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Vpliv kiralnosti v polarnih smektičnih tekočih kristalih

Izvleček

V disertaciji je predstavljena podrobna analiza struktur in dinamičnih lastnosti kiral-
nih polarnih feroelektričnih in akiralnih polarnih antiferoelektričnih sistemov. Ana-
liza relaksacijskih načinov v feroelektrični SmC∗ fazi je pokazala nelinearno tem-
peraturno odvisnost nagibnih in polarnih načinov. Obe vrsti relaksacij spreminjata
značaj iz nagibnega v polarnega in obratno, kar kaže, da redno uporabljano razmerje
med frekvenco in amplitudo dielektričnega odziva relaksacijskega načina pri dielek-
tričnih meritvah ni pravilno. Analiza, vedenja feroelektričnega smektičnega sistema
v šibkem izmeničnem električnem polju, je privedla do teoretične napovedi polarno-
sti relaksacijskih načinov in njihove odvisnosti od temperature. Analiza teoretičnih
modelov čistih in kiralno dopiranih antiferoelektričnih B2 podfaz v sistemih iz mo-
lekul z ukrivljeno sredico je potrdila, da kiralni dopant povzroča nagib v nenagnjeni
fazi in spreminja nagibe v nagnjenih fazah, kot je napovedal kiroklinični učinek.
Ugotovljeno je bilo, da dopant vpliva tudi na območja stabilnosti in red prehoda
med kiralnimi fazami. Red faznega prehoda se spreminja iz zveznega za šibke učinke
kiralnega dopinga, v nezveznega za močnejše učinke. V takem dopiranem sistemu
obstajata tudi dve fazi z enakima simetrijama, ki ob temperaturnih spremembah
zvezno prehajata ena v drugo. Analiza dinamičnih lastnosti je omogočila razvoj kri-
terija, ki določa temperaturni območji obeh faz. Rezultat tega dela je celotni fazni
diagram dopiranega sistema in teoretične napovedi za morebitno eksperimentalno
preverjanje. V prispevku so predstavljene tudi metode, ki vodijo do teh ugotovitev
in bi jih lahko uporabili za analizo drugih podobnih sistemov mehke snovi.

Ključne besede: (anti)feroelektične faze, molekul z ukrivljeno sredico, ki-
ralni dopant, polarne, smektik
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Effect of chirality in polar smectic liquid crystals

Abstract

In this contribution, a detail analysis of structures and dynamical properties of chiral
polar ferroelectric and achiral polar antiferrroelectric systems is presented.

The analysis of relaxation modes in the ferroelectric SmC∗ phase has shown a
non-linear temperature dependence of tilt and polar modes. Both type of modes
change nature from tilt to polar and vice versa indicating that regularly used re-
lation between the frequency and the amplitude of a relaxation mode in dielectric
measurements is not correct. The analysis of the ferroelectric smectic system be-
haviour in weak alternating electric field lead to a theoretical prediction of modes
polarity and their dependence on temperature.

The analysis of theoretical models of pure and chirally doped antiferroelectric B2

subphases in bent-core systems confirmed that the chiral dopant induces tilt in the
non-tilted phase and modifies tilts in the tilted phases, as was predicted by the chi-
roclinic effect. It was found that the dopant influences the stability ranges and the
order of the transition between the chiral phases as well. The order of the phase tran-
sition changes from a continuous for weak effects of chiral doping to discontinuous
for strong effects. Also, in this doped system the two phases with equal symmetries
exist, which continuously transform one to another upon temperature changes. The
analysis of dynamical properties allowed for development of the criterion which de-
termines the temperature ranges of the two phases. The complete phase diagram of
the doped system and theoretical predictions for potential experimental verification
are the result of this work.

The methods that lead to these findings, which could be used for the analysis of
other similar soft matter systems, are presented in the contribution, as well.

Keywords: (anti)ferroelectric phases, bent-shaped molecules, chiral dopant,
polar, smectic
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Chapter 1

Introduction

Liquid crystal is a common name for materials with a variety of phases in between
isotropic liquid and crystalline solid, that certain organic materials exhibit due to
the structure of their molecules. Crystalline solids have highly ordered structures,
while the liquid state possesses only short-range, but no long-range ordering. Conse-
quently, liquids have highest possible symmetry and crystalline solids have symmetry
that is significantly lower. In between those states, a liquid crystal mesophase exist,
that shows long-range orientational order and sometimes positional order as well.
Therefore, matter experiencing liquid crystal phases has intermediate mechanical
properties of both liquids and solids. For example, liquid crystals can form liquid
droplets and is also birefringent.

Based on the factor of liquid-solid transition, liquid crystals are divided in two
major groups. Lyotropics that exhibit phase transitions as a function of concen-
tration of liquid crystal molecules in a solvent, and thermotropics that exhibit
transitions as a function of temperature [1]. Same substance can display differ-
ent structures depending on temperature or pressure. These structures are called
phases of liquid crystal. Of interest are thermotropic liquid crystals that are built
from calamitic molecules, for which, decreasing temperature, starting with isotropic
liquid, induces an orientational order, as shown in Fig. 1.1. Molecules become on
average parallel to some common axis, denominated by a unit vector, the director
n. This phase is called the nematic phase. Further lowering of temperature imposes
partial positional order as well as orientational order and molecules arrange them-
selves in layers. This phase, that appears below the nematic phase, is called the
smectic phase. In focus of this study are smectic mesophases made of rod-like and
bent-shaped molecules. In this chapter, general properties of smectic A and smectic
C are mentioned briefly. Variety of these smectic mesophases and their structures
is discussed in detail in the Ch. 2 and Ch. 3.
Only calamitic molecules, rod-like and bent-shaped, exhibit smectic phases [2]. In-
side the smectic layer, molecules move freely, and they are not positionally corre-
lated, meaning a molecule can sometimes move between layers. In the temperature
range of the smectic phase, molecules arrange themselves to form specific structures,
these are the subphases of the smectic phase. Of the smectic subphases, smectic A
(SmA) is the simplest. In the SmA phase, the longest molecular axes line up parallel
to each other, the molecular centers sit on average on parallel equidistant planes and
the longest axes are on average perpendicular to those planes. The spacing between
planes is approximately one molecular length [3] and the centers of the mass are
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Chapter 1. Introduction

presumed to move randomly in the planes, that is, within the layer. At still lower
temperatures, the more highly ordered smectic C phase (SmC) exists. In the SmC
phase, the longest molecular axes are tiled with the respect to the layer normal.

Figure 1.1: Simplified illustration of molecules transitioning from an isotropic liquid
to liquid crystal phases to a crystalline solid. As the temperature of isotropic liquid
decreases, the orientational order is induced and molecules on average align to com-
mon direction represented with the director n. This is the nematic phase. By further
lowering the temperature, the positional order is induced as well, and molecules ar-
range themselves in layers. This is the smectic phase. Smectic mesophases built
from rod-like and banana-shaped molecules are in focus of this study.

Molecules building liquid crystal phases are often polar, but structures built from
those molecules are usually apolar, hence the director n describing the local direc-
tion of axial symmetry, representing the direction of optical axis and the physical
properties of the phase, is invariant to its sign reversal. In spite the general non-
polarity, interesting polar effects may occur in the smectic phases. Meyer predicted
that tilted smectics made of chiral molecules are polarly ordered [4]. The first exam-
ple of this effect was observed in the case of helicoidal smectic C* (SmC∗) [5], where
asterisk indicates that the phase is chiral. The opposite is also true, when an exter-
nal electric field is applied to the non-tilted smectic phase made of chiral molecules,
it induces the polar order and molecular tilt [6]. In addition, if molecular shape sup-
ports ordering of molecules inside the smectic layer, layer can become polar, even in
the absence of chirality [7], as is the case in bent-shaped systems. Meyer’s discovery
sparked the research area of ferroelectric and later, antiferoelectric liquid crystals.
Conditions, under which structures made from calamitic molecules become polar,
are extensively studied.
This research is focused on:

1. Theoretical investigation of polar modes in chiral polar smectics and their
detection by dielectric means, presented in the first part of this work, and;

2. Theoretical investigation of structures, their dynamical properties and the
phase diagram of achiral polar smectics with chiral dopants, presented in the
second part of the work.

Polar modes in chiral tilted smectics were already predicted in [8]. It was found
that in the SmC∗ phase the amplitude fluctuations in the tilt and the polarization
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represent the Soft mode, whereas orientational fluctuations represent the Goldstone
mode which is recovering the continuous symmetry broken at the phase transition
temperature. However, a detailed analysis of relaxation modes has shown a non-
linear temperature dependence of both, tilt and polar modes [9]. Both types of
modes change their characters from tilt to polar and vice versa indicating that usu-
ally used relation [10] between the frequency of a relaxation mode and the dielectric
response of the relaxation mode in dielectric measurements may not be correct.
The analysis of the ferroelectric smectic behaviour in a weak alternating electric
field lead to a theoretical prediction of four modes and their dielectric responses
characteristic for separate modes. Also, relation [10] between the frequency and the
amplitude of a relaxation mode linearly depends on the temperature only if direc-
tions of the polarization fluctuations are considered perpendicular to directions of
the tilt fluctuations.
The phase diagram and theoretical model of doped achiral polar smectics consistent
with experimental observations remained unsolved since the prediction of the chi-
roclinic effect [11]. The chiroclinic effect predicts that a chiral dopant added to the
non-tilted polar phase induces the tilt in the non-tilted SmAPA phase. Experimental
observations of doped systems that exhibit the phase transition from the SmAPA

phase to the SmCSPA phase were in contradiction with prediction of the doped
system behaviour. As the chiral dopant induces chiral structures, but the experi-
mentally studied system was antichiral, the competition between molecular chirality
of the dopant and the structural chirality resulted in a complex phase diagram of the
system. The complete phase diagram of these systems and theoretical predictions
for potential experimental verification are the result of this work. Furthermore, the
order of the phase transition changes from a continuous for weak effects of chiral
doping to discontinuous for strong effects. Competition of interactions results in
changes of the phase sequences, which are resumed in the phase diagram. In the
doped system the two phases with equal symmetries exist, the SmAP∗

A and the
SmCAP

∗
A phase, which continuously transform one to another upon temperature

changes. The criterion which determines the temperature ranges of the two phases
is presented in this work as well. Additionally, the analysis of collective modes in
the system with the SmAP∗

A ↔ SmCAP
∗
A phase sequence revealed that the modes

are either amplitude or phase. However, in many of them the character changes
from polar to tilt or vice versa and they occur in pairs of opposite chiralities.

Analysis of systems starts with definition of order parameters. Order in tilted
smectic liquid crystals is defined with the tilt and the polarization order parame-
ters. The polarization is a geometrical order parameter, it describes polar ordering
of molecules, and it is dimensionless. For example, for achiral polar smectics, po-
larization order parameter gives the average orientation of bent molecular cores,
while actual molecular dipol is either parallel or antiparallel to this direction. Tilt
order parameter is represented with a vector of a projection of the longest molecular
axis on a plane. To find the order parameters for specific structure, appropriate
Ansatz is inserted into the free energy which is then minimized with respect to both
order parameters, resulting in a system of equations. Solutions of this system are
temperature-dependent and time-indepandant order parameters for the static case.
Interactions of molecules within a layer and with neighbouring layers are described
with an appropriate term in the free energy, which are expressed in order parameters.
The free energy of a chiral system made of calamitic molecules allowing formation of
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the SmC∗ phase is dependent on the coupling between the tilt and polarization and
the coupling between the tilt order non-homogeneity and polarization, electrostatic
energy due to polarization, elastic energy, molecular chirality and the temperature
[8]. For achiral polar smectics, interactions that are important in the free energy
of the system are Van der Waals attractions due to the tilt, average orientation of
the molecular dipoles caused by Van der Waals forces, interlayer coupling between
tilts and between polarizations, and interlayer interactions expressed in tilt and
polarization order parameters [12].

Dynamical properties of the system are analysed in a local coordinate system.
In this system, time-dependent order parameter is written as a sum of the stable,
time-independent order parameters and small deviations from their equilibrium,
that is, fluctuations. Fluctuations can change the magnitude or the phase of sta-
ble tilts and polarizations. Phase fluctuations change the direction, and amplitude
fluctuations change the magnitude of the tilt and polarization [6]. While the am-
plitude fluctuations of the tilt correspond to slight increases and decreases of the
tilt, the phase fluctuations, are less evident. Tilted molecules spend more time at
some favourable orientation, i.e. their rotation is hindered and polarization appears.
Therefore, phase fluctuation of polarization means that direction of the favourable
orientation is changed, whereas amplitude fluctuation of polarization means that
molecules spend more or less time at the favourable orientation. All fluctuations are
considered small.
Fluctuation vector is a sum of phase fluctuations and amplitude fluctuations. Time-
dependent order parameters are inserted in the free energy which is developed around
equilibrium up to the second order in fluctuation vectors. Contribution of fluctua-
tions to the free energy is determined by the parallel and perpendicular components
of collective tilt and polarization fluctuations. In a damped system, deviations from
equilibrium relax through collective (relaxation) modes. If fluctuations are written
in a vectorial form, interactions in the free energy can be written in a matrix form.
The eigenvalues of this matrix determine the characteristic times of relaxations. In
general, near the continuous phase transitions, the critical behaviour of one of the
relaxation modes always exists, corresponding fluctuations indicate the structure of
the approaching phase, and the long relaxation times are responsible for the soft-
ening of the material close to the transition. Those modes are therefore called Soft
modes. Besides, one of the relaxation modes is the Goldstone mode responsible for
energy non-changing coherent movement of all molecules by the same angle when
liquid crystal is rotated in some direction [13]. Frequency of the Goldstone mode is
always zero [14]. When temperature reaches the transition temperature, frequency
of the Soft mode becomes zero as well [15]. Sometimes, two phases are (meta)stable
within the same temperature interval. One of the phases must have a lower free
energy, this is the stable phase. The other phase is referred to as the metastable. In
the further analysis, effect of the chiral dopant is investigated as a mechanism that
could switch the (meta)stable relation between the phases.

This contribution is organized as follows: in the Ch. 2, physical and geometrical
meaning of order parameters, and the free energy of chiral polar smectics with
ferroelectric ordering of polarizations in the tilted phase, which appears at lower
temperatures are presented. Stability conditions of the possible phases are discussed
and stable order parameters are derived from the phenomenological model proposed
by Pikin et al. [16]. Dynamics of the system in the vicinity of SmA∗ ↔ SmC∗
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phase transition is analysed in in the Sec. 2.2. Collective modes, their type and
nature, are discussed as well. In the Sec. 2.3, effects of small external stationary and
non-stationary electric field on the system with the phase sequence SmA∗ ↔ SmC∗

are analysed. Deviations from equilibrium due to the field are considered as small
fluctuations and the phenomenological model is adjusted by adding an electric term.
This allows for determination of static and dynamics electric susceptibility of the
studied system.
Following the chiral polar smectics, more complex liquid crystals, achiral polar smec-
tics, are presented. Out of variety of phases, this work is focused on the B2 phase,
where B stands for “banana” as the compounds building the phase are of bent
shape. The B2 phase actually consist of several subphases, three of which are fer-
roelectric and three are antiferroelectric. Of interest are antiferroelectric phases
as they are more common. Therefore, physical and geometrical meaning of order
parameters, and the free energy of achiral polar smectics with antiferroelectric or-
dering of polarizations in both non-tilted and tilted phases which appears at lower
temperatures are elaborated in the Ch. 3. Stability conditions of the possible phases
are discussed and stable order parameters are derived from the phenomenological
model proposed by Čepič [11]. Dynamics of the system and collective modes in
the vicinity of SmA ↔ SmAPA ↔ SmCSPA(SmCAPA) phase transition are anal-
ysed in the Sec. 3.2. Although bent-shaped molecules are achiral, structures they
built can be chiral, and doping the sample with a chiral dopant, introduces or en-
hances chirality. The effects of chiral dopant on the sample with the phase sequence
SmA∗ ↔ SmAP∗

A ↔ SmCSP
∗
A are discussed in the Sec. 3.3.

Finally, conclusions about the analysis of both, chiral and achiral smectics are pre-
sented in the Ch. 4.
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Chapter 2

Chiral polar smectics

Ferroelectricity in liquid crystals was speculated possible in [17]. However, Meyer
et al. were first to report experimental evidence that a spontaneous polarization
occurs in the smectic SmC composed of chiral molecules [5]. In the reported SmC,
rod-like molecules with parallel longest molecular axes are arranged in layers and
tilted with the respect to the layer normal. Each layer is a two-dimensional liquid.
If the molecules building the phase were not chiral, the phase would have had a
monoclinic symmetry: a point group with a two-fold rotational axis parallel to the
layers and normal to the longest molecular axis, a reflection plain normal to the
two-fold axis, and a center of inversion. In a chiral system, the reflection plain and
the center of inversion do not exist, which results in a polarization parallel to the
two-fold axis. The same symmetry arguments that result in a spontaneous polar-
ization, also result in a spontaneous bending curvature in the ground state. Chiral
intermolecular interactions twist the molecular alignment. Because the structure
differs, an abbreviation SmC∗ is proposed, where asterisk indicates that the phase
is chiral.
At the beginning of this chapter, the phase transition between the orthogonal SmA∗

phase and the tilted ferroelectric SmC∗ phase is analysed. The symmetry of the
orthogonal SmA∗ phase is described by two elements, rotation by an arbitrary angle
around the layer normal and rotation by π around the direction perpendicular to
the layer normal. As molecules are chiral, the mirror plane is absent. Therefore, the
asterisk is used to distinguish the chiral phase from the standard phase with even
higher symmetry, that is the SmA∗ phase which appears above the SmC∗ phase in
the phase sequence. Upon cooling, the molecules tilt, forming the SmC∗ phase, in
which the arbitrary angle rotation symmetry element is lost. Spontaneous lowering
of the symmetry at the phase transition temperature is characteristic of the second
order phase transition.

2.1 The free energy of chiral polar smectics

In the smectic phase all molecules tend to have the same direction. This order is
referred to as orientational order. Besides, molecules arrange themselves in layers.
This order is referred to as positional order. Because all molecules have, at equi-
librium, the same average direction, a unit vector n, called director, is defined to
describe the orientational order of the molecules in the layer. The director is par-
allel to the average direction of molecular alignment, that is, it is parallel to the
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Chapter 2. Chiral polar smectics

average direction of the longest molecular axes. Furthermore, molecules have the
equal probability of pointing in one direction and the opposite way. Therefore, di-
rections +n and −n are equivalent, which means that the director has quadrupolar
properties. To describe the structure of the phase more conveniently, a local (x, y, z)
coordinate system is assigned to the layer, where the z axis corresponds to the layer
normal, as shown in Fig. 2.1. In this system, the order of the longest molecular axes
is described with a tensor Γ constructed from director as

Γ =

⎡⎢⎢⎢⎣
⟨nx

2⟩ ⟨nxny⟩ ⟨nxnz⟩

⟨nynx⟩ ⟨ny
2⟩ ⟨nynz⟩

⟨nznx⟩ ⟨nzny⟩ ⟨nz
2⟩

⎤⎥⎥⎥⎦. (2.1)

In the SmA∗ phase, molecules are packed orthogonally in layers, but rotate freely
around the longest molecular axis. Therefore, the only non-zero component of a
director is nz and its average is assumed to be 1: ⟨nx⟩ = ⟨ny⟩ = 0 and ⟨nz⟩ = 1, as
illustrated in the Fig. 2.1(a).
At the phase transition temperature to the SmC∗ phase, molecules tilt with the
respect to the z−th axis, as illustrated in the Fig. 2.1(b). Usually, the angle of the
tilt is marked with θ, which is considered small as long as the analysis is done within
the Landau phenomenological model. Additionally, direction of the tilt is arbitrary,
so projection of the director on the xy plane forms an arbitrary angle ϕ with the x
axis. Now, the components of the director can be written as

nx = sinθ cosϕ ≈ θ cosϕ,

ny = sinθ sinϕ ≈ θ sinϕ,

nz = cosϕ ≈ 1,

(2.2)

where expressions on the right are valid for small tilts.
Inserting Eq. 2.2 into Eq. 2.1, while assuming an ideal nematic order, which leaves
out the averages in Eq. 2.1, gives

Γ′ =

⎡⎢⎢⎢⎣
sin2θ cos2ϕ sin2θ cosϕ sinϕ cosθ sinθ cosϕ

sin2θ cosϕ sinϕ sin2θ sin2ϕ cosθ sinθ sinϕ

cosθ sinθ cosϕ cosθ sinθ sinϕ cos2θ

⎤⎥⎥⎥⎦. (2.3)

As the tilt is considered small, the approximations sinθ ≈ θ and cosθ ≈ 1 can be
applied, which further gives

Γ′ =

⎡⎢⎢⎢⎣
θ2 cos2ϕ θ2 cosϕ sinϕ θ cosϕ

θ2 cosϕ sinϕ θ2 sin2ϕ θ sinϕ

θ cosϕ θ sinϕ 1

⎤⎥⎥⎥⎦. (2.4)

Comparing Eq. 2.4 and Eq. 2.1, one notices that the only components of the tensor
Γ′ which linearly depend on θ are nxnz and nynz, and are therefore appropriate as
order parameters. Due to the fact that the “new” tensor, which reflects the tilted
distribution, comes from the rotation of the “original” tensor by an angle θ around
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2.1. The free energy of chiral polar smectics

the x or y axes, followed by ϕ around the z axis, the appropriate order parameters
are actually {nxnz,±nynz}, where ± components are equal.

