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Abstract—In this paper, we discuss how the original configura-
tion for evaluation of relative permittivity of unknown material,
which is based on a microstrip ring resonator and the use of
a variational method, may be simplified without the actual loss
of accuracy. This simplification is applied simultaneously to the
numerical algorithm and the measurement configuration.

Index Terms—evaluation of permittivity, microstrip ring res-
onator, variational method

I. INTRODUCTION

It is regularly in the interest of microwave circuit designers
to be able to know the exact value of relative permittivity of
the material in use. For some standard materials, these values
can be found in data sheet tables, including the respective
tolerances applied to their nominal value (e.g. [1]). However,
in modern radio-frequency and microwave circuits, such as
in the field of wearable devices, it is not a seldom case to
use nonstandard materials (like textiles), which typically do
not have their relative permittivity value measured by the
original manufacturer, because it is not a typically requested
parameter for textile industry, for example. It is then up to an
RF/microwave researcher to have a suitable method ready to
determine relative permittivity of such nonstandard materials
as accurate as possible. While there are various methods for
characterization of unknown materials that have been devised
over time (e.g. see in [2], [3]), a microstrip ring resonator
(MRR) method appears quite attractive for researchers that are
on tight budgets, due to a low cost of an MRR fabrication and a
relatively simple measurement technique, yet the method itself,
in our opinion, has not so far been sufficiently described, after
reviewing the pertinent literature [3]–[6]. Nonetheless, one
publication [7] described a permittivity computation algorithm
quite well, by cleverly adapting and perturbing the variational
method-based solution to a similar problem [8], thus laying
a foundation for an adequate evaluation of an unknown ma-
terial permittivity, using a combination of measurement and
numerical algorithm (which is essentially always the case with
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modern methods that deal with material characterization [9],
[10]). As the respective configuration in [7] is essentially a
multiple-layer structure (a three-dielectric layer structure, in
particular), which must be adequately represented in both
the algorithm and the measurement setup, after sufficiently
testing the method, it turned out that there is a reasonable
simplification of the procedure that can practically achieve
the same results while having one layer removed from the
measurement configuration and that is the key aspect that this
paper will further discuss.

The paper is structured as follows: in Section II, we first
present the numerical algorithm. In Section III, we compare
our result obtained by the algorithm pertinent to the originally
proposed configuration in [7] and extend benchmarking of
it to measuring additional test samples. In Section IV, we
propose a simplified measurement configuration and comment
on the adjustments done both in the numerical algorithm and
measurement configuration. Section V contains the concluding
remarks.

II. THE ORIGINAL MRR CONFIGURATION AND
NUMERICAL ALGORITHM

A. The original MRR configuration

The original MRR configuration in [7] comprised three
dielectric layers as we here illustrate in Fig. 1. It has an MRR

Fig. 1. The original MRR configuration as used in [7].

substrate layer of permittivity ε1 and thickness H on top of a
ground plane, as a typical microstrip-based configuration. On
top of the conducting ring (of a negligible thickness t), which
covers the MRR substrate layer, there is a sample under test
(SUT) of an unknown permittivity ε2 and thickness S, which
is then covered by another dielectric of known permittivity



ε3 and thickness D, which has its top surface covered with
another ground plane. The authors in [7] prudently adapted
this structure from [8, Fig. 1] in a way to switch the top
and bottom dielectric layers of the configuration in [8] and
reflect that change in the respective expressions, by making
the following respective replacements: ε1 ↔ ε3 and H ↔ D.
Using that change, the configuration in [8, Fig. 1] was adapted
to correspond to the desired MRR configuration, but the cost
of it was having the third layer of a dielectric in the overall
configuration of an MRR. In [7], alumina was used for the
MRR substrate, with ε1 = 10 and H = 0.63 mm, while
polytetrafluoroethylene (PTFE) block was used as the “cover”
layer, with ε3 = 2 and D = 6.29 mm. The initial test material
therein was epoxy, with ε2 = 4 and S = 1.53 mm, as it was
verified later.

B. The Algorithm

The key points of the algorithm to evaluate an unknown
permittivity will be explained here, while more insights on
the variational method can be found in [7], [8], [11].

