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Smart City public services need detailed and relevant public information to increase their efficiency. 

To have relevant information, collecting and processing the data about its previous uses is crucial. 

Clustering is one of the most powerful, yet computationally demanding, tools that can be used to 

process such information. Since public services data is vast, but usually not accurate, the objects 

clustered within are considered as uncertain. In this paper we propose a novel method for clustering 

uncertain objects called Improved Bisector Pruning (IBP), which uses bisectors to reduce the number 

of computations. We further combine IBP with a modified Segmentation of a Data Set Area (SDSA) 

method (IBP-SDSA) to improve performance by enabling parallelization of the clustering process. 

Experimental analysis shows that IBP-SDSA is superior in performance to the UK-means method 

combined with Voronoi or MinMax pruning, regardless of the problem size. We applied IBP-SDSA 

on public services data in the city of Osijek and shown that the acquired data can be used to improve 

public services logistics. 

Keywords: Clustering uncertain data, forecasting, parallel processing, service-oriented systems, 

uncertain objects.

1.   Introduction  

The future cities lean to become Smart Cities. The characteristics that constitute a Smart 

City are Smart Governance, Smart Economy, Smart Mobility, Smart Environment, Smart 

People and Smart Living. Smart Mobility implies that the Information and Communication 

Technology (ICT) is used to support and integrate transport and logistics systems. It 

requires that the users should have relevant and real-time public information about the 

public services (such as emergency services, public transportation, water supply network, 

waste management, etc.) and vice versa in order to improve commuting/collection 

efficiency, save time, reduce costs and CO2 emissions. Thus, the most relevant data in a 

specific point in time about Public Services’ Logistic Units (PSLUs), such as vehicles 

and/or personnel, are their location. 

Up to date (location) information is crucial to improve public services and to provide 

feedback to its users. The users should also be able to provide their own real-time data to 

the public service system. To acquire up-to-date information about the public services it is 

important to group or cluster the relevant information, such as the areas with high density 

population, isolated areas, areas inaccessible for certain infrastructure, etc. A suitable 

clustering of the available information plays an important role in public services’ planning 

and forecasting. 

Clustering is a process of dividing objects into groups in such a way that the objects within 

each group are more similar to each other than to all other objects outside the group 

according to the certain criteria. Clustering can be used to identify the most probable values 

of the model parameters1 (such as means of Gaussian mixtures), high-density connected 

regions2,3 (such as areas with high population density), or to minimize the total squared 

distance to the cluster centers.4 The criteria we use is the distance between the objects 

which is expressed by a distance function. With clustering we aim to minimize the total 

squared distance from the objects to the cluster centers. That distance is usually measured 

as a city-block distance, Minkowski distance5, Euclidian distance, or  using novel 

approaches such as Induced Kernel Distance6, 7 and even dynamic distance measures such 

as Distance Metric Learning Approach8 etc. The object’s location is assumed to be 
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expressed by coordinates in a 2D space. Similarity between the objects is imposed by the 

distance between them, the smaller the distance, the more similar they are to each other. 

However, other similarity measures are introduced, such as Self-adaptive mixture 

similarity measure (SAM)7 that addresses some of the limitations of the existing ones. 

PSLU’s location data are usually periodically updated, so in the certain time intervals their 

position is not known (e.g. between the measurements). Therefore, the PSLUs are observed 

as uncertain objects. Clustering of uncertain objects (i.e. objects with uncertain data) is still 

one of the major open research problems, and many new methods are developed for it.6, 9 

10,11,12, 13, 14, 15, 16. Usually, object with data uncertainty is not represented as a point in space, 

but rather as a Minimum Bounding Rectangle (MBR), an uncertainty area in which the 

object is assumed to be positioned. When forecasting the new position of an object its 

previous position and an uncertainty area that surrounds it are used. 

In this paper, we propose a new method for clustering uncertain objects represented as 

MBRs. The proposed method, named Improved Bisector Pruning (IBP), is based on 

bisector division of space and cluster pruning. In the process of clustering objects with data 

uncertainty, calculating the object’s Expected Distance (ED) from a cluster center is the 

most time-consuming part. Therefore, some authors concentrated on finding more efficient 

approaches to this matter.6, 17 To address this issue, we use Segmentation of Data Set Area 

Parallel (SDSA-P) method (inspired by the SDSA method18) to parallelize the clustering 

process. In SDSA-P, the total data set area (the area of interest) is divided into segments, 

and each segment is clustered separately. Experiments are conducted to prove the benefits 

of parallel clustering using a multicore computing platform. The initial results from already 

show that IBP significantly reduces the number of ED calculations.19 

To validate the presented method, we used it for clustering the simulated public services 

data in the city of Osijek in Croatia. We show that the proposed clustering method can deal 

with large amounts of data (such as the data about the public services in the whole city) 

and can be used to improve public services logistics in different ways. More concretely, 

the obtained cluster centers were used to suggest the optimal positions for the public 

service’s logistic checkpoints (such as ambulance stations or commuting stations). 

Furthermore, we show that the clustered data can be used to forecast the recommended 

number of PSLUs (e.g. vehicles and/or personnel) at each checkpoint depending on the 

historical data collected about the tasks that occurred in that area. We tested the above in 

two scenarios: a normal-use scenario, and a scenario considering an occurrence of 

extraordinary events. 

The rest of the paper is organized as follows: Section 2 presents the background and related 

work in the field of clustering the uncertain data and pruning methods. In Section 3 we 

present our proposed method, the Improved Bisector Pruning (IBP), while in section 4 we 

provide the experiment setup which will be used to evaluate it. Experiment results are given 

in Section 5, with the corresponding analysis of the results following in Section 6. Section 

7 concludes the paper with a brief explanation of our future work. 

2.   Background 
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2.1.   Clustering of Objects with Data Uncertainty 

In many data collections the data uncertainty is present, making mining useful information 

from such collections a complex task. Different factors, such as measurement errors, 

sampling discrepancy and outdated data sources, contribute to data uncertainty. One type 

of data that is usually handled with uncertainty is the location of a moving object, since it 

is reported periodically (intermittently). Therefore, the exact location of the object must be 

estimated using the last known location and the uncertainty value. Location uncertainty 

depends on the measurement error, object speed, last reported direction, time elapsed, etc.  

The data uncertainty of an object can manifest in two ways: as an existential uncertainty 

and as a value uncertainty. An object is existentially uncertain if there are doubts of its 

existence. This is indicated in data collections in a way that an object is associated with a 

probability value that indicates the confidence in its presence (existence).1,14 On the other 

hand, data value uncertainty implies that the object is known to exist, but its data value 

(e.g. location) is uncertain (not accurate). 