In the SmA∗ phase, the same number of molecules are, on average, oriented
in both directions parallel to the layer normal, so there is no polarization in the
direction perpendicular to the layer normal. Polarization in the direction parallel to
the layer normal is zero also, due to axially symmetric positioning of the molecules,
which makes the SmA∗ phase apolar. Hindered rotation of tilted molecules around
the longest molecular axis in the SmC∗ phase results with polarization perpendicular
to the longest molecular axes, which is simply described with an in-plane parameter
p, represented with the red arrow in the Fig. 2.1(c). If all molecules within the layer
are ideally polarly ordered, P = P0 p, where P0 is the magnitude of the polarization
in the layer.
Therefore, the order parameters of the SmA∗ ↔ SmC∗ phase transition are tilt ξ
and polarization p

ξ = {nxnz, nynz, 0},
p = {px, py, 0}.

(2.5)

Both order parameters are two-dimensional, but the third component is added in the
Eq. 2.5 explicitly for later convenience in the analysis of the phenomenological model.
Mutual orientations of tilt and polarization order parameters are perpendicular in
each smectic layer, as illustrated in the Fig. 2.1(c). Thus, polarization forms a helix
as does the tilt.
Polar interactions are too weak to steer the SmA∗ ↔ SmC∗ phase transition, there-
fore tilt is considered the primary- and polarization, the secondary order parameter
of the transition. In fact, spontaneous tilting of chiral molecules induces polariza-
tion, which classifies the SmC∗ phase as improper ferroelectric.

The system with the phase sequence SmA∗ ↔ SmC∗ was first considered over
40 years ago, when Pikin et al. [16] proposed a phenomenological model of a chiral
ferroelectric liquid crystal. The free energy of such system, expressed in terms of
tilt and polarization order parameter is [9]

G =
1

2
a ξ2 +

1

4
b ξ4 + C0 P0 (ξ × p)z +

P 2
0

2ϵ
p2+

+ Λ

(︃
ξ × ∂ξ

∂z

)︃
z

+
1

2
K

(︃
∂ξ

∂z

)︃2

.

(2.6)

The term with the coefficient a = α(T − T0) is the only temperature dependent
term in the Eq. 2.6, while all the other are assumed constant. This and the next
term are the general Landau expansion of the free energy, which give the energy
contributions due to the van der Waals and steric interactions. The T0 is the transi-
tion temperature from the non-tilted polarly disordered to the polarly ordered phase
in an isolated layer. If no other interactions existed, except the intralayer van der
Waals and steric due to tilting of the molecules, at temperatures T > T0, the co-
efficient a would be positive and the minimum of free energy would correspond to
the SmA∗ phase, where ξ = 0. However, electrostatic and chiral interactions, and
interactions due to twisting, additionally stabilize the helical structure. Therefore,
the phase transition from the non-tilted to the tilted phase occurs at temperature
TC = T0 +∆T . The temperature TC is referred to as the critical temperature. The
third term with the coefficient C0 in the Eq. 2.6 gives the energy contribution due
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Chapter 2. Chiral polar smectics

Figure 2.1: (a)Arrangement of molecules in the SmA∗ phase. Rotations of the
structure around the axis parallel to the layer normal by some arbitrary angle and
around the axis perpendicular to the layer normal by the angle π are allowed as they
transform the structure into itself. (b)Arrangement of molecules in the SmC∗ phase
with the lower symmetry as rotation by an arbitrary angle is not allowed anymore.
(c)Definition of tilt and polarization order parameter in the SmC∗ phase.

to the coupling between the tilt and the polarization. It is referred to as the piezo-
electric term, as the rotation hindrance due to the tilt induces polarization. It is a
chiral term, as the coefficient C0 is non-zero in chiral systems only. The term with
the coefficient ϵ gives the energy contribution due to layer polarization. This term
is referred to as the electrostatic term. As the polarization is the secondary order
parameter and it does not cause instability, the coefficient 1/ϵ is always positive.
The term with the coefficient Λ in the Eq. 2.6 is called the Lifshitz term and it gives
energy contribution due to the chiral interactions. The cross product expresses un-
favourable parallelism of directors in the neighbouring layers. As the spontaneous
twisting of the molecular alignment is caused by chiral intermolecular interactions,
the Lifshitz term exist in the free energy of chiral systems only. The last term in the
Eq. 2.6 gives energy contribution due to twisting of the molecules and is therefore
referred to as the elastic term. If both sides of the Eq. 2.6 are divided by α, all the
terms and the free energy are expresses in units of temperature. From now on, all
the expressions follow these arrangement.

2.2 Stability and dynamics of rod-like system

Molecules building studied SmA∗ and SmC∗ phases can be visualised as thin rods
packed in layers, either orthogonally as in the SmA∗ phase or tilted away from the
layer normal as in the SmC∗ phase.
The Ansatz of the thermodynamically stable solution for the SmC∗ phase assumes
the constant magnitude of tilt which is allowed to vary in direction. Two possible
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2.2. Stability and dynamics of rod-like system

structures exist: either the helicoidal precession of molecular tilt is clockwise, as
illustrated in Fig. 2.2(a), or the precession is counterclockwise, as illustrated in
Fig. 2.2(b). If the tilt precession is visualized as a thread on a bolt, then the helix in
the first case is associated with the left screw, while the opposite helix is associated
with the right screw. Due to the fact that the helical form of fluctuations accurately
reflects the mirrorless symmetry of the SmC∗ phase, the fluctuations of tilt and
polarization order parameters are described with a wave vector q = (0, 0, q), where
q < 0 for the left-handed helix and q > 0 for the right-handed helix [8]. Ansatzes for
the tilt and polarization order parameters, shown in the Fig. 2.2, which correspond
to the left-handed helix and the right-handed helix, are

Left handed helix

ξ0 = θ0(cos (q0z),−sin (q0z)),

p0 = p0(sin qoz, cos (q0z)),

Right handed helix

ξ0 = θ0(cos (q0z), sin (q0z)),

p0 = p0(−sin qoz, cos (q0z)),

(2.7)

where subscript 0 indicates stable, time-independent solutions.
To analyse the structure which minimizes the free energy, the Ansatz 2.7 that results
with the negative Lifshitz term in the free energy Eq. 2.6 minimizes the free energy.
Upon inserting 2.7 into 2.6, the free energy is developed in terms of order parameters,
which gives

G =
1

2
a θ20 +

1

4
b θ40 − C0 P0 p0 θ0 +

P 2
0

2ϵ
p0 + Λ θ20 q0 +

1

2
K q20 θ

2
0. (2.8)

Time-independent solutions of order parameters are determined by minimizations
with respect to the order parameters

∂G

∂p0
=

∂G

∂q0
=

∂G

∂θ0
= 0. (2.9)

Minimization of Eq. 2.8 gives a system of coupled equations

P0

ϵ
− C0 θ0 = 0,

K q0 θ
2
0 − θ20 Λ = 0,

a θ0 + b θ0
2 − C0 θ0 ϵ−

θ0 Λ
2

K
= 0.

(2.10)

One solution to Eq. 2.10 is trivial (p0 = q0 = θ0 = 0) and it corresponds to the
orthogonal apolar SmA∗ phase. For the tilted polar ferroelectric helical SmC∗ phase,
one obtains

p0 = ϵ C0 θ0,

q0 = − Λ

K
,

θ0 = ±−aK + C0
2K ϵ+ Λ2

bK
.

(2.11)
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Figure 2.2: Tilt and polarization precession in (a)the left-handed helix and (b)the
right-handed helix, where precession of the tilt corresponds to the movements around
the cone.

Parameter of helical modulation q0 is temperature independent, while temperature
dependence of stable tilt and polarization near the SmA∗ ↔ SmC∗ phase transitions
is shown in Fig. 2.3.

In the Eq. 2.6, the only temperature dependent coefficient is a = α(T−T0), where T0

is the transition temperature from the non-tilted polarly disordered to the polarly
ordered phase in an isolated layer. If no other interactions existed, except the
couplings of the tilts within the layer, TC = T0 and the tilt of the molecule would
be θ20 = α(TC − T )/b. However, couplings of the tilts and the polarizations and
chiral interactions additionally stabilize the tilted structure, therefore the critical
temperature of the transition TC is always slightly higher than the temperature T0
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and is given by the following expression

TC = T0 +
1

α

(︃
ϵ C0

2 − λ2

K

)︃
, (2.12)

and one recognises ∆T = 1
α

(︂
ϵ C0

2 − λ2

K

)︂
.

In the Fig. 2.3, the higher temperature region, where both order parameters are
zero, corresponds to the orthogonal apolar SmA∗ phase. At the phase transition
temperature TC molecules start to tilt. Below the TC is the temperature region
of the SmC∗ phase, where the stable tilt order parameter θ0 has always a higher
magnitude than the stable polarization order parameter p0. As the polarization is
small and appears due to tilting of the molecules, the SmC∗ phase is categorized as
an improper ferroelectric. The transition temperature T0, which is slightly below
the TC , is indicated by a vertical dashed line in the Fig. 2.3.

Figure 2.3: Temperature dependence of stable tilt and polarization in the vicinity
of the SmA∗ ↔ SmC∗ phase transitions. TC is the phase transition temperature.
Vertical dashed line indicates the temperature T0. Set of parameters used for the
model were: α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.

Stable order parameters are perturbed from equilibrium due to thermal fluctua-
tions. Dynamics of the system that is deviated from equilibrium due to elementary
excitations is described by the Landau-Khalatnikov equations

dδρ

dt
= −γ

∂G2(ρ, t)

∂ρ
, (2.13)

where ρ is the order parameter of the system, γ is the general viscosity coefficient and
G2(ρ, t) is the energy of a perturbed system. The term ∂G/∂ρ describes a pseudo-
force that tends to restore the system to the equilibrium. As two order parameters
steer the SmA∗ ↔ SmC∗ phase transitions, the dynamics that drives the transition
is described by two equations: ρ → ξ and ρ → p.
Elementary excitations, which are small fluctuations of order parameters, except
near the phase transition, are of the form

Ψ(z, t) = Ψ∗(z) e−
t
τ , (2.14)
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where Ψ∗(z) has the helicoidal wave-like form, τ is the characteristic time for the
system to relax back to the equilibrium and 1/τ the corresponding frequency. A
set of frequencies characteristic for a system are related to collective modes through
which a perturbed system relaxes back to equilibrium.
To analyse the stability of phases, one should know the temperature dependence
of stable structures and their corresponding collective modes. Near the continuous
phase transitions, the critical behaviour of one of the collective modes always exist,
corresponding fluctuations indicate the structure of the approaching phase, and
the long relaxation times are responsible for the softness of the material close to
the transition, which indicates a phase transition temperature. These modes are
therefore called Soft modes. Besides the Soft mode, one collective mode exist which
frequency is zero. This is the Goldstone mode that reflects the rotational symmetry
of the system. Additionally, frequencies of all the other modes should be real and
> 0, indicating the phase is (meta)stable.
To simplify the analysis of dynamical properties of the SmC∗ structure: collective
modes, their frequencies and characteristics, a local coordinate system that rotates
with the helix of the structure, is introduced. To an observer in this reference frame,
the helical structure appears uniform, which simplifies mathematical description of
dynamical quantities. The order in this reference frame is described by the time-
changing order parameters, which are a sum of the stable order parameters and
small fluctuations

ξ(t) = ξ0 + δξ(t),

p(t) = p0 + δp(t),
(2.15)

where subscripts 0 indicate stable order parameters and δ are small perturbations,
which can temporarily change the phase and the amplitude of the equilibrium order
parameters. The changes are very small, except near the phase transitions.
The fluctuations of order parameters are illustrated in Fig. 2.4. Phase fluctuations
are orthogonal to the stable order parameters, whereas amplitude fluctuations are
parallel to the stable order parameters. Therefore, subscript ⊥ is used to indicate
a phase fluctuation, and subscript ∥ is used to indicate an amplitude fluctuation.
The phase fluctuations change direction of the stable order parameters, whereas the
amplitude fluctuations change magnitudes of the stable order parameters. In the
Fig. 2.4 δξ⊥ marks phase fluctuation of the tilt, δξ∥ marks amplitude fluctuation of
the tilt, δp⊥ marks phase fluctuation of the polarization and δp∥ marks amplitude
fluctuation of the polarization order parameter. Meaning of the tilt fluctuations
is easier to understand from the Fig. 2.4. Phase fluctuation changes direction and
amplitude fluctuation changes magnitude of the tilt, as illustrated by dashed shapes
in the top row in the Fig. 2.4. Polarization fluctuations are a little less evident.
Tilted molecules spend more time at some favourable orientation, i.e. their rotation
is hindered and polarization appears, which is illustrated by the thick red arrow
in the bottom row in the Fig. 2.4. Therefore, phase fluctuation of polarization
means that direction of the favourable orientation is changed, whereas amplitude
fluctuation of polarization means that molecules spend more or less time at the
favourable orientation.
To analyse the order parameter dynamics, unit vectors are defined in the local
coordinate system: e⊥ξ

perpendicular to the direction of the local tilt and e⊥p

perpendicular to the direction of the local polarization, e∥ξ
parallel to the direction

of the local tilt and e∥p parallel to the direction of the local polarization order
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parameter. Therefore, time-dependent order parameters are written as

ξ(t) = ξ0 + δξ∥ + δξ⊥ = ξ0 e∥ξ
+ δξ∥ e∥ξ

+ δξ⊥ e⊥ξ
,

p(t) = p0 + δp∥ + δp⊥ = p0 e∥p + δp∥ e∥p + δp⊥ e⊥p .
(2.16)

The local unit vectors are expressed in a laboratory system as

e∥ξ
= {cos (q0z), sin (q0z)},

e⊥ξ
= {−sin (q0z), cos (q0z)},

e∥p = {−sin (q0z), cos (q0z)},
e⊥p = {−cos (q0z),−sin (q0z)}.

(2.17)

In the SmA∗ phase, fluctuations tilt the molecules randomly and small polariza-

Figure 2.4: Phase and amplitude fluctuations of tilt order parameter (top row) and
polarization order parameter (bottom row) in the SmC∗ phase.

tion appears, but collective tilt and polarization are, on average, zero. Therefore,
instantaneous order parameters in the laboratory reference frame are defined as

ξ(t) = δξx + δξy,

p(t) = δpx + δpy.
(2.18)

The time-dependent order parameters, 2.16 and 2.18, are inserted into the free
energy Eq. 2.6, which is expanded in terms of the order parameters. In the absence of
external field, the free energy is not dependent on direction of the order parameters,
so all odd terms do not exist. This results with first and second order terms only.
Therefore, time-dependent free energy has the form

G(T ) = G0 + δG2(t), (2.19)

where G0 is a constant due to energy of stable solution and δG2 is the contribution
due to fluctuations.
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Contribution from the fluctuations to the free energy of the SmA∗ phase is

δG2A =

+
1

2
a(δξ2x + δξ2y)

− 1

2
C0P0(δpxδξy + δpyδξx + δξyδpx + δξx∆py)

+
P0

2ϵ
(δp2x + δp2y)

+ Λ

(︃
δξx

∂δξy
∂z

− δξy
∂δξx
∂z

)︃
+

1

2
K

(︄(︃
∂δξy
∂z

)︃2

+

(︃
∂δξx
∂z

)︃2
)︄
,

(2.20)

where subscript A indicates the phase.
Contribution from the fluctuations to the free energy of the SmC∗ phase is

δG2C =

+
1

2
a(δξ2∥ + δξ2⊥) + 3 b θ0δξ

2
∥ + b θ0δξ

2
⊥

− 1

2
C0P0(δξ∥δp∥ + δξ⊥δp⊥ + δp∥δξ∥ + δp⊥δξ⊥)+

+
P0

2ϵ
(δp2∥ + δp2⊥)

+ Λ

(︃
q0δξ

2
∥ + δξ⊥

∂δξ∥
∂z

+ q0δξ
2
⊥ + δξ∥

∂δξ⊥
∂z

)︃
+

1

2
K

(︄(︃
∂δξ∥
∂z

)︃2

+ q0δξ∥
∂δξ⊥
∂z

+

(︃
∂δξ⊥
∂z

)︃2

+ q0
∂δξ⊥
∂z

δξ∥

)︄
+

1

2
K(q20δξ

2
∥ + q20δξ

2
⊥),

(2.21)

where subscript C indicates the phase.
Liquid crystals are overly-damped systems, so the relaxation for a perturbed system
is exponential. However, analysis of the dynamical properties of the overly-damped
system is simpler if the fluctuation part of the free energy δG2 is transformed into
the wave vector q space by Fourier transform

δξ∥ =
∑︂
q

δξ∥,q e
iqz,

δξ⊥ =
∑︂
q

δξ⊥,q e
iqz,

δp∥ =
∑︂
q

δp∥,q e
iqz,

δp⊥ =
∑︂
q

δp⊥,q e
iqz.

(2.22)

In Eq. 2.22, a complex form of Fourier development was used, where q goes from
−∞ to +∞. As amplitudes of fluctuations are real, the following relationships are
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valid
δξ∥,q = δξ∥,−q,

δξ⊥,q = δξ⊥,−q,

δp∥,q = δp∥,−q,

δp⊥,q = δp⊥,−q.

(2.23)

Arranging the fluctuation part of the free energy δG2 in a matrix form δG2 allows for
collective modes of the system to be obtained from the eigenvalues λj of the matrix
straightforwardly. (Meta)stability limits of the phases are found by the analysis of
the collective modes, and therefore this matrix is also called the stability matrix.
Contribution due to fluctuations, written shortly in a vectorial form is

δG =
∑︂
q

Ψ−q δG2(q)Ψ+q, (2.24)

where amplitudes of fluctuations are arranged in the four-component vectors

Ψ−q =
{︁
δξ∥,−q, δξ⊥,−q, δp∥,−q, δp⊥,−q

}︁
,

Ψ+q =
{︁
δξ∥,+q, δξ⊥,+q, δp∥,+q, δp⊥,+q

}︁
.

(2.25)

In the Eq. 2.25 subscripts ±q indicate that the vectors are in the wave vector space.
The stability matrix corresponding to the SmA∗ phase has the form

δG2A
=

⎡⎢⎢⎢⎢⎢⎢⎣
A iF 0 −D

−iF A D 0

0 D B 0

−D 0 0 B

⎤⎥⎥⎥⎥⎥⎥⎦ , (2.26)

with the elements
A = a+Kq2,

B =
P0

ϵ
,

D = C0,

F = 2Λq.

The stability matrix corresponding to the SmC∗ phase has the form

δG2C
=

⎡⎢⎢⎢⎢⎢⎢⎣
A iE F 0

−iE B 0 F

F 0 C 0

0 F 0 C

⎤⎥⎥⎥⎥⎥⎥⎦ , (2.27)

with the elements
A = a+ 3b θ0 +K q20 +K q2 + 2Λ q0,

B = a+ b θ0 +K q20 +K q2 + 2Λ q0,

C =
P0

ϵ
,

E = q(Λ +K q0),

F = −C0.
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Note that the stability matrices are Hermitian, meaning their eigenvalues λj are real
and the corresponding eigenvectors χj are orthogonal.

