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Abstract: In this paper a novel approach for estimating both discretization and model order
reduction error is presented. Discretization is carried out using finite element method. Finite
element models are converted to linear time-invariant state space models. Using the generalized
square root balanced truncation method a series of reduced models are obtained. It is shown
that for special class of passive and dissipative dynamical systems upper a-posteriori reduction
error bound can be modeled less conservatively. Estimation of both discretization and model
reduction error is further refined using ν-gap metric. Quality of the obtained reduced order model
is verified in the frequency domain. The proposed error estimation approach is demonstrated
on a numerical example.
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1. INTRODUCTION

Mathematical modeling and numerical simulation of com-
plex dynamical systems is an indispensable part of most
modern technical areas. Complex dynamical systems are
composed of multiple-input multiple-output (MIMO) mu-
tually interconnected subsystems and each of the sub-
systems can be governed by various physical principles.
Each subsystem can be mathematically modeled with or-
dinary differential equations (ODE), differential-algebraic
equations (DAE) and partial differential equations (PDE)
and then interconnected with additional algebraic rela-
tions. Examples of these systems include very large system
integrated (VLSI) chip design, micro-electro-mechanical
systems (MEMS), networks of embedded systems (NES),
smart structures, and similar. These systems form a class
of spatially distributed dynamical systems and have gained
significant importance in science and engineering in recent
history. As such it has attracted notable research interest.
In order to make such complex systems solvable in a
rational time window, a discretization is required. Most
common discretization methods include finite difference
method (FDM), finite volume method (FVM), and finite
element method (FEM). Each discretization method is
suitable for specific class of problems. Continuous spatially
distributed interconnected dynamical systems are easily
discretized using finite element method. By doing so,
instead of solving computationally demanding PDE and
DAE, one solves ODE at the cost of introducing some
discretization error. Each discretized subsystem can be
interconnected with the rest of the system through the
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same interconnection relations. In order to obtain valid
representation of the real physical system it is mandatory
to either chose fine finite element mesh (grid) or to
somehow account for the discretization error.
Each discretized subsystem can be represented as the con-
tinuous state space model. Resulting subsystems usually
have a high number of internal variables and as such
lead to computational complexity and large memory re-
quirements. In order to efficiently simulate, control and
optimize such systems one needs to opt for model order
reduction (MOR) techniques. A general idea of model
reduction is to discard internal variables (or states in
context of state space model) that are uncontrollable and
unreachable, such that the original large-scale system is
approximated by a reduced model of lower state space
dimension that has the same dynamical behavior as the
original system.
The rest of this paper is organized as follows. In Section
2 we briefly overview the literature. In Section 3 we de-
fine the methodology with an emphasis on modeling of
state space dynamical subsystems from discretized models,
interconnection of the subsystems, structure-preserving
model order reduction using balanced truncation method
(BTM), estimating both discretization and model reduc-
tion error using ν-gap metric, and demonstration on a
numerical example. Section 4 is reserved for results and
discussion.

2. LITERATURE REVIEW

Modeling of the dynamical systems is a topic of constant
interest and research. Converting a FEM model to a state
space model, suitable for application in the control theory,
is practical and well established research field, see Raza
Ali Bokhari et al. (2008), Jokic et al. (2016) and Dogancic



et al. (2018). In the recent years, great emphasis was put
on development of an efficient simulation and optimiza-
tion tools and algorithms for large-scale interconnected
dynamical systems. One way to achieve efficiency is by
using model order reduction, see for example Antoulas
(2005), Gressick et al. (2005) and Poussot-Vassal (2019).
Although there are many model order reduction tech-
niques, balanced truncation method (BTM) is acknowl-
edged to be highly applicable for reducing state space
subsystems in order to preserve interconnection structure
but also for preserving unique system properties such as
stability, passivity and dissipativity, see for example Reis
and Stykel (2008), Reis and Stykel (2010), Gosea and
Antoulas (2017), and Beddig et al. (2020).