In this paper the location of a moving object is considered as uncertain data and is presented 

by the coordinates in a 2D space with 2D uncertainty. The object itself is modelled as a 

Minimum Bounding Region (MBR) and is described by a Probability Density Function 

(PDF) with bounds on its possible location.20,21,1232 Each MBR is divided into samples, and 

to each sample the probability that the object is located within is assigned. The sum of the 

probabilities of all the samples within a single MBR must be equal to 1. The probability 

that the object is outside the minimum bounding area is assumed to be zero. In many 

applications, large number of samples is needed to keep the sufficient accuracy of the 

object’s location. 

The PDFs can be specified using Gaussian distributions with means and variances.21 For a 

Gaussian distribution, the value of a density function exponentially decreases, which means 

that the probability density outside a certain region is zero (the area of its existence is 

bound). Thus, each object 𝑜𝑖  can be bounded by a finite bounding region – the uncertainty 

region 𝐴𝑖. The size of the uncertainty region of a moving object is limited by the objects’ 

maximum speed and the time elapsed. 

There are two types of spatial uncertainty.21,1232 The first type is linear uncertainty: an 

object 𝑜𝑖  travels in one direction at a maximum speed of 𝑉𝑚𝑎𝑥 in the time interval (𝑡0, 𝑡1). 

In that case, the object can be presented by a line of length 𝑙𝑜𝑖
= 𝑉𝑚𝑎𝑥 ∙ (𝑡 − 𝑡0). In the 

second case an object travels by free movement at a maximum speed of 𝑉𝑚𝑎𝑥  in the time 

interval (𝑡0, 𝑡1). In that case, the object can be presented by linear uncertainty with a 

uniform distribution inside the circle of a radius defined by 𝑟 = 𝑉𝑚𝑎𝑥 ∙ (𝑡 − 𝑡0). Besides 

the uniform distribution, the Gaussian distribution or PDF sampling can be used.  

To cluster objects with location uncertainty, various methods are used. Some of the most 

notable types of the methods are density-based methods which cluster uncertain objects 

according to their density15,23,24, graph-clustering methods which cluster graphs that have 

uncertain vertices13,25, and center- (partition-)based methods such as UK-means, MinMax, 

Voronoi and many others6,10,11,12, but for the best effect, their combination is often 

utilized7,9. It is worth noting that choosing the appropriate method for clustering is not 
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always trivial, therefore some authors propose using multi-criteria-based methods to aid in 

that decision26,27. The clustering methods mentioned above (or their combinations) can be 

used for many purposes: to track the moving objects (e.g. mobile devices), for traffic 

services (such as routing problems28), for traffic prediction, even for other specific uses, 

such as for profiling videogame players29. In most real-world situations it is impossible to 

know the exact location of such objects because there is always a certain time lag since the 

last exact location was reported. The new location must be estimated with uncertainty using 

assumptions about the direction and speed of a moving object. 

2.2.   Problem definition (Clustering uncertain objects) 

Assuming a set of objects with spatial uncertainty 𝑂 = {𝑜1 , 𝑜2, … , 𝑜𝑛} in an 𝑚-dimensional 

space 𝑅𝑚, with the distance between the two objects being 𝑑(𝑜𝑖 , 𝑜𝑗) ≥ 0, the Probability 

Density Function (PDF) 𝑓𝑖(𝑥) of each object in each point 𝑥 ∈ 𝑅𝑚 is defined as: 

𝑓𝑖(𝑥) > 0, ∀𝑥 ∈ 𝑅𝑚, 

 ∫ 𝑓𝑖(𝑥)𝑑𝑥 = 1, ∀𝑖 ∈ [1, 𝑛]
𝑥∈𝑅𝑚  . (2.1) 

The PDF is used to specify the probability of the random variable falling within a particular 

range of values, here, more concretely, it specifies the probability that an object exists in a 

specific point 𝑥 ∈ 𝑅𝑚. 

We further assume that the probability density of 𝑜𝑖  is confined in a finite region 𝐴𝑖, 

making: 

 𝑓𝑖(𝑥) = 0, ∀𝑥 ∈ 𝑅𝑚\𝐴𝑖   . (2.2) 

The Expected Distance (ED) between an object 𝑜𝑖  to some point 𝑦 is defined as: 

 𝐸𝐷(𝑜𝑖 , 𝑦) = ∫ 𝑑(𝑥, 𝑦)𝑓𝑖(𝑥)𝑑𝑥
𝑥∈𝐴𝑖

  . (2.3) 

The aim of clustering uncertain data is to find a set of cluster representative points 𝐶 =

{𝑐1, 𝑐2, … , 𝑐𝑘} and all relations (mapping) between the objects and clusters 𝑔 ∶ {1, … , 𝑛} →

{1, … , 𝑘} which minimise the Total Expected Distance (TED): 

 𝑇𝐸𝐷 = ∑ 𝐸𝐷(𝑜𝑖 , 𝑐𝑔(𝑖))𝑛
𝑖=1   . (2.4) 

To reduce the computational demands of clustering the uncertain data, a concept of a 

Minimum Bounding Region/Rectangle (MBR) can be used. An MBR is the smallest 

rectangle that encloses 𝐴𝑖, as shown in Fig. 1. The MBR is used because it is much easier 

to compute the distances from a cluster point to the rectangle shaped object (MBR), than 

to the irregular shaped object (𝐴𝑖). For all points outside the MBR, the probability density 

function is assumed to be 0, 𝑓𝑖(𝑥) = 0, i.e. the object cannot exist outside of it (which is 

analogous to (2.2) if we replace 𝐴𝑖 with 𝑀𝐵𝑅𝑖). Analogously, MBR is an area where the 

object has to be located (as opposed to the methods that utilize possibility uncertainty, i.e. 

they take into account that the object does not have to exist in an observed area14). 
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Some algorithms (i.e. UK-means) use the concept of MBR to prune some of the objects in 

order to reduce the number of computations. 

oiAi

MBRi

cj

MinD(oi, cj)

MaxD(oi, cj)

 

Fig. 1.  MBR of an object, minimum and maximum distances from object 𝑜𝑖 to cluster 𝑐𝑗. 

 

2.3.   UK-means 

One of the mostly used center- (partition-)based clustering algorithms is K-means30, 

which clusters 𝑛 objects into 𝑘 different clusters. In order to support clustering of the 

objects with data uncertainty the UK-means algorithm was introduced.31 UK-means is 

heavily used for tracking mobile objects with uncertain spatial data, like traffic systems, 

air traffic systems and other systems involving moving objects, i.e. to track the objects 

whose location data is obtained intermittently. In UK-means the object spatial location is 

represented by coordinates (𝑥, 𝑦) and a spatial uncertainty presented by the corresponding 

PDF. The process of clustering in UK-means starts by selecting 𝑚 points as cluster 

representatives. Then, each object 𝑜𝑖  is assigned to a cluster whose representative cluster 

point 𝑐𝑗 has the smallest expected distance 𝐸𝐷(𝑜𝑖 , 𝑐𝑗) to the object 𝑜𝑖 . After all objects are 

assigned to clusters, the cluster representative points are recomputed as mean values of all 

the objects’ locations assigned to a cluster 𝑐𝑗. These steps are repeated until a solution 

converges.  