The eigenvectors reveal character and nature of the collective modes. These
characteristics of the modes are deduced from the analysis of the eigenvector’s com-
ponents.
The eigenvector χj is defined as

χj =
{︁
η∥, η⊥, ζ∥, ζ⊥

}︁
, (2.28)

where η∥, η⊥ correspond to tilt amplitude and tilt phase fluctuations and ζ∥, ζ⊥ cor-
respond to polarization amplitude and polarization phase fluctuations. The mode
is amplitude if the eigenvector has only amplitude components different from zero,
whereas the mode is phase if the eigenvector has only phase components different
from zero. This is called the character of the mode. Additionally, if the amplitude
and phase components have similar magnitudes, the mode is mixed in character.
Also, if the tilt components of the eigenvector are much larger than the polar com-
ponents of the eigenvector, the mode is predominately tilt. On the contrary, if the
polar components of the eigenvector are much larger than the tilt components of the
eigenvector, the mode is predominately polar. This is called the nature of the mode.
The mode is mixed in nature if tilt and polar components have similar magnitudes.
As the analysis is oriented on discussion of the nature of the modes, the viscosity
coefficient γ for the phase and amplitude fluctuations of both order parameters, is
considered equal. Therefore, the characteristic time of relaxation is

τj =
γ

λj

, j = 1, 2, 3, 4. (2.29)

In the orthogonal SmA∗ phase, two collective modes exist, which split into four
collective modes at the phase transition temperature to the tilted SmC∗ phase, as
seen in Fig. 2.5. The mode with the smallest frequency in the SmA∗ phase is the
Soft mode. The frequency of the Soft mode goes to zero at the phase transition
temperature TC , when molecules start to tilt and polar order appears. The Soft
mode of the SmA∗ phase becomes the Goldstone mode in the phase below. In the
Fig. 2.5, the Goldstone mode of the SmC∗ phase is marked λ4, and its frequency
is zero in the whole temperature range of the SmC∗ phase. Besides the Goldstone
mode, one mode which weakly depends on temperature (λ2) and two modes which
strongly depend on temperature (λ1, λ3) exist in the SmC∗ phase.
Furthermore, the collective modes appear in pairs of opposite chiralities, but only the
modes which strongly depend on the temperature. The mutual orientation of tilt and
polarization fluctuations appear in two possible configurations. These configurations
are such that either the cross-product of fluctuation vectors has negative sign, or it
has a positive sign. One configuration is preferable as it lowers the free energy of the
system. Consequently, the collective modes related to the preferable configuration
has lower frequency than the mode related to the opposite configuration. Therefore,
gaps appear between the two modes of opposite chiralities at the temperatures where
magnitudes of fluctuations equal, but their configurations are mirrored images, as
shown in Fig. 2.6.
Characteristics of the collective modes were determined from the eigenvectors which
correspond to the eigenvalues of the stability matrix. Characters of the modes are
shown in Fig. 2.7(a). If the fluctuations are related to the changes of directions of
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2.2. Stability and dynamics of rod-like system

the order parameters, the mode is phase, whereas if the fluctuations are related to
the changes of magnitudes of the order parameters, the mode is amplitude [6]. In
the Fig. 2.7(a), solid lines indicate amplitude modes and dashed lines indicate phase
modes. Both modes of the SmA∗ phase split into one phase and one amplitude
mode at the phase transition temperature to the SmC∗ phase. In the SmC∗ phase,
the two modes which strongly depend on the temperature are amplitude modes
(λ1, λ3), whereas the Goldstone mode and the one mode which weakly depends on
the temperature are phase modes.
From further analysis of the eigenvectors, relative amplitudes of fluctuations were
determine, which reveal nature of the collective modes. If the fluctuations are mainly
related to the changes of the tilt order parameter, the mode is predominately tilt,
and if the fluctuations are mainly related to the changes of the polarization order
parameter, the mode is predominately polar [6]. The relative amplitudes of the
polarization and tilt fluctuations δp/δξ indicate nature of the mode and whether
the mode changes its nature. If δp/δξ > 1, the mode is predominately polar, if
the δp/δξ > 1, the mode is predominately tilt, and δp/δξ ≈ 1 indicates that the
mode is mixed in nature. Temperature dependencies of relative amplitudes δp/δξ
are shown in Fig. 2.7(b). Above the dashed horizontal line in the Fig. 2.7(b), modes
are predominately polar, below the line, modes are predominately tilt, and along the
dashed line, modes are mixed in nature. Both modes of the SmA∗ phase, change their
nature. Far away from the phase transitions, the Soft mode is a polar mode. But,
as the Soft mode approaches phase transition temperature, it becomes a tilt mode.
The Soft mode becomes the Goldstone mode of the SmC∗ phase, and it remains tilt
in nature in the whole temperature range. Besides the Goldstone mode, the mode
λ2 also does not change its nature, but remains polar in the whole temperature
range of the SmC∗ phase. Interestingly, the Goldstone mode and the λ2 are both
phase modes: the Goldstone mode is temperature independent, and the second
tilt mode weakly depends on the temperature (Fig. 2.7(a)). The highest frequency
mode λ1 changes from predominately tilt to predominately polar near the phase
transitions, whereas the second lowest mode λ3 changes from predominately polar
to predominately tilt further from the phase transition temperature. Note that
figures show minimal values for each collective mode, that is q = q0 in the SmA∗

phase and q = 0 in the SmC∗ phase.
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Figure 2.5: Temperature dependencies of collective modes near the SmA∗ ↔ SmC∗

phase transition. Set of parameters used for the model were: α = 1, b = 100, ϵ =
1, C0 = 0.2, K = 0.1,Λ = 0.01.

Figure 2.6: The gaps between the modes appear due to chiral mutual orientation
of tilt and polarization fluctuations. Set of parameters used for the model were:
α = 1, b = 100, ϵ = 1, K = 0.1,Λ = 0.01, while C0 is indicated above the graph.
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2.2. Stability and dynamics of rod-like system

Figure 2.7: Temperature dependence of (a)character and (b)nature of collective
modes. Two modes are amplitude (solid line) and two modes are phase (dashed line).
Characters of modes vary: below the horizontal dashed line modes are predominately
tilt, and above the line they are predominately polar. Set of parameters used for
the model were: α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.
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2.3 The effects of external electric field
External electric field influences liquid crystal via two mechanisms: linear coupling
between the electric field and molecular dipole moments, and quadratic coupling
between the electric field and dielectric anisotropy of the liquid crystal. If the sample
is apolar, as the SmA∗ phase, the electric field will induce polarization and if the
sample is polar, as the SmC∗ phase, molecular polarizations will tend to align along
the field direction, which also magnifies overall polarization. Electric field directed
along the smectic layers deforms the helix. For strong enough electric field, referred
to as the critical field, the helix unwinds completely.
In this section, dielectric properties of the SmA∗ and SmC∗ phase, when exposed to
a weak stationary E and weak non-stationary electric field E(t), are analysed. As
the electric field is weak, the analysis is limited to the linear coupling and disregards
the quadratic one. Therefore, the coupling between the electric field and molecular
polarization is described by the additional term

GE = −P ·E, (2.30)

in the free energy Eq. 2.6.

2.3.1 The effects of a stationary electric field

Firstly, the applied electric field is considered stationary.

The SmA∗ phase

In the SmA∗ phase, the electric field induces polarization P of the same direction
as the applied electric field E. The direction of the electric field in this analysis
is chosen along the y axis, but the choice is arbitrary. Additional alteration to the
structure of the SmA∗ phase is that the small tilt is induced as the induced molecular
polarization tends to align with the electric field direction, so the altered structure
of the SmA∗ is similar to the structure of the SmC∗ phase. Therefore, the order
parameters related to the altered structure of the SmA∗ phase are ∆P and ∆ξ. In
the local coordinate system assigned to the layer, illustrated in the Fig. 2.1, they
can be written as ∆P = ∆px + ∆py and ∆ξ = ∆ξx + ∆ξy. The additional term
in the free energy of the SmA∗ phase, which describes the effects of the stationary
electric field, simply is

GE = −∆P ·E = −(∆px +∆py) ·E. (2.31)

The method for finding the free energy of the altered system due to the electric
field follows the steps of the method for finding the free energy of a perturbed
system due to fluctuations, which was presented in the previous section, in detail.
To avoid repetition, the method will not be discussed, however, the end-result has
two contributions: G0 due to the equilibrium order parameters, which is constant,
and G2 due to the changes in structure due to the electric field.

To determine the dielectric susceptibility of the sample, the changes of the struc-
ture are analysed using the Euler-Lagrange equation

− d

dz

∂G2

∂Ψ̇
+

∂G2

∂Ψ
= 0, (2.32)
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where the Ψ = {∆ξx,∆ξy,∆px,∆py} are the magnitudes of components of the
induced polarization and tilt in the SmA∗ phase. The magnitudes are constants as
the electric field is stationary.
Deriving the G2 with respect to each component of the induced polarization and tilt
separately, gives a system of four equations for the SmA∗ phase

−K∆ξ̈x + a∆ξx − C0∆py + λ∆ξ̇y = 0

−K∆ξ̈y + a∆ξy + C0∆px + λ∆ξ̇x = 0

+ C0∆ξy +
1

ϵ
∆px = 0

− C0∆ξx +
1

ϵ
∆py = E0,

(2.33)

where E0 is the magnitude of the electric field.
As the ∆ξx,∆ξy are not the functions of z, but constants, their derivatives in the
Eq. 2.33 vanish. This further gives

a∆ξx − C0∆py = 0

a∆ξy + C0∆px = 0

1

ϵ
∆px + C0∆ξy = 0

1

ϵ
∆py − C0∆ξx = E0.

(2.34)

Analysis of dielectric properties becomes straightforward if Eq. 2.34 is written in its
matrix form using the same methodology presented in the previous section. The
matrix form of the Eq. 2.34 is⎡⎢⎢⎢⎢⎢⎢⎣

A 0 0 −C

0 A C 0

0 C B 0

−C 0 0 B

⎤⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎢⎢⎢⎣
∆ξx

∆ξy

∆px

∆py

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0

0

0

E0

⎤⎥⎥⎥⎥⎥⎥⎦ ,

A = a,

B =
1

ϵ
,

C = C0.

(2.35)

In the SmA∗ phase, electric field couples with the polar mode shown in the Fig. 2.7(b).
Initially, tilt and polarization in the SmA∗ phase are zero, but electric field E di-
rected along the layer (along the y axis) induces small homogeneous polarization

41



Chapter 2. Chiral polar smectics

∆py in the field direction and small homogeneous tilt ∆ξx perpendicular to the
field direction, i.e. perpendicular to the direction of the induced polarization. By
definition, static dielectric susceptibility is

χEA
=

∆py
E0

, (2.36)

where subscript A indicates the phase.

The SmC∗ phase

In the tilted ferroelectric SmC∗ phase the electric field alters magnitudes and phases
of both, polarization and tilt order parameters.
In the laboratory frame, the direction of the electric field is chosen along the y axis,
and it does not vary. Polarizations tend to align along this direction, but they rotate
as does the structure, and the tilts. How is the structure affected by the electric
field then? In the layers where the field and polarizations have the same directions,
the field will change the magnitudes of polarizations only. In the adjacent layers,
the phases of the polarizations will be affected as well, but still the changes in the
magnitudes will be greater. As the directions of the tilts are perpendicular to the
directions of the polarizations, their phases will be affected also. In further layers,
where directions of the field and the polarizations are perpendicular, the changes in
the phases of polarizations are more noticeable than the changes in the magnitudes,
and the tils are affected similarly. In the laboratory frame, the alterations due to the
electric field can be described as small changes of the order parameters. Therefore,
the changes are expected in a wave form as well.
However, the analysis is simpler if it is done in the local coordinate system assigned
the layer. As this system rotates with the structure, the electric field appears to be
changing direction. Therefore, the electric field can be decomposed into its parallel
E∥ and perpendicular E⊥ component. The parallel component of the electric field
E∥ changes stable polarization order parameter by δp∥ in a direction parallel to it,
and the perpendicular component of the electric field E⊥ changes stable polarization
order parameter by δp⊥ in a direction perpendicular to it. The δp∥ is referred to as
the amplitude change, and the δp⊥ is referred to as the phase change. As the tilts
are affected as well, the amplitude δξ∥ and phase δξ⊥ changes of the tilts are also
defined. Therefore, the additional term (Eq. 2.30) in the free energy of the SmC∗

phase is
GE =− (δp∥ + δp⊥) · (E∥ +E⊥) =

− (δp∥e∥p + δp⊥e⊥p) · (E∥e∥p + E⊥e⊥p) =

− 1

2
(δp∥E∥ + δp⊥E⊥),

(2.37)

where e∥p is a unit vector in the directions of the component of the electric field
E∥ and the amplitude change of the polarization δp∥, and e⊥p is a unit vector in
the directions of the component of the electric field E⊥ and the phase change of the
polarization δp⊥.
Note that in the Eq. 2.37 the δ does not indicate a thermal fluctuation, but the
small change of the order parameter due to the field. However, the same notation
is used as the methodologies in both analyses have similarities.
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For the analysis of the dielectric susceptibility, the Euler-Lagrange Eq. 2.32 is
used, where Ψ =

{︁
δξ∥, δξ⊥, δp∥, δp⊥

}︁
are magnitudes of the tilt and polarization

changes in the SmC∗ structure, which gives

−K δξ̈∥ + 2K q0δξ̇⊥ + 2Λ δξ̇⊥ + a δξ∥ + 6 b θ0 δξ∥ − C0δp∥+

+K q0
2 δξ∥ + 2Λ q0 δξ∥ = 0

−K δξ̈⊥ + 2K q0δξ̇∥ + 2Λ δξ̇∥ + a δξ⊥ + 2 b θ0 δξ⊥ − C0δp⊥+

+K q0
2 δξ⊥ + 2Λ q0 δξ⊥ = 0

− C0 δξ∥ +
1

ϵ
δp∥ = −E0 cos(q0z)

− C0 δξ⊥ +
1

ϵ
δp⊥ = −E0 sin(q0z),

(2.38)

where E0 cos(q0z) = E∥ is the magnitude of the parallel electric field component, and
E0 sin(q0z) = E⊥ is the magnitude of the perpendicular electric field component.
Ansatz of the system has the following form in the local frame

δξ∥ = δξ∥0 cos(q0z),

δp∥ = δp∥0 cos(q0z),

δξ⊥ = −δξ⊥0 sin(q0z),

δp⊥ = δp⊥0 sin(q0z),

(2.39)

where subscript 0 indicate the magnitude of the component.
Inserting Eq. 2.39 into Eq. 2.38, gives

a δξ∥0 + 3b θ0 δξ∥0 + 2Λ q0 δξ∥0 + 2K q0
2 δξ∥0 + Λ q0 δξ⊥0+

+K q0
2 δξ⊥0 − C0 δp∥0 = 0

a δξ⊥0 + b θ0 δξ⊥0 + 2Λ q0 δξ⊥0 + 2K q0
2 δξ⊥0 + Λ q0 δξ∥0+

+K q0
2 δξ∥0 − C0 δp⊥0 = 0

− C0 δξ∥0 +
1

ϵ
δp∥0 = −E0,

− C0 δξ⊥0 +
1

ϵ
δp⊥0 = −E0.

(2.40)

Analysis of dielectric properties of the SmC∗ phase is straightforward if Eq. 2.40 is
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written in the matrix form⎡⎢⎢⎢⎢⎢⎢⎣
A D E 0

D B 0 0

E 0 C 0

0 0 0 C

⎤⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎢⎢⎢⎣
δξ∥0

δξ⊥0

δp∥0

δp⊥0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0

0

−E0

−E0

⎤⎥⎥⎥⎥⎥⎥⎦ ,

A = a+ 3b θ0 + 2Λ q0 + 2K q0
2,

B = a+ b θ0 + 2Λ q0 + 2K q0
2,

C =
1

ϵ
,

D = K q0
2 + Λ q0,

E = −C0.

(2.41)

As the electric field changes both the phase and amplitude of the polarization
order parameter in the SmC∗ phase, the total change is the average of the two.
Therefore, the static dielectric susceptibility is

χEC
=

1

2

(δp∥0 + δp⊥0)

E0

, (2.42)

where subscript C indicates the phase.
Fig. 2.8 shows temperature dependence of the static dielectric susceptibility in the
vicinity of the SmA∗ ↔ SmC∗ phase transitions. The inset in the Fig. 2.8 shows an
enlarged detail of the static dielectric susceptibility temperature dependence in a
small range near the phase transition temperature TC . This dependence is continu-
ous as the SmA∗ ↔ SmC∗ phase transitions are continuous. As further seen in the
Fig. 2.8, far in the SmA∗ phase, the susceptibility is small due to the fact that the
static electric field couples with the polar mode only, which weakly depends on the
temperature far from the TC . At lower temperatures, the sample becomes softer,
the polar mode becomes strongly temperature dependent, and the susceptibility in-
creases. Finally, the static electric susceptibility χEA

reaches maximum and finite
value χmax at the phase transition temperature TC where the sample is the softest.
The static electric susceptibility χEC

in the temperature region of the SmC∗ phase
has two contributions, one from the phase changes-, and second from the amplitude
changes of the polarization order parameter as the polar molecules orient and align
along the field direction. Therefore, through all the temperature region of the SmC∗

phase, the χEC
is always higher than the χEA

. However, amplitude changes are
largest at the phase transition temperature as the sample is very soft, so their con-
tribution exceeds the contribution from the phase changes. Consequently, dielectric
susceptibility peaks at the temperature TC . Parametric plots of the static dielectric
response ϵ′′ at the phase transition temperature TC are shown in Fig. 2.9(a) for the
SmA∗ phase, and in (c) for the SmC∗ phase. The losses related to the individual
modes in the SmA∗ phase are shown in Fig. 2.9(b), whereas the losses related to the
individual modes in the SmC∗ phase are shown in Fig. 2.9(d). In both cases, the
most responsive mode is the polar mode indicated by 1. The rest of the modes are
tilt. In the Fig. 2.9(d), only three modes are shown as the Goldstone mode, which
frequency is zero, does not couple with the static electric field.
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Figure 2.8: Temperature dependence of static electric susceptibility in the vicinity
of the SmA∗ ↔ SmC∗ phase transition. Set of parameters used for the model were:
α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.

45



Chapter 2. Chiral polar smectics

Figure 2.9: Parametric plot of dielectric response at the phase transition temper-
ature of (a)the SmA∗ phase, (b)individual modes in the SmA∗ phase, (c)the SmC∗

phase and (d)individual modes in the SmC∗ phase. Set of parameters used for the
model were: α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.
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2.3.2 The effects of a non-stationary electric field

In the non-stationary electric field of the form

E(t) = E0 e
iωt, (2.43)

the dielectric susceptibility depends on the frequency of the field ω. The Euler-
Lagrange equations were used in the analysis of dielectric properties of the system in
a stationary electric field. Analogous to them are the Landau-Khalatnikov equations
used for the analysis of dielectric properties of the system in a non-stationary electric
field. The Landau-Khalatnikov equations have the same form as the Euler-Lagrange
equations, except the Ansatz is time-dependent.

The SmA∗ phase

The time-dependent Ansatz corresponding to the SmA∗ phase is

∆ξ(t)x = ∆ξx0 cos(q0z) e
iωt,

∆p(t)x = ∆px0 cos(q0z) e
iωt,

∆ξ(t)y = −∆ξy0 sin(q0z) e
iωt,

∆p(t)y = ∆py0 sin(q0z) e
iωt.

(2.44)

Following the procedure done for the stationary electric field, a system of equations
obtained when the field is non-stationary are⎡⎢⎢⎢⎢⎢⎢⎣

A− γiω 0 0 −C

0 A− γiω C 0

0 C B − γiω 0

−C 0 0 B − γiω

⎤⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎢⎢⎢⎣
∆ξx0

∆ξy0

∆px0

∆py0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0

0

0

E0(t)

⎤⎥⎥⎥⎥⎥⎥⎦ ,

A = a,

B =
1

ϵ
,

C = C0,

(2.45)

where γ is the general viscosity coefficient. The Eq. 2.45 is written in a local reference
frame.

The SmC∗ phase

The time-dependent Ansatz corresponding to the SmC∗ phase is

δξ(t)∥ = δξ∥0 cos(q0z) e
iωt,

δp(t)∥ = δp∥0 cos(q0z) e
iωt,

δξ(t)⊥ = −δξ⊥0 sin(q0z) e
iωt,

δp(t)⊥ = δp⊥0 sin(q0z) e
iωt.

(2.46)
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A system of equations related to the SmC∗ phase are

SmC∗⎡⎢⎢⎢⎢⎢⎢⎣
A− γiω D E 0

D B − γiω 0 0

E 0 C − γiω 0

0 0 0 C − γiω

⎤⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎢⎢⎢⎣
δξ∥0

δξ⊥0

δp∥0

δp⊥0

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
0

0

−E0(t)

−E0(t)

⎤⎥⎥⎥⎥⎥⎥⎦ ,

A = a+ 3b θ0 + 2Λ q0 + 2K q0
2,

B = a+ b θ0 + 2Λ q0 + 2K q0
2,

C =
1

ϵ
,

D = K q0
2 + Λ q0,

E = −C0.

(2.47)

Note that E = {0, 0,−E0(t),−E0(t)} is a vector in the local reference frame.
Polarizations tend to align along the field direction, consequently phases and am-
plitudes of both order parameters are altered, but the field is constantly changing
direction. To analyse the response of individual collective modes of the phases to
this changing electric field, we will transform into the reference frame of the eigen-
vectors corresponding to the matrix in Eq. 2.47. The transformation of the electric
field vector is

Eη = {E · η1, E · η2, E · η3, E · η4}, (2.48)

where η1,...,4 are the eigenvectors of the matrix.
In the reference frame of the eigenvectors, the Eq. 2.47 has the form⎡⎢⎢⎢⎢⎢⎢⎣

λ1 − γiω 0 0 0

0 λ2 − γiω 0 0

0 0 λ3 − γiω 0

0 0 0 λ4 − γiω

⎤⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎢⎢⎢⎣
A1

A2

A3

A4

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
E1η

E2η

E3η

E4η

⎤⎥⎥⎥⎥⎥⎥⎦ , (2.49)

where λ1,...,4 are the eigenvalues of the matrix.
The magnitudes of changes are

A1 =
E · η1

λ1

,

A2 =
E · η2

λ2

,

A3 =
E · η3

λ3

,

A4 =
E · η4

λ4

.