The effective permittivity εf of an MRR is computed as

εf =
C

C0
(1)

where C0 is the capacitance of an MRR with air as substrate,
and C is the capacitance of the MRR with some specific non-
air substrate. It is to be noted that (1) is used a couple of times
during the complete computation, each time with a specific set
of respective parameters. Regarding Fig. 1, the conducting line
thickness t is considered negligible and the possible air layer
or air bubbles between the ring and the SUT is considered
insignificant.

The variational expression to compute the required capaci-
tance is given by [8], [11]
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where f̃(β) is the Fourier transformation of the charge density
distribution, f(x), that is defined by
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In (2) and (5), ε0 = 8.854 · 10−12 F
m is the free-space

permittivity, w is the width of the ring and the feed line, g̃(β)
is given by

g̃(β) =
ε3 d+ ε2 s

|β| { ε3 d [ ε1 h+ ε2 s] + ε2 [ ε2 + ε1 h s]}
(6)

where
d = coth(|β|D) (7a)

s = coth(|β|S) (7b)

h = coth(|β|H) (7c)

and
h̃(β) =

1

2

{
1 +

sinh(|β|d− |β|t)
sinh(|β|d)

}
(8)

where t is the line thickness. Now, taking that t → 0, then
h̃(β)→ 1 in (2). With a numerical integration, it takes seconds
to get the result of C.

C. Computing the Effective Permittivity of the Unloaded MRR,
εf0

The effective permittivity of the unloaded MRR (i.e. the
MRR without an SUT placed on it), εf0, is computed using
(1) with the following settings:

1) Computing the Capacitance of an Air-filled Line, C0:
To compute C0, the values in (9) are first used in (2):

ε1 = ε2 = ε3 = 1 (9a)
H = the specific value of dielectric height, in mm (9b)
S →∞ (e.g. S = 100 m) (9c)
D →∞ (e.g. D = 100 m) (9d)

2) Computing the Capacitance of the Unloaded MRR, C1:
To compute the capacitance C1 of the MRR designed on a
non-air substrate, yet still without a sample placed on it, the
values in (10) are used in (2).

ε1 = the particular relative permittivity of MRR (10a)
ε2 = 1 (10b)
ε3 = 1 (10c)
H = the specific value of dielectric thickness, in mm

(10d)
S →∞ (e.g. S = 100 m) (10e)
D →∞ (e.g. D = 100 m) (10f)

Using C0 as computed by the procedure in Subsection II-C1
and C1 computed by the procedure in Subsection II-C2, εf0
is then computed by applying (1) as

εf0 =
C1

C0
(11)

For the practical orientation, it is noteworthy that the difference
in the result of εf0 is noticeable yet beyond the 5th decimal
digit if S and D are taken as 10 m or 1 m, instead of 100 m,
as was used above.



D. Computing the effective permittivity of the loaded MRR,
εf1

Computing the effective permittivity of the loaded MRR (i.e.
the MRR with a SUT placed on its surface), εf1, is needed to
compute the permittivity of the unknown sample, ε2, at the end
of the procedure. The value of εf1 is obtained after measuring
the resonant frequency of the unloaded- (F0) and loaded- (F1)
MRR and including the above calculated εf0, as:

εf1 = εf0

(
F0

F1

)2

(12)

E. Computing the Relationship of the Effective Permittivity of
a Loaded MRR, εf , vs. Relative Permittivity of the SUT, ε2

The final step before computing ε2 is to establish a func-
tional relationship between the effective permittivity of the
loaded MRR, εf , and the relative permittivity of the SUT, ε2.
The following values are now set:

ε1 = particular substrate value of MRR (13a)
ε2 = varied in the algorithm (13b)
ε3 = particular value of the cover layer dielectric (13c)
H = particular thickness of MRR dielectric, in mm (13d)
S = specific thickness of SUT, in mm (13e)
D = specific thickness of the cover layer, in mm (13f)

The dependence of the effective permittivity value vs. the
relative permittivity value of the SUT is achieved by creating
a vector of ε2 values and a vector of respective C results
using the values from (13) in (2), followed by computing the
vector of εf using (1). Finally, the dependence of εf vs. ε2 (or
vice versa) is then established, as illustrated later in Figs. 2
or 5. From such a graph and the computed particular value
of εf1 by (12), one can determine the particular value of ε2,
which concludes the procedure. (Of course, having vectors of
εf and ε2, the algorithm can compute the ultimate value of
ε2 numerically, without having to read off the graph, but the
graphical representation is more illustrative when presenting
the procedure.)