3. METHODOLOGY

Finite element method models of even the complex ge-
ometries, physical interactions and features can be rela-
tively easily obtained using available finite element anal-
ysis (FEA) software. Each of the discretized submodels
can be converted into equivalent dynamical state space
subsystem. Resulting dynamical subsystems are (usually)
multiple-input multiple-output (MIMO) continuous linear
time-invariant (LTI). Each subsystem is interconnected
to the rest of the system through some algebraic rela-
tions. Resulting interconnected system has large number
of states. Many of the states are not contributing in the
energy transfer from inputs to outputs. Therefore the use
of model order reduction becomes attractive. In order
to preserve the structure of the system, some of or all
the subsystems can be reduced. By observing the Hankel
singular values of the subsystem it can be seen that the
states corresponding to the small Hankel singular values
are difficult to reach and to observe at the same time and
can be discarded without changing the system response
significantly. Each reduced subsystem can be reconnected
to the system. The introduction of the reduction error in
the interconnected system can be calculated and taken into
account. ν-gap metric can be used to compare reduced
order subsystem to the reference system, but it can also
be used across subsystems of different discretizations. Ulti-
mately, it is also possible to simultaneously estimate both
discretization and model reduction error using the ν-gap.

3.1 From the finite element submodels to the state space
subsystems

A finite element model can be written as
Mq̈(t) + P q̇(t) +Kq(t) = F (t), (1)

where q(t) represents the generalized coordinates and M
is the mass matrix, P is the damping matrix, K is the
stiffness matrix, and F (t) is the vector of applied external
nodal forces. The above equation can be written in the
first-order descriptor state space form

E︷ ︸︸ ︷[
M 0
0 I

]
ẋ(t) =

A︷ ︸︸ ︷[
−P −K
I 0

]
x(t) +

B︷ ︸︸ ︷[
B1

0

]
u(t),

y(t) =

[
C1 0
0 C1

]
︸ ︷︷ ︸

C

x(t),

(2)

where B1 is the the matrix defining node locations at
which external forces are applied, C1 is the matrix defining
node locations at which the generalized velocities and
coordinates are measured. For nonsingular E this system
can easily be represented and used in it’s explicit form as
shown in the following subsection.
Few observations can be made regarding (1) and (2).
Equation (1) was obtained from formulating equations of
motion for each finite element of a structural vibration
problem, but similar equations arise when modeling RLC
cicuit design and in fluid dynamics problem as well.
Regarding (2) it can be observed that matrices E and A
are sparse which can be utilized for improved performance
and accuracy, especially for higher order models - note that
in this case, when we obtain the explicit form the resulting
inverse of E is a full matrix.

3.2 Interconnected dynamical systems

Consider a system of k interconnected continuous LTI
state space subsystems in the first-order explicit form

ẋj(t) = Ajxj(t) +Bjuj(t),

yj(t) = Cjxj(t),
(3)

that are interconnected through the relations
uj(t) = Kj1y1(t) + . . .+Kjkyk(t) +Hju(t),

y(t) = R1y1(t) + . . .+Rkyk(t), j = 1, . . . , k.
(4)

Here Aj ∈ Rnj ,nj is the state matrix, Bj ∈ Rnj ,mj is the
input matrix, Cj ∈ Rpj ,nj is the output matrix, xj(t) ∈
Rnj are internal state vectors, uj(t) ∈ Rmj are internal
inputs and yj(t) ∈ Rpj are internal outputs. Furthermore,
Kjl ∈ Rmj ,pl , Hj ∈ Rmj ,m, Rj ∈ Rp,pj , u(t) ∈ Rm is
an external input and y(t) ∈ Rp is an external output.
Interconnected systems represented with (3) and (4) are
called composite or coupled systems. Throughout this pa-
per we will consider that the pencils λI − Aj are regular,
i.e., det (λI −Aj) ̸≡ 0 for j = 1, . . . , k. We will also tacitly
assume that all the subsystems are asymptotically stable
which is the case if the pencil λI − Aj is stable, i.e., all
it’s finite eigenvalues have negative real part. In this case
we can consider the stable transfer functions of (3) given
by Gj(s) = Cj (sI −Aj)