EDs must be calculated from all the objects to all the clusters. Calculating the expected 

distance requires numerically integrating the corresponding weighted PDF. Hence, for 𝑛 

uncertain objects, 𝑘 clusters and 𝑡 iterations, the number of ED calculations is 𝜀 = 𝑛𝑘𝑡, 

implying a cubic time (𝑂(𝑛3)) complexity, which makes it dramatically more 

computationally expensive as more samples are used to represent the PDF. And, since 

PDFs are represented by many sample points to improve accuracy, this is often the case. 

To improve the performance of the UK-means algorithm, pruning algorithms are used. 

Pruning methods use certain heuristics to reduce the number of ED calculations by 

reducing the number of possible cluster candidates for each object. Some of the most 

popular pruning methods are MinMax pruning31 and pruning with Voronoi diagrams32,33. 
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2.4.   MinMax Pruning 

The MinMax pruning is based on using MBRs and computationally inexpensive Euclidian 

distance calculations to prune some of the clusters as candidate containers for an object. 

Thus, the expected distances of an object to the pruned clusters are not computed and the 

number of ED calculations is reduced 𝐶𝑃 times, where 𝐶𝑃 is the total number of the pruned 

clusters. 

To apply MinMax pruning, for each object 𝑜𝑖  we define minimum and maximum distances 

to a cluster 𝑐𝑗 as: 

 𝑀𝑖𝑛𝐷(𝑜𝑖 , 𝑐𝑗) = 𝑚𝑖𝑛𝑥∈𝑀𝐵𝑅𝑖
𝑑(𝑥, 𝑐𝑗)  . (2.5) 

 𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑗) = 𝑚𝑎𝑥𝑥∈𝑀𝐵𝑅𝑖
𝑑(𝑥, 𝑐𝑗)  . (2.6) 

The smallest distance among all maximum distances is: 

 𝑀𝑖𝑛𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑗) = 𝑚𝑖𝑛𝑐𝑗∈𝐶{𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑗)}  . (2.7) 

It is obvious that: 

 𝑀𝑖𝑛𝐷(𝑜𝑖 , 𝑐𝑗) ≤ 𝐸𝐷(𝑜𝑖 , 𝑐𝑗) ≤ 𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑗)  . (2.8) 

Following from (2.8), for two different clusters 𝑐𝑝 and 𝑐𝑞  the distance of an object 𝑜𝑖  to a 

cluster 𝑐𝑝 is greater than the maximum distance from object 𝑜𝑖to cluster 𝑐𝑞: 

 𝑀𝑖𝑛𝐷(𝑜𝑖 , 𝑐𝑝) > 𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑞)  . (2.9) 

Without computing the expected distances, cluster 𝑐𝑝 is pruned as a candidate for an object 

𝑜𝑖 , the ED is not calculated thus reducing the computational demands. The above procedure 

is repeated for all objects and clusters. For all the remaining clusters, ED to the object 𝑜𝑖  

must be calculated. The object 𝑜𝑖  is assigned to the cluster with the smallest ED. MinMax 

effectively prunes clusters that are distant from 𝑜𝑖 . 

MBR size is the most important parameter for the MinMax pruning. For smaller MBRs 

most clusters are pruned; however, for large MBRs, the pruning process is not as effective, 

and most ED calculations cannot be avoided. In the latter case, methods for reducing the 

MBR size are used, such as the triangle inequality.1244  

2.5.   Voronoi Pruning 

In the Voronoi pruning algorithm, the geometric structure of 𝑅𝑚 is observed (unlike the 

MinMax pruning), which means that the spatial relationships between clusters are 

considered. 

Assuming a set of cluster representative points  𝐶 = {𝑐1, 𝑐2, … , 𝑐𝑘}, the Voronoi diagram 

divides data set area (space) 𝑅𝑚 into 𝑘 cells, called Voronoi cells. Voronoi cell of a cluster 

𝑐𝑝, 𝑉(𝑐𝑝), has the following property: 

 𝑑(𝑥, 𝑐𝑝) < 𝑑(𝑥, 𝑐𝑞)    ∀𝑥 ∈ 𝑉(𝑐𝑝),   𝑐𝑝 ≠ 𝑐𝑞   . (2.10) 
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The border between the two Voronoi cells 𝑉(𝑐𝑝) and 𝑉(𝑐𝑞) is called a bisector 𝐵𝑝|𝑞. If the 

entire MBR of some object 𝑜𝑖 is inside a Voronoi cell, then 𝑜𝑖  is assigned to that cell, 

because the following condition is satisfied: 

 𝐸𝐷(𝑜𝑖 , 𝑐𝑝) < 𝐸𝐷(𝑜𝑖 , 𝑐𝑞)    ∀𝑐𝑞 ∈ 𝐶\{𝑐𝑝}  . (2.11) 

After constructing the Voronoi diagrams, the next step is to iteratively prune Voronoi cells 

by checking whether 𝑀𝐵𝑅𝑖 of an object 𝑜𝑖  is completely inside a Voronoi cell 𝑉(𝑐𝑗). If so, 

object 𝑜𝑖  is assigned to the cluster 𝑐𝑗 and there is no need to compute ED to other clusters, 

since all other clusters are pruned. Fig. 2 shows a situation with four Voronoi cells 

𝑉1, … , 𝑉4, four clusters 𝑐1, … , 𝑐4 and three objects 𝑜1 , 𝑜2, 𝑜3. It can be seen that 𝑀𝐵𝑅2 of 

object 𝑜2 is completely inside Voronoi cell 𝑉3, thus object 𝑜2 is assigned to the cluster 𝑐3. 

However, 𝑀𝐵𝑅1 is only partially inside Voronoi cell 𝑉3 (a part of it is in 𝑉2) and object 𝑜1 

cannot be assigned to cluster 𝑐3. For all objects which are not assigned to any clusters, the 

expected distance must be calculated. Voronoi pruning can be combined with other 

methods, such as bisector pruning, cluster shift method, etc. to improve clustering 

performance. 

It was proved that Voronoi pruning is theoretically strictly stronger than MinMax pruning 

in terms of pruning effectiveness (it prunes more clusters than MinMax pruning).32,33 

o1

o3

o2

V3

c1 (xc1, yc1)

c2 (xc2, yc2)

c4 (xc4, yc4)

c3 (xc3, yc3)

V1

V2

V4

B4|1

B2|1

B4|2

B3|1

B3|2

B4|3
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Fig. 2.  Voronoi cell example 𝑉3. 

 

3.   Improved Bisector Pruning 

Improved Bisector Pruning (IBP) inherits the principles of Voronoi and bisector pruning. 