(2.50)
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Solution of the Eq. 2.49 gives dielectric response related to the individual collective
mode

ε1 = A1(η13 + η14),

ε2 = A2(η23 + η24),

ε3 = A3(η33 + η44),

ε4 = A4(η43 + η44),

(2.51)

where the double subscript indicates the components of the eigenvectors.
Dynamic dielectric susceptibility is

χE(t) =
1

E

∑︂
εj, j = 1, 2, 3, 4. (2.52)

The dielectric response

In the Sec. 2.2, nature of the collective modes were discussed. In the Fig. 2.7 it was
shown that the nature of the modes in both phases change: in some temperature
regions they are predominately polar and in other temperature regions they are pre-
dominately tilt. Changing natures of the modes indicate that the relation between
the frequency of the electric field and the dielectric response of collective mode may
not linearly depend on temperature, as it was previously assumed in [10].
According to [10], the change in dielectric susceptibility is

∆ε =
Kp

ωp − iω
+

Ka

ωa − iω
, (2.53)

where Kp,a are constants, ωp,a are the eigenfrequencies of the phase (p) and the
amplitude (a) modes, and ω is the frequency of the electric field.
The imaginary part of Eq. 2.53 gives dielectric response, which depends on the
frequency of the field and temperature as

ε′′ =
Kp(T )ω

ω2
p(T ) + ω2

+
Ka(T )ω

ω2
a(T ) + ω2

. (2.54)

The first term in Eq. 2.54 is the contribution due to the phase mode(s), while the
second term is the contribution due to the amplitude mode(s), as shown in Fig. 2.10
and 2.11 for the SmA∗ phase, and Fig. 2.10 and 2.10 for the SmC∗ phase.
The Eq. 2.53 has maximum if ω = ωp,a, which leads to

ε′′(ω, T ) 2ωp,a = Kp,a. (2.55)

Eq. 2.55 is valid as long as directions of polarization fluctuations are considered
perpendicular to directions of tilt fluctuations. In this case, stability matrix for the
SmC∗ phase is of 2× 2 form

G′
2C

=

⎡⎣ A E

−E B

⎤⎦ , (2.56)

and the corresponding elements are

A = a+ 3b θ0 + 2K q2 + 2Λ q,

B = a+ b θ0 + 2K q2 + 2Λ q,

E = Λq +K q2.
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The matrix G′
2C

has two eigenvalues which linearly depend on the temperature,
as shown with solid lines in Fig. 2.10. Dielectric responses associated with the two
modes are shown with dotted lines in the Fig. 2.10. The Goldstone mode is indicated
by ω1 in the Fig. 2.10 and its frequency is constant in the whole temperature region of
the SmC∗ phase. However, in the non-stationary electric field, Goldstone frequency
is slightly higher than zero. The dielectric response related to the Goldstone mode
is indicated by ε′′1. The frequency of the second mode ω2 strongly depends on the
temperature and so does the dielectric response ε′′2 related to this mode.

Figure 2.10: If directions of polarization and tilt fluctuations are considered mutu-
ally perpendicular, two relaxation modes (solid lines) exist in the SmC∗ phase. Their
response to the non-stationary electric field is shown with dashed lines. Set of param-
eters used for the model were: α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.

However, due to changing tilt and polarization, in both SmA∗ and SmC∗ phases,
some configurations exist where mutual orientations of instantaneous tilts and po-
larizations are not perpendicular. In this case, the relation between the dielectric
response ε′′ and the frequency of the mode ω is not linearly dependent on the tem-
perature: ε′′(ω, T )ωp,a ̸= Kp,a.
Two collective modes of the SmA∗ phase are shown with solid lines in Fig. 2.11. The
dielectric responses related to these modes are shown with dotted lines. In addition,
the mode and its corresponding ε′′ is colour coded. As seen in the Fig. 2.11, the
mode ω1 is weakly temperature dependent further in the SmA∗ phase, but becomes
strongly dependent on the temperature closer to the phase transition temperature
to the lower phase. This is the predominately polar mode. The opposite is true
for the mode ω2, which is predominately tilt mode. The changes in temperature
dependencies occur in the temperature region where gap exists between the modes.
The dielectric responses ε′′1 and ε′′2 weakly depend on the temperature far from the
phase transition temperature, but this changes with lowering the temperature as
the sample becomes softer. Additionally, as the polar mode strongly couples with
the electric field, the ε′′1 is greater than ε′′2 everywhere, but especially in the lower
temperature region.
The relation between the frequency of the two modes in the SmA∗ phase and their
corresponding dielectric responses are shown in Fig. 2.12. Fig. 2.12(a) shows the
relation for the predominately polar mode and Fig. 2.12(b) shows the relation for the
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2.3. The effects of external electric field

predominately tilt mode. Nevertheless, in both cases the relation is not a constant,
but varies with temperature.
The four collective modes of the SmC∗ phase and their dielectric responses are shown
in Fig. 2.13. For clearness, frequencies of the modes ω are shown in Fig. 2.13(a)
and the corresponding dielectric responses ε′′ are shown in Fig. 2.13(b), and they
are colour coded. Of the four modes, two have higher frequencies (ω1, ω2) and
two have lower frequencies (ω3, ω4), but non is zero. The modes with the lower
frequencies are the Soft and the Goldstone mode. Besides the Goldstone mode,
which frequency is constant in the whole temperature region of the SmC∗ phase,
one mode weakly depends on the temperature (ω1), and the other two strongly
depend on the temperature (ω2, ω3). The Goldstone mode is a pure tilt mode and
its dielectric response ε′′4 is high and constant in the whole temperature region of
the SmC∗ phase. The mode indicated by ω1 is a pure polar mode. Its corresponding
dielectric response ε′′1 steadily, but slightly decreases with lowering the temperature.
The other two modes change nature. The mode ω2 changes nature from polar
to tilt at temperature at which its frequency has a sharp increase. At the same
temperature, the corresponding dielectric response ε′′2, has a sharp drop. The Soft
mode ω3 changes nature from tilt to polar and its dielectric response ε′′3 has a point
of inflection at that same temperature.
Relations between the dielectric responses and the frequencies of the collective modes
in the SmC∗ phase are shown in Fig. 2.14, with the same colour codes that were
used in the Fig. 2.13. As seen in in the Fig. 2.14, two relations are constant and
two change with the temperature. The constant relations describe the Goldstone
mode and the mode ω2, which are tilt and predominately tilt in nature. The other
two relations, which describe the Soft mode and the mode ω1, strongly depend on
the temperature in the higher temperature region, but become weakly temperature
dependent far in the SmC∗ phase. Both modes are predominately polar in nature.

Figure 2.11: Collective modes (solid lines) in the SmA∗ phase and corresponding
dielectric responses (dashed lines). Set of parameters used for the model were:
α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.

51



Chapter 2. Chiral polar smectics

Figure 2.12: Relation between the dielectric response and the frequency of the
(a)lower and (b)higher mode in the SmA∗ phase. Set of parameters used for the
model were: α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.
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Figure 2.13: (a) Collective modes (solid lines) in the SmC∗ phase and (b) the
corresponding dielectric responses (dashed lines). Set of parameters used for the
model were: α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.

Figure 2.14: Relations between the dielectric responses and the frequencies of the
collective modes in the SmC∗ phase. Set of parameters used for the model were:
α = 1, b = 100, ϵ = 1, C0 = 0.2, K = 0.1,Λ = 0.01.

In this chapter, stable structures and dynamics of ferroelectric polar smectic
phases made of chiral rod-like compounds were presented. The studied system has
the continuous SmA∗ ↔ SmC∗ phase sequence, where asterisk indicates that the
phases are chiral.
The analysis identified two characters (phase, amplitude) and two natures (polar,
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tilt) of the modes in both phases, but some modes change their characteristics. In
the SmA∗ phase two modes exist: the Soft mode, which is predominately polar in
nature, and the higher frequency mode which is predominately tilt in nature. The
Soft mode changes nature to predominately tilt and becomes the Goldstone mode
of the SmC∗ phase. In the SmC∗ phase, four collective modes exist. The Goldstone
mode does not change nature and its character is phase. Besides the Goldstone
mode, another mode is phase in character and also does not change nature, however
its nature is polar. The other two modes are amplitude modes and change from
predominately tilt to predominately polar or vice versa. In addition, modes occur
in pair of the opposite chiralities.
Due to the complex characteristics of the collective modes, interesting effects of a
stationary and non-stationary electric field on the studied system were found.
If the stationary electric field is applied, the molecules tend to align with the field
direction, which induces polarization and tilt in the initially non-tilted and apolar
SmA∗ phase, and changes magnitude and phase of both order parameters in the
SmC∗ phase. The dielectric susceptibility of the SmA∗ is low in higher temperature
region as the electric field couples with the predominately polar Soft mode, which is
weakly temperature dependent in that temperature region. As the mode becomes
strongly temperature dependent as the temperature decreases, the dielectric suscep-
tibility increases significantly. The dielectric susceptibility of the SmC∗ phase has
contribution from the phase and the amplitude changes of the polarization order
parameter, so it is overall higher than the susceptibility of the SmA∗ phase.
In the non-stationary electric field, the dielectric susceptibility depends on the fre-
quency of the field. Furthermore, the dielectric response is specific for each collective
mode and depends on character, nature and temperature behaviour of the mode. In
addition, the relation between the frequency of the mode and the dielectric response
is not linearly dependent on the temperature in the SmA∗ phase. However, in the
SmC∗ phase, this relation is constant for two predominately tilt modes, but changes
with temperature for the two modes which are predominately polar in nature.

The detailed method leading two these findings was presented as well.
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Achiral polar smectics

Compounds with the bent-core, often called “banana molecules” due to their shape,
attracted much attention since the discovery that such molecules form polarly or-
dered liquid crystal phases with chiral structure, despite of the fact that molecules
are achiral [18]. First banana molecules were synthesized more than eighty years
ago [19] in an intentionally prepared sample that is now referred to as “the Vorlän-
der substance”. Over the last two decades, liquid crystal phases made of banana
molecules were reported and denominated as B1 to B7, where subscript suggests
the order of their identification [20]. Novel phases, which are not covered by this
nomenclature, were reported, but their structures are not yet sufficiently charac-
terized. Experimental studies of phases made of banana molecules revealed that
several phases actually consist of sets of subphases with different structures and
macroscopic properties. Probably the most understood is the B2 phase, in which
molecules are ordered in layers, and are ordered polarly in a ferroelectric [21] or
antiferroelectric [22] way. Molecules in the smectic layer are closely packed and the
bend in the core of the molecule hinders rotation around the longest molecular axis.
The bias in molecular rotation is a symmetry constraint and as a result, spontaneous
polarization in a layer occurs, parallel or antiparallel to the bent direction. In ad-
dition, the molecules in layers are often tilted in an anticlinic or synclinic way [23].
Out of the six polarly ordered smectic subphases of the B2 phase, two are not tilted.
Structure is either ferroelectric, with parallel polarizations in the neighbouring lay-
ers, as in the non-tilted SmAPF phase, or it is antiferroelectric, as in the non-tilted
SmAPA phase where polarizations are antiparallel in the neighbouring layers. Four
subphases exist where molecules in the smectic layer are in addition to the polar
order, also tilted. The tilted phases always appear below the temperature range
of the non-tilted phases. Direction of tilts in the neighbouring layers determines
whether the structure is anticlinic, as in the SmCAPF phase and the SmCAPA phase
where molecules in the neighbouring layers are tilted in the opposite direction, or the
structure is sinclinic, as in the SmCSPF phase and SmCSPA phase where molecules
are tilted in the same direction in all layers. Usually, the antiferroelectric organiza-
tion of polarizations is the ground state as it overcomes macroscopic polar order and
is energetically favourable, whereas the ferroelectric organization of polarizations is
achieved by applying external electric field. Therefore, the analysis is limited to
the three antiferroelectric B2 subphases, as the results can easily be adapted to the
ferroelectric subphases. In addition, as long as with lowering the temperature, the
first smectic phase is the non-tilted polar phase, the chiral doping cannot change
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the polarity of the phase, but only its clinicity. Therefore, the separate analysis of
the ferroelectric phases does not introduce new physics.

3.1 The free energy of achiral polar smectics
The order in systems of achiral bent-shape molecules is described by two order pa-
rameters, the polarization and the tilt, and the smectic and nematic order param-
eters are considered constant. The polarization order parameter P = {Px, Py, 0}
gives the projections of the average orientation of bent molecular cores within the
layer to the smectic plane. Direction of the average molecular polarization is either
parallel or antiparallel to the orientation of the polarization order parameter. The
tilt order parameter ξ = {nxnz, nynz, 0}, where n is a director parallel to the average
orientation of the longest molecular axis, and z-th component of director is parallel
to the layer normal, describes the tilt of the molecules. Both order parameters are
two-dimensional. Additional 0 component along the layer normal has no physical
meaning, but allows for more compact expressions for interactions in the free energy
in continuation. The order parameters are characteristic of the layer and in the j-th
layer they are

Pj = {Pj,x, Pj,y, 0},
ξj = {nj,xnj,z, nj,ynj,z, 0},

(3.1)

where 0 indicates stable, time-independent solution.
Considering the topology of the bent-core molecule, one is illustrated simply in
Fig. 3.1, where the order parameters are drawn in local coordinate system. Note
that the arrow convention is used to indicate orientation of the polar parameter.

Figure 3.1: On the left, a bent-core molecule illustrated in 3D. On the right, a
local coordinate system is assigned to the bent-core molecule that is observed from
the point of view indicated by an eye. The arrow convention is used to indicate
polarization orientation.

The symmetry of each layer of both tilted structures is broken by two instabilities,
the intralayer polar ordering of bent cores and the intralayer tilt, giving rise to
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chirality of the smectic layer. Two enantiomorphic structures exist in both tilted
phases as mutual orientation of the tilt order parameter, the polarization, and the
layer normal corresponds to a right-handed coordinate system, while the mirror
image of these vectors corresponds to a left-handed coordinate system. The two
enantiomorphic structures are equally probable due to absence of molecular chirality.
Structures with tilted and polarly ordered molecules allow for introduction of a very
simple measure of chirality [11], a chiral order parameter σ, which is a pseudoscalar.
It is invariant under rotation, but changes sign under inversion and disappears in
the case of achiral structure. In the j-th layer, the chiral oder parameter is defined
as

σj = n · (P j × ξj), (3.2)

where n is the normal to the smectic layer. Note that the chiral order parameter
can be considered as a vector along the layer normal, but for the definition of the
chiral order parameter only its magnitude and the sign are important. Additionally,
in the local system, in which order parameters and the layer normal are defined,
the chiral order parameter has a single nonzero component. As the layer normal
can change in space, the chiral parameter defined in the form of the cross product
remains consistent, and is equal to the vector with a single component.
In this part of the study, the focus is on antiferroelectric structures, which narrows
the analysis to three: the non-tilted SmAPA phase, the anticlinically tilted SmCAPA

phase and the synclinically tilted SmCSPA phase, presented in Fig. 3.2. By defini-
tion, the chiral order parameter vanishes in the SmAPA phase as the layer structure
is achiral. However, in the SmCAPA phase, the chiral order parameter has the same
direction in all layers, indicating a homogenuously chiral structure. By contrast, di-
rection of the chiral order parameter in the SmCSPA phase alternates from layer to
layer, indicating the structure is antichiral. The chiral order parameter is illustrated
by orange arrows in the Fig. 3.2.

Within the framework of a discrete model, which takes into account molecu-
lar interactions in first-nearest smectic layers, the free energy of polarly ordered
(non)tilted structures, expressed in terms of polarization and tilt order parameters,
has the following form [11]

G =
∑︂
j

1

2
a0pPj

2 +
1

4
b0pPj

4 +
1

2
a0tξj

2 +
1

4
b0tξj

4+

+
1

2
Ωσ2

jz +
1

2
a1p(P j · P j+1) +

1

2
a1t
(︁
ξj · ξj+1

)︁
,

(3.3)

where two neighbouring layers are labelled with subscript j and j + 1 as the n-th
unit cell consists of j-th and j + 1-th layer; subscript 0 indicates intralayer inter-
actions, whereas 1 indicates interactions between neighbouring layers. However, it
is assumed that the phase transition occurs in each layer, regardless of interactions
with neighbouring layer.
In the Eq. 3.3, the coefficient a0p = α(T−T0), where T0 is the transition temperature
from the non-tilted polarly disordered to the polarly ordered phase in an isolated
layer, is the only temperature dependent coefficient. This, and the next three terms
with coefficients b0p , a0t and b0t , describe energy contributions due to van der Waals
and steric interactions. The oblong shape of the molecules, by the excluded volume
effect and by the anisotropy of their van der Waals interactions, stabilizes order
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Figure 3.2: The possible antiferroelectric phases made of bent-core molecules: the
non-tilted SmAPA phase which, upon cooling, developes to either anticlinically tilted
SmCAPA phase or the synclinically tilted SmCSPA phase. Both tilted phases have
chiral structures with two possible and equally probable domains. The chiral order
parameter σ simply visualises the difference between a homogenuously chiral struc-
ture of the SmCAPA phase (upper row) and an antichiral structure of the SmCSPA

phase (bottom row).

within the layer. The term with the coefficient Ω describes energy contribution due
to polarization and tilt coupling. Bent shape molecules in the layer tilt easier in
direction perpendicular to the polarization, hence the Ω is negative. As the coeffi-
cient a0p is only temperature dependent one, the coupling Ω term governs the tilt
order when polarization exceeds a critical value. Competition between steric and
van der Waals interactions transcends to neighbouring layers due to partial diffusion
of molecules across the layers. Energy contribution due to coupling of polarizations
in the neighbouring layers is described by the term with the coeffiecient a1p , which
is always positive for antiferroelectric ordering; the term with the coefficient a1t de-
scribes energy contribution due to coupling of the neighbouring tilts. The van der
Waals force among elongated molecules is orientationally dependent as anisotropic
charge fluctuates along the longest molecular axes, but it falls off rapidly with dis-
tance. If steric interactions prevail over van der Waals attractions, the structure
prefers synclinic ordering of tilts and the coefficient a1t is negative, otherwise the
structure is anticlinically tilted and the coefficient a1t is positive. The later example
is studied here.
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3.2 Stability and dynamics of bent-shaped system
Structures of the possible antiferroelectric phases, shown in the Fig. 3.2, are de-
scribed in the local coordinate system, where the z-axis corresponds to the layer
normal, the y-axis is parallel to the polarization order parameters and the x-axis is
parallel to the tilt order parameters. In general, order parameters vary in direction
from one layer to the other, but they have constant magnitudes. To find the stable,
i.e. time-independent order parameters, the free energy is minimized with respect
to polar and tilt order parameter.

As both domains in tilted phases are equally probable, the Ansatzes that mini-
mize the free energy are opted for the structures with the domain in which the tilt
order parameter has a positive direction along the x-axis in j-th layer, which are

SmAPA

ξ0j = 0,

P 0j = P0{0, 1, 0},
ξ0j+1

= 0,

P 0j+1
= P0{0,−1, 0},

SmCSPA

ξ0j = θ0{1, 0, 0},
P 0j = P0{0, 1, 0},
ξ0j+1

= θ0{1, 0, 0},
P 0j+1

= P0{0,−1, 0},

SmCAPA

ξ0j = θ0{1, 0, 0},
P 0j = P0{0, 1, 0},
ξ0j+1

= θ0{−1, 0, 0},
P 0j+1

= θ0{0,−1, 0},

(3.4)

where θ0 and P0 are constant magnitudes of the stable tilt and polarization order
parameters.
The Ansatzes 3.4 are inserted into the free energy equation Eq. 3.3, which for the
non-tilted structure of the SmAPA phase gives

GAP = −
(a0p − a1p)

2

4b0p
, (3.5)

where the subscript AP indicates that the structure is orthogonal and polar.
For the titled structures of the SmCSPA and the SmCAPA phases, one obtains

GCP =
1

2
(a0p − a1p)P

2
0 +

1

4
b0pP

4
0 +

1

2
(a0t ± a1t)θ

2
0 +

1

4
b0tθ

4
0 +

1

2
ΩP 2

0 θ
2
0, (3.6)

where the subscript CP indicates that the structures are titled and polar. The upper
of the ± sign in the Eq. 3.6 corresponds to the synclinically tilted structure and the
lower of the ± sign corresponds to the anticlinically tilted structure.
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To find the order parameters that minimize the free energy Eq. 3.5 and Eq. 3.6, one
should apply the following condition

∂G

∂P0

=
∂G

∂θ0
= 0. (3.7)

Minimizations of Eq. 3.5 and Eq. 3.6 give systems of two coupled non-linear equa-
tions for each structure of the three phases, the solutions of which are corresponding
stable order parameters. One solution is P0 = 0 and θ0 = 0, which is characteristic
of the apolar non-tilted SmA phase that appears at highest temperatures. Lower
than that, polar phases are stable, and the systems of the coupled equations are

SmAPA

θ20 = 0,

P 2
0 =

(a0p + a1p)

b0p
,

SmCSPA

θ20 = −(a0t − a1t)

b0t
− Ω

b0t
P 2
0 ,

P 2
0 = −

(a0p + a1p)

b0p
− Ω

b0p
θ20,

SmCAPA

θ20 = −(a0t + a1t)

b0t
− Ω

b0t
P 2
0 ,

P 2
0 = −

(a0p + a1p)

b0p
− Ω

b0p
θ20.