−1
Bj . If we apply the Laplace

transform to (3) for xj(0) = 0 we can obtain yj(s) =
Gj(s)uj(s). It can be seen that Gj(s) represents the input-
output relation of system (3) in the frequency domain,
where yj(s) and uj(s) are the Laplace transform of yj(t)
and uj(t), respectively. The transfer function Gj(s) of sys-
tem (3) is called stable if it has no poles in the closed right
half-plane. Asymptotically stable state space model (3) has
the stable transfer function Gj(s). The transfer function
Gj(s) is called proper if lims→∞ Gj(s) < ∞, and improper
otherwise.
Let H∞ be the space of all proper and stable rational
transfer functions. We provide this space with the H∞-
norm defined for G ∈ H∞ by

∥G∥H∞
:= sup

ℜe(s)>0

∥G(s)∥2 = sup
ω∈R

∥(G (iω)∥2 ,

where ∥·∥2 denotes the matrix spectral norm.
Let n = n1 + . . .+nk , p0 = p1 + . . .+ pk, and m0 = m1+
. . .+mk. Consider the coupling matrices



R = [R1, . . . , Rk] ∈ Rp,p0 ,

H =
[
HT

1 , . . . , H
T
k

]T ∈ Rm0,m

K = [Kj,l]
k
j,l=1 ∈ Rm0,p0

(5)

together with the block diagonal matrices
A = diag (A1, . . . , Ak) ∈ Rn,n) ,

B = diag (B1, . . . , Bk) ∈ Rn,m0) ,

C = diag (C1, . . . , Ck) ∈ Rp0,n) .

(6)

Let
G(s) = C (sI −A)

−1
B = diag (G1(s), . . . ,Gk(s)) . (7)

If I − G(s)K is invertible, then the input-output relation
of the interconnected system (3) and (4) can be written
as y(s) = G(s)u(s), where y(s) and u(s) are the Laplace
transforms of the external output y(t) and external input
u(t), respectively, and the transfer function G(s) of the
interconnected system is defined as

G(s) = R (I − G(s)K)
−1 G(s)H

= RG(s) (I −KG(s))
−1

H.
(8)

A state space realization of G(s) is given by
ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t), (9)

where
A = A+BKC ∈ Rn,n,

B = BH ∈ Rn,m,

C = RC ∈ Rp,n.

(10)

3.3 Structure-preserving subsystem model reduction by
balanced truncation

Balanced truncation method (BTM) is one of the most
studied reduction techniques. It was developed primarily
for the reduction of the state space models, which are
arguably the most suitable models for most numerical
applications. Balanced truncation method is particularly
interesting reduction technique since it preserves stability,
passivity and dissipativity in the reduced-order system.
Another obvious advantage of the BTM is the existence of
exact a-posteriori error bounds that allow for and adaptive
choice of the state space dimension of the reduced model
Reis and Stykel (2007).
Main disadvantage of this method is that (generalized)
Lyapunov equations have to be solved, which can be com-
putationally demanding for extremely high order systems.
There is development on low rank approximations to the
solutions of the Lyapunov matrix equations that make
balanced truncation attractive for large-scale problems as
well Reis and Stykel (2007).
Since each subsystem can be governed by completely
different physical laws and act in different spaces and time
scales, applying the BTM to the interconnected system
completely destroys the structure (or interconnections).
Changing the interconnected model even slightly requires
recalculation and reduction of the entire model once again.
Opting for BTM for each subsystem can thus be extremely
advantageous. Specific reduction criteria can be applied
to each subsystem while preserving the structure and
properties of the resulting reduced interconnected system
as well.