Bisectors can be calculated after Voronoi diagrams are constructed at a small additional 

computation cost. Bisector 𝐵𝑝|𝑞 is a line segment that is perpendicular to the line segment 

joining 𝑐𝑝 and 𝑐𝑞, and that passes through the mid-point of the line segment. Example 

bisectors can be seen in Fig. 2, as boundaries between the Voronoi cells. Bisector 𝐵𝑝|𝑞 

divides 𝑅𝑚 into two (hyper) planes 𝐻𝑝/𝑞 and 𝐻𝑞/𝑝. Since it is assumed that cluster 𝑐𝑝 is 

located in the first hyperplane and cluster 𝑐𝑞 is in the second, the following holds: 

 𝑑(𝑥, 𝑐𝑝) < 𝑑(𝑥, 𝑐𝑞)    ∀𝑥 ∈ 𝐻𝑝/𝑞  . (3.1) 

 𝑑(𝑥, 𝑐𝑝) = 𝑑(𝑥, 𝑐𝑞)    ∀𝑥 ∈ 𝐵𝑝|𝑞  . (3.2) 

A point 𝑥 inside the plane 𝐻𝑝/𝑞  is closer to the cluster 𝑐𝑝 than to the cluster 𝑐𝑞, and vice 

versa. In Voronoi pruning, for each object 𝑜𝑖  it is iteratively checked whether its MBR is 

inside a Voronoi cell, which is computationally expensive. In IBP the Voronoi diagrams 

are not constructed, only the bisectors, which reduces the number of computations. For 

each pair of clusters 𝑐𝑝 and 𝑐𝑞 a bisector 𝐵𝑝/𝑞 is calculated using: 

 𝑎 = −
𝑥𝑐𝑝−𝑥𝑐𝑞

𝑦𝑐𝑝−𝑦𝑐𝑞

   .  

 𝑏 =
𝑥𝑐𝑝

2 −𝑥𝑐𝑞
2 +𝑦𝑐𝑝

2 −𝑦𝑐𝑞
2

2(𝑦𝑐𝑝−𝑦𝑐𝑞)
  .  

 𝐵𝑝|𝑞 = 𝑎𝑥 + 𝑏  . (3.3) 

where (𝑥𝑐𝑝
, 𝑦𝑐𝑝

) and (𝑥𝑐𝑞
, 𝑦𝑐𝑞

) are cluster representative points’ coordinates. For each 

cluster pair 𝑐𝑝 , 𝑐𝑞 we check if 𝑀𝐵𝑅𝑖 of the object 𝑜𝑖  entirely lies on the same side of the 

bisector 𝐵𝑝/𝑞 as either the cluster 𝑐𝑝 or as the cluster 𝑐𝑞, thus pruning the cluster which lies 

on the other side of 𝐵𝑝/𝑞. The pruned cluster is instantly removed from the set of cluster 

candidates, and is not compared to the remaining cluster candidates. To prune a cluster, the 

following condition must evaluate to true: 

 [(𝑦𝑏𝑐𝑝
> 𝑦𝑐𝑝

) ∧ (𝑦𝑏𝑜𝑖
> 𝑦𝑜𝑖

)] ∨ [(𝑦𝑏𝑐𝑝
< 𝑦𝑐𝑝

) ∧ (𝑦𝑏𝑜𝑖
< 𝑦𝑜𝑖

)]  . (3.4) 

where 𝑦𝑏𝑐𝑝
 and 𝑦𝑏𝑜𝑖

 are the projections of the y-axis coordinates of cluster 𝑐𝑝 and object 

𝑜𝑖  onto a bisector respectively. 

The example in Fig. 3 shows that object 𝑜2 and cluster 𝑐3 are on the same side of the 

bisector 𝐵3/1, since their projected y-axis coordinates 𝑦𝑏𝑐3
 and 𝑦𝑏𝑜2

 are located below the 

original ones (𝑦𝑐3
, 𝑦𝑜2

). The comparison must also be done for all the vertices of 𝑀𝐵𝑅2. If 

all vertices satisfy the condition, cluster 𝑐1 is pruned from the candidate clusters for object 

𝑜2. 
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Fig. 3.  Bisector pruning example with projected coordinates on the y-axis located below the original coordinates. 

 

After iterating through all the cluster pairs most clusters will be pruned, and only a few 

remaining clusters will require ED calculations. In Voronoi pruning, if only one cluster is 

pruned, ED must be calculated for all clusters. Therefore, Voronoi diagram is combined 

with IBP to prune the remaining clusters and avoid all unnecessary ED calculations. Also, 

Eq. (3.3) and Eq. (3.4) are less computationally demanding than constructing the Voronoi 

diagrams. In addition, for each object it must be checked if its MBR lies entirely inside the 

Voronoi cell. 

For a cluster set 𝐶 = {𝑐1, 𝑐2, … , 𝑐𝑘}, the number of avoided comparisons is calculated 

using: 

 𝑁𝑎 = ∑ 𝑁𝑝,𝑖(𝑘 − 1)𝑛
𝑖=1   . (3.5) 

Where 𝑁𝑝,𝑖 is the number of pruned clusters for object 𝑜𝑖 , 𝑛 is the number of objects, and 

𝑘 is the number of clusters. The complete algorithm of the Improved bisector pruning 

method is shown below.  

for all 𝑜𝑖 ∈ 𝑂 

 for all 𝑐𝑝 ∈ 𝐶 

  for all 𝑐𝑞 ∈ 𝐶, 𝑐𝑝 ≠ 𝑐𝑞 do  

   if 𝑀𝐵𝑅𝑖 and 𝑐𝑝 are on the same side of 𝐵𝑝/𝑞 then 

    remove 𝑐𝑞 from 𝐶𝑖 /*candidate clusters*/  

    remove 𝑐𝑞 from the iteration loop (for) 

   else if 𝑀𝐵𝑅𝑖 and 𝑐𝑞 are on the same side of 𝐵𝑝/𝑞 then 

    remove 𝑐𝑝 from 𝐶𝑖 /*candidate clusters*/ 

    remove cp from the iteration loop (for)  

  compute ED(𝑜𝑖 , 𝑐𝑝) 
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3.1.   Segmentation of Data Set Area Considering Spatial Relations Among Data 

To further reduce the computational demands of the clustering of uncertain data, some 

authors propose splitting the data set area into smaller regions (segments) that can be 

processed independently. This process is called segmenting the data set. In order to reduce 

the computational demands of IBP, we developed the segmentation method called 

Segmentation of Data Set Area-Parallel (SDSA-P). The SDSA-P method is based upon the 

SDSA method18, which in turn is based on applying a grid-like segmentation to the data 

set area to reduce the number of cluster-object observations. SDSA-P enables processing 

of each segment on a separate processing unit (in parallel), which dramatically improves 

the clustering performance. The SDSA-P method can be combined with many other 

clustering methods to significantly improve their execution times, which was verified by 

the experiments.18 

In SDSA-P the analysis is conducted per segment, e.g. only the objects within a single 

segment and the clusters within a corresponding cluster segment are observed, hence 

reducing the number of object-cluster observations. The smaller the segments are, the more 

effective the clustering process is. For example, to observe each object-cluster pair in a 

data set with 1,600 objects and 64 clusters, a total of 102,400 observations must be done. 

