + ✏✓2(x, y, t, %) +O(✏2),

t
⇤ = t+ ✏✓3(x, y, t, %) +O(✏2), %

⇤ = %+ ✏�(x, y, t, %) +O(✏2), (2)

with ✏ as a parameter and ✓1, ✓2, ✓3 and � are the infinitesimals which are to be determined.
Using Maple package, we obtain the infinitesimals transformation for (1) in the following form:

✓1 = a2y + a3x+ a5, ✓2 = �a2x+ a3y + a6, ✓3 = a1e
�ct + a4, � = %(a1ce

�ct + 2a3),

where ai(i = 1 · · · 6) are the arbitrary parameters and the associated six generators are given
below:
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Based on the above generators, we proceed the following sections.

3 Reduction of independent variables

In this section, first we reduce the given PDE (1) to a PDE with two independent variables by
introducing similarity variables associated with the following characteristic equations:

dx

a2y + a3x+ a5
=

dy

�a2x+ a3y + a6
=

dt

a1e
�ct + a4

=
d%

%(a1ce
�ct + 2a3)

, (4)

and successively, we reduced the PDE with two variables to an ODE and construct the particular
exact solutions in the following subsections:

3.1 When a1 = a2 = 0

For this case, one can obtained the following similarity variables:

⇠ = (a3x+ a5)e
�a3

a4
t

, ⇣ = (a3y + a6)e
�a3

a4
t

, % = P (⇠, ⇣)e

2a3
a4

t

. (5)

Using (5) in (1), we obtained the reduced PDE:

P

⇣2a3
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� c

⌘
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⌘
� 2a23
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2
⇠ + PP⇠⇠ + P

2
⇣ + PP⇣⇣

⌘
= 0. (6)

Further, the infinitesimals transformation for are obtained as:

f1 = �b1⇣ + b2⇠, f2 = b1⇠ + b2⇣, h1 = 2b2P. (7)
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We write the characteristic equation for (7) as below and study the solutions in the following
cases:

d⇠

b1⇣ + b2⇠
=

d⇣

�b1⇠ + b2⇣
=

dP

2b2P
. (8)

Case-I: b1 = 0
Under this case, we solve (8) and obtained the following similarity variables:

⌘(⇠, ⇣) =
⇠

⇣
, P = ⇣

2P(⌘),

and substituting in (6) yields the following ODE:
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The equation (9) is solved for P = � c

12a23
and obtain the solution of (1) as follow:
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Case-II: b2 = 0
For this case, the reduced ODE obtained using the similarity variables ⌘(⇠, ⇣) = 1

2(⇠
2+⇣

2), P =
P(⌘) is given as:
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Solving the above equation for c =
4a3
a4

, one can find the solution of the governing equation (1):
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3.2 When a2 = a3 = a4 = 0

For this case, the characteristic equations is:
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Using (10) to the governing equation (1), one can obtain the reduced PDE as:
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Applying symmetry analysis to (11), one can obtain the exact solution for (1) as:
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4 Conclusions and Future work

Lie group analysis is implemented to find similarity and special exact solutions to PDE that
characterise the two-dimensional biological populations. The symmetry generators are used to
create similarity variables, which leads to a simplified equations with fewer independent variables,
and eventually to an ODE. Finally, we construct some exact solution for the governing PDE.
It can be extended to finding optimal algebra and constructing conservation laws which help in
finding nonlocal symmetry.
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Abstract: In this paper, we consider a time-fractional cancer tumor model where the killing
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tion(FPDE) is reduced to fractional ordinary di↵erential equations(FODE). Finally, we de-
rive the power series solution for the governing equation.
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1 Introduction

Fractional di↵erential equations plays significant role in the better understanding of engineering,
science, medical science, space science etc. (see, [1, 2, 3]). Particularly, in the field of medical
science, the cancer cell’s growth rate may di↵er from patient to patient and hence needs to be
identified and treated as soon as possible, to prevent the accidental death. Many researchers
are working tirelessly for the better understanding of the problem through mathematical model
[4, 5]. In real life incidents, this physical process won’t happen in a linear way and hence can
be represented by non-linear FPDE. Whereas, for the given FPDE, we don’t have luxury to
construct the exact solutions explicitly. Many engineers and research scientists used di↵erent
numerical and analytical techniques to solve it exactly and numerically (see, [6, 7]). For exam-
ple, the authors in [8], used homotopy analysis method to solve the given non-linear FPDEs
numerically, whereas, the variational iteration method is used by the authors in [9].

On the other hand, symmetry analysis is one of the e�cient technique to handle such problems
(For more details, see, [10, 11]). The authors, obtained the exact solution for time-fractional
variant Boussinesq-Burgers equation using Lie group analysis in [12]. For the application of
this technique, to solve FDEs, we refer [13]. The study of FDEs under invariance condition the
author is referred to [14].
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2 Symmetry analysis

In the present study, we consider time-fractional cancer tumor model[5] as:

@
↵
u(x, t)

@t↵
=

@
2
u(x, t)

@x2
� 2

x2
u(x, t), (1)

where u(x, t) is the concentration of cancer tumor cells and ↵ is the fractional order i.e 0 < ↵ < 1.
Let us consider the one parameter Lie group of transformations:

x
⇤ = x+ ✏⇠(x, t, u) +O(✏2),

t
⇤ = t+ ✏⌧(x, t, u) +O(✏2),

u
⇤ = u+ ✏�(x, t, u) +O(✏2),

where ✏ is the group parameter and ⇠, ⌧, and � are the infinitesimals which are to be determined.
From the straight forward calculation we obtain the following infinitesimals transformations for
(1) as:

⇠(x, t, u) = 2↵a3x+ a5

⌧(x, t, u) = a2 + 4 ta3

�(x, t, u) = G5(x, t) + 3↵ua3 � 2ua3 + ua1

where a1, a2 and a3 are the arbitrary constants and the associated infinitesimal generators are,

X1 = 2↵x
@

@x
+ 3↵u

@

@u
� 2u

@

@u
+ 4t

@

@t
,

X2 = u
@

@u
, X3 =

@

@t
, X4 =

@

@x
.

3 Symmetry reduction and power series solution

In this section, we consider the generator X1 and write the corresponding characteristic equation
as below:

dx

2↵x
=

dt

4t
=

du

(3↵� 2)u
. (2)

Solving (2), yields the similarity variables:

⇠ = x t

�↵

2 , u = t

3↵� 2

4 U(⇠). (3)

Using the above similarity variables, we reduce the FPDEs to a non-linear FODE via the fol-
lowing theorem.

Theorem 1. The usage of (3) in (1), gives rise to the following non-linear FODE

h�↵+ 2

4
� ↵

2
⇠
@

@⇠

i⇣
K

3↵+2
4 ,1�↵

2
↵

U

⌘
(⇠)� U⇠⇠ +

2

⇠2
U(⇠) = 0. (4)

Proof.

@
↵
u(x, t)

@t↵
=

1

�(1� ↵)

@

@t

Z t

0

u

(t� s)↵
ds,

=
1

�(1� ↵)

@

@t

Z t

0

s
3↵�2

4 U(xs
�↵
2 )

s↵( ts � 1)↵
ds
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Substituiting
t

s
= z, we get

@
↵
u(x, t)

@t↵
=

1

�(1� ↵)

@

@t

Z 1

1

t
�↵+2

4 U(⇠)z
↵
2

z
�↵+6

4 (z � 1)↵
dz = t

�↵�2
4

h�↵+ 2

4
� ↵

2
⇠
@

@⇠

i
(K

3↵+2
4 ,1�↵

2
↵

U

⌘
(⇠),

where the Erdelyi-Kober operator is given as K
⌧,↵
� (⇠) =

1

�(↵)

Z 1

1

z
�(⌧+↵)

(z � 1)1�↵
U(⇠z

1
� )dz. Using

the above in (1) we get (4), hence the theorem.