Main paradigm of the application of the BTM can be
explained in the frequency domain. The model reduction
problem can be formulated as follows. For a given sub-
system Gj(s) = Cj (sI −Aj)

−1
Bj find an approximation

G̃j(s) = C̃j(sI − Ãj)
−1B̃j where Ãj ∈ Rlj ,lj for some

lj ≪ nj such that ||G̃j −Gj ||H∞ is small.
The BTM method is related to the controllability Gramian
Pj and observability Gramian Qj that are, for each sub-
system, unique symmetric, positive semidefinite solutions
of the generalized Lyapunov equations

AjPj + PjA
T
j +BjB

T
j = 0, (11)

AT
j Qj +QjAj + CT

j Cj = 0. (12)

A system is balanced if Pj = Qj = diag(σj,1 . . . , σj,nj
)

where σj,i =
√

λj,i(PjQj) are the Hankel singular values
of the subsystem (3). General idea behind BTM is to
transform the subsystem (3) into a balanced form and to
truncate the states that correspond to the small Hankel
singular values. Balancing and truncation can be done in
a numerically efficient with the following algorithm.
Algorithm 1. Generalized square root balanced truncation
method. (Reis and Stykel, 2007)

For the subsystem (3) with the transfer function Gj(s) =

Cj (sI −Aj)
−1

Bj compute the reduced order system.
1. Compute the (lower) Cholesky factors LPj end LQj

of the Gramians Pj = LPj
LT
Pj

and Qj = LQj
LT
Qj

,
that satisfy the generalized Lyapunov equations (11)
and (12).

2. Compute the singular value decomposition

LT
Pj
LQj = [Uj,1, Uj,2]

[
Σj,1 0
0 Σj,2

]
[Vj,1, Vj,2]

T
,

where [Uj,1, Uj,2] and [Vj,1, Vj,2] have orthonormal
columns, Σj,1 = diag(σj,1, . . . , σj,lj ) and Σj,2 =

diag(σj,lj+1, . . . , σj,rj ) with r = rank(LT
Pj
LQj

).
3. Compute the reduced order system

˙̃xj(t) = Ãj x̃j(t) + B̃j ũj(t),

ỹj(t) = C̃j x̃j(t),
(13)

with Ãj = WT
j AjTj , B̃j = WT

j Bj and C̃j = CjTj ,
where Wj = LQj

Vj,1Σ
−1/2
j,1 and Tj = LPj

Uj,1Σ
−1/2
j,1 .

One can show that the reduced-order subsystem computed
by this algorithm is stable and that the H∞-norm error
bound ||G̃j−Gj ||H∞ ≤ 2(σj,lj+1+ . . .+σj,rj ) holds, where
σj,lj+1, . . . , σj,rj are truncated Hankel singular values of
subsystem (3), see Reis and Stykel (2007) for details.
We can replace all or suitable selection of subsystems with
reduced subsystems. Without loss of generality, we can
use the same interconnection matrices (4) and (5) and
together with (7) just replace the reference subsystems
Gj(s) defined by (3) with appropriate reduced subsystems
G̃j(s) defined by (13) (e.g. replace G2(s) with G̃2(s)

etc.) to obtain G̃(s). Finaly, we can calculate the reduced
interconnected system G̃ with (8) by just replacing G(s)

with G̃(s).



The following theorem gives a bound on the H∞-norm of
the error G̃ −G. The theorem and the corresponding proof
can be found in Reis and Stykel (2007).
Theorem 1. Consider the interconnected system (3) and (4)
and consider the reduced-order interconnected system G̃.
Let
Πl = diag(ξ1Ip1

, . . . , ξkIpk
), Πr = diag(ξ1Im1

, . . . , ξkImk
)

where ξj = 1 if G̃j ̸= Gj and ξj = 0, otherwise. Let
g1 = ||ΠrK(I −GK)−1||H∞,

g2 = ||R(I −GK)−1Πl||H∞,

g3 = ||(I −KG)−1KΠl||H∞,

g4 = ||Πr(I −KG)−1H||H∞.