III. TEST CASES WITH THE ORIGINALLY PROPOSED
CONFIGURATION

Figure 2 shows the correspondence of our algorithm with
the result from [7, Fig. 3] for the data given at the end
of Section II-A. Additional comparisons were not possible
because test materials in [7, Table I] were not exactly specified,
but vaguely distinguished by letters A to F .

Due to that, further benchmarking was performed on a
few reference samples whose characteristics could be found
in the open literature and the respective results are shown
in Table I. Column 2 indicates the nominal (i.e. reference)
permittivity value of the respective SUT. Column 4 shows the
measured frequency F1 when the cover layer (in this case, a
PTFE block with thickness D = 7.5 mm) was merely covered
by some conducting surface of two-sided laminate boards.

Fig. 2. The reproduced result from [7, Fig. 3].

TABLE I
MEASUREMENTS WITH THREE KNOWN SUTS BASED ON THE

CONFIGURATION USED IN [7].

SUT ε2 ref.
SUT
thick-
ness

F1 (MHz)
with
gnd.
over
PTFE
cover

F1 (MHz)
w/ extra
gnd.
plane1

F1 (MHz)
w/
added
copper
tape2

computed
ε2

TLX8 2.55 0.79 mm 2405 2400 2396 1.781

1.862

FR4 4.3...4.6 1.49 mm 2292 2289 2285 3.471

3.532

jeans 1.7 0.9 mm 2429 2428 2424 1.441

1.482

with: F0 = 2514 MHz, D = 7.5 mm, ε3 = 2

Columns 5 shows the F1 when a copper foil was appended
to the previous cover layer, while column 6 shows F1 values
when an additional copper tape was appended on top of the
cover layer structure described in column 5. (Essentially, we
were improving the ground plane to test the impact.) The last
column shows the computed result of SUT permittivity, ε2,
for the respective F1’s listed in columns 5-6 (denoted with
superscripts 1 and 2). Two observations can be made: (i) the
result of ε2 is slightly better when there was a more solid
ground plane fixed on top of the cover layer (which was a
PTFE block in this case). (ii) the results in general are not
that close to the reference value of ε2. As the PTFE block
(the white layer in Fig. 3) is a very slippery surface, it is
challenging to precisely align it with the borders of the SUT.
The two plastic clamps that are used on the opposite sides
of the configuration are there to make a firm contact between
the layers and help eject possible air bubbles that may reside
between the layers.



Fig. 3. A measurement configuration as described in [7], using a PTFE block
as the “cover” layer on top of an SUT.

IV. THE PROPOSED RELAXED CONDITIONS FOR
MEASUREMENT OF SUT PERMITTIVITY

Following up upon the above findings, we tested the results
without having the topmost layer (i.e. the PTFE block),
as illustrated in Fig. 4, and reflecting this change in the
computational settings in (13) by replacing the values that
were pertinent to the “cover” layer (our PTFE block with
D = 7.5 mm and ε3 = 2), with the new settings representing
the configuration without the “cover” layer. The proposed
relaxed configuration then assigns ε3 = 1 in (13c) and
D →∞ in (13f), as opposed to taking some particular value
of the cover layer thickness D. The above two modifications
represent a virtually infinitely thick air layer above the SUT, as
a substitute to using some finite-thickness dielectric slab with
a metallic layer on top of it, which served as the cover layer in
the original structure in Fig. 1. The modified algorithm with
such a relaxed configuration is consequently summarized in
Fig. 6 in the Appendix.

Fig. 4. A measurement configuration without using a PTFE block as a “cover”
layer on top of an SUT.