Further, in order to construct the power series solution of (1), we replace the Erdelyi-Kober
operator in (4) using the following formula [17]:

I
(a,b)
c U(⇠) =

1X

s=0

�sU
(s)(⇠)

⇠
s

s!
, where �s =

sX

j=0

✓
s

j

◆
(�1)s�j �(a+ j

c + 1)

�(a+ b+ j
c + 1)

. (5)

Usage of (5) in (4) yields ✓
K1 +

2

⇠2

◆
U �K2⇠U

0 � U
00 = 0, (6)

where

K1 =

�

✓
3↵+ 2

4
+ 1

◆

�

✓
1 +

2� ↵

4

◆ and K2 =

�
1 + ↵

2

�
�

✓
3↵+ 2

4
+ 1

◆

�

✓
2 +

2� ↵

4

◆ .

Now we consider the power series in the form U(⇠) =
P1

n=0 an⇠
n, and putting in (6) and

simplifying we get the solution of (6) as:

U(⇠) = a0 + a1⇠ +
K1a0

2
⇠
2 +

1X

n=3

an�2(K1 �K2)

(n� 1)(n)
⇠
n
,

where an =

8
>>>>>>>>><

>>>>>>>>>:

an, n = 0, 1

K1a0

2
, n = 2

(K1 �K2)an�2

n(n� 1)
, n � 3

and subsequently the solution of the given FPDE can be written as:

u(x, t) = t

3↵� 2

4
h
a0 + a1x t

�↵
2 +

K1a0

2

⇣
x t

�↵
2

⌘2
+

1X

n=3

an(K1 �K2)

(n� 1)(n)

⇣
x t

�↵
2

⌘ni
.

4 Conclusions and Future work

In this article, we investigate the time-fractional cancer tumor model through Lie symmetry
analysis. First, we obtained the symmetry group of transformation which leaves the governing
equation invariant. Then, we reduce the given FPDE to FODE using the similarity variables.
Finally, we construct a solution for the given model using a power series, which can provide
useful information towards the better understanding of the physical model. Further, we plan to
extend this work upto the convergence analysis of the series solutions, construction of optimal
algebras, and study the behaviour of solution graphically for di↵erent values of ↵.
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Abstract:  The current paper aims at 
conferring exact solutions for steady two 
dimensional flows of a couple stress fluids 
in a porous medium. The flow is occurred 
due to linear stretching sheet. The non-
linear partial differential equations 
governing the incompressible steady flow 
of a couple stress fluids are converted to 
highly non-linear ordinary differential 
equations utilizing the similarity 
transformations. It is noticed that the fluids 
help in the reduction of drag forces and also 
act as a cooling agent. The required 
solutions are obtained analytically by 
graphical representation. The solution 
depends on the analytical values of inverse 
Darcy number and couple stress parameter. 
The results have possible technological 
applications in fluid-based systems 
involving stretching/shrinking surface. The 
present work of the Couple Stress fluid flow 
with mass transpiration due to a 
stretching/shrinking surface is deliberated 
in the velocity profiles.                                                                                       
Keywords: Couple stress fluid; porous 
medium; stretching sheet                                        
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1 Introduction  
Non-Newtonian fluid flow has numerous uses in industries and modern technology, and the study 
of non-Newtonian fluid flow has attracted the interest of researchers due to its numerous 
applications in physiology, technology, and industry. Non-Newtonian fluids are those in which 
there is no linear relationship between the stress and the strain rate. Most polymer solutions, 
cosmetics, paints, pastes, food items, agricultural and dairy wastes, and other non-Newtonian 
fluids are classified as such. Siddappa [1] studied the flow of non–Newtonian fluid through a 
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stretching plate, and when this flow is evaluated over a stretching sheet, it is relevant to numerous 
industrial applications such as plastic sheet extrusion, glass & sheet cooling methods, dynamics 
of bio-fluid & several manufacturing related applications [2]. Sakiadis [3-4] was the first to study 
on viscous flow due to a continuous moving sheet, and he also worked on the boundary layer on 
a flat surface. Crane [5] expanded on his research for stretching sheets. He pointed out that in the 
polymer business, a stretching plate is occasionally required. Stokes [6] proposed the essential 
concept of pair stress. Mekeimer [7] investigated the problem of peristaltic transport of a couple 
stress fluid in a uniform and non-uniform channel in the latter research dealing with the couple 
stress model. Maitra [8] investigated the flow of a pair stress boundary layer past a stretched 
sheet. Joseph developed the basic equations of a layer of fluid heated from below in a porous 
media in a work [9]. Mahabaleshwar [10] researched the couple stress fluid caused by perforated 
sheets undergoing linear stretching [11].  The primary goal of this study is to find an analytical 
solution for two-dimensional steady Couple stress fluid flow over a porous media is investigated 
in this work. Furthermore, the velocity profiles are examined using a variety of graphs in order 
to illustrate their physical implications and to introduce the comparison of the consequences of 
the physical limitations imposed on the velocity profiles and streamlines.  

 
2 Mathematical formulation and solution 

The important expressions for conservation of mass and linear momentum with couple 
stress parameter and porous media term are given by: 

0,u v
x y
 

 
 

                                                                                            (1) 

2 4
0

2 4v ,u u u uu u
x y Ky y

 


   
   

   
                                                                              (2) 

The velocity at the stretching sheet is linear in x and the boundary conditions related to 
the flow problem are 

, v 0, at 0,
0, as .

u ax y
u y

  
 

                                                                                                    (3) 

The following similarity will be introduced. The Blasius conversion for velocity is as 
follows:  

   ,  v cu cxf c f , y .    


                                                                            (4)    

Eqs. (2) are transformed into ODE using the similarity transformation Eqs. (4). 

  12
0C f f f f f Da f .    

                                                                         (5) 

2
0c

C

 

  is couple stress fluid parameter, 1

f
Da

cK



  is the inverse Darcy number , 

The enforced velocity constraints are as follows: 
   
 
0 ,  0 at 0

0,                            as
Cf V f d , ,

f .








  

  
                                                                  (6) 

Eq. (6) regulating boundary conditions has an exact analytical solution.          

   1 exp
,f d






 


 
 
 

                                                                                        (7) 

Where   determined from the solution of biquadratic  

 4 2 11 0,C Da                                                                                                        (8) 
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Eq. (8) is biquadratic and can have four solutions, which it follows that: 

    
 11 1 4 1

.
2

C Da

C


  
                                                                                           (9) 

3 Results and discussion 
The current discussion examines the couple stress fluid flow through a porous medium. The variations of velocity 
components along the sheet that is, transverse velocity components are represented in Fig.1.  Thus, Fig.1 
illustrates the impact ( )f  via   for various values of 1Da . When rises the value of inverse Darcy number then 

boundary layer thickness decreases. Fig. 2 The effect of ( )f  via   for is varying 1Da . Here it is examined that 

the axial velocity increases with the increase of inverse 1Da . Fig. 3a-b. The 2-Dimensional representation of u 
and v the velocity component along X-direction and Y-direction for constant values of all parameters 
included.Figs.4a-b for various combinations of parameters, the flow patterns are rather altered for mass 
transpiration. Here streamline approaches in the stretching/shrinking cases for the different parameters as shown 
in the figures. 

 
Fig.1: The effect of  f  via  is varying 1Da .     Fig.3-4: The effect of  f  via  for varying 1Da  

 

 
 

Fig.3a-b: 3-D of velocity profile along x, y-direction for the stretching sheet for various parameters. 
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(a)                                                                         (b) 

Fig.7: The contour plots of the stream function for (a) stretching sheet (b) shrinking sheet 
4 Conclusions  

An exact analytical solution has been obtained for the transverse velocity and axial velocity during 
cooling of a stretching/shrinking boundary. Streamlines are distorted when couple stress is present. The 
axial/transverse velocity profile is found to decrease with the strengthening of the inverse Darcy 
number. Future studies will include the addition of nanofluids as well as the addition of an energy 
equation and concentration. There are well-known solutions to several standardized differential 
equations of second order with variable coefficients, such as Legendre's equation and Kummer's 
equation. If the differential equation we're looking at doesn't fit into one of these categories, we'll have 
to convert it to one of them; otherwise, we'll have to find another way to solve it. 
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Abstract: The present article examines the 
steady Magnetohydrodynamics movement 
over a stretching/shrinking sheet in the 
presence of mass transpiration. In this 
study, mass transpiration is used to analyse 
the behaviour of flow towards a Newtonian 
fluid over a stretching/shrinking surface. 
The implicit limited component approach is 
used to solve the system of PDE with an 
associated boundary layer. These equations, 
as well as the relevant boundary conditions, 
are solved analytically. The associated 
results are described via graphical 
representation. The flow patterns depend on 
four non-dimensional parameters mass 
transpiration, Chandrasekhar’s number and 
inclined angle. The findings might have 
technical applications in fluid-based 
systems that include stretching/shrinking 
materials. The work has several technical 
and technological applications, including 
MHD power generators, polymer 
manufacturing, filament spinning. 
                                                                                  