If the SDSA-P method is used instead, with a set of objects 𝑂 being split into 16 segments, 

and a set of clusters into 4 segments, the total number of observations is now 25,600 (as 

opposed to the initial 102,400 ones). A decrease in the total number of calculations is 

proportional to the number of segments. Additionally, the size of a segment depends on the 

number of clusters and their positions. With many clusters, the segments are becoming 

very small and the parallelization granularity increases (which can significantly speed up 

the clustering process if a corresponding number of processing units is used). If the number 

of clusters is small, there is no benefit on splitting the data set into too many segments, 

since a lot of them would not contain clusters. The rule of a thumb is that each segment 

should, but is not required to, contain at least one cluster representative point. 

Cluster segment is a concept used within the SDSA-P method, and it is a region of the data 

set area (a set of segments) that is used to choose the cluster candidates from. It must be 

formed for each observed (processed) segment. Cluster segment is a part of the data set 

area that comprises the currently observed segment and all the segments that surround it. 

Therefore, a cluster segment is different for each observed segment, and is always larger 

than the observed segment. This can be seen in Fig. 4, where the SDSA-P segmentation is 

shown. Fig. 4a shows the data set area with 23 cluster representative points which is 

segmented into 16 segments (Fig. 4b). Fig. 4c shows a currently observed segment (𝑠1) that 

contains three objects 𝑜1, 𝑜2, 𝑜3 and their corresponding MBRs. The corresponding cluster 

segment for segment 𝑠1 (shaded grey) comprises the surrounding segments 𝑠2, 𝑠5, 𝑠6 along 

with the observed segment itself. Fig. 4d shows another example of the cluster segment, 

which corresponds to the observed segment 𝑠2 and includes the five surrounding segments 

plus the observed segment. 
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Since all segments are mutually independent, pruning methods (MinMax, Voronoi 

diagrams etc.) and clustering itself can be executed for each segment separately at the same 

time (in parallel). 

Clusters in the corresponding cluster segment are the cluster candidates for objects in the 

observed segment. If one or more segments that make up the cluster segment do not contain 

any clusters, the cluster segment may include other segments instead. The SDSA-P 

algorithm initially creates the cluster segment by using the observed segment and all the 

surrounding segments. Then, the two scenarios are analyzed: 

(1)  There is at least one cluster located in the observed segment. 

(2)  The observed segment does not contain any clusters. 

To form the appropriate cluster segment in both scenarios, it is necessary to define two 

concepts. 
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Fig. 4.  SDSA-P segmentation process. 

 

The first concept is the maximum distance of an object 𝑜𝑖  located in a segment 𝑠𝑗 of a size 

𝑎 × 𝑏 to a cluster 𝑐𝑖𝑛 contained within the same segment 𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑖𝑛), which is 

calculated using: 

 𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑖𝑛) = √𝑎2 + 𝑏2 , (3.6) 
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and considering 𝑎 ≈ 𝑏 (which is mostly the case, since segments are squares rather than 

rectangles): 

 𝑀𝑎𝑥𝐷(𝑜𝑖 , 𝑐𝑖𝑛) ≈ 𝑎√2  . (3.7) 

The maximum distance is illustrated in Fig. 5. 

c4

c5

cin

c8

c9

c12

c13

c14

c17

c18

c21

c22

o7

o9

oi

MaxD

s1 s2 s3 s4

 
Fig. 5.  Maximum distance from an object to a cluster inside the observed object segment. 

 

The second concept is the minimum distance 𝑀𝑖𝑛𝐷(𝑜𝑖 , 𝑐𝑜𝑢𝑡) between a cluster 𝑐𝑜𝑢𝑡 that is 

located outside the neighboring segment and an object 𝑜𝑖  in the observed segment, which 

is illustrated by Fig. 6. This distance is equal to the segment side: 

 𝑀𝑖𝑛𝐷(𝑜𝑖 , 𝑐𝑜𝑢𝑡) = 𝑎  . (3.8) 

To avoid adding the segments outside the surrounding segments into the cluster segment, 

the following condition must be satisfied: 

 𝐷(𝑜𝑖 , 𝑐𝑖𝑛) < 𝑀𝑖𝑛𝐷(𝑜𝑖 , 𝑐𝑜𝑢𝑡)  , (3.9) 

where 𝐷(𝑜𝑖 , 𝑐𝑖𝑛) is the actual distance between an object 𝑜𝑖  and a cluster 𝑐𝑖𝑛 located within 

the observed segment. Otherwise it can happen that the cluster exists in an outside segment 

that is closer to the object than the cluster in the observed segment. 
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Fig. 6.  Minimum distance from an object to a cluster in the outside segment. 

 

In the second scenario, when the observed segment does not contain any clusters, it is 

necessary to check the distance from the segment’s vertices to the clusters in the 

neighboring segments. To ensure proper clustering, for each segment’s vertex we should 

find the neighboring cluster with a distance smaller than the segment side 𝑎. If not so, new 

segments are considered to satisfy this condition. In Fig 7. segment 𝑠2 does not have any 

clusters, therefore 𝑠1 would be considered, but since there are candidates in other segments 

(e.g. 𝑐12, 𝑐13 and 𝑐14) that are closer than 𝑎 from the segment vertices, 𝑠1 is not considered. 
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Fig. 7.  Distances from a cluster 𝑐𝑗 to the segment vertices. 

 

4.   Experiment setup 

For a data set of 𝑛 objects, corresponding uncertainties described by MBRs are generated. 

All objects are in a 2D data set area of size 100 × 100 distance units. Both width and 
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height of the MBRs for each object are generated randomly (and independently) in an 

interval ⟨0, 10]. For each object, the MBR is divided into a √𝑠 × √𝑠  grid, where 𝑠 is the 

number of samples per object's probability density function. Probability for each cell in a 

grid is randomly generated with a restriction that the sum of all samples’ probabilities 

within an MBR must be equal to 1. All the objects are randomly positioned in the data set 

area and the locations of the initial cluster centers are picked uniformly within the same 

area. The initial data set parameters are given by Table 1. We repeated each experiment 50 

times to obtain more accurate results. The results between iterations were compared to each 

other to ensure that each algorithm gets the same clustering results. All methods were 

implemented in MATLAB 7.0 and carried out on a PC with an Intel Core i7-870 processor, 

with a frequency of 2.93GHz at 4 physical cores, and 4GB of main memory. For other 

experiments, we varied the values of parameters one at a time (changing value of a single 

parameter while keeping the values of other unchanged). 

 

Table 1.  Parameters of the initial data set. 

Parameters Description Value 

𝑛 number of uncertain objects 10000 

𝑘 number of clusters 49 

𝑑 maximum side length of MBR 10 

𝑧 number of sample points 196 

 

4.1.   Experiment Results and Comparison of the Clustering Algorithms 

In this subsection we provide results obtained by the methods for clustering uncertain data 

mentioned in this paper. We tested and compared the clustering process using three pruning 

methods: MinMax pruning, Voronoi pruning and Improved Bisector Pruning (IBP), hence 

calling them MinMax, Voronoi and IBP clustering. 