Let
γ = 2 max

1≤j≤k
(σj,lj+1, . . . , σj,rj ) (14)

where σj,lj+1, . . . , σj,rj denote the truncated Hankel singu-
lar values of the jth subsystem. If γcond = 2γmax (g1, g3) <

1, then the H∞-norm of the error G̃ − G is bounded as∥∥∥G̃ − G
∥∥∥ ≤ γmin (c1, c2) = γint, (15)

where
c1 = 2g2(||H||2 + g1||GH||H∞) and
c2 = 2g4(||R||2 + g3||RG||H∞).

(16)

With regards to Theorem 1. it can be seen that the upper
a-posteriori error bound γint of the reduced interconnected
system is defined by the largest model reduction error
across all of the reduced subsystems. We also stress that
the if condition defined as γcond < 1 needs further
refinement since it can be influenced by the the ||K||, as
it will be shown in the numerical example.

3.4 ν-gap metric

This subsection is a brief overview of ν-gap metric by
Vinnicombe (1993). ν-gap metric is useful for comparing
two dynamical system. For two dynamical systems P1 and
P2 the ν-gap is defined as (taken from MATLAB (2021)
documentation)
δν(P1, P2) =

= max
ω

||(I + P2P
∗
2 )

−1/2(P1 − P2)(I + P1P
∗
1 )

−1/2||∞,

provided that det(I + P ∗
2 P1) has the right winding num-

ber. Here,∗ denotes the conjugate. This expression is the
weighted difference between the two frequency responses
P1(iω) and P2(iω). A value of δν close to zero implies that
any controller that stabilizes P1 also stabilizes P2 with
similar closed-loop gains. A value close to 1 means that
P1 and P2 are far apart. A Value of 0 means that the two
systems are identical. For more information, see Chapter
17 of Zhou and Doyle (1998).
As it can be noticed, by utilizing only BTM we are
only able to estimate upper error bounds due to model
reduction. However, using the ν-gap metric in conjunction
with the BTM, we will be able to estimate the quality of
both successively finer meshes and different reduced model
orders. We can do so by first estimating local ν-gaps for
each discretization and each reduced model orders. From
the obtained information we will be able to choose desired

models (both by discretization and order). And finally,
by interconnecting the newly chosen subsystems into the
interconnected system, we will validate the quality of the
resulting model in the frequency domain.The ν-gap metric
in the form it is presented here cannot be used directly to
validate the quality of the dynamical system, but there is
a lot of research interest that point into this direction, see
Taamallah (2014) and Taamallah (2016).

3.5 Numerical example

In this section we present a numerical example to demon-
strate the proposed approach. The computations were per-
formed using MATLAB R2021b. We carried out numerical
calculations on two cases - case 1 that has low values of
spring stiffness and viscous damping will represent weak
coupling and case 2 will represent the strong coupling.
Consider a spatially distributed series of k simply sup-
ported Euler beams. Each beam consists of ns = 3 equal
length segments. Beams are mutually interconnected by
the same springs and viscous dampers at 1/3 and 2/3 of the
beam’s length, respectively, as shown in Fig. 1. Properties
for the beam, springs and viscous dampers are given in
Table 1. Successively finer discretizations are made, such
that each of discretized models have a number of 2D beam
finite elements defined as nFE ∈ {3nsnd | nd = 1, . . . , 10}.
Finite element nodes are equally distributed along the
length of the beam.