Keywords: Magnetohydrodynamics; mass 
transpiration; stretching/shrinking surface   
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1 Introduction 

The investigation of mass transpiration in magnetohydrodynamics (MHD) flow across a 
stretching/shrinking flat sheet has a wide range of essential applications in the polymer processing 
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sector.  It is employed in the creation of artificial film, glass fiber, as well as in the production of food, 
crystal growth. Magnetohydrodynamic flow plays a vital role in the field of medicines in cancer tumor 
therapy by generating hypothermia and minimizing bleeding in severe injuries. By Researchers are 
frequently attracted to investigate the problem of flow through a stretching plate. Crane [1] initially 
investigated the characteristics of the stretched plate's boundary layer in the presence of viscous flow 
and an ambient fluid medium. Many scholars perform study on stretching sheet problems as a result of 
Crane's dilemma. Extrusion procedures in the metal and plastic industries really heavily on the 
movement caused by a moving boundary [2, 4]. Sakiadis [5-6] pioneered this field by studying boundary 
layer flow on a constantly extending surface with a constant speed. Tsou [7] used experiments to 
confirm his findings. Other scholars generalized the surface boundary criteria as a result of these studies 
[8–10]. A novel solution branch was discovered for both impermeable and permeable stretching sheets 
[11], indicating that numerous stretching surface solutions are conceivable under certain conditions. 
The results are accurate NS equation solutions. The exact solution of the whole governing Navier–
Stokes equations for the problem is given in a closed-form equation.  
  
2 Mathematical model and solution 

Consider the steady laminar boundary layer MHD flow of a stretching/shrinking sheet at 0,y   the flow 
being confined in 0y  .  

0u u
x y
 

 
 

,                          (1) 

2
0 ,Bu u uu v u

x y y



  
  

  
                                                                                                                    

(2) 

Subjected to the boundary conditions 

, , at 0, 0, as .w
uu dcx A v v y u y
y


     


 

                                                                                          

 

(3) 

The following are the reduced equations obtained using the similarity transformation

     , , .cu cxf v c f
y    


  

 
                                                                                   

 
(4) 

The governing equations are reduced in the form  
2 0.f ff f Qf      

                                                                                                     
                (5) 

The B. Cs are (3) becomes 

 0 cf V ,    0 0cf A f 


 
    

 
 at 0y  ,     0f   as y→ ∞.                                              (6) 

With the help of new boundary condition,
  1

( ) .
(1 )c

d exp
f V




 
    


                                                                                                              (7) 

Where the  value is determined from the solution of the equation is, 
        3 2 0c cV Q V d Q         .                                                                                       (8) 
 
3 Results and discussion 

The current work investigates the steady magnetohydrodynamic flow over a stretching/shrinking sheet 
in the presence of mass transpiration. The behavior of flow approaching a Newtonian fluid. Using 
similarity variables, the controlling non-linear PDEs are turned into ODEs the outcome can be 
determined using graphical representations. The graph is plotted as transverse velocity ( )f  against   
for various values of parameter𝑉𝑐. Keeping parameters as d=1, λ=1 and Q=1 as constant in Fig.1. It is 
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observed that the transverse velocity increases with increasing of mass transpiration𝑉𝑐. Fig.2 axial 
velocity profile for various positive values of magnetic parameter, keeping parameters as 𝑉𝑐 = 1, d = 1, 
𝜆 = 1 constant. It is observed that the axial velocity increases with increasing magnetic parameter Q. 
Fig.3 gives the three dimensional representation of the velocity along X and Y directions respectively. 
Fig. 4 a-b gives the graphical representation of stream function. 

 
(a)                                                                            (b) 

Fig.1: Influence of ( )f  versus   for varying𝑉𝑐. Fig.2: Effect of ( )f  verses  for varyingQ . 
            

 
Fig.3:3-D of velocity profile along x, y-direction for various parameters 1, 1, 1, 1.cV Q d      
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(a)                                                                       (b) 
Fig. 4: The contour plots of the stream function for (a) stretching boundary (b) shrinking boundary. 
 
4 Conclusions and Future work 

An exact analytical solution has been obtained for the transverse velocity and axial velocity during 
cooling of a stretching/shrinking boundary. Axial and transverse velocity increases as the magnetic 
parameters is also increases. The streamlines approaches in the stretching/shrinking cases for the 
different parameters. Future work will be extended through the adding some nanofluids and also 
extended with energy equation, concentration. Many standardized differential equations of second 
order with variable coefficients, such as Kummer's equation have well-known solutions. If the 
differential equation under examination does not follow any of these categories, we must seek another 
method of solution. 
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Abstract: With the coming of the Covid-19 pandemic, day-to-day has education moved to online space. Schools 
and universities were looking for suitable platforms for online teaching. At the Faculty of Education of the 
University of Ostrava, within the courses Geometry for the 1st and 2nd year of future mathematics teachers, we 
used the commonly available online platforms LMS MOODLE and MS TEAMS. The aim of the project 
"Improving the quality of education and strengthening students' motivation to learn by deploying a 3D virtual 
university campus based on virtual and augmented reality technologies in the teaching process", which began 
before the pandemic, was to develop a virtual reality for students of the Faculty of Education of the University 
of Ostrava and the University Technical University of Ostrava. This virtual reality platform was primarily 
designed to increase student motivation. The situation has allowed us to involve this new online tool in the 
teaching process. This gave us the opportunity to better test its use in online teaching. In this environment, we 
have implemented ready-made videos and GeoGebra software applets, as well as online meetings, in virtual 
classrooms. In this paper, we present experience with teaching using these online technologies. We have also 
applied the constructionist form of teaching in the environment of virtual reality. As part of the action research, 
we used a qualitative methodology to examine students' motivation, their digital literacy, and teamwork in a 
virtual environment. We also investigated the influence of GeoGebra applets in the virtual reality environment 
on the development of algorithmic thinking and spatial imagination of students' courses Geometry. We will point 
out the advantages and disadvantages of such teaching, not only the opinions of teachers, but also the views of 
students, and based on our experience, we will suggest recommendations for the future. 
                                                                                        
keywords: GeoGebra; Virtual Reality; online learning; training future teachers                                         
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1 Introduction 

 
With the coming of the Covid-19 pandemic, when online learning has become essential, 
the selection of suitable platforms for online teaching was important. Finding appropriate 
ways to teach mathematics and geometry was even more challenging in this context. 
Within the courses Geometry for future mathematics teachers at primary schools, at the 
Faculty of Education of the University of Ostrava we have used before Covid-19 in non-
online teaching dynamic software GeoGebra and the commonly available online 
platforms LMS MOODLE for access to teaching electronic materials. When COVID-19 
came, we also started using MS TEAMS for online teaching.  
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The following year we also started using new tool by online teaching. It was a 
virtual reality environment, which was developed as part of the project "Improving the 
quality of education and strengthening students' motivation to learn by deploying a 3D 
virtual university campus based on virtual and augmented reality technologies in the 
teaching process", which began before the pandemic. This virtual reality platform was 
primarily designed to increase motivation of students of the Faculty of Education of the 
University of Ostrava and the Technical University of Ostrava. This situation gave us the 
opportunity to include this virtual reality as a new online tool in the teaching process and 
to test its use in online teaching. 

We have taken measure benefits of this new online tool with a pilot survey. As part 
of the action research, we used a qualitative methodology to examine students' 
motivation, their digital literacy, and teamwork in a virtual environment. We also 
investigated the influence of GeoGebra applets in the virtual reality environment on the 
development of algorithmic thinking and spatial imagination of students' courses 
Geometry. We were observing whether the virtual reality environment helps them with 
GeoGebra to study geometry. We have researched by teaching the motivation of students 
and their involvement in the teaching process. In this environment, we have implemented 
ready-made videos and GeoGebra software applets and observed how it influences on 
their motivation. In virtual reality were virtual classrooms for online meetings for 
communication and discussion. We could watch improvement of teamwork’s.  