The results for the experiment using the parameters given by Table 1 are given in Table 2. 

These results were expressed using two metrics: the total execution time of the clustering 

in seconds and the Number of Expected Distance (NED) calculations. Each experiment is 

repeated 50 times to obtain more accurate results. 

As previously mentioned, the expected distance is not calculated for the pruned clusters. 

As a result, 𝑁𝐸𝐷 = 49 for UK-means and 𝑁𝐸𝐷 = 1.307 for IBP, which is a drastic 

reduction of 97.33 %. Since Voronoi and Improved bisector pruning utilize similar pruning 

technique, NED was equal for both. Nevertheless, Improved bisector pruning proved to be 

more effective than Voronoi pruning with 28% shorter execution time. The MinMax 

pruning algorithm has the highest execution time, since it has the biggest value of NED 

(2.112). It is obvious that Improved bisector pruning is the most effective method for 

clustering the initial data set. 

Table 2.  Experimental results for the initial data set. 
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Algorithm Execution time (s) NED 

MinMax pruning 117.206 2.112 

Voronoi pruning 99.896 1.307 

Improved bisector pruning 71.965 1.307 

 

In the next part we observe the situation when we change parameters one at a time (Fig. 8). 

For different number of objects, we obtain the results given in Fig. 8a. It is evident that IBP 

has the shortest execution time compared to both MinMax and Voronoi pruning, regardless 

of the number of objects. For larger number of objects, the difference becomes even 

greater: for 40,000 objects the IBP is 39% faster than MinMax clustering and 27% faster 

than Voronoi. This is exclusively due to number of ED calculations (other computational 

demands are the same between methods). 

When increasing the number of clusters the results are given in Fig 8b. IBP again remains 

the fastest method (almost twice as fast compared to MinMax). The reason lies in the fact 

that when the number of clusters increases, the number of cluster-object observations 

increases too, which makes cluster centres to become closer thus resulting in a smaller 

probability for successful cluster pruning. Consequently, more ED calculations must be 

performed to assign an object to the cluster which increases NED (NED for 144 clusters is 

4.17 for MinMax and 2.44 for IBP). ED calculations have a significant contribution to the 

total execution time. Therefore, MinMax pruning results in the slowest clustering process 

since it prunes less effectively compared to Voronoi and IBP. 
  

a) b) 
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Fig. 8.  Clustering time for different pruning methods depending on a) the number of objects, b) the number of 

clusters, c) the MBR size and d) the number of samples. 

 

For MBR sizes from 1 to 20, we obtain the results shown in Fig. 8c. Clustering time 

increases with the MBR size, while IBP is being the fastest regardless of the MBR size. 

This happens because NED is increased linearly with the MBR size, as shown in Fig. 9. 

For larger MBRs it is more probable that the MBR will cross the borders of the Voronoi 

cells causing unsuccessful pruning and more ED calculations. 

Fig. 8d shows the situation for different number of samples. Since pruning process is not 

influenced by the number of samples, the number of pruned clusters remains the same. 

However, with larger number of samples that represent the PDF the expected distance 

calculation is becoming more demanding. The MinMax pruning has the lowest 

performance for smaller MBRs as compared to IBP, since more ED calculations are carried 

out, thus being more influenced by the number of sample points, as shown in Fig. 10. 
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Fig. 9.  Number of ED calculations (NED) depending on the MBR size. 

 

 
Fig. 10.   Execution time ratio between MinMax pruning and IBP with respect to the MBR size. 

 

4.2.   Parallelization of Improved Bisector Pruning 

Experiments in the previous chapter have shown that IBP is the most effective algorithm 

for clustering uncertain objects. In this chapter, we focus on increasing the performance of 

IBP by combining it with the SDSA method. The experiments were conducted using the 

three versions of the IBP-SDSA combination: a single process version (SDSA-IBP), a two-

process version (SDSA-IBP2) and a four-process version (SDSA-IBP4). All the parallel 

versions were run using a dedicated processor core for each process. For the initial 

parameters of the data set (given by Table 1), the results obtained are shown in Table 3. 

SDSA-IBP2 outperforms the serial version 1.55 times while SDSA-IBP4 outperforms it by 

2.14 times. The increase of the performance was significant, but far from ideal since the 

initial problem size was not large enough to diminish the parallelization overheads. 
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Parallelization overheads come from interprocess communication, synchronization, 

reading from files, etc.2345,36,37 

Table 3.  Experimental results for the initial data set. 

Algorithm Execution time (s) 

SDSA-IBP 63.678 

SDSA- IBP2 41.096 

SDSA- IBP4 29.767 

 

When the problem size increases, the parallelization becomes more efficient, which can be 

seen in Fig. 11. The parallel versions of the IBP show better performance for larger number 

of objects, which can be seen in Fig. 11a. The similar situation is with larger number of 

clusters, where parallel IBP versions show a bit better scalability (Fig. 11b). The MBR size 

affects scaling of the parallel versions of the IBP algorithm too, but not as much as the 

number of the objects (Fig. 11c). On the other hand, the number of samples does not affect 

performance as much as other parameters, but the scaling increases slightly with larger 

number of sample points (Fig. 11d). 
  

a) b) 
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Fig. 11.  Experiment results of serial and parallel versions of the IBP algorithm for varying parameters: a) number 

of objects, b) number of clusters, c) MBR size and d) number of samples. 

 

5.   Using IBP to Improve Logistics of the Public Services in the City of Osijek 

The logistics units of a city public service like ambulances, garbage trucks, firetrucks, air 

traffic surveillance, traffic units in general and other mobile objects can collect large 

amounts of data. Different factors can contribute to the uncertainty of the data collected, 

such as measurement errors, sampling discrepancy and outdated data sources. Since it has 

been experimentally proved that SDSA-IBP4 is the most effective algorithm for clustering 

uncertain data among the algorithms tested in this paper, we used it to cluster the collected 

public services’ data about the city of Osijek in Croatia. For public services and similar 

organizations, it is important to predict future needs for their services. The need for public 

services changes in time and its tasks vary, thus making it important to collect and process 

the historical data about the completed tasks to make predictions about the future ones. For 

example, we presented a method for clustering data necessary for an emergency service.38 

The data were collected during a two months period and then processed to find the best 

locations for positioning emergency service vehicles. 

In this paper, we broadened the use case in a way that we simulated generic tasks, which 

could have originated from the need for various public services. For tasks, in addition to 

their location, their number, duration and probability are generated. This data, when 

collected historically from the already completed tasks, can be used to predict future 

requirements for a dynamic system with the aim of saving money, time and improving the 

quality of service.39 
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Firstly, we created a database that contains geographical locations of all house numbers in 

the city of Osijek. All locations were presented as geo-coordinates, where 𝜑 represents the 

latitude, 𝜆 longitude and 𝑟 radius of the Earth, as shown in Fig. 12. 

