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Abstract—This paper introduces the concept of automatic
differentiation in the evaluation of the absorbed power density
in the mmWave frequency spectrum for the new generation of
mobile telecommunication technology. Automatic differentiation
has been shown to be far superior over numerical differentiation
by means of speed and accuracy. To demonstrate the full capacity
of the proposed method, a comprehensive analysis of computing
the absorbed power density on the surface of irradiated human
skin in various configurations is presented.

Index Terms—automatic differentiation, absorbed power den-
sity, computational electromagnetic dosimetry, 5G telecommuni-
cation technology

I. INTRODUCTION

The accurate assessment of human exposure to radiated
electromagnetic fields (EMFs) is of particular importance
in the computational electromagnetic dosimetry, whereby
through various independent guidelines and standards, basic
restrictions are defined for the safe human to EMF interaction.
International guidelines [1] and standards [2] have recently
undergone comprehensive revisions, primarily with regards to
frequencies of the mmWave frequency spectrum, given devel-
opments and recent deployment of the 5G telecommunication
technology worldwide [3]. Frequencies of interest range from
100 MHz to 300 GHz, thus covering the entirety of radio-
frequency spectrum. Up to 3 GHz, the specific absorption rate
(SAR) averaged over a 1 g or 10 g cube of tissue is defined as
the basic restriction. Above 6 GHz, the absorbed or epithelial
power density (APD) averaged over the surface area of 1 cm2

or 4 cm2, corresponding to the area of the exposed surface
of 1 g or 10 g cube of tissue [4], respectively, is defined as
the new dose metric [5]. Since the APD is immeasurable in
practice due to discrepancies in tissue properties, variability
in geometric configuration of the skin and other individual-
specific biologically-significant properties, as well as for the
ethical reasons, the incident power density (IPD) is instead
used as the reference level [6]. In this paper, we are concerned
with the evaluation of the IPD, or, as later stated, free space
approximation of the APD on the irradiated area of human

skin in a close proximity of a half-wave dipole operating in
the 5G frequency spectrum.

Since the mmWave spectrum covers frequencies well be-
yond the ones covered in all previous generations of telecom-
munication technologies, simulations of radiated EMFs and the
interaction with human tissue, especially in near-field condi-
tions, must be approached with increased caution. Given that
the computation of gradients is ubiquitous in the computational
electromagnetic dosimetry, instead of performing numerical
differentiation, this paper showcases automatic differentiation
in assessment of the APD. Generally, automatic differentiation
is defined as the set of algorithmic techniques to evaluate the
derivative of a differentiable function defined programmati-
cally to its numerical precision [7]. Automatic differentiation
is widely used in many applied sciences: computational fluid
dynamics [8], inverse electromagnetic simulations [9], optimal
control [10], molecular dynamics and differentiable physics
in general [11], and overall differentiable programming [12].
Differentiable programming has found use in a wide variety
of areas, particularly in scientific computing [13] and machine
learning, i.e., deep learning in neural networks [14]. To
the best of authors’ knowledge, this work pioneers the use
of automatic differentiation to simulate phenomena that are
encountered in the electromagnetic dosimetry. Even though,
there are various libraries and frameworks that allow a user
to seamlessly deploy automatic differentiation principles to a
differentiable problem at hand, all examples1 in this paper are
implemented by using JAX, Python based, extensible system
for transforming numerical functions [15]. In its core, JAX is
an extensible system for composable function transformations,
where the two most prominent transformations are automatic
differentiation of native Python and NumPy [16] functions and
just-in-time compilation powered by XLA (Accelerated Linear
Algebra)2.

1To enable seamless reproduction of presented results in the paper, the
associated code-base is open-sourced and available at https://github.com/
antelk/ipd-autodiff.

2https://www.tensorflow.org/xla



The paper is outlined as follows. The overview of automatic
differentiation along with the motivating example on how,
when and why automatic differentiation should be employed
is given in Section II. Furthermore, Section III outlines the
calculation of radiated EMFs from the Hertz half-wave dipole
placed in the immediate vicinity of human tissue. The as-
sessment of the APD is obtained from field equations by
utilizing automatic differentiation of the Green function. In
Section IV, the analysis of the use of automatic differentiation
as an adequate substitute for numerical differentiation in
electromagnetic dosimetry is given; numerical and automatic
differentiation are compared in terms of accuracy (compre-
hensive evaluation of the total numerical error in various
scenarios) and execution speed. Finally, the conclusion and
closing remarks are given in Section V.