We have also taught online with MS TEAMS to helps explained solving of 
exercises using GeoGebra software. By homework’s student had to solve exercises and 
this solving to send to the teacher using one type of online format. At beginning they used 
classical methods of drawing and sent photos of their solving. With the time more of them 
used GeoGebra, they discover benefits of virtual drawing. Some of them made own 
GeoGebra applets and also teaching videos with explaining their solutions. 

 
2 Results and discussion 

 
Research results and their interpretation - during the direct and indirect research we 
recorded, we used a digital virtual environment, namely the use of GeoGebra software 
and the Virtual Reality software “Virtulog”. When monitoring the students' activities in 
the Geometry course, we noticed an increased interest of students in a more detailed 
explanation of the procedure for solving geometric problems, in the visualization and 
mathematical understanding of construction problems using the GeoGebra software. We 
noted positive motivation and the so-called “AHA” effect. For some students, this type 
of teaching also supported creativity in the form of creating videos with the presentation 
of task solutions.  

We can state that, in addition to the increase in external and internal motivation, 
there was also an increase in students' understanding of geometric connections and this 
supported their algorithmic thinking. Based on our observations, we recommend using a 
combination of Virtual Reality and GeoGebra software in the future. 

 
3 Conclusions and Future work 

 
The result of our survey was the identification of benefits and disadvantages. Positives are 
that students were more motivated and interested of a new virtual space, also because of 
novelty phenomenon. For most students using GeoGebra brought better understood of 
geometry, although 2-3 students leaned towards classical methods. Including GeoGebra 
into virtual reality gave some aha-effects. By online teaching with virtual reality, we and 

554



 

 

also our students created materials that will be usable in the next years for next students. 
For us was this new challenge that also improved our competence for future teaching and 
started improving teaching competence of our students. 

As negative we have to mention some technical problems. Using virtual reality 
application by teaching had increased technical requirements. This kind of teaching it is 
not useful by slowly internet connection. For the virtual environment teaching it is 
necessary to better set the technical parameters. The problem was when only online 
teaching was possible. During testing we share one test in LMS MOODLE for theoretical 
knowledge and we replaced the final test for uploading a video explaining the solution 
procedure - some students drew, some used GeoGebra - it was more difficult and harder. 

Online teaching in virtual reality environment has a lot of positives as a motivation 
but there is space for improvement. 
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Abstract: Filters are well-known devices frequently included in electrical systems. Their

modeling can also be an interesting domain to introduce mathematical skills to engineering

students. In this work it is presented a comparative study between three low-pass filters:

Ideal, 2nd order Butterworth and RLC filters. The whole work was implemented having

this intended comparison in mind. The three filters were developed and applied in parallel -

the same cut-o↵ frequency was set for these low-pass filters; also, both a Butterworth filter

and a RLC circuit filter were tuned to have the same quality factor and precisely the same

transfer function. A set of discontinuous periodical signals was used to study the behavior of

the three filters. For each signal from this set, the corresponding representation given by a

partial sum of the Fourier series is considered as the input signal, from which the filter output

signal is obtained. These outputs were obtained by multiplying the input signal complex

Fourier coe�cients by the complex transfer function values of each filter, corresponding to

each harmonic frequency. All the calculations were performed with Python programming

language together with a dedicated library that was developed by the authors of this work.

This library, based on sympy, numpy and matplotlib, was developed for teaching support

in Mathematics Laboratory courses. Main results of this work are the filtering e↵ects on

signals’ spectral and temporal representation. Figures included in this manuscript show

a small sample of results obtained for the square wave input signal. The full article will

present an expanded set of results obtained for other input signals. It will contain a results

discussion based on the comparison of the di↵erent filtered signals’ spectra, together with

the comparison of energy losses calculated based on RMS values and the time-delays caused

by the di↵erent kinds of filters. This analysis will be carried out for each input signal. From

the teaching view, the main advantage of this work is the insight about the filtering processes

that it o↵ers to engineering students.

keywords: Fourier analysis; low-pass filter; Butterworth filter; signal filtering; Python.
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1 Introduction

In this work it is presented a comparative study between three low-pass filters: Ideal, Butter-

worth and RLC circuit. For this purpose, each signal to be filtered was represented by a Fourier

series partial sum at a predefined order [1–3].

Ideal filtering is the simplest form to filter a signal; mathematically consists in truncating the

Fourier series representation using a predefined cut-o↵ frequency [4], and adding the same time

delay to all the harmonics. For the same cut-o↵ frequency, a Butterworth filter transfer function

was parametrized to work as a 2nd order low-pass filter with a unitary gain at the null fre-

quency [4,5]. Then, the complex transfer function of a low-pass filter based on the RLC circuit

represented in the Figure 1 was calculated using the equation (1) that models the circuit [4–6].

Rvi(t)

L

C

• • �

• • �

vC(t) ,

(a)

ZR�ZCvi(t)

ZL

• �

• �

vC(t)

(b)

Figure 1: (a) 2nd order RLC filter; (b) equivalent voltage divider circuit based on impedances.

H (j!) =
ZR�ZC

ZL + ZR�ZC
(1)

The RLC filter was tuned to give the same response as the Butterworth filter. This was achieved

by imposing the same cut-o↵ frequency and the quality factor for both filters and having in

consideration the existing mathematical relations between these two parameters and the values

of R, L and C (detailed in the full paper).

2 Results and discussion

In the full paper they will be demonstrated the e↵ects of the referred filters on a set of signals

represented by their correspondent Fourier series (partial sum). It will be concluded that the

filtering e↵ects produced by RLC filter coincide with the Butterworth ones. In fact, the RLC

filter is the physical implementation of the Butterworth filter model. And this fact can be

understood in the Figure 2, where the unilateral and continuous module and phase spectra of

the used filters transfer functions are represented.

The Figure 3 shows the spectra (composed by 20 harmonics and the average value) obtained from

the representation of a square wave in Fourier series, vi(t), and the correspondent filtered signals,

videal(t) using the Ideal, vB(t) the Butterworth and vC(t) the RLC filters, where vB(t) = vC(t).

In this example, the filters were tuned with a cut-o↵ frequency equal to the 10th harmonic

frequency.

The results depicted in the Figure 4 are obtained from the signals (spectra in Figure 3) and

shows the temporal representation of the original signal vo(t) with: vi(t) representation in (a);

the signal filtered by an ideal filter (b); the signal filtered by a Butterworth or a RLC filter (c).
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(a) (b)

Figure 2: Transfer functions of the Ideal, Butterworth or RLC low-pass filters: (a) Modulus; (b) Phases.

(a) (b)

Figure 3: Spectrum of a square wave, vo(t), composed of 20 harmonics and the correspondent average

value: (a) Fourier Series partial sum, vi(t), and the filtered signal using the ideal filter, videal(t); (b) vi(t)

and the filtered signal using the Butterworth, vB(t), or RLC filter, vC(t).