Fig. 1. A series of simply supported Euler beams intercon-
nected with springs and viscous dampers. a) mechan-
ical representation, b) block diagram representation

Table 1. Material properties

case, l, d, ρ, E, c1, c2, k1, k2,
# m m2 kg/m3 GPa N · s/m N · s/m N/m N/m
1 1 0.01 7800 210 · 109 10−4 10−4 10−6 10−6

2 1 0.01 7800 210 · 109 10−1 10−1 10+2 10+2

After constructing the global mass and stiffness matrices, a
proportional Rayleigh damping matrix is constructed such
that modal damping ratio is approximately ζ = 0.05 for
the first 8 beam vibration modes.
Using (1) and (2) we obtain LTI state space models
for each discretizations with 36, 72, 108, 144, 180, 216,
252, 288, 324 and 360 states, respectively. Input vector
is defined as u(t) = [F1(t), F2(t)]

T and output vector is
defined as y(t) = [v1(t), v2(t), d1(t), d2(t)]

T , where F (t) are
vertical external forces, and v(t) and d(t) are measured
vertical velocities and displacements, at 1/3 and 2/3 of



the beam length, respectively. Before proceeding to main
reduction process, for each subsystem a high fidelity MOR
is carried in order to obtain minimal stable models, such
that all the states with Hankel singular values less than
10−12 are discarded. These systems are compared with the
original systems and no significant difference was observed
in the important frequency range.
Resulting systems are treated as reference models and have
between 22 and 46 states, with first discretization model
having the least states and last discretization having the
most states. Positive impact of BTM can already be ob-
served as model-order has reduced significantly, especially
for the finer discretizations, without any impact on the
system response, while the main properties of the original
system, including stability, are still preserved. Arguably,
the original models with huge number of states can even
cause numerical issues.
Next, we reduce each discretization using BTM in order to
obtain series of reduced-order models that have between
1 and 20 states. Note that the Hankel singular values
are calculated only once for each discretization and ob-
taining series of reduced-order models is not numerically
demanding. Thus, we produce 200 models in total. For
each discretization and series of reduced-order models, we
calculate the norm of the absolute error ||Gd − G̃d,o||H∞
where d = 1, . . . , nd is the number of the discretization
and o = 1, . . . , 20 is the number of order of the reduced-
order model. We also calculate the upper error bound using
2(σd,lo+1+ . . .+σd,ro) and define the lower error bound as
σd,lo for each discratization model.
For one of the discretizations, as it can be seen in Fig. 2,
the norm of the absolute error ||Gd − G̃d,o||H∞ , plotted as
black line, lies between the lower and upper error bounds,
plotted with green and red dashed lines, respectively.

0 5 10 15 20
0

5

10

15

20

Fig. 2. The norm of the absolute error ||G3− G̃3,o||H∞ , for
discretization number 3 and series of reduced-order
models o = 1, . . . , 20, lies between the lower and upper
error bounds

A criteria for choosing the right order for model reduction
can be directly specified. We can, for example, choose a
model order such that the upper error bound is less then
some prescribed value. Another interesting value is the
difference between lower and upper bounds, which could
possibly be used in modeling of the uncertainty due to
model reduction.
Throughout the experiments, we kept the first system to
be of the highest possible quality, i.e nd = 10 and not
reduced. If not specified otherwise, other systems are also
finest discretization and || · || represents H∞-norm. First it

can be shown that for this specific example (but possibly
for many other spatially distributed problems as well),
applying Theorem 1. can be limiting. First conculsion is
that it is due to interconnection matrix K which for this
example has the form

K =



−ϑ ϑ 0 0
. . .

ϑ −2ϑ ϑ
. . . 0

0 ϑ
. . . ϑ 0

0
. . . ϑ −2ϑ ϑ

. . . 0 0 ϑ −ϑ


where ϑ =

[
c1 0 k1 0
0 c2 0 k2

]
.