 

Fig. 12.  Spherical geo-coordinates. 

 

To collect geo-locations in Osijek, we created a web application. The application uses 

PlaceFinder, a Yahoo’s service for collecting geo-locations using parameters such as the 

name of the city and street number. The result is an .xml file with all geo-locations. To 

validate the collected data, geo-locations were plotted resulting in the contour of the city 

of Osijek (Fig. 13), showing the population density in different places around the city. 

 

Fig. 13.  The collected geo-coordinates in the city of Osijek. 
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Since clustering methods are designed for clustering objects represented by Cartesian 

coordinates, a conversion from spherical coordinates had to be made using the following: 

 𝑧 = 𝑟 ∙ 𝑐𝑜𝑠𝜆  .  

 𝑥 = 𝑟 ∙ 𝑐𝑜𝑠𝜑 ∙ 𝑐𝑜𝑠𝜆  .  

 𝑦 = 𝑟 ∙ 𝑐𝑜𝑠𝜑 ∙ 𝑠𝑖𝑛𝜆  . (5.1) 

Due to length of certain streets, all streets were divided into parts, so-called street parts. A 

street part is observed as an MBR of a single uncertain object. A street can be split into 

more than 20 parts, depending on its length. Osijek is a small city; its estimated population 

is about 100,000 and it contains about 900 street parts. In big cities the number of parts can 

be measured in thousands. 

The street parts must be represented as uncertain objects since measurement errors in 

collecting data and time discrepancy can cause uncertainty in spatial locations. Street parts 

are of different dimensions. Geo locations within a street part are represented as samples 

of a PDF, the number of which varies for each uncertain object. Probability value for each 

sample depends on the number of tasks for a dynamic system in that sample. As the number 

of tasks increases, the probability of a sample is higher. Clustering is then used to predict 

locations with the highest task density and to minimize the total distance from a public 

service checkpoint to the possible tasks. A public service checkpoint should be located in 

the cluster centre to be able to fulfil the tasks efficiently, i.e. the tasks are completed much 

faster than if the public service point is located in remote peripheral areas. Predicting the 

needs for public services also depends on exceptional situations which can dramatically 

change the future requirements. Therefore, it is important to collect and use data about such 

situations in the past, which we will show in the experiment results. 

In the following experiments, all data about public system services tasks in the city of 

Osijek were clustered in 9, 15, 24 and 34 clusters, with the cluster centres representing the 

optimal locations of the public service checkpoints. Then we analysed which number of 

clusters is optimal to accomplish the tasks surrounding the cluster areas with the minimum 

distance travelled by PSLUs. Then, according to the collected results, we can also 

determine the optimal number of PSLUs that should be located in each of the public service 

checkpoints (cluster centres). In this paper we also simulated the situations with 

extraordinary demands for the public services, which can drastically influence the 

prediction results. 

5.1.   Clustering the Public Services’ Data in Usual Situations 

To predict data about the future tasks we simulated the usual situations where the tasks are 

distributed all around the city of Osijek. The number of tasks in a certain area depends on 

the population density, therefore we generated more tasks in the areas with dense number 

of geo-locations. In this experiment, we did not consider extraordinary situations and we 

assume that there are no areas with an increased number of tasks. We clustered the data in 

9, 15, 24 and 34 clusters, with the resulting cluster centers being shown in Fig. 14 
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represented as red circles. Depending on the number of tasks that surround the cluster area, 

a specific number of PSLUs should be located in each cluster center. The position and 

number of tasks, as well as the number of PSLUs are calculated for each cluster. Therefore, 

the public system service can always have the appropriate number of PSLUs at their 

disposal. 

  
a) b) 

  
c) d) 

Fig. 14.  Public service system clustered in a) 9, b) 15, c) 24 and d) 34 clusters. 

 

As expected, the cluster centers are getting closer as the number of centers increases, which 

is shown in Fig 14a – 14d. Also, there are more locations to send vehicles to, and the total 

travel distance decreases (cluster centers are closer to the expected tasks). However, with 

24 and 34 clusters the cluster centers become too close, resulting in the number of tasks 

being too small to justify the existence of the public service checkpoints. Number of public 

service checkpoints per area usually depends on laws, population density, the type of the 

public service, resources, etc. With that in mind, we observed the further experiments using 

only 9 and 15 cluster centers. 

For each experiment, we also measured the total travel distance from the cluster centers to 

the expected tasks and compared them to the situation when clustering is not used (the 

cluster centres are determined randomly). It has been experimentally proved that clustering 

reduces the total travel distance significantly: by 35 to 50%.  

5.2.   Clustering the Public Services’ data Considering Extraordinary Situations 

In the following examples we simulated the situations when extraordinary events (an 

appearance of the areas with many tasks) occur. The reason for making such an experiment 

is to investigate how the clustering handles these situations and what are the possibilities 

to predict overloaded areas (the number, location, and frequency of tasks). The 

extraordinary events cause higher load to the public service system compared to a usual 
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working day. The clustering should be able to predict such events and prepare the system 

for higher demands to ensure an adequate number of logistics units (the number of vehicles, 

staff, etc.) is available to respond to the tasks. In further experiments we clustered the 

simulated tasks along with the tasks imposed by the extraordinary events in the city of 

Osijek into 9 and 16 clusters. The cluster centres show the location where the public 

services checkpoints should be located, and, depending on the number of the expected tasks 

which surround the cluster area, how many PSLUs should be located there. 

5.2.1.   Extraordinary Situations at Bus and Train Stations 

In this experiment we simulated the extraordinary situations related to the public 

transportation, by assigning large number of tasks to the location of the main bus and train 

stations. This simulates the situations when employees, students and people who require 

medical attendance come to the city from the neighbouring places using trains and buses. 

Since the number of bus and train stations is limited, they are visited by a large number of 

people. Therefore, it is safe to assume that there is a bigger probability that someone will 

ask for a public service in such areas than in the other areas of the city. It is worth to note 

that instead of using the simulated data for the tasks, the existing historical data can be used 

making it possible to forecast the future demands for the public services. The results for 

clustering the tasks in the city of Osijek with two extraordinary events at the main bus and 

train stations (marked with bigger red-white dots on the map) into 9 and 16 clusters are 

shown in Fig. 15a and Fig. 15b respectively. Apart from placing the cluster centres 

according to the population density, the extraordinary events are pulling other cluster 

centres closer to their location. This represents the real situation in the cities, since there 

are usually a couple of bigger public services checkpoints (closer to the denser areas), and 

a number of the smaller ones. As in the previous experiments, the exact number of public 

services logistics units can be calculated depending on the number of tasks. 

  
a) b) 

Fig. 15.  Clustering the tasks with two extraordinary event areas (bus and train stations) into a) 9 and b) 16 

clusters. 