(a) (b) (c)

Figure 4: Temporal representation of square wave vo(t) with: (a) Fourier Series partial sum of 20th

order, vi(t); (b) videal(t), for ideal filtering; (c) vB(t), for Butterworth or vC(t) for RLC filtering.
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3 Conclusions and Future work

In this work they were studied several filters from the teaching view. Its main advantage is

the insight about the filtering processes that it allows to the engineering students, reducing the

di�culties that the learning of this concept typically represents. This work also shows that the

RLC filter is the physical implementation of the Butterworth filter model.
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Abstract: Ordinary di↵erential equations, ODEs, and ODEs systems are very useful math-
ematical representation models to simulate and analyse dynamical phenomena. The RLC
electrical circuit that works as a second order low-pass filter, is a usual example of the kind
of application whose behaviour can be modelled and simulated, using a ODEs system. In
this work a ODEs system with constant coe�cients is studied. The Kirchho↵ rules are ap-
plied to the referred circuit getting a first order ODEs system, which is numerically solved
using the SCILAB, a clone of MATLAB, development platform, by considering two di↵erent
approaches. The forward Euler method is the simplest numerical integrative procedure and
is initially applied; then the visual simulation with pictographic programming based on the
XCOS block diagram tool is performed using the predefined objects. The Fourier coe�cients
of several signals, such as a square wave, are determined. Then the Fourier series, truncated
at a given order (partial sum) - see figure 3a - is used as input signal to be filtered by the
RLC circuit modelled by the ODEs system (1). The filtered signal, shown in Figure 3b,
results of the Euler numerical resolution of this system of di↵erential equations. After that,
the same result of the Figure 3b is obtained by using the second approach, which considers
the ODEs system implementation pictogram in Figure 2. Thus, two entirely numerical ap-
proaches were applied along this work. It was possible yet to observe the complete response
of the system, verifying the transient and steady state components associated to the solution.
The Xcos is an informatics application that allows creating system models by connecting
graphic blocks and revealed to be a very useful didactic tool that makes the implementation
of complex numerical simulations accessible to students who have almost no programming
skills - this is a very advantage in relation to the first approach.

keywords: di↵erential equation systems; Fourier analysis; signal filtering; forward Euler
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1 Introduction

Ordinary di↵erential equations [1–3], ODEs, and systems of ODEs, are very useful mathematical
representation models to simulate and analyse dynamical phenomena. The process of a physical
signal filtering is the operation that performs some changes on original signal in order to get the
most relevant information. Low-pass filter are frequently used with the aim of eliminating high
frequency harmonics that are susceptible to represent noise.

The RLC electrical circuit shown in Figure 1, that works as a second order low-pass filter, is
a usual example application system whose behaviour can be modelled and simulated using a
ODEs system [5]. The RLC filter can be tuned in order to exhibit the same behaviour as the
Butterworth filter [4].

Rvi(t)

L

C

• • �

• • �

vC(t) ,

Figure 1: 2nd order RLC filter.

8
>>><

>>>:
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dt

⇣
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⌘
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vi(t)� vC(t)
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d

dt

⇣
vC (t)

⌘
=

iL(t)

C
� vC(t)

RC

(1)

Any particular solution of the ODEs system in (1) is the sum of the transient and steady state
components [5]. Given the short duration of the transient state its presence and behaviour can
only be noticed in the initial instants of the simulations.

2 Results and discussion

The pictogram of Figure 2, shows the way the ODEs system was implemented in the Xcos
didactic tool [6].

Figure 3 shows an example of results obtained for a square wave input signal, vo(t), of a square
wave and its representation, vi(t). While in Figure 3a it can be seen the original signal, vo(t),
together with its representation by a 20th order Fourier series partial sum, vi(t), Figure 3b,
shows the square wave, vo(t), together with the results of vi(t) signal filtering, vC(t). The filers
were tuned with a cut-o↵ frequency equals to the 10th harmonic frequency. Note that the
filtering results obtained by using the forward Euler numeric integrative procedure are exactly
the same as those obtained from the Xcos simulation.

3 Conclusions and Future work

In this work two entirely numerical approaches were applied to solve the same filtering problem.
Thus, comparing the obtained solutions, both composed by the sum of transient and steady
state components of the filtered signal, it was possible to observe the same complete response
of the system.

The Xcos revealed to be a very useful didactic tool that makes the implementation of complex
numerical simulations accessible to students who have almost no programming skills. This was
the reason why the students in laboratory mathematics classes preferred the second approach.
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Figure 2: ODEs system implementation pictogram of 2nd order RLC filter.
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Figure 3: Example of results: (a) a square wave signal, vo(t), and its representation by a 20th order
Fourier series partial sum, vi(t); (b) a square wave signal, vo(t), and the filtered signal of vi(t) obtained
by using the forward Euler numerical integrative procedure or obtained from the Xcos simulation, vC(t).
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Abstract: Mastery of di↵erential equations is important for future scientists, economists,
engineers because of the frequent use of di↵erential equations for modelling of di↵erent real-
life phenomena. Recent empirical research reports di�culties which students experience
with the comprehension of the definition of a di↵erential equation and its solutions. In this
paper, we discuss how the students’ experience in learning these important notions and their
conceptual understanding can be improved by solving non-routine problems on Existence
and Uniqueness Theorems.
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1 Introduction

Di↵erential equations (DEs) are often employed for modelling of a wide range of real-life phe-
nomena in natural and social sciences, engineering, economics. Not surprisingly, courses in DEs
are taught at most universities. However, educational research on learning and teaching DEs is
scarce, there are “fewer than two dozen empirical studies published in top journals” which does
not match well “the centrality of di↵erential equations (DEs) in the undergraduate curriculum,
as well as the move away from a “cookbook” course to one that emphasizes modelling, qualita-
tive, graphical and numerical methods of analysis”[6, p. 555]. Therefore, “we need to explore
the variety of ways in which content, instruction, and technology can be profitably coordinated
to promote student learning”[5, p. 84].

Although “the teaching of ‘practical’ mathematics is becoming much more focused on the process
of modelling of engineering systems - this results in a decrease in the teaching of calculation
techniques, but it does not mean that all manual work with mathematics can be replaced: there
is a need to find the right balance”[4, p. 9]. Furthermore, due to a rapidly growing use of
digital technology in engineering education, “there are significant dangers in losing the teaching
of pen-and-paper mathematical techniques to ‘button pressing”’ [4, p. 10].

Recent empirical research actively explored students’ understanding of the concepts of a DE and
its solutions [1, 3, 5, 7, 10, 12] revealing many di�culties. Regretfully, many students wrongly
believe that the success in DEs courses can be achieved by learning only solution routines. For
instance, Arslan reported that “students were successful in algebraic solutions of DEs, but not
in conceptualizing DEs and the solution of DEs concepts . . . algebraic solutions of DEs can be

Teaching Di�erential Equations for Understanding 
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found even without a deep understanding and conceptualization of DEs, which is why students
do not feel any need to understand DEs and related concepts” [1, p. 887]. Many students
concentrate their attention on learning specific solution techniques but “often fail to relate them
to other concepts or ideas” [3, p. 76]. Arslan [1] pointed out students’ di�culties with the
fundamental concepts including a DE itself, the general and particular solutions. Students tend
to consider the general solution “as if it consisted of a unique solution” [1, p. 880], they usually
“failed to report general solutions” [3, p. 74], and “made little or no attempt to place the
solution in context, be it a solution to an equation or a DE” [7, p. 48]. In summary, “research
has pointed to the various challenges that students face with this concept” [6, p. 555].

2 Results and discussion

Very recently, the authors [10] analysed five di↵erent tasks used in the literature to test students’
conceptual understanding of the general and particular solutions to DEs. Regretfully, only
one problem was designed to engage students into inquiry and contribute eventually to their
conceptual understanding of DEs. We argued that the correct formation of the concept in
Vygotsky’s sense, as a scientific concept, is achieved only through the rigorous explanation
of all relevant definitions and theoretical results. This explanation should necessarily include
Existence and Uniqueness Theorems (EUTs) which connect all important notions meaningfully
complementing the definition of a solution to a DE. We believe that conceptual understanding
of DEs can be fostered by the use of inquiry-based pedagogy [5] and non-routine problems
[8, 10, 12]. First successful steps in this direction were already made by the authors in the cited
papers. The research question we address in this paper is: How does the work on non-routine

problems facilitate engineering students’ conceptual understanding of DEs and solutions to DEs?

To begin with, we analyse the problems on the EUTs that do not require the use of computer
in the course textbook [2]. It turns out that they belong to one of the following four categories:
(1) determine (without solving the problem) an interval in which the solution of the given initial
value problem is certain to exist â six problems; (2) state where in the ty-plane the hypotheses of
the theorem are satisfied â six problems; (3) solve the given initial value problem and determine
how the interval in which the solution exists depends on the initial value y0 â four problems;
(4) explain why the existence of two solutions of the given problem does not contradict the
uniqueness part of the theorem â one problem.