(3.8)

Note that in Eq. 3.8, expressions corresponding to the synclinically and anticlinically
tilted structures differ in the term a1t only, which is associated with the couplings
of the tilts in the neigbouring layers.
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Solutions of the systems of Eq. 3.8 are stable tilt and polarization order parameters

SmAPA

θ0 = 0,

P0 = ±
(a0p + a1p)

b0p
,

SmCSPA

θ0 = ±
−a0t b0p − a1t b0p − a1p Ω + a0pΩ

b0p b0t − Ω2
,

P0 = ±
a1p b0t + a0t Ω + a1t Ω− a0p b0t

b0p b0t − Ω2
,

SmCAPA

θ0 = ±
−a0t b0p + a1t b0p − a1p Ω + a0pΩ

b0p b0t − Ω2
,

P0 = ±
a1p b0t + a0t Ω− a1t Ω− a0p b0t

b0p b0t − Ω2
.

(3.9)

Theoretical temperature dependence of the tilt and polarization for the sequence
SmA ↔ SmAPA ↔ SmCSPA(SmCAPA) is shown in Fig. 3.3. As seen in the Fig. 3.3,
the solution for non-tilted polar SmAPA phase exists below TC , which is always
higher than the transition temperature to a polarly ordered structure in an isolated
layer T0. With further cooling of the sample the molecules tilt, either sinclinically or
anticlinically, at the phase transition temperature TS(A). The increase of polarization
below the phase transition temperature to the tilted phases results from coupling
between the tilt and the polarization, which additionally favours polar order once
the molecules are tilted.

Stability limits of the phases are most straightforwardly obtained from the col-
lective modes, through which a system that has been deviated from the equilibrium
relaxes. If the phase transition is continuous, frequency of one of the collective
modes has to be zero at all temperatures. The existence of such “gapless” excita-
tion follows from the Goldstone theorem [13]. In the polar smectics, the Goldstone
mode reflects the rotational symmetry of the system: if the sample is rotated as a
whole, relaxation time from excitation to previous equilibrium is infinite, as the new
state is also equilibrium. For other continuous transitions below the SmA phase,
at least one of the collective modes becomes soft and its frequency approaches zero
as the system evolves towards the stability limit, due to weakening of pseudo forces
returning the system to the equilibrium and increase of fluctuations.
A perturbed system is analysed following the procedure presented in [24] that begins
with definition of time-dependent order parameters, which has two contributions,
the equilibrium order parameters P0 and ξ0, and thermodynamically induced fluctu-
ations δP and δξ, which are very small. Therefore, time-dependent order parameters
in the j-th layer can be written as

Pj(t) = P0j
+ δPj(t),

ξj(t) = ξ0j
+ δξj(t).

(3.10)
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Figure 3.3: Temperature dependence of stable polarization and tilt near the
SmA ↔ SmAPA ↔ SmCSPA(SmCAPA) phase transitions. Vertical line marks tran-
sitions between the phases. Structures of polar phases are symbolically presented
above the graph, where arrow convention is used to indicate polarization orienta-
tion. Set of parameters used for the model were b0p = 20, a0t = 2, b0t = 40,Ω =
−15, a1p = 0.2, a1t = ±0.5.

The contribution from fluctuations in tilted phases is symbolically presented in
Fig. 3.4. The fluctuations are illustrated in a local coordinate system assigned
to the molecules in adjacent layers as the basic unit consist of two neighbouring
layers. Therefore, subscripts 1 indicates odd-, and subscript 2 indicates even layers.
Stable order parameters are illustrated with bold perpendicular vectors as such mu-
tual orientations are preferable. As seen in the Fig. 3.4: in the reference frame of a
molecule, vectors of fluctuations δPj(t), δξj(t) are decomposed in components paral-
lel δP∥j , δξ∥j and perpendicular δP⊥j

, δξ⊥j
to equilibrium order parameters P0j

, ξ0j
.

Amplitude excitations result from the parallel components of fluctuating vectors,
as they change magnitudes of equilibrium tilts and polarizations. Phase excitations
result from the perpendicular components of fluctuating vectors, as they change di-
rections of equilibrium order parameters. While the amplitude fluctuations of the
tilt correspond to slight increases and decreases of the tilt, the phase fluctuations,
corresponding to movements around the cone, are less evident. Tilted molecules
spend more time at some favourable orientation, i.e. their rotation is hindered and
polarization appears. So, phase fluctuation of polarization means that direction of
polarization fluctuates. Amplitude fluctuation of polarization has a different mean-
ing. Magnitude of polarization fluctuates, which means that molecules spend more
or less time at the favourable orientation.

The local coordinate system is described by unit vectors which indicate parallel(∥)
or perpendicular(⊥) directions of fluctuations with respect to the directions of the
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3.2. Stability and dynamics of bent-shaped system

Figure 3.4: Symbolic presentation of fluctuations in a local coordinate system as-
signed to a molecule in an odd and even layer of the tilted antiferroelectric phases

equilibrium tilts and polarizations

eξ∥ = {1, 0, 0},
eξ⊥ = {0, 1, 0},
ep∥ = {0, 1, 0} = eξ⊥ ,

ep⊥ = {−1, 0, 0} = −eξ∥ .

(3.11)

In the local coordinate system, the instantaneous order parameters in odd in even
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layers are

SmAPA

ξ1 = δξ∥1 eξ∥1 + δξ⊥1 eξ⊥1
,

P 1 = P01 eP∥1 + δP∥1 eP∥1 − δP⊥1 eP⊥1
,

ξ2 = −δξ∥2 eξ∥2 − δξ⊥2 eξ⊥2
,

P 2 = −P02 eP∥2 − δP∥2 eP∥2 + δP⊥2 eP⊥2

SmCSPA

ξ1 = ξ01 eξ∥1 + δξ∥1 eξ∥1 + δξ⊥1 eξ⊥1
,

P 1 = P01 eP∥1 + δP∥1 eP∥1 − δP⊥1 eP⊥1
,

ξ2 = ξ02 eξ∥2 + δξ∥2 eξ∥2 + δξ⊥2 eξ⊥2
,

P 2 = −P02 eP∥2 − δP∥2 eP∥2 + δP⊥2 eP⊥2
,

SmCAPA

ξ1 = ξ01 eξ∥1 + δξ∥1 eξ∥1 + δξ⊥1 eξ⊥1
,

P 1 = P01 eP∥1 + δP∥1 eP∥1 − δP⊥1 eP⊥1
,

ξ2 = −ξ02 eξ∥2 − δξ∥2 eξ∥2 − δξ⊥2 eξ⊥2
,

P 2 = −P02 eP∥2 − δP∥2 eP∥2 + δP⊥2 eP⊥2
.

(3.12)

To analyse relaxation modes of a perturbed system, time-dependent order parame-
ters 3.12 are inserted into the free energy Eq. 3.3, which is expanded in fluctuation
vectors. In the absence of external field, the free energy is not dependent on direc-
tion of order parameters. Odd terms vanish, and resulting terms are contributions
due to the stable order parameters, which are constant, and contributions due to
fluctuations, which are of second order. Analysis of the relaxation modes are most
straightforward if contributions to the free energy due to the fluctuations are written
in a matrix form as

G2 =
1

2
Ψ∗G2Ψ, (3.13)

where Ψ =
{︁
δξ∥1 , δξ⊥1 , δP∥1 , δP⊥1 , δξ∥2 , δξ⊥2 , δP∥2 , δP⊥2

}︁
is an eight-dimensional

vector of fluctuations amplitudes. The matrices G2, where subscript 2 indicates
contribution due to fluctuations, for the studied phases have the following forms:
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3.2. Stability and dynamics of bent-shaped system

for the orthogonal apolar SmA phase

G2A
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 0 0 C 0 0 0

0 A 0 0 0 C 0 0

0 0 B 0 0 0 D 0

0 0 0 B 0 0 0 D

C 0 0 0 A 0 0 0

0 C 0 0 0 A 0 0

0 0 D 0 0 0 B 0

0 0 0 D 0 0 0 B

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.14)

with the elements
A = 2 a0t ,

B = 2 a0p ,

C = 2 a1t ,

D = 2 a1p .

Matrices corresponding to the orthogonal polar SmAPA phase and both tilted polar
SmC phases have identical forms

G2AP
= G2CP

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 E 0 G 0 0 0

0 B 0 F 0 G 0 0

E 0 C 0 0 0 H 0

0 F 0 D 0 0 0 H

G 0 0 0 A 0 E 0

0 G 0 0 0 B 0 F

0 0 H 0 E 0 C 0

0 0 0 H 0 F 0 D

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.15)

with the elements
A = 2 a0t + 6 b0tθ

2
0 + 2ΩP 2

0 ,

B = 2 a0t + 2 b0tθ
2
0,

C = 2 a0p + 6 b0pP
2
0 + 2Ω θ20,

D = 2 a0p + 2 b0pP
2
0 ,

E = 4Ω θ0P0,

F = 2Ω θ0P0,

G = ±2 a1t ,

H = 2 a1p .

However, note that the element G has a negative sign for synclinic structure, and
positive for non-tilted and anticlinic structures.
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In Fig. 3.5, a theoretical temperature dependence of fluctuation modes for the
sequence SmA ↔ SmAPA ↔ SmCSPA(SmCAPA) is shown. The phase transitions
are all continuous. Four different fluctuation modes exist in the phase where order
parameters are zero and all four modes split at the phase transition temperature
to the polar non-tilted phase due to broken symmetry. Eight fluctuation modes
exist also in the tilted phases. In all temperature ranges, frequencies of all modes
are real, which is an evidence that the phases are (meta)stable. In all polar phases,
non-tilted and tilted, the Goldstone mode exists, which indicates rotation symmetry
of the system. Besides the Goldstone mode, three temperature independent modes
and four modes that linearly depend on temperature, exist. Increased relaxation
times of order parameters around the phase transition temperatures causes the Soft
mode to reach zero, which allows for determination of the temperature ranges of
(meta)stabilities of the SmAPA phase and the SmC phases below it. Also, the Soft
mode becomes the Goldstone mode for the phase that appears below.

Figure 3.5: Temperature dependence of collective modes near the SmA ↔
SmAPA ↔ SmCSPA(SmCAPA) phase transitions. All four modes split in polar
phase due to broken symmetry. Vertical line marks transitions between the phases.
Set of parameters used for the model were b0p = 20, a0t = 2, b0t = 40,Ω = −15, a1p =
0.2, a1t = ±0.5.

The analysis of eigenvectors corresponding to fluctuation frequencies of the polar
phases reveals character and nature of the modes. If the fluctuations are related
to the changes of the phase or the amplitude, or both simultaneously, then the
character of the mode is phase, amplitude or mixed in character. Additionally, if
the fluctuations are related to the changes of the polarization or the tilt, or both
simultaneously, then the nature of the modes is polar, tilt or mixed in nature.
Considering the equipartition theorem, each thermodynamically induced fluctuation
mode contributes equally to the free energy increase δG [24]

1

2
(δai

2)λi =
1

2
kB T, (3.16)

where λi is the eigenvalue of the matrix, δai is the amplitude of the fluctuation
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3.2. Stability and dynamics of bent-shaped system

regarding the corresponding eigenvector, and kB is the Boltzmann constant. This
allows for comparison of fluctuation amplitudes.

Fluctuation amplitudes in relative mutual ratios are presented with thin arrows
in Fig. 3.6, whereas normalized magnitudes of equilibrium order parameters are pre-
sented with thick arrows. Vectors of fluctuations are oriented relative to stable order
parameters. If a direction of fluctuation vector is perpendicular to the direction of
stable order parameter, the change is in phase and the corresponding mode is char-
acterized as a phase mode. Similarly, if directions of fluctuation and order parameter
is mutually perpendicular, the change is in amplitude and the corresponding mode
is characterized as amplitude mode. If both are present, the mode is called mixed in
character. The polarizations and corresponding fluctuations in odd and even layers
are colour-coded black, and the tilts and corresponding fluctuations are colour-coded
red in the Fig. 3.6. Greater increase or decrease in polarization amplitude in com-
parison with tilt amplitude, suggests the mode is polar in nature. Otherwise, the
mode is said to be a tilt mode. If magnitudes of tilts and polarizations are affected
similarly, the mode is mixed in nature.
Character and nature of the collective modes are presented in Fig. 3.7. Character
of the mode can be amplitude, phase or mixed in character, whereas nature of the
mode can be tilt, polar or mixed in nature. In the Fig. 3.7(a), amplitude modes are
illustrated in blue, phase modes are illustrated in yellow, and modes which are mixed
in character are illustrated in green. Different colour-scheme is used to illustrate
nature of the modes. In the Fig. 3.7(b), polar modes are illustrated in black, tilt
modes are illustrated in red, and modes which are mixed in nature are illustrated
in grey. In the SmAPA phase, two characters of modes exist, phase (λ7, λ6, λ4) and
amplitude. Nature of these modes is either pure polar or quasi-tilt, as fluctuations
tend to tilt the molecule, but the equilibrium structure is not tilted. In the case of
tilted phases, two modes are amplitude (λ7, λ5) and three are phase (λ6, λ4, λ3). The
rest of the modes are mixed in character as corresponding fluctuations are related
to changes in both, amplitude and phase. The amplitude modes in the tilted phases
are polar in nature. The only tilt mode is the Soft mode (λ6), which is of the same
nature as the Goldstone mode. This was expected due to the fact that the Soft
mode splits in two at the phase transition point, from which one of them becomes
the ‘new’ Goldstone mode in the lower phase. Nature of modes does not change
with temperature, as seen in Fig. 3.7(b). However, some modes in the tilted phases
switch from amplitude to phase, and vice versa (Fig. 3.7(a)).
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Chapter 3. Achiral polar smectics

Figure 3.6: Relaxation modes in odd and even layers of the polar antiferroelectric
phases. Amplitudes of fluctuations, represented with thin arrows, and normalized
magnitudes of equilibrium tilts and polarizations, represented with red and black
thick arrows, respectively, were calculated at an arbitrary temperature T . The mu-
tual perpendicular orientation of fluctuation vectors and equilibrium order param-
eters suggests the change in phases, while the mutual parallel orientation suggests
the change in amplitudes of equilibrium order parameters.
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3.3. The effects of chiral dopant

Figure 3.7: Temperature dependence of (a)character and (b)nature of collective
modes. Set of parameters used for the model were b0p = 20, a0t = 2, b0t = 40,Ω =
−15, a1p = 0.2, a1t = ±0.5.

3.3 The effects of chiral dopant

Chirality is much discussed theme in the field of liquid crystals, as chiral molecules
form chiral structures with very interesting properties like the ones found in (anti)-
ferroelectric smectic liquid crystals [5, 25]. It was believed for a long time that
chiral molecules are a precondition for chiral structures. But the discovery of the
antiferroelectric smectic phases made of polar achiral bent-shape molecules, sug-
gested otherwise. The structures of bent-shaped smectic phases have two possible
alterations of tilts, synclinic and anticlinic, in which the mutual directions of tilt and
polar order generated layers with mirror structures [23]. The layers were considered
chiral with a positive sign of chirality associated to the mutual perpendicular orien-
tations of polarization and tilt, when the polarization formed with the tilt an angle
of +90◦. In contrast, if the angle between the tilt and polarization was −90◦, the
layers were considered chiral with the negative sign. In the original paper by Link,
et al. [23], the structure where the molecules were tilted synclinically, but polariza-
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tion was antiferroelectric, was referred to as “racemic”. The sample was considered
racemic as the layers were chiral, but the average chirality was zero. Selinger [26]
suggested that such structure is called “antichiral” as the single layer remains chiral,
but the unit cell consists of two neighboring layers with opposite layer chirality.
In contrast, anticlinic antiferroelectric structures with the same sign of chirality in
each layer are homogeneously chiral, or shortly “homochiral”. However, in achiral
samples relatively big chiral domains of opposite chirality always exist.

The chiral structures of smectic layers that are formed from achiral molecules
puzzled researchers and stimulated the studies of chirality transfer from molecular
to structural level. The studies revealed that chiral dopants had tremendous effects
on the structures. Already a small amount of dopant suppressed one of the chi-
ral domains [23]. However, even in antichiral antiferroelectric synclinic structures,
homochiral domains of single chirality appeared. It was expected then, the orienta-
tion of polarizations with respect to tilts in a smectic layer could be predicted from
chiral properties of the dopant, but it was reported later that in a sample of chiral
analogues to the achiral bent-shape molecules, the ground state was anticlinic and
ferroelectric with an antichiral structure [27]. The reported smectic phase with an-
tichiral layer chirality was a direct evidence that the handedness of chiral structure is
not determined by the molecular chirality, as previously thought. According to [28],
the intermolecular steric interactions due to molecules’ tails that penetrate adjacent
layers, favor alternating layer chirality despite the molecular chirality. Therefore,
the order of tilts and polarizations is determined by steric interactions. Around the
same time, dopant made from those chiral analogues was used [29]. The increase
of the concentration of the chiral dopant from 0% to 30% gradually suppressed
one chiral domain until, eventually, the sample consisted of a single chiral domain.
Therefore, the interplay of chiral, steric and van der Waals interactions results in
complex and interesting structures.

3.3.1 The effects of chiral dopant on structures of the anti-
ferroelectric phases

In this section, it is analysed how the chiral dopant added to the system influences
structures of antiferroelectric B2 subphases’, their (meta)stability and dynamics,
and the order of transitions among them. The analysis is limited to the three
antiferroelectric phases, as the results can easily be adapted to the ferroelectric ones.
The most interesting system to study is the system that exhibits the phase sequence
SmA ↔ SmAPA ↔ SmCSPA. The chiral dopant induces the anticlinic tilt in the
SmAPA phase, but the SmCSPA phase that appears below is synclinic. Competition
of chiral and synclinic interactions results in an interesting phase diagram, which
explains observations from more than a decade ago [27] and predicts new phenomena
enabling the testing of the chiroclinic effect considered in [11].

The free energy of the system with the phase sequence SmA ↔ SmAPA ↔ SmCSPA,
doped with chiral dopant, has the following form

G =
∑︂
j

1

2
a0pP

2
j +

1

4
b0pP

4
j +

1

2
a0tξ

2
j +

1

4
b0tξ

4
j +

1

2
Ωσ2

jz

+
1

2
a1p(P j · P j+1) +

1

2
a1t
(︁
ξj · ξj+1

)︁
+ h(P j × ξj)z,

(3.17)
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where a1t < 0, as the system favours synclinic order of tilts. The last term in
the Eq. 3.17 is the chiral term. Effects of chiral dopant are modelled by adding a
phenomenological chiral field h, which is linearly coupled with the z component of
the chiral order parameter of the j-th layer (Eq. 3.2), hence hσj,z = h(P j × ξj)z.
The sign of h is unaccountable from the molecular structure of the dopant, but it
favours one orientation of polarizations with respect to tilts. What is more, the
oppositely handed dopant favours opposite relative orientations of the polarization
with respect to the tilt [30].