 

5.2.2.   Extraordinary Situations at Marketplaces 

This experiment represents a simulation of situation at city marketplaces, assuming many 

people go there. With that assumption in mind, there is an increased probability that 

someone will use a public service system thus increasing the number of tasks in that area. 
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Fig. 16a and Fig. 16b show the simulated tasks (including the intensified areas marked as 

bigger red dots) clustered into 9 and 16 clusters. Again, the cluster centres are now closer 

to the marketplace areas (areas with the extraordinary events). This causes that some parts 

of the city are now without a public service checkpoint (eastern and southern part of the 

city in our example). This implies that each type of the extraordinary events should not be 

observed separately, but as a whole. Only a full information about all events can enable 

adequate forecasting for the public services. 

  
a) b) 

Fig. 16.  Clustering the tasks with four extraordinary event areas at marketplaces into a) 9 and b) 16 clusters. 

 

6.   Analysis 

In the experiments shown in the previous chapter we simulated different scenarios that can 

occur during the use of public services. We used the simulated data to forecast possible 

situations in the use of the public services in two different scenarios: during the usual 

working day, and during the extraordinary events. Experiments have shown that each event 

must be considered separately and each one must be handled differently. In practical 

applications the historical data can become very large very fast making it impossible to 

handle it without using data mining techniques and tools. Data mining (with clustering as 

its integral part) is used to obtain useful data from each individual situation, and to acquire 

new knowledge used to forecast the future state of the public service system.13,40 The arisen 

situation implies that it is very important to have real and up-to-date data about the tasks. 

Otherwise the decisions can be made that cause serious logistics problems (i.e. a checkpoint 

is built at the wrong place, or not enough personnel is allocated to a checkpoint). Also, 

when clustering data considering extraordinary events, it is important to collect the 

information about all of them, such as sports events, nightclubs at weekends, seasonal 

migrations, vacations etc., making clustering even more important in improving the public 

services’ logistics. 

The experiments have shown that it is possible to find the best positions for the public 

services checkpoints at which the logistics units should be located. These positions are the 

centers of the clusters, because they have the smallest expected distance to all the possible 

tasks around the cluster center. In each experiment, the total distance between the cluster 

center and all the tasks within the cluster area was calculated. Also, that distance was 

compared to the distance obtained without clustering, i.e. between the nearest randomly 

chosen public service checkpoint and the tasks. The total expected distance in the situation 
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without clustering depended on the randomly chosen positions of the public services 

checkpoints. This resulted in rather different locations (both appropriate and 

inappropriate), so the experiments were repeated 50 times to obtain the mean distances. 

This enabled us to make a direct comparison between the distances obtained using the 

cluster centers, and distances obtained from the mean of the randomly obtained locations 

for the public services checkpoints. Without clustering, it was concluded that it is not 

feasible to find the best position for the public services checkpoints. 

Experiments have shown that clustering reduces the total expected distance between the 

public services checkpoints and potential tasks by up to 50% compared to the cases when 

the clustering was not used. This ensures reducing the maintenance costs, reducing the 

reaction time to start the task and reduces the travel distances to the location of the tasks 

thus consuming less time and resources to complete them. Hence, this will save time and 

make public services ready for new assignments much sooner. Also, with careful choice of 

the location and the number of logistics units, each public service logistics unit will be able 

to perform more tasks in a single day, which maximizes savings and effectiveness. 

By using clustering, the public services logistics units can be optimally distributed 

throughout the clusters to handle an appropriate number of tasks. After each task is 

completed and if not already been given a new assignment, the logistics unit is allocated to 

the closest cluster to wait for a new assignment. Since the requirements for mobile service 

system constantly change, as demonstrated in earlier experiments, clustering must be 

performed each time the data is updated. In situations when data become very large, we 

can use the proposed clustering method IBP-SDSA-4 that can handle large scale problems 

and enable more efficient forecasting. 

Finally, there is one logical observation can be imposed about the data. The public services’ 

tasks can be intertwined suggesting, from the clustering perspective, that the objects to be 

clustered cannot always be linearly separable. For such assumptions more complex data 

classification methods could be used, such as the Adaptive Hyper-spheres-based 

classification41. However, considering the already large data, introducing such complex 

models would drastically reduce the clustering performance, with no major benefit to the 

clustering quality. 

7.   Conclusion 

An ever-growing number of people in the cities suggests rethinking the approaches to 

organizing the public services. Efficiency becomes the key since enormous amount of data 

is and has to be collected in order to design and implement the necessary logistics. One 

way to increase efficiency of a public service is to optimally place its checkpoints in the 

populated area. On a par with that an optimal number of logistics units (such as vehicles, 

personnel, equipment etc.) for each checkpoint should be determined. Such decisions are 

usually constrained by laws, legal issues, funds, resources, terrain, accessibility, etc. 

To do so it is of utmost importance to have the relevant, detailed and up to date data about 

the previous demands for public services as well as the data about the tasks completed by 

it. Such data are vast, making its analysis and interpretation a laborious task, thus requiring 
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various data mining techniques such as clustering. Clustering is a process of grouping the 

objects according to the similarity between them. However, clustering the data about the 

public services is a grand challenge since this data is rarely exact and accurate, which is 

why the objects to be clustered are represented as an uncertainty area, rather than a point 

in space. Many methods for clustering uncertain objects exist, such as UK-means. To 

reduce the computational demands of such methods pruning techniques, such as MinMax 

and Voronoi pruning, are used. 

In this paper we proposed a new method for clustering uncertain objects called Improved 

bisector pruning (IBP), that inherits the principles of Voronoi and Bisector pruning to 

reduce the computational demands of clustering by reducing the number of object-cluster 

observations (ED calculations). The experimental results show that IBP improves 

clustering performance up to 41% compared to MinMax and 27% compared to Voronoi 

clustering.  

Since data about the public services is usually extremely large, using pruning does not 

reduce the computational demands enough to enable a real-time use. Therefore, we 

designed and implemented a data set area segmentation method called SDSA-P which 

enables parallel clustering, thus increasing performance drastically. The results show 

almost linear increase in performance with more processing units used. We assume that the 

scalability would be even better for the larger problem instances. 

For further validation we used the proposed methods to cluster simulated historical data 

about the public services’ tasks in the city of Osijek. We conducted the experiments in both 

normal use scenarios and scenarios involving extraordinary events. The results in both 

scenarios show the importance of the quality of the historical data used. The experiments 

also show that by taking the extraordinary events from multiple domains into account we 

can isolate public services critical areas. This infers locations for more complete 

infrastructure checkpoints, thus minimizing the total number of checkpoints which saves 

both time and money while maintaining the people welfare. 

In our future work we plan to use more parameters to describe the uncertain objects to 

improve the quality of the clustering, and to validate our approaches by comparing them 

with more methods, as well as pruning techniques. We also plan to use real public services’ 

data to further improve forecasting the needs for the public services and to improve public 

services’ logistics.  
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