Given that the nature of all but one problems on EUTs in the course textbook is procedural, the
problems in our assignment were designed to engage students in a deeper reflection about EUTs
and related notions. Our teaching experiment was organised in the final part of a DEs course
for senior mechatronics students in their fourth year of studies. We employed the inquiry by
design technique (Richards, 1991) where lecturers âdesign tasks and projects that stimulate to
ask questions, pose problems, and set goalsâ and students âmust learn to inquire systematicallyâ
and âmust actively construct their own knowledgeâ [9, p. 38]. Students worked for three weeks
on an assessed assignment â a set of non-routine problems on the topic of EUTs designed by the
authors with the focus on the development of conceptual understanding rather than procedural
skills. The data collected include students written work (all three scripts), answers to pre- and
post- questionnaires, audio recordings of the small group discussions, and the recording of the
class presentation of solutions. The audio records were transcribed, and the data were analysed
after the course work was completed and the letter grades were assigned. We analyse students’
work and discuss their feedback on the assignment.
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Abstract: The study of relevant phenomena and processes in several areas such as engineer-
ing sciences, social sciences, etc. often uses mathematical modelling. Typically, the model
involves, in its formulation, one or more interrelated quantities and their variations. In cases
where there is a relationship between an independent variable, a dependent variable and its
derivatives, the relationship is expressed in the form of an equation known as a di↵erential
equation or a system of di↵erential equations.
In this paper, a classroom activity is presented. Students are faced with an electrical circuit
that they have to model, using their knowledge in the field of physics and electromechan-
ics, combined with their knowledge in mathematics, in particular with regard to di↵erential
equations. Then, they are asked to find the electric current in series RLC electric circuit for
a sinusoidal voltage source by considering the exact solution and the approximate solution,
based on complex impedance analysis. In the end, they are asked to compare the two results
obtained and formulate conclusions.
This activity will allow students to acquire sensitivity to recognize the specificities related
to the two di↵erent approaches to solve a problem modelled with di↵erential equations. In
particular, it will allow students to become aware of the possible e↵ects that the transient
and steady state components of the solution may have on the series RLC circuit for a sinu-
soidal voltage source.

keywords: modelling; di↵erential equations; series RLC circuit; sinusoidal voltage source.
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1 Introduction

Problem solving and the study of relevant phenomena and processes in the areas of engineering
sciences, social sciences, etc. often uses mathematical modelling. The model often involves one
or more interrelated quantities and their variations in its formulation. In cases where there is
a relationship between an independent variable, a dependent variable and its derivatives, the
relationship is expressed in the form of an equation known as ordinary di↵erential equation
(ODE) or a system of ODEs.

In the manuscript, a classroom activity is presented in which students are confronted with a series
Resistor-Inductor-Capacitor (RLC) electric circuit (Fig. 1) for a sinusoidal voltage source. It is
intended that students model the problem and solve it in two di↵erent ways taught in distinct
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course units and comment on the results obtained. To achieve the goal, students are asked to
model the circuit based on Kirchho↵’s laws.

R

vi(t) L

C

• •

• •
i(t)

Kirchho↵ ’s Current Law (KCL)
In a node, the sum of the incoming electric
currents is equal to the sum of the outgoing
currents.

Kirchho↵ ’s Voltage Law (KVL)
In a closed network, the sum of the voltage
drops in the components is equal to the alge-
braic sum of the voltage sources.

Figure 1: Series RLC electric circuit and the Kircho↵’s Laws applied to electric circuits; L represents an
inductor, R the resistor and C the capacitor; v(t) is the voltage source.

Although the both approaches allow to calculate the electric current of an electric circuit, they
produce di↵erent solutions:

1. real solution obtained by solving the di↵erential equation that translates the time domain
model;

2. complex solution obtained by using a formulation based on complex impedance analysis
from frequency domain model.

Students are then asked to compare the two solutions, by using their graphical representation
and to point out conclusions, highlighting the behaviour of both the transient and steady state
components of the electric current.

2 Model formulation

2.1 Time domain model

From the application of KVL one obtains vL(t) + vR(t) + vC(t) = v(t). The term v(t) is the
source voltage, the voltage drops across the inductor is given by vL = L di

dt , the voltage drops
across the resistor is vR = R i(t) and the voltage drops across the capacitor is vC = 1

C q(t). L,R
and C coe�cients are the inductance, the resistance and the capacitance values. In this way, it
is possible to model the RLC circuit through a di↵erential equation that can be formulated in
terms of electric charge q(t) and electric current i(t), in order to time t, as shown in Eq. (1).

L
di

dt
+R i+

1

C
q = v (t) (1)

Due to the inherent di�culty in solving this equation that would require knowledge in solving
systems of di↵erential equations or the Laplace transform, here, we opted to convert this equation
in a 2nd order ODE; to do so, it should be noted that the definition of electric current is given
by Eq. (2).

i (t) =
dq

dt
(2)

Thus, the problem can be formulated by the Eq. (3), in order to q(t), which is classified as a 2nd
order linear ODE with constant coe�cients and its resolutions is covered in the mathematics
curriculum of engineering courses.

L
d2q

dt2
+R

dq

dt
+

1

C
q = v (t) (3)
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By solving Eq. (3), the electric charge is obtained, which allows to calculate the electric current
from the circuit. The general solution for Eq. (3) is the sum of two terms, q(t) = qs(t) + qt(t),
called steady state and transient components. An relevant analysis is performed for sinusoidal
voltage sources with v(t) = A cos (!t+ �), where A, ! and � are the amplitude, frequency and
phase of the signal. In this situation, applying Eq. (2) to the two components of the electric
charge, give the two components of the electric current and are shown in Eq. (4).

8
>>><

>>>:

is(t) =
AR

R2+(L!� 1
C! )

2 cos (!t+ �) +
A(L!� 1

C! )
R2+(L!� 1

C! )
2 sin (!t+ �)

it(t) = C1e
� 1

2

✓
R
L�

q
CR2�4L

L2C

◆
t
+ C2e

� 1
2

✓
R
L+

q
CR2�4L

L2C

◆
t

(4)

2.2 Frequency domain model

The RLC circuit analysis is also a study theme in other curricular units where electric circuit
analysis is a fundamental topic. The typical approach in these subjects, also performed following
Kircho↵’s laws, assumes that the voltage source is sinusoidal and the voltage drops are governed
by the complex impedance of each component. Assuming this approach, the voltage drops in the
components of a circuit is generically defined by eV = eZeI where eV and eI are the complex voltage
source and complex current. The complex impedance for each component are eZL = j!L for the
inductor, eZR = R for the resistor and eZC = 1

j!C for the capacitor; here, j is the imaginary unit.
The application of KVL results in the Eq. (5).

j!L eI +R eI + 1

j!C
eI = eV (5)

The complex voltage source is eV = Aej(!t+�). Thus, the current solution of the Eq. (5) is given
by the Eq. (6)

eI =
Aej(!t+�)

j!L+R+ 1
j!C

(6)

The time magnitude is the real part of the corresponding complex magnitude. Thus, as

v (t) = R
⇣
eV
⌘
and i(t) = R(eI), one obtains the solution for i(t), as indicated by Eq. (7).

i(t) =
AR

R2 +
�
L! � 1

C!

�2 cos (!t+ �) +
A
�
L! � 1

C!

�

R2 +
�
L! � 1

C!

�2 sin (!t+ �) (7)

Comparing this solution with is(t) from Eq. (4) in 2.1 section, one concludes that they are the
same, but it(t) is missed.

2.3 Initial value problem

To implement the model, the following conditions were proposed to the circuit: the components
have the following values - R = 2⌦, L = 2H, C = 2

37 F, v (t) = 2 cos (6t)V; q(0) = 4
37 C and

i(0) = 0,A are assumed for initial conditions. Students are now faced with an initial value
problem (IVP) that they will have to solve by adopting the two proposed methodologies. The
first approach allowed the exact solution, to be obtained by solving the ODE for the charge,
q(t), which by derivation resulted in the electric current, i(t).

i (t) =


� 5232

12025
sin (3t) +

576

12025
cos (3t)

�
e�

1
2 t +

2568

12025
sin (6t) +

576

12025
cos (6t) (8)
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The second approach, based on complex impedance analysis, and solving the eq. 5 in order to
eI, will only allow to determine a component of i(t) identified as steady state component.

is (t) =
2568

12025
sin (6t) +

576

12025
cos (6t) (9)

3 Results and discussion

In the first approach, we are allowed to obtain the transient it (t) and steady state is (t) com-
ponents of the electric current i(t); in the second approach, only the steady state component
is calculated. To compare the two solutions, students are invited to proceed of their graphical
representations, which are suggestive of the behavior of each component versus the exact so-
lution. Then they should discuss, comment, and draw some conclusions about these di↵erent
approaches. The plots depicted in Fig. 2 show the results in the first initial moments.