II. AUTOMATIC DIFFERENTIATION

Numerical differentiation is a finite difference approxima-
tion of the limit definition of a derivative. For any scalar-valued
function f : Rn → R, the derivative at a point x is defined by
the limit as follows:

df(x)

dx
= lim
δ→0

f(x+ δ)− f(x)
δ

(1)

where δ is the limit of difference approaching zero. Instead,
if δ is a non-zero and fixed value, it is interpreted as the step
size of a finite difference. Difference quotient approximates
the derivative by measuring the average rate of change of a
function over an interval of length δ:

df(x)

dx
≈ f(x+ δ)− f(x)

δ
(2)

where eq. (2) is defined as a forward finite difference. Assum-
ing that f is twice-differentiable, a more accurate approxima-
tion can be utilized:

df(x)

dx
≈ f(x+ δ/2)− f(x− δ/2)

δ
(3)

and is referred to as a central finite difference. Analogously,
higher order derivative approximations utilizing a central finite
difference are obtained in a recursive manner:

df2(x)

dx2
≈

f(x+δ)−f(x)
δ − f(x)−f(x−δ)

δ

δ

≈ f(x+ δ)− 2f(x) + f(x− δ)
δ2

(4)

which is proved by expanding the expression in Taylor series,
available elsewhere, e.g., in [17].

Central finite difference yields the total numerical error of
O(δ2) instead of O(δ), associated with a forward (as well as a
backward) finite difference approximation. The total numerical
error is the accumulated error quantity directly dependant on
the ill-conditioned implementation of the difference quotient
formula. The error resulting from the truncation is a conse-
quence of δ being a non-zero value. Round-off error, on the
other hand, occurs because of the finite machine numerical
precision and floating-point arithmetic used to represent real
values, but again arises from the very choice of δ. Truncation

error scales proportionally with a power of δ, while round-
off error is inversely proportional to a power of δ. To get
a further grasp on the difficulty defining the appropriate step
size and the numerical error as the main weakness of a central
finite difference approximation, let’s consider an example of
a single-valued periodic function:

f(x) = sin(sin(x)), (5)

with the analytic expression for its 1st order derivative:

df(x)

dx
= 2 cos(2x) cos(sin(2x)), (6)

and the 2nd order derivative:
d2f(x)

dx2
= −4 ·

(
sin
(
sin(2x)

)
cos2(2x)

+ sin(2x) cos
(
sin(2x)

))
.

(7)

Figure 1 shows the total numerical error, truncation dominant
for large values of δ and round-off dominant for small values
of δ. Even though there are ways to circumvent round-off
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Fig. 1. Truncation and round-off error for the 1st and the 2nd order
derivatives approximated via a central finite difference (FD) for a function, f ,
given in eq. (5). Errors are calculated as the L2-norm of the difference between
FD approximations and the actual values obtained via analytical expressions
in eq. (6) and eq. (7) over the range of 21 value for x ∈ [−1, 1].

error by choosing the optimal step size as the cube-root
of machine epsilon [18] and by employing complex step
approximation [19], it is fairly obvious that truncation error
is heavily dependent on a problem at hand.

Another approach is the use of symbolic differentiation
instead of numerical differentiation. Standard derivative rules
are applied computationally to a closed-form expression of
a function, transforming it into the derivative of interest.
This approach avoids numerical instabilities and the accu-
mulated numerical error by allowing the exact computation
of derivatives up to machine precision. Unlike numerical
differentiation, symbolic differentiation does not suffer from
the curse of dimensionality. In order to obtain the Jacobian
matrix, J , for any differentiable function f : Rn → Rm,
numerical differentiation requires O(nm) computations of
the function f itself, while symbolic differentiation requires



O(n) vectorized computations. However, it comes with a
set of its own difficulties. Firstly, derivative expression swell
is a common occurrence, where due to applied derivative
rules, the derivative expression may be substantially larger
than the original function. Moreover, symbolic differentiation
requires the closed-form expression of the original function,
which means that it is virtually impossible to exploit such
an approach for dosimetry problems, often computationally
realized by using the control flow mechanism.