As the configuration without the cover layer imposes an
extra care to be taken to establish a firm contact between
the SUT and the MRR surface, the SUTs were pressed in
three ways, for the comparison: (i) placing only the SUT over
the MRR surface, without any further support; (ii) pressing
the SUT using the plastic clamps (see Fig. 4); (iii) pressing
the SUT using fingers, evenly distributed across the PCB
width. The respective measurement results are presented in
Table II. We see that the ε2 result is least accurate when

an SUT was placed over the the MRR surface without any
support of pressure on the MRR surface. The medium quality
result was achieved when the SUT was pressed by a pair of
clamps. One can notice an interesting result for the permittivity
of jeans: when it was now measured with the support of
clamps (ε2 = 1.44), the result is equal to the result of jeans
permittivity in Table I, for the case when an extra ground
plane1 was used over the top of the PTFE block layer. Lastly,
and perhaps a bit surprisingly, the best results were achieved
when the SUT surface was merely pressed with fingers, which
were approximately evenly distributed across the SUT width.
For that, the computed ε2 values were quite close to the
nominal values of ε2.

TABLE II
MEASUREMENTS ON THE PREVIOUS THREE SUTS BASED ON THE

SIMPLIFIED CONFIGURATION WITHOUT THE “COVER” LAYER.

SUT ε2 ref. SUT
thickness

F1 (MHz)
without
cover

comment
ε2 by
simplifed
config.

TLX8 2.55 0.79 mm
2446 only sample 2.1
2435 with clamps 2.3
2428 with fingers 2.45

FR4 4.3...4.6 1.49 mm
2306 only sample 3.98
2317 with clamps 3.79
2286 with fingers 4.37

jeans ∼ 1.7 0.9 mm
2481 only sample 1.45
2482 with clamps 1.44
2465 with fingers 1.7

with: F0 = 2514 MHz, D = 100 m, ε3 = 1

Figure 5 illustrates the computed value of ε2 when a jeans
sample was tested using the proposed relaxed conditions and
pressed merely with evenly distributed fingers over the SUT
surface.

Fig. 5. A jeans sample measured and ε2 evaluated using the relaxed conditions
proposed in Section IV.



A. Applicability Remarks

At this point, it cannot be stated exactly up to what thickness
of the SUT the MRR method will provide dependable results,
but from the currently available measurements and computa-
tions, the SUT thickness can range up to a few millimeters,
which is adequate for most solid dielectrics that may be chosen
for use in microwave circuits.

In terms of the applicable frequency range, it is generally
understood that resonant cavity method, which MRR method
is part of, is roughly applicable between 1 GHz and 20 GHz
for thin, low-loss solid dielectrics, using split post dielectric
resonators (SPDR), with a possible frequency extension up
to 80 GHz, using a split cylinder resonator (SCR) fixture, or
even up to 110 GHz, using a balanced circular disk resonator
(BCDR) [6], but in this paper, we primarily had in mind the
low-GHz regime up to 6 GHz that is still very popular for
communication circuits and enables achieving a good accuracy
even without using a high-cost technology to manufacture the
resonator and fixture and measure an SUT frequency response.

Lastly, undesired air gaps that may be created between the
SUT layer and the MRR surface, cannot be exactly accounted
for, but their impact can be reduced by securing a firm and
evenly distributed contact between these two layers, which
helps achieving a satisfactory accuracy of the permittivity
determination procedure.

V. CONCLUSION

In this paper, we first analyzed the usage and accuracy of
the variational method-based configuration and accompanying
algorithm for evaluation of relative permittivity of an SUT
using an MRR, as it was originally proposed in [7].

We then proposed a simplified measurement configuration
with adequate adjustments in the computational algorithm to
achieve the same or even better accuracy of the computed
permittivity value of an SUT.

Being able to achieve dependable results without having to
assemble and align the cover layer as it was in the original
configuration, makes it an attractive alternative from the aspect
of greater measurement simplicity, speed, and repeatability.

APPENDIX

The algorithm with relaxed measurement configuration,
described in Section II, is summarized in Fig. 6.
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