Transient component it (t) and steady state com-
ponent is (t) of electric current i(t)

it (t) =
⇥
� 5232

12025 sin (3t) +
576

12025 cos (3t)
⇤
e�

1
2 t

is (t) =
2568
12025 sin (6t) +

576
12025 cos (6t)

i (t) = it (t) + is (t)

Figure 2: Electric current graph for the proposed series RLC circuit and with the transient and steady
state components.

This approach allows for the establishment of discussion points, regarding the advantages and
disadvantages of the two methodologies. It is also intended that students become aware of the
existence of a transient component that, despite fading in time, can assume high values in the
initial instants and be a source of problems in the circuit operation.

4 Conclusions and Future work

The analysis of the algebraic results obtained and their graphs, allowed the students to acquire
sensitivity to recognize the specificities associated with the two approaches in solving the same
problem, i.e. either modelled with di↵erential equations or using simpler alternative approaches.
In particular, it allowed them to become aware of the possible e↵ects that transient and steady-
state components can have on a series RLC electrical circuit for a sinusoidal voltage source.

This activity was enhanced by the use of computer algebra system tools, initially with the
wxMaxima, then MATLAB and its Symbolic Math Toolbox, and lately with Python and Sympy
library.

References

[1] Ana C. Meira Castro, Ana Júlia Viamonte, António Varejão Sousa; Cálculo II - Conceitos,
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Abstract: This work deals with the Mann’s stochastic iteration under functional random

errors. At first, we establish an exponential inequality of Brenstien-Frechet that enable us

to prove the almost complete convergence to the fixed point. Then we study the rate of

convergence of this algorithm. Finally, we build a confidence set for the fixed point.
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1 Introduction

Many mathematical problems arising from various domains are modeling by Fredholm integral

equations. This one can be writing like a fixed point equation A(u) = u with a solution uex
and A is an operator from a Banach space E to E. Finding the exact solution using analytic

methods, in general, is di�cult or impossible. Therefore, we use numerical methods to calculate

the approximate solution. The most powerful method are iterative ones. Fixed point theory

provides conditions under which operator defined in which space have existence and uniqueness

of a solution.

Mathematically, a fixed point problem for Fredholm integral equation is presented under the

following form

�

Z b

a
K(x, t)u(t)dt+ f(x) = u(x); (1)

where [a, b] ⇢ R, t 2 [a, b], x 2 [a, b] and � 2 R. Let A an operator defined on a Banach

space E = C([a, b] ⇢ R,R) by

A(u(x)) = �

Z b

a
K(x, t)u(t)dt+ f(x); (2)

such that K : [a, b]⇥ [a, b] ! R is a continues map then

9M 2 R, 8(x, t) 2 [a, b]⇥ [a, b] : |K(x, t)| < M.
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The operator A is a c�contraction from E to E if

|�| < 1

M(b� a)
.

then the classical result in fixed point theory is Banach fixed-point theorem; it ensures the

existence and uniqueness of a fixed point of a contraction self-map in a metric space. It gives us

a constructive numerical method (Picard’s iteration scheme)[3] to approximate the fixed point.

After that, in 1953, Mann[4] introduced new method for an other map where Picard’s iteration

scheme fails to converge. Later, many modified algorithm were introduced by considering the

stochastic part.

In this work we use the Mann’s iterative algorithm with errors as described in [4]. This algorithm

considered the committed errors at each evaluation of the approximated fixed point un. These

errors are supposed to be functionals random variables.

In this paper, we establish Briestein-Frechet inequality which allow us to prove the almost

complete convergence of the used algorithm to the fixed point. Then to cheek the feasibility and

validity of our theoretical results, we consider numerical example.

2 Results and discussion

2.1 Preliminaries

Let (⌦,F, P ) be a probability space and E = C([a, b] ⇢ R,R) a real Banach space. Let (E,B)

be a measurable space, where B denotes the �-algebra of all Borel subsets generated by all open

subsets in E, and A a contraction mapping defined in 2. Under this conditions the problem 1

admits just one fixed point. In general, the exact solution is impossible to find using analytic

methods. Then The approximative are useful in this cases.

We use the following stochastic Mann’s algorithm

un+1 = (1� an)un + anA(un) + bn"n (3)

satisfying
1X

n=1

an = 1 and

1X

n=1

bn < 1

with "n : (⌦,F, P ) ! E is a functional random variable denoting noise. Moreover, assume that

the sequence ("n)n is zero mean and supE("n) < 1.
Without loss of generality, we take

an =
a

n
and bn =

a

n2
, a 2 R⇤

+

Then the algorithm 3 can be writhen as follow

un+1 = (1� a

n
)un +

a

n
[A(un) +

1

n
"n] (4)

2.2 Assumptions

We now introduce some classical hypothesis that will be useful tools for us to get results.

• (H1) The fixed point uex satisfies

9N > 0, ||u1 � uex|| < N.
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• (H2) The constant � is such that

|�| < 1

M(b� a)
) 0 < c = |�|M(b� a) < 1 ) (8u, v 2 E : ||A(u)�A(v)|| < c||u� v||).

• (H3) Constant a and c are such that

a(1� c) < 1

Remark 1 The assumption (H1) is classical, the existence of uex and the arbitrary choice of x1
allow us to assume such supposition. To assume the existence and uniqueness of a fixed point
for the problem 1 according to Banach’s theorem of fixed point we must introduce the assumption
(H2). The assumption (H3) will be useful for specifying the rate of almost complete convergence
of the stochastic Mann’s iteration algorithm.

Theorem 1 Under the assumption of theorem (3) in[1], the algorithm 4 converges almost com-
pletely to the fixed-point uex of A.

Theorem 2 under assumption (H3), we get

un+1 � uex = O

r
lnn

na(1�c)�⇢
.

3 Conclusions and Future work

These inequalities alow us a possibility to build a confidence field to the unique fixed point of

our problem. For new research directions we suggested to do the same work with functionals

mixing random errors.
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Abstract: In this work,we introduce a new bound to analysis a stochastic boolean network
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1 Introduction

Stochastic boolean network with perturbation (SBNP) have received much attention in mod-
eling genetic regulatory networks. A SBNP can be regarded as a Markov chain process and is
characterised by a transition probability matrix.
In this work, we propose a new bound based on the special structure of a transition proba-
bility matrix of PBNs with gene perturbation to compute its stationary distribution. Various
numerical examples are presented to show the performance of the used approach.

2 Results and discussion

Let us consider a Markov chain X on the denombrable state space S = {1, 2, ...}, P denote the
transition kernel of a Markov chain in S having unique stationary distribution ⇡. Indeed, P
must be a stochastic matrix; that is, pij � 0, and

P
j�0

pij = 1, for all i � 0.

Consider a PBNs with gene perturbation [3]. This network is modeled by a homogeneous Markov
chain with discrete time of transition probability matrix eA (the nominal matrix) defined by [2]:

eA = (1� p)nA+ ePn

Let ePn be the 2n ⇥ 2n perturbation matrix of a PBN with n genes, then we have for n=1,2,...

ePn = Qn � (1� p)nI2n = Q1 ⌦Q1 ⌦ ...⌦Q1| {z }
n terms

�(1� p)nI2n , (1)
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where

Q1 =

✓
1� p p
p 1� p

◆
.

Suppose this Markov chain is ergodic with a unique stationary distribution ⇡. Note the funda-
mental matrix associated with this chain by [4]:

Z = (I � eA+⇧)�1. (2)

We note the matrix of transition probabilities of the perturbed model which is of the same
structure as the original model, by: Ā = (1� p)nA+ P̄n, where

P̄n = I2 ⌦ I2 ⌦ ...⌦ I2| {z }
r terms

⌦Q1 ⌦Q1 ⌦ ...⌦Q1 � (1� p)nI2n , n > r.

Similarly, we assume that the Markov chain describing the state of the perturbed model is er-
godic with a unique stationary distribution ⇡̄.