By operating directly on the computational description of
the problem of interest, automatic differentiation achieves the
same numerical precision as symbolic differentiation, produc-
ing the actual numerical value rather than the expression of a
derivative [7]. Automatic differentiation operates by breaking
the necessary computation into a sequence of primitive opera-
tions with derivatives known in advance. The chain rule is then
applied to the composition of primitive derivatives to obtain
the final derivative value. The two modes of automatic differ-
entiation are known as forward and backward accumulation.
Forward accumulation requires fixing the input independent
variable with respect to which differentiation is performed and
computes value-derivative pairs of each primitive operation
comprising the function expression. A forward pass yields a
function value (or values if multi-output function is considered
instead) along with the derivative of interest for the specific
input value. In general circumstances, for a function with
multiple input independent variables, f : Rn → Rm, each
forward pass results in a partial derivative of a single input
variable i.e., a single corresponding column of the Jacobian
matrix. Computing the entire Jacobian matrix, in this case,
would require n passes. For a situation where n� m, forward
accumulation is preferred, otherwise backward accumulation
should be considered. Backward accumulation, also commonly
denoted as the reverse mode automatic differentiation, prop-
agates derivatives backward from the output. The process
begins by forward passing input variables through the function
expression, this time computing values of the expression chain
and capturing dependencies into the computational graph,
storing both in memory. The second part of the process is
the computation of the derivatives by propagating adjoints
starting from the output, in a reverse manner. Finally, partial
derivatives with respect to each input i.e., each row of the
associated Jacobian matrix, are obtained in a single execution
of backward accumulation, a perfect scenario for a situation
where m � n. Automatic differentiation in comparison to
numerical differentiation by using the simple toy example
given in eq. (5) is visually presented in fig. 2. The total
numerical error, defined as the L2-norm difference between the
actual derivative values computed via analytical expressions
in eq. (6) and eq. (7), corresponding to the 1st and the 2nd

order derivative, respectively, and approximated values for
x ∈ [−1, 1] is given in table I.

−1.00 −0.75 −0.50 −0.25 0.00 0.25 0.50 0.75 1.00

x

−3

−2

−1

0

1

2

3

df
/d
x

,
d

2
f
/d
x

2

1st order AD

1st order FD

2nd order AD

2nd order FD

Fig. 2. Automatic differentiation (AD) and a central finite difference (FD)
for the 1st and 2nd order derivative of eq. (5). The evaluation of the total
numerical error for both AD and FD is given in table I.

TABLE I
EVALUATION OF THE TOTAL NUMERICAL ERROR

Differentiation Order RMSE

Numerical 1st 1.16 · 10−4

2nd 2.84 · 10−4

Automatic 1st 0.0
2nd 0.0

III. RADIO-FREQUENCY TRANSMITTED EMFS RADIATED
BY A HALF-WAVE HERTZ DIPOLE

Consider a canonical setup where a center-fed half-wave
Hertz dipole is placed near the planar model of human tissue
defined by the surface of area A. Schematic of the geometry
can be visually explored in fig. 3.

half-wave
dipole

Fig. 3. A center-fed half-wave Hertz dipole in free space. Area, A, represents
the effective integration surface of the tissue on a distance h from the source.

Current distribution along the dipole is governed by the
Pocklington integro-differential equation. Pocklington equa-
tion can be derived by enforcing the interface conditions for
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Fig. 4. Comparison between the power density calculated by automatic (AD) and numerical differentiation (a finite central difference method, FD), respectively.
The panel on the right shows the absolute difference between the two approaches. Averaging area, A equals to 4 cm2, distance between the dipole and the
averaging area, h, is 10 mm and operating frequency of the dipole, f , is set to 15 GHz.

the tangential components of the electric field at the perfectly
conducting surface, and is given as follows [17]:

Eexcx =jω
µ0

4π

∫ L/2

−L/2
I(x′)g(x, y, z, x′)dx′

− 1

j4πωε0

∂

∂x

∫ L/2

−L/2

∂I(x′)

∂x′
g(x, y, z, x′)dx′

(8)

where I(x′) is the current distribution and g(x, y, z, x′) is the
Green function in free space:

g(x, y, z, x′) =
e−jkR

R
(9)

with R representing the Euclidian distance from the source
point, x′, to the observation point, (x, y, z), i.e., the magnitude
of the position vector ~r. Other parameters are, as follows,
angular frequency, ω, magnetic permeability of free space,
µ0, and permittivity of free space, ε0. Additionally, in the
Green function, k stands for the wave number. By setting the
operating frequency, f , angular frequency. ω, and the length
of the dipole, L, are adjusted accordingly. It is important to
emphasize that the solution of eq. (8) is carried out by means
of Galerkin-Bubnov scheme of the indirect boundary element
method by using 51 wire segments (boundary elements along
the dipole) and setting the radius of the dipole to 1/10 of the
length of a single segment as if it was a matter of free space
conditions. The middle segment is driven by a voltage source
set to 1 V. Once the current distribution is obtained, electric

field equations arise from the boundary element formalism as
follows:

Ex =
1

j4πωε0

(∫ L/2

−L/2

∂I(x′)

∂x′
∂g(x, y, z, x′)