To investigate the effect of chiral dopant on the order parameters of the pure
structures, the chiral field is considered as a small perturbation in the system. For
the SmAPA phase, inserting Eq. 3.4 into Eq. 3.17, gives

GAP =
1

2
(a0p − a1p)P

2
0 +

1

4
b0pP

4
0 +

1

2
(a0t − a1t)(∆θ0)

2 +
1

4
b0t(∆θ0)

4

+
1

2
ΩP 2

0 (∆θ0)
2 + hP0(∆θ0),

(3.18)

where (∆θ0) is the small tilt induced by the dopant.
For the SmCSPA phase, one obtains

GCS1 =
1

2
a1pP

2
01
+

1

4
b0pP

4
01
+

1

2
a0tθ

2
01
+

1

4
b0tθ

4
01
+

1

2
ΩP 2

01
θ201

− 1

2
a1pP01P02 +

1

2
a1pθ01θ02 − hθ01P01 ,

GCS2 =
1

2
a1pP

2
02
+

1

4
b0pP

4
02
+

1

2
a0tθ

2
02
+

1

4
b0tθ

4
02
+

1

2
ΩP 2

02
θ202

− 1

2
a1pP02P01 +

1

2
a1pθ02θ01 + hθ02P02 ,

(3.19)

due to the fact that the chiral dopant favours one tilted domain and suppresses the
oppositely tilted domain. The energetic difference between the two domains is

2h θ0 P0. (3.20)

In the doped SmCSPA phase, the neighbouring layers have different magnitudes of
the order parameters. In one layer, the chiral dopant slightly increases magnitudes
of stable tilt and polarization, while in the adjacent layers magnitudes are slightly
decreased. Consequently, the domains with the increased magnitudes of the order
parameter have higher free energy than the domains with the decreased magnitudes
of the order parameters, and the energetic difference between these domains is pro-
portional to the chiral field. The gradual increase of the strength of the chiral field
would eventually suppress the non-favourable domain.
Minimization of the free energy Eq. 3.18 of the doped SmAPA phase with respect
to (∆θ0), shows the dopant induced tilt depends on magnitude of chiral filed h and
the magnitude of polarization P0 in the pure (non-doped) system (Eq. 3.8), as was
predicted by the chiroclinic effect [11]

∆θ = − h

a0t − a1t + ΩP 2
0

. (3.21)

Although the strongest chiral field would suppress the non-favourable domain, the
concentration of the dopant in this analysis is considered small so that the chiral
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molecules do not segregate in the doped sample. Therefore, minimization of the free
energy Eq. 3.19 of the doped SmCSPA phase with respect to both order parameters
shows that far from the phase boundaries, changes of tilt and polarization in the
doped SmCSPA are very small

∆θ1,2 = ±hP0

−a0p + a1p − 3 b0p P
2
0 + Ωθ20

αβ + γ + ζ
,

∆P1,2 = ±h θ0
a0t + a1t − 3 b0t θ

2
0 − ΩP 2

0

αβ + γ + ζ
,

α = a0p − a1p + 3 b0p P
2
0 ,

β = a0t + a1t + ΩP 2
0 ,

γ = θ20 (3 a0p b0t − 3 a1p b0t P
2
0 + Ω(a0t + a1t − 3ΩP 2

0 )),

ζ = 3 b0t Ω θ40.

(3.22)

Note that the upper of the ± sign corresponds to odd (1) layers, and the lower
of the ± sign corresponds to even (2) layers. The coupling with the chiral field
does not allow for theoretical expressions of order parameters in the doped SmCSPA

phase near the phase transition temperature, therefore the results were obtained
numerically and are shown in Fig. 3.8(a). For comparison, the order parameters
in the pure sample (h = 0) are presented in Fig. 3.8(b). In the Fig. 3.8(a), two
temperature regions are clearly identified. In the temperature region between TC

and TS, where the non-tilted SmAPA phase is stable in a system without the dopant,
a chiral dopant induces tilts in opposite directions in adjacent layers. This is the
induced tilt SmAP∗

A phase, where asterisk marks that the system is doped. Chiral
dopant affects the synclinic SmCSPA phase similarly. It increases the amplitude
of the tilt and the polarization in the layer with favourable chiral order parameter
and decreases both order parameters in the layer with the opposite chiral order
parameter. As a result, amplitudes of order parameters in odd layers differ from
even ones. The modulated amplitudes of order parameters are characteristic for the
chiral SmCSP

∗
A phase.

The effects of chiral dopants on order parameters of the pure system with the phase
sequence SmA ↔ SmAPA ↔ SmCSPA: modulation of amplitudes of order param-
eters in the SmCSPA phase and an induced tilt in the non-tilted SmAPA phase,
due to chirality transfer from the molecule to the structure, called the chiroclinic
effect, are in accordance with [11]. However, a closer look at the Fig. 3.8(b), reveals
that solution of the anticlinic SmCAPA phase exists below temperature TA. This
additional solution stimulates a question in need of further analysis - will a stonger
chiral field prevail over favorable synclinicity and stabilize the anticlinic SmCAPA

phase?
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Figure 3.8: Temperature dependence of order parameters in (a)chirally doped
and (b)pure system with the phase sequence SmA ↔ SmAPA ↔ SmCSPA. Or-
der parameters in the synclinic structure are marked with a subscript S, while
in the anticlinic structure they are marked with an A. Vertical lines mark the
phase transition temperatures. In (a) for easier comparison, order parameters of
pure samples are presented with dotted lines. Effect of chiral dopant on tilts is
symbolically illustrated with arc arrows. In (b) solution of anticlinic SmCAPA

phase, which exists below temperature TA, is coloured blue. Structures of the
phases are illustrated above the graph. Set of parameters used for the model were:
b0p = 20, a0t = 2, b0t = 40,Ω = −15, a1p = 0.2, a1t = −0.5, h = 0.15.
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To investigate the effects of chiral dopant on stability of phases, dynamical prop-
erties of doped structures are analysed, following the steps elaborated in the Sec. 3.2.
Initially pure system is now perturbed due to the presence of chiral dopant and the
order parameters have the time-dependent form {ξ(t),P (t)} (Eq. 3.12).
Developing the free energy Eq. 3.17 around equilibrium and eliminating odd power
terms yields energy contribution due to perturbations, where matrix G2 in the
Eq. 3.13, for the induced tilt SmAP∗

A phase is

G2AP∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 E 0 G 0 0 0

0 B 0 F 0 G 0 0

E 0 C 0 0 0 H 0

0 F 0 D 0 0 0 H

G 0 0 0 A 0 E 0

0 G 0 0 0 B 0 F

0 0 H 0 E 0 C 0

0 0 0 H 0 F 0 D

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.23)

with the elements

A = 2 a0t + 6 b0tθ
2
0 + 2ΩP 2

0 ,

B = 2 a0t + 2 b0tθ
2
0,

C = 2 a0p + 6 b0pP
2
0 + 2Ω θ20,

D = 2 a0p + 2 b0pP
2
0 ,

E = 4Ω θ0P0 − 2h,

F = 2Ω θ0P0 − 4h,

G = 2 a1t ,

H = 2 a1p .

For the chiral SmCSP
∗
A phase, matrix G2 becomes

G2CS∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 L 0 I 0 0 0

0 B 0 K 0 I 0 0

L 0 C 0 0 0 J 0

0 K 0 D 0 0 0 J

I 0 0 0 E 0 N 0

0 I 0 0 0 F 0 M

0 0 J 0 N 0 G 0

0 0 0 J 0 M 0 H

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.24)
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with the elements

A = 2 a0t + 6 b0tθ
2
01
+ 2ΩP 2

01
,

B = 2 a0t + 2 b0tθ
2
01
,

C = 2 a0p + 6 b0pP
2
01
+ 2Ω θ201 ,

D = 2 a0p + 2 b0pP
2
01
,

E = 2 a0t + 6 b0tθ
2
02
+ 2ΩP 2

02
,

F = 2 a0t + 2 b0tθ
2
02
,

G = 2 a0p + 6 b0pP
2
02
+ 2Ω θ202 ,

H = 2 a0p + 2 b0pP
2
02
,

I = −2 a1t ,

J = 2 a1p ,

K = 2Ω θ01P01 − 2h,

L = 4Ω θ01P01 − 2h,

M = 2Ω θ02P02 + 2h,

N = 4Ω θ02P02 + 2h.

Additional solution for the anticlinic phase that appeared below the phase transition
temperature to the synclinic phase, required that the analysis includes the chiral
SmCAP

∗
A phase as well. For this purpose, the coefficient a1t in the Eq. 3.17 is

positive, which, upon inserting appropriate Ansatz in the free energy equation, gives

GCA =
1

2
(a0p − a1p)P

2
0 +

1

4
b0pP

4
0 +

1

2
(a0t − a1t)θ

2
0 +

1

4
b0tθ

4
0 +

1

2
ΩP 2

0 θ
2
0

− hP0θ0,
(3.25)

which results with the matrix G2 of the following form

G2CA∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 E 0 G 0 0 0

0 B 0 F 0 G 0 0

E 0 C 0 0 0 H 0

0 F 0 D 0 0 0 H

G 0 0 0 A 0 E 0

0 G 0 0 0 B 0 F

0 0 H 0 E 0 C 0

0 0 0 H 0 F 0 D

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.26)
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with the elements
A = 2 a0t + 6 b0tθ

2
0 + 2ΩP 2

0 ,

B = 2 a0t + 2 b0tθ
2
0,

C = 2 a0p + 6 b0pP
2
0 + 2Ω θ20,

D = 2 a0p + 2 b0pP
2
0 ,

E = 4Ω θ0P0 − 2h,

F = 2Ω θ0P0 − 4h,

G = 2 a1t ,

H = 2 a1p .

Minimization of the free energy Eq. 3.25 of the doped SmCAPA phase with respect
to both order parameters shows that the stable tilt and polarization are modulated
due to chiral dopant by

∆θ = hP0
α

αβ − γ2
,

∆P = hP0
α

αβ − γ2
,

α = a0t − a1t + ΩP0 + 3 b0t θ
2
0,

β = a0p − a1p + Ω θ0 + 3 b0t P
2
0 ,

γ = 2ΩP0 θ0 − h.

(3.27)

Note that near the phase boundaries results for modulated order parameters have
to be obtained numerically.

Stable solutions in chirally doped systems are all tilted, and they are either
sinclinic (SmCSP

∗
A) or anticlinic (SmAP∗

A, SmCAP
∗
A). In all the tilted phases, the

Goldstone mode exists, reflecting the rotation symmetry of the system, as its fre-
quency is zero. As shown in Fig. 3.9(a), besides the Goldstone mode, non of the
modes in the doped system are linearly dependent on the temperature anymore in
all temperature regions. The temperature region of the SmAP∗

A phase is wider in
comparison with the temperature region of the pure SmAPA phase. Also, the chi-
ral dopant induces split between the amplitude modes in the temperature region of
the chiral SmAP∗

A phase, which intersected in the temperature region of the pure
SmAPA phase.
The analysis revealed that transitions SmA ↔ SmAPA ↔ SmCSPA(SmCAPA) are
all continuous when the system is not doped, as shown in the Fig. 3.5. Adding
the chiral dopant stabilizes the range of the induced tilt SmAP∗

A phase. As seen in
Fig. 3.9(a), the chiral field increases temperature TC and decreases temperature TS.
The temperature TC indicates the phase transition temperature between the SmA∗

and the SmAP∗
A phase, whereas the temperature TS indicates the phase transition

temperature between the SmAP∗
A and the SmCSP

∗
A phase. Interestingly, the phase

transition between the SmAP∗
A phase with the chiroclinically induced tilt and the

SmCSP
∗
A phase is continuous for weak chiral fields h, which comes as a surprise

as structures of the two phases have opposite clinicities. One is tilted anticlini-
cally, whereas the other is sinclinically tilted. However, for stronger effects of chiral
dopants the phase transition becomes discontinuous. Fig. 3.9(b) shows an enlarged
detail of a small temperature range around the phase transition temperature TS,
which is indicated with the square in the Fig. 3.9(a). For the weak chiral field
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3.3. The effects of chiral dopant

h = 0.12, the Soft mode λ6 of the SmAP∗
A phase continuously becomes the Soft

mode of the lower phase, which is a characteristic of the second order phase tran-
sitions. For stronger chiral fields h > 0.12, the Soft modes of the two phases form
a hysteresis, indicating that the transition between the SmAP∗

A and the SmCSP
∗
A

phase is discontinuous.

Figure 3.9: (a) Temperature dependence of the frequency of four fluctuation modes
in the non-tilted and eight fluctuation modes in the tilted antiferroelectric phases
when the system is doped with chiral dopant. Modes do not linearly depend on
the temperature. (b) Detailed analysis of temperature dependence of the lowest
positive modes (the Soft modes) coloured blue for the SmAP∗

A phase and orange
for the SmCSP

∗
A phase.Set of parameters used for the model were: b0p = 20, a0t =

2, b0t = 40,Ω = −15, a1p = 0.2, a1t = −0.5.
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Another interesting fact was revealed by the analysis of the chiral system: fur-
ther below the phase transition temperature to the chiral sinclinically tilted phase
TS, exists a solution for the chiral anticlinic structure. This additional solution is
indicated by TA in the Fig. 3.8(b). Furthermore, analysis of the eigenvalues of the
matrix G2CA∗ , which correspond to the SmCAP

∗
A phase, are all larger than zero,

except the Goldstone mode, which indicates the phase is metastable, at least. How
to determine which phase is stable in the temperature region where solutions for
two different structures exist? The stable phase should have lower free energy, while
the other phase is metastable and has a higher free energy. Therefore, the difference
between free energies of the SmCSP

∗
A and the SmCAP

∗
A phase is analysed further.

The temperature points for which the energetic difference

∆G = 0 (3.28)

are the limits between the metastable and stable state. Applying the condition 3.28
on the free Eq. 3.19 and the free energy Eq. 3.25, gives energetic difference between
the unit cells of the SmCSP

∗
A phase and the SmCAP

∗
A phase

∆G =
1

2
(GCS1 +GCS2)− 2(GCA)

=
1

2
a0p(−2P0

2 − P01
2 − P02

2)

+
1

4
b0p(−2P0

4 + P01
4 + P02

4)

+
1

2
a0t(2θ0

2 + θ01
2 + θ02

2)

+
1

4
b0t(−2θ0

4 + θ01
4 + θ02

4)

+ Ω(−P0
2θ0

2 + 2P01
2θ01

2 + 2P02
2θ02

2)

+ a1p(P0
2 − P01P02)

+ a1t(θ0
2 + θ01θ02)

+ h(2P0θ0 − P01θ01 + P02θ02).

(3.29)

Eq. 3.29 is < 0 in the temperature region of the stable SmCSP
∗
A phase and > 0 in the

temperature region of the stable SmCAP
∗
A phase. In Fig. 3.10, difference between

the free energies of the two phases is shown. A stronger chiral field stabilizes the
SmCAP

∗
A phase over the initially favourable SmCSP

∗
A below the temperature TG.

In the temperature region below the TG, the SmCSP
∗
A phase still exists, but in the

metastable state.
The phase diagram of chiral polar antiferroelectric smectics made of bent-shaped

molecules, for the set of coefficients given in the caption, including all the subtleties,
is shown in Fig. 3.11 [31]. The asterisk indicates that the system is doped with the
chiral dopant. The effects of the dopant on tilts of the molecules, or lack of any, are
illustrated by arc arrows in structure symbolism. The white region corresponds to
the non-tilted SmA∗ phase. The light grey region corresponds to the SmAP∗

A phase
with the tilt induced by the chiroclinic effect. The darkest region corresponds to
the SmCSP

∗
A phase with slightly different tilts and polarizations in the neighboring

layers, again due to the chiroclinic effect. In the semi-dark region, both the sin-
gle chiral domain SmCAP

∗
A phase and the SmCSP

∗
A phase are (meta)stable. The
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3.3. The effects of chiral dopant

Figure 3.10: Difference between the free energies of the SmCSP
∗
A and the SmCAP

∗
A

phase when a stronger chiral field h = 0.3 is present in the system. Stable phases
are bolded and metastable phases are shown in brackets, but solutions of both exist
simultaneously. Vertical line marks the (meta)stability limit. Set of parameters used
for the model were: b0p = 20, a0t = 2, b0t = 40,Ω = −15, a1p = 0.2, a1t = ±0.5.

SmCSP
∗
A phase is stable below the temperatures indicated by the solid line. Along

the short-dash line (TG) the free energy of the SmCAP
∗
A phase and the SmCSP

∗
A

phase are equal. The SmCAP
∗
A phase is stable above, and the SmCSP

∗
A phase is

stable below this line. The metastability limit of the SmCAP
∗
A phase is indicated by

the long-dash line. The dotted line (TI) indicates the limit between the genuine chi-
ral anticlinic antiferroelectric phase and dopant-induced SmCAP

∗
A phase, that is the

induced tilt SmAP∗
A phase. The inset of the phase diagram in the Fig. 3.11 shows

the range of h where SmAP∗
A ↔ SmCSP

∗
A phase transition changes from continuous

to discontinuous. Detailed analysis of temperature dependence of the lowest positive
modes, colour-coded blue for the SmAP∗

A phase and orange for the SmCSP
∗
A phase

in the Fig. 3.9(b), revealed the borders of hysteresis that exists between the lower
h at which transition becomes discontinuous and higher h, for which the SmAP∗

A

phase remains metastable upon lowering the temperature. For the strongest chiral
field, the anticlinic SmCAP

∗
A, structurally equal to the SmCAP

∗
A with high induced

tilt, is (meta)stable in the whole temperature region below TC .

How is it possible that the SmAP∗
A phase with induced anticlinic tilt continu-

ously transforms to the structually very different sinclinically tilted SmCSP
∗
A phase?

Above the temperature TS, the induced tilts in neighboring layers are opposite in
direction and equal in magnitude. Directly below the phase transition at TS, direc-
tions of tilts still remain the same, but in one layer the tilt gradually increases upon
lowering the temperature and in the neighboring layer the tilt decreases, changes
sign and increases again. In this way the system compensates the competition be-
tween sinclinicity favorable by diffusions through layers (a1t < 0) and anticlinicity
favored by the chiral field h. However, if the chiral field h is too strong, the system
cannot accomodate by this mechanism and the transition is discontinuous.
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Chapter 3. Achiral polar smectics

Figure 3.11: A phase transition temperatures and stabilities of antiferroelectric
B2 phases in dependence of the chiral field h. The inset shows a region where
SmAP∗

A ↔ SmCSP
∗
A phase transition develops from continuous to discontinuous by

the increase of chiral field. Set of parameters used for the model were: b0p = 20, a0t =
2, b0t = 40,Ω = −15, a1p = 0.2, a1t = −0.5.

3.3.2 The effects of chiral dopant on temperature ranges of
induced and genuine phases

The analysis presented in the Sec. 3.3.1 offered answers to several questions related
to behavior of system under chiral doping – why the homochiral phase with a single
domain expels the antichiral domain and why, eventually the homochiral domain
becomes stable through the whole range of temperatures. But, as it is often the
case, the analysis also brought new questions. In many soft matter systems, under
the influence of internal or external fields, the order characteristic for the lower
temperature phase develops under the influence of the field. So, how does the
field influence the transition temperature? Is it possible to distinguish between the
structures with the same symmetry?
To remind the reader shortly, in chiral polar ferroelectric liquid crystals [5], the
external electric field with a component along the layer partially orders molecular
dipoles and the non-polar SmA phase becomes polar. As a consequence, the tilt
appears. The phenomenon is known as the electroclinic effect. Similarly, if molecules
are polar and tilted, the structure is chiral. Therefore, it could be expected that
upon adding a chiral dopant to the polarly ordered but not tilted phase like the
SmAPA, the tilt appears. The phenomenon is called the chiroclinic effect [11]. In
both cases the structures of the tilted phase below the transition temperature and
the structure of the phase where the tilt was induced by external/internal fields
have the same symmetry. The tilted structures without presence of any field will
be referred to as “genuine”, and the tilted structures where the tilt is induced by
the field the “induced” structures. How to distinguish between these two structures
as the symmetry is the same and they continuously develop one to another? A
known criterion would allow to investigate the influence of external/internal fields
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on the temperature range of phases even if the development is continuous. The
system studied here is unique as it allows to study static and dynamic properties of
phases analytically. It can be shown that one temperature exists, where temperature
dependencies of static and dynamic properties change, which allows to distinguish
between the genuine and induced phase substantiating the criterion for the transition
temperature.

The chiral dopant induced an anticlinic tilt in the SmAP∗
A phase, so that the

clinicity of the SmAP∗
A structure was opposite to the clinicity of the lower tempera-

ture SmCSP
∗
A structure. Nevertheless, for small dopant concentrations the anticlinic

SmAP∗
A phase developed into the sinclinic SmCSP

∗
A phase. But, for stronger chiral

influences, the anticlinic SmCSP
∗
A phase was stabilized as chirality favours anticlin-

icity. The sinclinic phase was metastable in the same temperature range. The
resulting phase diagram explained in detail the development of SmAP∗

A ↔ SmCSP
∗
A

transition from continuous to discontinuous due to increased chiral field. However,
for strong chiralities the transition between the SmAP∗

A phase and the SmCAP
∗
A

phase remained vague. Therefore, it is worth to consider a simpler system with the
phase sequence SmA∗ ↔ SmAP∗

A ↔ SmCAP
∗
A, mentioned in the [11], as a model of

similar systems in soft matter.
In pure systems, the SmAPA phase is not tilted and the tilt occurs at the tran-

sition temperature TA, where the derivative of the tilt with respect to temperature
is infinite and the frequency of the Soft mode becomes zero (Fig 3.12(a) and (b),
dashed line). If a system is doped with a chiral dopant, a slight tilt is induced in the
SmAP∗

A phase due to the chiroclinic effect and therefore the structure has the same
symmetry as the genuine SmCAP

∗
A phase at a lower temperature, as shown schemat-

ically above the graphs in the Fig 3.12(a). As a consequence, the transition between
these two phases becomes continuous with a finite and continuous derivative of the
tilt through the whole temperature range (Fig 3.12(b), solid lines). One can notice
that the derivative has a distinct inflection point (Fig 3.12(b)). Could this inflection
point be used for distinction between the induced and the genuine phase? Or, is
there another indication that could be used for the same purpose? As mentioned be-
fore, in pure system the Soft mode has a critical behaviour which is associated with
increased tilt fluctuations near the phase transition to the tilted phase (Fig 3.12(c),
dashed line). The softness of the material induced by these fluctuations has given
this mode its name. In chiral system a similar behaviour is found: upon lowering
the temperature, the mode first decreases and at the certain temperature stars to
increase again, however it is never zero (Fig 3.12(c), solid lines). Therefore, the tem-
perature dependence of the Soft mode still indicates the softening of the material.
It is proposed that the temperature TAC

at which the frequency of the Soft mode is
the lowest is used to distinguish between the induced and the genuine phase. With
higher chiral fields, the minimum of the Soft mode occurs at higher temperatures,
indicating an increase of temperature range of the genuine phase, consistent with
[31].