If we for example choose k = 10, and compare the a-
posteriori error bounds for the finest discretization and
model orders o = 7, . . . , 20, for the weakly coupled system
(case 1), condition γcond < 1 can be easily satisfied and the
difference between the upper bound and interconnected
system absolute error norm is quite tight, e.g 10−6 <
(γint − ||G̃ − G||) < 10−4, in comparison to the strongly
coupled system (case 2) e.g 102 < (γint − ||G̃ − G||) < 104.
Both upper a-posteriori error bound and interconnected
system absolute error also significantly change with the
change of coupling, e.g for weakly coupled 10−6 < γint <
10−4 and 10−8 < ||G̃ − G|| < 10−6, while for strongly
coupled, besides not satisfying 2γmax (g1, g3) < 1, bounds
are e.g 101 < γint < 104 and 10−6 < ||G̃ − G|| <
10−4. Spatial position of the individual reduced order
subsystems doesn’t seem to have an influence on the upper
a-posteriori error bound and only a slight influence on the
interconnected system absolute error.
We can also first interconnect the system and then reduce
it. For this experiment, consider case 1 and the number of
interconnected subsystems to be k = 5. On Fig. 3., from
input 1 to output 1, we compare the upper a-posteriori
error bound for the interconnected (coupled) system γcl =
2(σl+1 + . . .+ σrn) to the interconnected system absolute
error ||G̃cl(iω) − Gcl(iω)||2. We chose l = 22 such that
the γcl < γint. We obtained γint for the system that has
subsystems of order o = 4, . . . , 10. On the same Fig. 3. we
plotted upper a-posteriori error bound for interconnected
subsystems γint and interconnected subsystems absolute
error ||G̃(iω) − G(iω)||2. We obtain comparable results,
even though total number of states for interconnected
subsystem model is 90, but at the price of losing inner
structure and the need for recomputing the whole system
if any subsystem changes.
As a final result we will use ν-gap metric in order to
complete proposed approach for choosing discretization
and reduced model order at the same time. In Fig. 4. we
can see that the difference in ν-gap between two successive
discretizations is reducing as we go towards the finer dis-
cretization. A criteria for choosing the right discretization
can be directly specified. We can, for example, choose a
discretized model such that the ν-gap is less than some
prescribed value. An interesting observation was made
with regards to ν-gap when analyzing the interconnected
subsystem. When we compare the reference subsystem of
the highest quality to the ones with low discretizations and
reduced order we get the expected result of ν-gap being



Fig. 3. The absolute errors γabs
cl = ||G̃(iω) − G(iω)||2 and

γabs
int = ||G̃cl(iω) − Gcl(iω)||2 and a-posteriori upper

error bounds γcl and γint.
close to one. However, when we weakly interconnect that
system (i.e case 1 problem), poor discretization and low
order of the reduced model subsystem doesn’t influence the
ν gap between the interconnected reduced order subsystem
and the reference interconnected subsystem model.

Fig. 4. ν-gap metric for series of discretizations (e.g 2-3 is
the ν-gap between the 2nd and 3rd discretization

4. RESULTS & DISCUSSION

Exploiting special properties of the interconnection struc-
ture and preserving it is the central point of this paper.
When modeling and analyzing discretized models, in order
to develop efficient tools and methods for discretization
error estimation, it is important to utilize model order
reduction techniques. For spatially distributed passive and
dissipative interconnected systems, taking into the account
the spatial position of the subsystem can influence final
model accuracy and state space order (size).
By keeping the structure preserved, any changes in sub-
models can be relatively easily processed onto the inter-
connected subsystem by simply changing the correspond-
ing non-reduced subsystems and/or scaling the reduced
subsystems. Subsystems model order reduction is also in-
teresting for parallelization, since each of the k subsystems
can be calculated in parallel.
Main drawbacks of the a-posteriori model order reduction
error bounds estimation are that it does not account for
the dissipativity (but this can partially be addressed by
utilizing ν-gap metric) and that it is suitable for the
interconnected systems whose subsystems have relatively
small number of internal inputs and outputs.
Future work would include refining the a-posteriori model
order reduction error bound estimation for the special class

of spatially distributed passive and dissipative systems and
modeling of such systems in robust control environment by
developing new class of uncertainty. It would be interesting
to utilize the usage of newly developed gap metrics to
further refine error estimation and together with the usage
of integral quadratic constraints it might be possible to
reduce the conservatism of the specific type of the un-
certainties for spatially distributed passive and dissipative
system.
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