∂x
dx′

− k2
∫ L/2

−L/2
I(x′)g(x, y, z)dx′

)
(10)

Ey =
1

j4πωε0

∫ L/2

−L/2

∂I(x′)

∂x′
∂g(x, y, z, x′)

∂y
dx′ (11)

Ez =
1

j4πωε0

∫ L/2

−L/2

∂I(x′)

∂x′
∂g(x, y, z, x′)

∂z
dx′ (12)

while magnetic field equations are derived from the
Maxwell–Faraday equation:

Hy =
1

4π

∫ L/2

−L/2
I(x′)

∂g(x, y, z, x′)

∂z
dx′ (13)

Hz = −
1

4π

∫ L/2

−L/2
I(x′)

∂g(x, y, z, x′)

∂y
dx′ (14)

Consider now a 5G mobile communication device in a close
proximity of human tissue. Absorbed power density (APD)
is used as the basic restriction for the human exposure to
EMFs radiated from a device. It is defined at the body surface,
averaged over the tissue area of interest, A, and is written as
follows:

Sab =
1

2A

∫∫
A

<[~S]d~s (15)



where Poynting vector, ~S = ~E × ~H∗, yields a direction of
the electromagnetic wave propagation and stems from the
Poynting theorem, representing a general conservation law for
the energy stored in the electric and the magnetic field. Since
both ~E and ~H are incident, rather than absorbed, eq. (15)
represents free space approximation of the APD. Variable
vector, d~s, has its direction normal to the integral area A
on the body surface, as shown in fig. 3, thus leading to the
simplification of eq. (15):

Sab =
1

2A

∫∫
A

<[ExH∗y ]d~s (16)

In order to calculate electromagnetic vector field and,
subsequently, the power density distribution and free space
approximation of the APD, gradients of the Green function
must be evaluated for each observation point multiple times.
The relationship of the accuracy of the power distribution,
obtained either by utilizing automatic or numerical differenti-
ation, on the observed surface is shown in fig. 4. One can
clearly see that, assuming machine precision of automatic
differentiation, it has a better overall accuracy compared to
numerical differentiation. In this case, the level of accuracy
is visible in the fourth decimal place of the averaged power
density.

IV. DISCUSSION

The absolute difference between the two equally configured
simulations, differing solely in the way the gradients of the
Green function are evaluated, with the final output visualized
in fig. 4, does not seem notable at first. This difference
becomes substantial once the configuration of the simulation
starts to change, in a situation where the step size in numerical
differentiation is not adjusted. Superiority of automatic over
numerical differentiation is illustrated in fig. 5. Namely, the
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Fig. 5. Comprehensive simulation for the range of frequencies between 3 and
100 GHz. Averaging area, A, equals to 4 cm, distance between the dipole
and the averaging area, h, is 15 mm.

final result (caused by the inherent issue of truncation error,
unavoidable when utilizing numerical differentiation) reaches
an error of more than 50 percent of the actual value for the
worst case scenario.

Additional advantage of using automatic differentiation is
considerable speedup in execution time. By using backward
mode accumulation, a single row of the Jacobian matrix is
calculated in a single execution. Within numerical differen-
tiation procedure, one has to evaluate a function of interest
at least two times per execution for each value of the input
independent variable with regard to which the function is
derived. For the simulation outlined in Section III, where the
final results are shown in fig. 4, the time needed for the
calculation of all necessary gradients of the Green function
using numerical differentiation is 7.28 s ±0.44 s of 7 runs in
total. On the other hand, automatic differentiation with JAX is
able to perform the computation of gradients in 250 ms ±1.65
ms of 7 runs in total. Thus, the overall speedup is 29.13 times
±0.33 and the cumulative distribution of speedups for each
combination of 7× 7 runs is shown in fig. 6.
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Fig. 6. Cumulative distribution function of speedups defined as the ratio
between execution times needed to calculate all gradients associated with
the simulation corresponding to fig. 4 by using automatic differentiation and
numerical differentiation, respectively.

V. CONCLUSION

This paper deals with the application of automatic differenti-
ation in computational electromagnetic dosimetry. Automatic
differentiation achieves a twofold improvement in terms of
accuracy and execution time over numerical differentiation
approach. Illustrative examples of the assessment of the APD
on the planar model of human tissue have been presented for
a variety of frequencies in mmWave range, where automatic
differentiation has been proven to be superior over numerical
differentiation. Future work will likely deal with more realistic
human exposure scenarios where automatic differentiation
guarantees machine precision irrespective of model geometry,
a common obstacle when approximating derivatives numeri-
cally.
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