Analysis of the effects of the chiral field on temperature dependence of the collec-
tive modes revealed a few additional interesting facts. In both induced and genuine
phase eigenvectors of the modes indicate that each mode is either purely amplitude
or purely phase. An eigenvector of the mode is written as [32]

χ =
{︁
η∥1, η⊥1, ζ∥1, ζ⊥1, η∥2, η⊥2, ζ∥2, ζ⊥2

}︁
, (3.30)

81



Chapter 3. Achiral polar smectics

Figure 3.12: (a) Order parameters of the pure (dashed line) and doped (solid lines)
system. Structures of the phases are illustrated above the graph, where the arrow
convention is used to indicate polarization direction and the arch arrows to indicate
the effect of the chiral dopant on tilts. (b) The first derivative of tilt with respect
to temperature. (c) The Soft mode. The coefficients used in the analysis were:
b0p = 20, a0t = 2, b0t = 40,Ω = −25, a1p = 0.2, a1t = 0.5.

where η∥, η⊥ correspond to tilt amplitude and tilt phase fluctuations and ζ∥, ζ⊥ cor-
respond to polarization amplitude and polarization phase fluctuations, while sub-
scripts 1 and 2 indicate odd and even layers. The mode is amplitude if the eigenvec-
tor has only amplitude components different from zero, whereas the mode is phase if
the eigenvector has only phase components different from zero. These characteristics
of the modes are called character. The reason of this distinct properties is an absence
of a coupling between the phase and the amplitude fluctuations. Because the tilt
is small in the induced phase, all phase modes are weakly temperature dependent
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in this temperature range, as shown in Fig. 3.13(a) (λ3, λ4, λ7, λ8). In contrast, am-
plitude modes strongly depend on temperature everywhere. The eigenvector χ also
indicates nature of the mode. For example, if the ζ component of the eigenvector is
much larger than the η component, the corresponding mode is predominately polar.
Or, if the η component of the eigenvector is much larger than the ζ component, the
corresponding mode is predominately tilt. However, mode can be mixed in charac-
ter or mixed in nature if corresponding components of the eigenvector have similar
magnitudes.

Another interesting phenomenon can be observed in the temperature range of
the induced phase. While in the pure phase, amplitude modes intersect [24], in the
doped phase gaps occur between some of them. Therefore, the modes have to have
chiral properties which couple with the chiral field. To assign the measure to the
chiral properties of the modes, fluctuation chiral parameter for amplitude modes is
defined as

σf,∥ = η∥1ζ∥1 + η∥2ζ∥2, (3.31)

and correspondingly for the phase modes

σf,⊥ = η⊥1ζ⊥1 + η⊥2ζ⊥2. (3.32)

It turns out that modes occur in pairs with opposite chiralities σf as seen in
Fig. 3.13(b). In the pure system, at the cross section of the amplitude modes both
fluctuations with opposite chiralities have the same energy. In doped system, a pos-
itive configuration is preferred as the fluctuations with positive chiralities σf have
lower energy than the fluctuations with negative chiralities −σf , causing the ampli-
tude modes to split. In the Fig. 3.13(b), amplitude modes are marked λ1, λ2, λ5 and
λ6. The amplitude and the phase modes in the induced phase remain their charac-
ter in the genuine phase. However, nature of the modes changes from tilt to polar
or vice versa at the temperatures where gaps appear, as shown in Fig. 3.13(c) for
the amplitude modes. In the Fig. 3.13(c), the ratio δθ/δP larger than 1 means the
mode is predominately tilt and for values lower than 1, the mode is predominately
polar. In the temperature range where δθ/δP ≈ 1, polar and tilt fluctuations of the
corresponding mode are of the similar magnitudes.
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In this chapter, stable structures and dynamics of antiferroelectric polar smectic
phases made of achiral bent-core compounds were presented.

The system with the phase sequence SmA ↔ SmAPA ↔ SmCSPA(SmCSPA) was
considered firstly.
The analysis identified two characters of collective modes in the orthogonal SmAPA

phase. The nature of these modes is either pure polar or quasi-tilt, but they are split
into phase and amplitude modes. One of the amplitude tilt modes is a Soft mode and
the corresponding relaxations time becomes infinite at the transition to the tilted
phase. In the tilted phases, collective modes change the phase of the equilibrium
order parameters, the amplitude or both simultaneously. Of these modes, two are
predominately polar, the Soft mode and the Goldstone mode are predominately tilt
modes and the rest are mixed in nature. Additionally, the nature of the characteristic
modes is temperature independent in all studied phases.

As structures of the tilted SmCSPA and SmCAPA phases are chiral, despite the
achirality of their building blocks, it was of interest to study the effects of chiral
dopant on the bent-shaped system. The studied system exhibits the phase se-
quence SmA ↔ SmAPA ↔ SmCSPA. The chiral dopant induces anticlinic tilt in
the SmAPA phase or the tilt modulation in the SmCSPA phase, which is known
as the chiroclinic effect, but it also influences the stability ranges and the order
of the transition between the phases. The order of the phase transition changes
from a continuous for weak effects of the chiral doping to discontinuous for strong
effects. Competition of interactions results in change of the phase sequence to
SmA∗ ↔ SmAP∗

A ↔ SmCAP
∗
A, where asterisk indicates that the phases are chiral.

However, in the temperature region of the chiral SmCAP
∗
A phase, the SmCSP

∗
A is

metastable and can be reached if chiral field is weakened. The details are resumed
in the phase diagram. If achiral polar smectics are doped with chiral dopant, in
the system exist two phases with equal symmetries: the SmAP∗

A and the SmCAP
∗
A

phase, which continuously transform one to another upon temperature changes.
Further analysis of dynamical properties allowed for development of the criterion
which determines the temperature ranges of the two phases. Besides, the analysis
of collective modes revealed that they are either amplitude or phase. However, in
many of them the nature changes from polar to tilt or vice versa. The collective
modes occur in pairs of opposite chiralities. The chiral character of modes explains
also the gaps which occur between the amplitude modes.
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Figure 3.13: (a) Collective modes in the vicinity of SmAP∗
A ↔ SmCSP

∗
A phase

transitions. (b) Chirality of the collective modes. (c) Nature of the amplitude
modes. The coefficients used in the analysis were: b0p = 20, a0t = 2, b0t = 40,Ω =
−25, a1p = 0.2, a1t = 0.5, h = 0.04
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Chapter 4

Conclusions

This thesis presents an analysis of dynamic properties and effects of external/internal
fields on two distinct structures: one ferroelectric, presented in the Ch. 2, and the
other antiferroelectric, presented in the Ch. 3.

In the first part of the Ch. 2, the dynamic properties of the orthogonal apolar
SmA∗ and tilted polar ferroelectric SmC∗ phases made of chiral rod-like molecules
were analysed. A procedure to find nature and character of collective modes in these
systems was discussed in detail. Two collective modes exist in the SmA∗ phase,
which split into four collective modes in the SmC∗ phase. Out of these four modes,
two are phase and two are amplitude, and their character does not change with
temperature. However, nature of the four modes does change with temperature. In
some temperature regions, modes are predominately tilt and in other temperature
regions they are predominately polar. The nature of the modes in the systems was
deduced from analysis of relative fluctuation amplitudes.

The second part of the Ch. 2 discusses the effects of external stationary and non-
stationary electric field on the system that exhibits the phase sequence SmA∗ ↔ SmC∗.
In the SmA∗ phase stable tilt and polarization are zero, initially. The electric field
induces small homogeneous polarization in the field direction and small homoge-
neous tilt perpendicular to the direction of induced polarization. In the polar and
tilted SmC∗ phase electric field alters both order parameters. Therefore, the static
dielectric susceptibility in the SmA∗ phase, far from the phase transition temper-
ature, is small as the field couples with small displacement of electron cloud only.
At the phase transition temperature, the susceptibility is maximal due to the fact
that the sample is the softest. In the temperature region of the SmC∗ phase, static
dielectric susceptibility has contributions from both phase and amplitude fluctua-
tions of the polarization order parameter as molecules orient and align with the field
direction. Consequently, susceptibility is much larger in the temperature region of
the lower temperature SmC∗ phase.

Changing characters of the modes in both phases indicated that the relation
between the frequencies of the non-static electric field and the eigenfrequencies of
collective modes may not linearly depend on temperature. Analysis of dielectric re-
sponse, which is the imaginary part of non-static dielectric suscesibility, showed that
if directions of polarization fluctuations are considered perpendicular to the direc-
tion of the tilt fluctuations, the relation linearly depends on temperature. However,
some configurations exist where mutual orientations of polarization and tilt fluctu-
ations are not perpendicular and for such configurations dielectric response is not
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linearly proportional to the electric field frequency.
In the first part of the Ch. 3, the dynamic properties of antiferroelectric orthog-

onal SmAPA and tilted SmCSPA and SmCAPA phases made of achiral, bent-core
molecules were analysed. A procedure to find relaxation frequencies and corre-
sponding eigenvectors for eight characteristic modes present in these systems was
developed. The types of modes, that is, amplitude modes that change the mag-
nitudes of order parameters, and phase modes that change the direction of order
parameters, were analysed. The amplitudes of order parameters’ fluctuations, esti-
mated from the equipartition theorem, revealed the nature of these modes. There
exist pure polar and quasi-tilt modes in the orthogonal phase. Titled phases have
predominantly polar modes and the Soft mode is predominantly tilt, while most
modes are mixed. The nature of characteristic modes in studied cases does not
depend on temperature.

The second part of the Ch. 3 discusses the effects of chiral dopant on the tem-
perature ranges of the stable phases and the order of transitions in the system that
exhibits the phase sequence SmA ↔ SmAPA ↔ SmCSPA. The chiral dopant in-
duces the anticlinic tilt in the SmA∗

A phase, but the SmCSP
∗
A phase that appears

below remains synclinic for weak effects of the dopant. The stability limits were
deduced from the frequencies of the modes in (meta)stable structures. In the pure
system, SmA ↔ SmAPA ↔ SmCSPA phase transitions are continuous. In chirally
doped system, SmA∗ ↔ SmAP∗

A phase transition remains continuous. Interestingly
enough, also the SmAP∗

A ↔ SmCSP
∗
A phase transition between distinctly different

structures remains continuous for weak chiral fields h, but for stronger chiral field
the phase transition becomes discontinuous. Inside the region where the SmCSP

∗
A

phase is stable, a region exists where the SmCAP
∗
A is metastable. However, by in-

creasing the chiral field h, the region of the stable SmCAP
∗
A phase widens, and the

region of the stable SmCSP
∗
A shrinks or the phase becomes even metastable. In the

region of stronger chiral fields, the electroclinicaly induced SmAP∗
A phase becomes

indistinguishable from the spontaneously chiral anticlinically tilted SmCAP
∗
A phase.

The analysis done in the Sec. 3.3.1 evidently shows that adding the chiral dopant
to the system stabilizes the homochiral anticlinically tilted SmCAPA phase in two
ways. Although the sinclinicity is favored due to inter-layer interactions, in the
SmAP∗

A phase the anticlinic tilt is induced. Next, for strong enough chiral fields
the homochiral phase becomes metastable or even stable in temperature ranges
where the sinclinically tilted SmCSPA is stable without a dopant. As a result,
the system may exhibit phase sequence SmA∗ ↔ SmAP∗

A and the region with an
induced tilt continuously develops to the region of a spontaneously chiral anticlinic
antiferroelectric phase by tilted SmCAP

∗
A phase.

In spite of being stimulated by experiments that followed the prediction of the
phenomenon [11], this study is purely theoretical. Two predictions of the model
could be experimentally tested relatively easy: a) The magnitude of the induced
tilt in the SmAP∗

A phase and its temperature dependence by measuring the tilt
optically, and b) the hysteresis on heating and cooling of the doped sample using
differential scanning calorimetry. The observed homochirality of domains in the
SmCAP

∗
A was already discussed within this model in [11]. The effects of chiral

doping, which stabilize the SmCAP
∗
A structure in the same temperature window

where the SmCSP
∗
A is stable without a dopant [27] is also consistent with the part

of the phase diagram, where both phases are metastable. Finally, the measurement
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of the tilt in dependence of the temperature in a system with the transition from
SmAP∗

A to SmCSP
∗
A upon cooling, which was doped by different concentrations (up

to 5%) of a chiral dopant, revealed the appearance of the tilt in the nontilted SmAP∗
A

and the shift of the transition temperature to the tilted phase [30].
The phase sequence upon lowering the temperature in the system with phase se-

quence SmA∗ ↔ SmAP∗
A ↔ SmCAP

∗
A was considered in Sec. 3.3.2. Here the SmAPA

is a regular non-tilted SmAP∗
A phase where the chiral dopant induces a small an-

ticlinic tilt. The structure of the SmCAP
∗
A phase is similar to the structure of the

SmCAPA phase. In addition, the chiral dopant lifts a degeneracy between oppositelly
chiral domains and only one homochiral domain remains. The SmCAP

∗
A has also

slightly larger order parameters. The SmCAP
∗
A is referred to as the genuine phase

and the SmAP∗
A as the induced phase due to the effects of chiral dopant on molecular

tilt. Both structures have the same symmetry. As a consequence, the transition be-
tween the two phases becomes continuous. In spite of the continuous transformation
of one phase to another,a criterion that determines their temperatures ranges was
suggested. The temperature ranges were deduced from the temperature dependence
of the Soft mode, which has a minimum that indicates the softening of the chiraly
doped sample, although the mode does not behave critically as in the pure system.
Applying this criterion, it was found that the range of the genuine SmCAP

∗
A phase

increases toward higher temperatures with strengthening of the chiral field. Further
analysis of the eignevectors corresponding to the collective modes revealed that the
modes are either purely amplitude or purely phase in both, genuine and induced
phase, whereas characters of the modes change from tilt to polar or vice versa in
the temperature range of the induced phase. Furthermore, collective modes have
chiral properties and occur in pairs with opposite chiralities, which is indicated by
gaps appearing between the amplitude modes of opposite chiralities in the induced
phase.

Several soft matter systems continuously develop one to another under the influ-
ence of linearly coupled internal or external fields. The analysis of the simple model
presented in the Sec. 3.3.2 could be extended to similar systems in soft matter.
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Razširjeni povzetek v slovenskem
jeziku

Uvod. – Tekoči kristal je splošno ime za snovi, kimed izotropno tekočino in kri-
stalno trdno snovjo tvorijo tekoče kristalne faze. Te faze se pojavijo v nekaterih
snoveh zaradi strukture njihovih molekul.
Glede na tekoče-trdno prehod so tekoči kristali razdeljeni v dve glavni skupini. Li-
otropne tekoče kristale, ki kažejo fazne prehode kot odziv na koncentracijo molekul
tekočih kristalov v topilu, in termotropne, ki kažejo prehode kot odziv na spremembe
temperature.
Ista snov lahko kaže različne strukture, odvisno od temperature ali tlaka. Te struk-
ture imenujemo faze tekočih kristalov. V delu obravnavamo termotropne tekoče
kristale, ki so zgrajeni iz kalamitskih molekul. V izotropni tekočini z nižanjem tem-
perature običajno nastane najprej orientacijski red , kjer so molekule v povprečju
orientirane vzporedno z neko skupno osjo. Ta faza se imenuje nematska faza. Nadalj-
nje zniževanje temperature povzroči tako delni položajni red kot tudi orientacijski
red in molekule se razporejajo po plasteh. Ta faza, ki se pojavi pod nematsko fazo, se
imenuje smektična faza. V središču te študije so smektične mezofaze iz kalamitskih
molekul - paličastih in takih z ukrivljeno sredico, popularno imenovanih »banane«.
V delu obravnavamo smektične faze, kjer so molekule urejene v plasti. Znotraj
smektične plasti se molekule prosto gibljejo in niso pozicijsko korelirane. Poleg tega
se molekula včasih premikajo tudi med plastmi. V temperaturnem območju smek-
tične faze se molekule razporejajo tako, da tvorijo še dodatne posebne strukture, to
so podfaze smektične faze. SmA faza je najenostavnejša. Najdaljše molekularne osi
se poravnajo vzporedno med seboj, težišča molekul se v povprečju nahajajo v vzpo-
rednih enako oddaljenih ravninah, najdaljše osi pa so v povprečju pravokotne na te
ravnine. Razmik med ravninama je približno ena molekulska dolžina in načeloma
se molekule naključno gibljejo znotraj plasti. Z nižanjem temperature se pojavi še
bolj urejena podfaza SmC. V podfazi SmC so dolge osi nagnjene glede na normalo
plasti. V snoveh, ki jih obravnavamo v delu, so molekule kiralne in polarne, urejene
v nagnjene plasti pa tvorijo polarne faze.
Raziskava se v prvem delu osredotoča na teoretično raziskovanje polarnih relaksa-
cijskih načinov v kiralnih polarnih smektikih in njihovo opazovanje z dielektričnimi
meritvami ter v drugem delu s teoretičnim raziskovanjem struktur, njihovih dina-
mičnih lastnosti in faznega diagrama akiralnih polarnih smektikov iz molekul z ukri-
vljeno sredico, ki so dopirani s kiralnimi dopanti.
Metoda. – Analiza sistemov se začne z opredelitvijo ureditvenih parametrov. Red
v nagnjenih smektičnih tekočih kristalih je opredeljen z ureditvenim parametrom
nagiba in polarizacije. Polarizacija je geometrijski parameter reda, opisuje polarno
urejanje molekul in je brez dimenzij. Parameter nagiba je predstavljen z vektor-
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jem povprečnega položaja projekcije najdaljše molekularne osi na ravnino. Da bi
našli ureditvene parametre za določeno strukturo, je potrebna minimizacija proste
energije, s katero je sistem opisan. Prosta energija je izražena v ureditvenih para-
metrih. Z ustreznim nastavkom je mogoče energijo minimizirati, določiti ureditvene
parametre v odvisnosti od temperature in s tem strukture faz, njihovo dinamiko in
območja stabilnosti.
Interakcije molekul znotraj plati in s sosednjimi plastmi so v prosti energiji izražene
z ureditvenimi parametri. Prosta energija kiralnega sistema iz kalamitskih molekul,
ki omogoča tvorbo faze SmC∗, je odvisna od medmolekularnih interakcij, še posebej
od sklopitve med nagibom in polarizacijo ter med nehomogenostjo nagiba in pola-
rizacijo in elektrostatičnih interakcij zaradi polarne ureditve. Za akiralne polarne
smektike so medsebojne interakcije, ki so pomembne za prosto energijo sistema, Van
der Waalsove privlačnosti zaradi nagiba, povprečne usmeritve molekularnih dipolov,
ki jih povzročajo Van der Waalsove sile, sklopitev med nagibi in med polarizacijami
ter medplastne interakcije izraženo v nagibnih in polarizacijskih parametrih. Kiralni
vplivi zaradi dopantov odpravijo degeneracijo med relativnima smerema nagiba in
polarizacije v plasteh.
Dinamične lastnosti sistema so analizirane v lokalnem koordinatnem sistemu. V
tem sistemu je časovno odvisen parameter reda zapisan kot vsota stabilnih, časovno
neodvisnih ureditvenih parametrov in majhnih odstopanj od njihovih stabilnih vre-
dnosti. Fluktuacije lahko spremenijo velikost ali fazo stabilnih nagibov in polarizacij.
Fazne fluktuacije spreminjajo smer, amplitudne fluktuacije pa velikost nagiba in po-
larizacije. Medtem ko amplitudne fluktuacije nagiba ustrezajo rahlim povečanjem
in zmanjšanjem nagiba, so amplitudne fluktuacije polarizacije manj očitne. Na-
gnjene molekule preživijo več časa v neki ugodni orientaciji, zato je njihovo vrtenje
ovirano. Zato fazne fluktuacije polarizacije pomenijo, da se smer polarizacije spremi-
nja. Fluktuacije velikosti polarizacije imajo drugačen pomen. Velikost polarizacije
se spreminja, kar pomeni, da molekule preživijo več ali manj časa v ugodni orienta-
ciji. V delu obravnavamo le majhne fluktuacije, tudi v bližini faznega prehoda.
Vektor fluktuacij je vsota faznih in amplitudnih fluktuacij. Za analizo prispevkov
fluktuacij k prosti energiji, izraz zanjo razvijemo do drugega reda po fluktuacijah
ureditvenih parametrih. Ker so fluktuacije časovno odvisne, uporabimo Landau-
Khalatnikov pristop za njihovo analizo. Prispevek fluktuacij k prosti energiji dolo-
čajo fazne in amplitudne komponente kolektivnih fluktuacija nagiba in polarizacije.
V dušenem sistemu se odstopanja od ravnotežja sprostijo skozi kolektivne relaksa-
cijske načine. Če fluktuacije zapišemo kot štiridimenzionalne vektorje, je mogoče
prispevek fluktuacij k prosti energiji zapisati v matrični obliki, pri čemer členi ma-
trike predstavljajo interakcije med posameznimi komponentami fluktuacij. Še več,
lastne vrednosti tako izražene matrike so enostavno povezane z relaksacijskimi časi
za različne lastne relaksacijske načine in omogočajo njihovo podrobno analizo. Na
splošno velja, v bližini zveznih faznih prehodov vedno obstaja kritično obnašanje
enega od relaksacijskih načinov, ustrezne fluktuacije pa kažejo na strukturo bliža-
joče se faze in dolgi relaksacijski časi vodijo do »mehčanja« materiala blizu faznega
prehoda. Ti relaksacijski načini se zato imenujejo »soft modes«. Poleg tega v siste-
mih z rotacijsko simetrijo vedno velja, da je eden od relaksacijskih načinov Goldsto-
nov z neskončnim relaksacijskim časom, saj rotacija celotnega sistem ne spreminja
energije sistema.
Model kiralnega polarnega smektičneg sistema. – Prvi del dela je osredotočen
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na fazne prehode med nenagnjeno fazo SmA∗ in nagnjeno feroelektrično fazo SmC∗,
pri čemer zvezdica označuje, da so faze kiralne. Simetrijo ortogonalne faze SmA∗