Let X a Markov chain, which verifies the eX be a Markov chain having a transition kernel Q
such that E = ||P �Q||. For any matrix norm it holds with the above notation that:
If

||E|| < 1� ||T ||
1 + ||⇡||

then

||⇡̃ � ⇡|| < ||E||.||Z||


1� ||T ||
1� ||T ||� ||E||(1 + ||⇡||)

�
.

Where T is the taboo kernel as also called residual matrix in the literature[1].
We analyze the e↵ect of the perturbation (change in value) of the probability p on the stationary
distribution ⇡.
The graphical representation of the new bound made on the computation of the stationary
distributions is given in the following figure.

Figure 1: The e↵ect of perturbation of the probability p on the stationary distribution ⇡
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3 Conclusions and Future work

In this work, we have been able to illustrate numerically the e↵ect of changing the values of the
probability of perturbation 0p0 on the calculation of the stationary distribution of a stochastic
Boolean network with perturbation of di↵erent genes.
Analyzing of more complex networks in the presence of parametric uncertainties will also be the
topic of ongoing research.
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Abstract: We consider a population model in dimension three, with two prey and one
predator, and we include in the system a term representing the indirect e↵ects of predation.
This e↵ects are important as showed by several experiments with di↵erent species. We
study the stability of this new proposed system and other theoretical related topics as the
existence of Hopf bifurcation and the problem of persistence. We also illustrate the results
with numerical simulations.
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1 Introduction

Population dynamics is a widely studied topic in Biomathematics, but in light of the real exper-
iments carried out by biologists, systems that model the interaction between populations can be
constantly improved. In our case, we consider the system proposed by Sharma and Samanta in
[3], it is:

ẋ = rx
⇣
1� x

k

⌘
� cxz

a+ ↵⌘y + x
,

ẏ = y(� � �z),

ż =
bxz

a+ ↵⌘y + x
+ �yz �mz,

(1)

where the variables represent, respectively, the population densities of the two prey species and
the predator species. In this model, a Holling type II functional response is considered for the
interaction between the first prey and the predator, and the handling time of predator for the
second prey is also taken into account. For the interaction between the second prey and the
predator a Holling type I functional response is considered. It is also assumed an exponential
growth for the second prey and, as a consequence, there is a huge availability of individuals of
this species and no searching time.

Due to this availability of the second prey, it seems reasonable to suppose that the predator
prefers to predate the second prey, and the first one take advantages of it. This situation can
be modeled by adding the term �Lyz in the second equation and the term Lyz in the first one.
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This term represents the indirect e↵ect of predation and the parameter L > 0 measures the
intensity of indirect e↵ects. With this modification, and maintaining the other characteristics
of the initial model, we propose the system

ẋ = rx
⇣
1� x

k

⌘
� cxz

a+ ↵⌘y + x
+Lyz,

ẏ = y(� � �z)�Lyz,

ż =
bxz

a+ ↵⌘y + x
+ �yz �mz,

(2)

with all the parameters positive. The study of this system has been initiated in [2].

The importance of indirect e↵ects in ecosystems with a predator species and prey species has
been analyzed for biologists in the last years. It has been concluded, for example, that preys
may change their normal activity just by the presence of predators. Actually, many kinds of
indirect e↵ects have been described in the literature. Another example is the case of predator
Daphnia with two groups of Phytoplankton, in which the predator prefers to predate the prey
group with a smaller size, and the other prey group takes advantages of it. This model has been
studied in [1] and has motivated our work.

2 Results

As a first approach to the dynamics of the system, we study the dynamics on the invariant
planes, reducing the dimension of the system. In the invariant plane z = 0 the dynamics is
simple, with only two singular point which are hyperbolic: a saddle and an unstable node.

On the other hand, the dynamics on the invariant plane y = 0 is more complex, and apart from
the two singular points that always exist, there is another one which is not over the axis and
appears for the parameters satisfying the condition kb > m(k + a). For this singular point we
have proved that it undergoes a supercritical Hopf bifurcation at m0 = b(k � a)/(a + k). Also
we have proved that for m < m0, the system has a unique and stable limit cycle bifurcating
from the singular point. We ilustrate the result with numerical simulation, for example, for the
case with m = 0.18 > m0 in Figure 1 and for the case with m = 0.05 < m0 in Figure 2.
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Figure 1: Numerical results for m = 0.18 > m0.

For this restricted system we have also studied the existence of periodic orbits in a more general
way, and not only attending to those that appear by a Hopf bifurcation. We have proved that
the system does not have periodic orbits in the set {(x, z) 2 R2 : x, z � 0} if condition

r
⇣
1� a

k

⌘
+

bk �m(k + a)

k
< 0,

holds.

Then, going back to the system in dimension three, we obtain and study the stability of the
singular points in the boundary. These singular points are (0, 0, 0), (k, 0, 0) and, if kb > m(a+k)
also the point ✓

ma/(b�m), 0,
r

c

✓
ba

b�m

◆✓
1� ma

k(b�m)

◆◆
.
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Figure 2: Numerical results for m = 0.05 < m0, where a stable limit cycle attracts nearby
solutions

We have proved that the two first singular points in the boundary are saddles, and we have
given a classification of when the third singular point is unstable and when it is asymptotically
stable.

We have also studied the existence of positive singular points and we have given a necessary and
su�cient condition for the existence of at least one of those singular points. This condition is
not included due to their extension, but we have also obtained a simpler su�cient condition for
system (2) to have at least one positive equilibrium, which is:

kbr
� + L

�
< 4cm.

In the cases in which there exists a positive singular point, we have given su�cient and necessary
conditions for the asymptotic stability, which are s1, s2, s3 > 0 and s1s2 � s3 > 0, with fij for
i = 1, 2, 3 and j = x, y, z the components of the Jacobian matrix and

s1 = �Trace(J(E⇤)), s2 =

����
f1x f1y
0 0

����+
����
f1x f1z
f3x 0

����+
����

0 �y⇤(� + L)
f3y 0

���� , s3 = �Det(J(E⇤)).

We have also proved some results that guarantee a sort of weak persistence of the three species
by studying the weakly ⇢�repelling property of the invariant sets. We say that set M ⇢ R3

+ is
weakly ⇢�repelling if there is no solution x(t) of the system starting at x0, with ⇢(x0) > 0, such
that x(t) ! M as t ! +1.

Assuming the condition

r
⇣
1� a

k

⌘
+

bk �m(k + a)

k
< 0,

then the invariant sets of the boundary @R3
+ are weakly ⇢�repelling if

bk < k(a+m) or if bk > k(a+m) and � >
ab(bk �m(a+ k))r(L+ �)

ck(b�m)2
.

Also under the same condition the invariant sets {E0, E1, E2} of @R3
+ are acyclic.

Finally we are interested in perform a general bifurcation analysis but, due to the complexity of
the system, which has a high number of parameters, it does not seem feasible.

We have made a numerical study of this bifurcation. As an example, if we set the values

a = b = c = ↵ = ⌘ = r = 1, k = � = 1/2, � = 4/10, � = L = 1/10,

we obtain the bifurcation value mH = 0.2617. As m passes trough this value m = mH , a limit
cycle appears by Hopf bifurcation of the positive singular point. In Figure 3(a) we include the
solutions for the value m = mH , which converge to a the periodic solution. We then include the
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solutions in two other cases studied by numerical simulations: the case with m = 2/10 < mH

in Figure 3(b) and the case with m = 4/10 > mH in Figure 3(c).

(a) m = mH
(b) m = 2/10 < mH

(c) m = 4/10 > mH

Figure 3: Numerical solutions for di↵erent values of the bifurcation parameter m.

3 Conclusions and future work

We have proposed a model which represents the dynamics of an ecosystem with a predator
species and two prey species and which is a modification of the system proposed in [3]. We have
supposed that the predator prefers to predate the more available prey population and the other
one take advantages of it. This is a particular case of indirect e↵ects of predation, which have
been pointed out in the literature as an important factor in the evolution of coexisting species.

Then, appart from continue with the study of this system, obtaining more results related, for
example, with the Hopf bifurcation and the existence of limit cycles, we would like to study the
influence of the inclusion of indirect e↵ects in some other known models.
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