opisujeta dva elementa, vrtenje za poljuben kot okoli normale na smektično plast
in zasuk za π okoli smeri, pravokotne na normalo. Ker so molekule kiralne, zrcalne
ravnine ni. Z zvezdico torej ločimo kiralno fazo od standardne faze s še višjo sime-
trijo, to je faza SmA∗, ki se pojavi nad fazo SmC∗ v fazno zaporedje. Po ohlajanju se
molekule nagnejo in tvorijo fazo SmC∗, v kateri se izgubi poljuben element simetrije
vrtenja kota. Za fazni prehod drugega reda je značilno spontano znižanje simetrije
pri temperaturi faznega prehoda. V fazi SmA∗ je enako število molekul v povprečju
usmerjeno v obe smeri vzporedno z normalo na plast, zato ni polarizacije v smeri,
pravokotni nanjo. Tudi polarizacija v smeri, ki je vzporedna s normalo, je nič zaradi
aksialno simetričnega položaja molekul, zaradi česar je SmA∗ faza nepolarna. Če so
molekule kiralne, pa je vrtenje okoli nagnjenih dolgih osi omejeno. Omejeno vrtenje
nagnjenih molekul okoli najdaljše molekularne osi v fazi SmC∗ povzroči polarizacijo,
pravokotno na najdaljše molekularne osi, kar je preprosto opisano s parametrom v
ravnini p. Zato sta parametra vrstnega reda SmA∗ ↔ SmC∗ faznega prehoda nagib
ξ = {nxnz, nynz, 0} in polarizacija p = {px, py, 0}. Oba ureditvena parametra vr-
stnega reda sta dvodimenzionalna, tretja komponenta pa je dodana le zaradi krajše
oblike zapisa fenomenološkega modela.
Prosta energija kiralnega feroelektričnega sistema, izražena v parametru nagiba in
polarizacijskega reda, je

G =
1

2
a ξ2 +
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P 2
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Člen a = α(T − T0) je edini člen v prosti energiji, kjer je koeficient odvisen od
temperature, medtem ko se za vse ostale koeficiente velja, da so v obravnavanem
temperaturnem območju približno konstantni. Ta in naslednji člen v Landauovovem
razvoju, podajata prispevek k prosti energiji zaradi van der Waalsovih in steričnih
interakcij. Tretji člen s koeficientom C0 izraža energijski prispevek zaradi interakcije
med nagibom in polarizacijo. Imenuje se piezoelektrični člen, saj zaradi spreminja-
naj debeline plasti pri spreminjanju nagiba molekul spominja na piezolektrični efekt.
Čle je kiralen, saj je koeficient C0 enak nič le v racemnih mešanicah. Člen s koefi-
cientom ϵ izraža energijski prispevek zaradi polarizacije plasti. Izraz s koeficientom
Λ imenujemo Lifshitzov člen in izraža energijski prispevek zaradi kiralnih interakcij.
Vektorski produkt izraža, da je vzporedna orientacija kiralnih molekul v sosednjih
plasteh energijsko neugodna. Zadnji člen izraža povečanje energije zaradi nevzpore-
dnosti nagibov v sosednjih plasteh in je značilna za akiralne sisteme.
Stabilne vrednosti ureditvenih parametrov so prikazane na spodnji sliki: območje z
višjo temperaturo, kjer sta oba parametra reda enaka nič, ustreza ortogonalni nepo-
larni fazi SmA∗. Pri temperaturi faznega prehoda TC se molekule začnejo nagibati.
Pod TC je temperaturno območje faze SmC∗, kjer je ureditveni parameter nagiba θ0
večji od ureditvenega parametra polarizacije p0.
Ureditveni parameter v motenem sistemu opisujejo časovno spreminjajoči se ure-
ditveni parametri, ki so vsota časovno neodvisnih stabilnih ureditvenih parame-
trov in majhnih fluktuacij. Časovno odvisen nagib in polarizacijo izrazimo kot
ξ(t) = ξ0 + δξ(t),p(t) = p0 + δp(t). Fazne fluktuacije spreminjajo smer uredi-
tvenih parametrov, amplitudne pa njihovo velikost.
Časovno odvisni ureditveni parametri se vstavijo v prosto energijo. Prosto energijo
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Figure 1. Temperaturna odvisnost nagiba in polarizacije v bližini faznih prehodov
SmA∗ ↔ SmC∗. TC je temperatura faznega prehoda.

razvijemo po fluktuacijah do drugega reda okoli stabilnih ureditvenih parametrov.
Členi prvega reda izginejo zaradi razvoja okoli minimalne energije. Členi drugega
reda so prispevki zaradi fluktuacij. Analiza dinamičnih lastnosti sistema je enostav-
nejša, če se fluktuacijski del proste energije s Fourierjevo transformacijo obravnava
v prostoru helikoidalnih valov. Poleg tega ta zapis omogoča predstavitev fluktua-
cijskega dela proste energije v matrični obliki in omogoča tudi neposreden izračun
relaksacijskih časov kolektivnih načinov relaksacij iz lastnih vrednosti matrike.
Lastni vektorji, povezani z lastnimi načini matrike, razkrivajo značaj in naravo ko-
lektivnih načinov. Način je amplituden, če ima lastni vektor samo amplitudne kom-
ponente, ki se razlikujejo od nič, medtem ko je način fazni, če ima lastni vektor samo
fazne komponente, ki se razlikujejo od nič. To imenujemo »značaj« relaksacijskega
načina. Če so nagibne komponente lastnega vektorja relaksacijskega načina veliko
večje od polarnih komponent lastnega vektorja, je način pretežno nagibni. Naspro-
tno, če so polarne komponente lastnega vektorja veliko večje od nagibnih komponent
lastnega vektorja, je način pretežno polarni. To imenujemo »narava« načina. Tem-
peraturna odvisnost in značilnosti relaksacijskih načinov so prikazani na naslednjih
slikah.

Figure 2. Temperaturne odvisnosti kolektivnih modov v bližini faznega prehoda
SmA∗ ↔ SmC∗.

Vplivi zunanjega električnega polja. – Zunanje električno polje vpliva na tekoči
kristal z dvema mehanizmoma: linearna sklopitev med polarizacijo in električnim
poljem in s kvadratno sklopitvijo med induciranimi dipolnimi momenti in električnim
poljem, oziroma dielektrična anizotropijo tekočega kristala. Če je faza nepolarna,
v fazi SmA∗ električno polje povzročilo polarizacijo. Če je faza polarna, kot SmC∗
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Figure 3. Temperaturna odvisnost (a)značaja in (b)narave kolektivnih modov.
Dva moda sta fazna(črtkana črta), dva moda pa amplitudna(polna črta). Naravi
modov so različni: pod vodoravno črtkano linijo so modovi pretežno nagibni, nad

črto pa pretežno polarni.

faza, se polarizacije ponavadi poravnajo vzdolž smeri polja, kar poveča tudi splošno
polarizacijo. Preučena sta bila dva primera: kadar je električno polje statično in
kadar se električno polje harmonično spreminja. V obeh primerih je interakcija med
električnim poljem in molekularno polarizacijo opisana z dodatnim izrazom v prosti
energiji −P ·E. Dielektrična anizotropija pa je v delu zanemarjena.
Polarizacija v statičnem električnem polju blizu faznih prehodov SmA∗ ↔ SmC∗

je prikazana na naslednji sliki. Daleč v fazi SmA∗ je polarizacija vzorca majhna,
ker statično električno polje povzroči le majhno inducirano polarizacijo. Pri nižjih
temperaturah vzorec postane »mehkejši« in odziv se poveča. Končno pa statična
električna občutljivost χEA

doseže največjo in končno vrednost χmax pri tempera-
turi faznega prehoda TC , kjer je vzorec najmehkejši. Dielektrična susceptibilnost
v statičnem električnem polju χEC

v temperaturnem območju faze SmC∗ ima dva
prispevka, enega od faznih fluktuacij in drugega od amplitudnih fluktuacij polariza-
cijskgea ureditvenega parametra, ko se polarizacije molekul delno orientirajo vzdolž
smeri polja. Polarizacijske amplitudne fluktuacije so največje pri temperaturi fa-
znega prehoda in njihov prispevek presega prispevek faznih fluktuacij.
Model akiralnega polarnega smektičnega sistema. – Drugi del dela je osre-
dotočen na faze, ki jih tvorijo molekule z ukrivljeno sredico oz. banana molekul.
Banana molekule so pritegnile veliko pozornosti od odkritja, da take molekule tvo-
rijo polarno urejene faze tekočih kristalov s kiralno strukturo, čeprav so molekule
akiralne. Eksperimentalne študije faz iz banana molekul so pokazale, da je več faz
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Figure 4. Statična dielektrična susceptibilnost.

dejansko sestavljenih iz sklopov podfaz z različnimi strukturami in makroskopskimi
lastnostmi. Verjetno najbolj razumljiva je faza B2, v kateri so molekule razpo-
rejene v plasteh, polarno pa se urejajo na feroelektrični ali antiferoelektrični na-
čin. Poleg tega so molekule v plasteh pogosto nagnjene v isti smeri (sinklinsko)
ali v nasptrotnih smereh (antiklinsko). Analiza je omejena na tri antiferoelektrične
B2 podfaze. Od teh treh antiferoelektričnih faz ena ni nagnjena, dve pa sta na-
gnjeni in sicer ena sinklinsko in ena antiklinsko. Rezultate je mogoče enostavno
prilagoditi feroelektričnim podfazam. Poleg tega, dokler je pri zniževanju tempera-
ture prva smektična faza nenagnjena polarna faza, kiralni dopant ne more spreme-
niti polarnosti faze, temveč le njeno kliničnost. Zato ločena analiza feroelektričnih
faz ne prinaša novih fizikalnih spoznanj. Tu preučeni sistem ima fazno zaporedje
SmA ↔ SmAPA ↔ SmCSPA(SmCAPA).
Vrstni red v sistemih molekul banan je opisan z dvema parametroma, polarizacijo in
nagibom, parametri smektičnega in nematskega reda pa so privzeti za konstantne.
Parameter polarizacijskega reda P = {Px,j, Py,j, 0} je projekcija povprečne usme-
ritve upognjenih molekularnih sredic znotraj plasti na smektično ravnino. Smer
povprečne molekularne polarizacije je vzporedna ali nasprotno vzporedna s smerjo
parametra polarizacijskega reda. Parameter reda nagiba ξ = {nx,jnz,j, ny,jnz,j, 0},
pri čemer je n direktor, vzporeden s povprečno usmeritvijo najdaljše molekularne
osi, in z-ta komponenta je vzporedna s normalo na plast, opisuje nagib molekul.
Oba parametra vrstnega reda sta dvodimenzionalna. Dodatna komponenta 0 nima
fizičnega pomena, omogoča pa bolj kompaktne izraze za interakcije v prosti ener-
giji. V fazi, kjer obstajata oba parametra reda, lahko kiralni ureditveni parameter
definiramo kot psevdoskalar σj = n · (P j × ξj).
V okviru diskretnega modela, ki upošteva molekularne interakcije v prvi najbližji
smektični plasti, ima prosta energija polarno urejenih (ne)nagnjenih struktur, izra-
žena v parametrih polarizacije in nagiba, naslednjo obliko
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kjer sta dve sosednji plasti označeni z indeksoma j in j + 1; indeks 0 označuje
interakcije med molekulami znotraj ene same plasti, medtem ko 1 označuje interak-
cije med molekulami v sosednjih plasteh. V izrazu za prosto energijo je koeficient
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a0p = α(T − T0) edini odvisen od temperature. Ta in naslednji trije izrazi opisujejo
energijske prispevke zaradi van der Waalsovih in steričnih interakcij. Izraz z Ω opi-
suje energijski prispevek zaradi sklopitve med polarizacijo in nagibom. Energijski
prispevek zaradi sklopitve polarizacij v sosednjih plasteh je opisan s koeficientom
a1p , ki je vedno pozitiven za antiferoelektrično urejanje; izraz s koeficientom a1t
opisuje prispevek zaradi sklopitve sosednjih nagibov. Van der Waalsova sila med
podolgovatimi molekulami je orientacijsko odvisna, saj so molekule anizotropne in
je inducirani dipol vzdolž najdaljših molekularnih osi večji od dipolov v ostalih sme-
reh, vendar sila z razdaljo hitro pade. Če sterične interakcije prevladajo nad van der
Waalsovimi privlačnimi silami, je za strukturo energijsko ugodnejše sinklinično ure-
janje nagibov in koeficient a1t je negativen, sicer je struktura antiklinično nagnjena
in je koeficient a1t pozitiven.
Za iskanje stabilnih parametrov reda, prikazanih na spodnji sliki, je prosta energija
najmanjša za polarni in nagibni ureditveni parameter. Rešitev za nagnjeno polarno
fazo SmAPA obstaja pod TC , ki je vedno višja od temperature prehoda v polarno
urejeno strukturo v izolirani plasti T0. Z nadaljnjim hlajenjem vzorca se molekule
sinklinično ali antiklinično nagnejo pri temperaturi faznega prehoda TS(A). Pove-
čanje polarizacije pod temperaturo faznega prehoda v nagnjeno fazo je posledica
sklopitve med nagibom in polarizacijo.

Figure 5. Temperaturna odvisnost stabilne polarizacije in nagiba v proučevanem
sistemu banan.

Za obravnavo dinamičnih lastnosti oziroma iskanje relaksacijskih načinov ravnamo
podobno kot v prvem delu. V izraz za prosto energijo vstavimo nastavek za časovno
odvisne parametre reda ξ(t) = ξ0 + δξ(t),P (t) = P 0 + δP (t), kjer δ, ki vključujejo
fluktuacije. Za analizo prispevka fluktuacij k prosti energiji, le-to razvijemo do dru-
gega reda po fluktuacijah okoli stabilne proste energije. Z vpeljavo 8 dimenzionalnih
vektorjev fluktuacij, ki veljajo za dvoplastne strukture, lahko zapišemo interakcije
v matrični obliki. Lastne vrednosti te matrike so povezane z relaksacijskimi časi
in relaksacijskimi načini. Relaksacijski načini v proučevanem sistemu so prikazani
na spodnji sliki. Če je smer vektorja fluktuacije pravokotna na smer stabilnega
parametra reda, je fluktuacija fazna in ustrezen relaksacijski način je označen kot
fazni. Podobno, če sta smer fluktuacije in parametra reda medsebojno vzporedna,
fluktuacija spreminja velikost ureditvenega parametra in je ustrezni način označen
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kot amplitudni. Če sta prisotna oba, se način imenuje mešani. Večje povečanje ali
zmanjšanje polarizacijske amplitude v primerjavi z amplitudo nagiba nakazuje, da
je način polarne narave. V nasprotnem primeru naj bi bil način nagiben. Če stasi
komponenti nagiba in polarizacije podobni, je način po naravi mešan.

Figure 6. Relaksacijski načini v neparnih in enakomernih plasti faze polarnih
antiferoelektričnih banan.

Vplivi kiralnosti na ahiralni sistem polarnih banan. – Za analizo učinkov
kiralnega dopanta na sistem je prosti energiji dodan kiralni člen h(P j × ξj)z. Za
iskanje stabilnih rešitev in relaksacijskih načinov je bil uporabljen enak pristop kot
v predhodnem delu.
Fazni diagram kiralnih polarnih antiferoelektričnih smektikov iz banana molekul
je prikazan na spodnji sliki. Zvezdica označuje, da je sistem dopiran s kiralnim
dopantom. Učinke kiralnega dopanta na nagibe molekul v strukturni simboliki po-
nazarjajo ločne puščice. Belo območje ustreza nenagnjeni fazi SmA∗. Svetlo siva
regija ustreza fazi SmAP∗

A z nagibom, ki ga povzroči kiroklinični učinek. Najte-
mnejša regija ustreza fazi SmCSP

∗
A z nekoliko drugačnimi nagibi in polarizacijami

v sosednjih plasteh, prav tako zaradi kirokliničnega učinka. V poltemni regiji sta
antiklinska faza SmCAP

∗
A in sinklinska faza SmCSP

∗
A (meta) stabilni. Faza SmCSP

∗
A

je stabilna pod temperaturami, ki jih prikazuje polna črta. Vzdolž črtkane črte (TG)
sta prosti energiji faze SmCAP

∗
A in faze SmCSP

∗
A enaki. Faza SmCAP

∗
A je stabilna

nad črtkano črto, faza SmCSP
∗
A pa je stabilna pod njo. Omejitev metastabilnosti

faze SmCAP
∗
A je označena z daljšimi črticami. Črtkana črta (TI) označuje mejo med

pristno kiralno antiklinično antiferoelektrično fazo in fazo SmCAP
∗
A, ki jo povzroča

dopant, imenovano inducirana faza nagiba SmAP∗
A. Povečava dela faznega diagrama

prikazuje območje vrednosti okoli h, kjer se SmAP∗
A ↔ SmCSP

∗
A fazni prehod spre-

meni iz zveznega v nezvezni.
Če je sistem dopiran s kiralnim dopantom, se vSmAP∗

A zaradi kirokliničnega učinka
pojavi rahel nagib, zato ima struktura enako simetrijo kot nagnjena SmCAP

∗
A faza

pri nižji temperaturi. Pri visokih koncentracijah dopanta se ti dve fazi zvezno raz-
vijeta ena do druge. V čistem sistemu ima »mehki relaksacijski način« kritično
vedenje, ki je povezano s povečanimi fluktuacijama nagiba blizu faznega prehoda v
nagnjeno fazo. Mehkoba materiala, ki jo povzročajo te fluktuacije, je temu načinu
dala ime. V kiralnem sistemu najdemo podobno vedenje: po znižanju temperature
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Figure 7. Fazni diagram proučevanih antiferoelektričnih B2 faz.

se relaksacijski čas načina najprej podaljšuje, a pod določeno temperaturo začne
spet naraščati. Odgovarjajoča relaksacijska frekvenca nikoli ne postane enaka nič.
Zato temperaturna odvisnost mehkega načina še vedno kaže na mehčanje materiala,
ni pa način več kritičen. Predlagali smo, da se temperatura, pri kateri je frekvenca
mehkega moda najnižja, uporablja za razlikovanje med inducirano in originalno fazo.
Pri višjih kiralnih poljih se minimum mehkega moda pojavi pri višjih temperaturah,
kar kaže na povečanje temperaturnega območja originalne faze, kot je označeno na
faznem diagramu. Nadaljnja analiza lastnih vektorjev, ki ustrezajo različnim na-
činom, je pokazala, da so načini bodisi povsem amplitudni bodisi povsem fazni v
nedopirani in v pristni fazi, medtem ko se narava načinov spreminja iz nagibne v
polarno ali obratno v temperaturnem območju inducirane faze. Poleg tega imajo
načini kiralne lastnosti in se pojavljajo v parih z nasprotnimi kiralnostmi, kar vodi
do razcepa med njimi.
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