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Abstract — Hyperspectral image (HSI) Clustering is an 
unsupervised task, which segments pixels into different groups 
without using labeled samples. Low-rank sparse subspace 
clustering (LRSSC) is often applied to achieve the clustering of 
high-dimensional data such as HSI. The LRSSC combines low-
rank recovery and sparse representation to capture both global 
and local structures of the data. Nuclear and L1-norm are often 
used to measure rank and sparsity in LRSSC since minimization 
of these two norms results in a convex optimization problem. 
However, the use of Nuclear and L1-norm can only approximate 
the original problem, and may lead to over-penalization. Thus, 
the direct solution of a Schatten-0 (S0) and L0 quasi-norm 
regularized objective function has been proposed in the LRSSC 
for more accurate representation. This paper proposes to use the 
S0/L0-regulared LRSSC (S0/L0-LRSSC) for hyperspectral image 
clustering. To accommodate the large data size, an original HSI 
is pre-partitioned, and the S0/L0-LRSSC is implemented in a 
distributed way. Our experiments show that the performance of 
the S0/L0-LRSSC in hyperspectral image clustering is better than 
the original LRSSC and its variants based on Nuclear and L1-
norm minimization. 
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I. INTRODUCTION  

The high spectral resolution of hyperspectral imagery (HSI) 
can help distinguish materials with subtle spectral discrepancy. 
Thus, HSI has been widely applied in many remote sensing 
applications. Classification with training samples is one of 
popular techniques in image processing. Hyperspectral image 
classification can provide much finer classes about land-use 
and land-cover than broadband multispectral images. When 
training samples are unavailable, a clustering method can be 
applied. As an unsupervised technique without labeled samples, 
clustering is more challenging than supervised ones.  

The k-means clustering is a classical method, which heavily 
relies on initial conditions and easily gets stuck in a local 
optimum. Furthermore, the clustering results are centroid-
based, but the HSI do not have this nature. In this case, the 
subspace clustering was developed for high-dimensional 
dataset, where the data are clustered into multiple subspaces 
[1,2]. Afterwards,  low-dimensional subspaces are  fitted to 
each group of pixels. Recently, sparse subspace clustering 

(SSC) and  low-rank subspace clustering (LSC) [3,4] are 
proposed to find affinity matrices for clustering effectively, 
where an affinity matrix defines the similarity between pixels. 
The SSC algorithm uses the sparsest representation for each 
pixel with pixels in its group, and the local structure of data can 
be maintained. The low-rank recovery technique introduces 
low-rank constraint into self-representation matrix, and the 
global structure of data is preserved. In order to contain both 
local and global information in dataset, the low-rank sparse 
subspace clustering (LRSSC) algorithm is proposed which 
combines the low-rank and sparsity constraints [5,6].  

Because of varied sources or features of dataset, mult-view 
learning has been widely applied in machine learning area, 
where the single-view learning could not represent all the 
sources or features in dataset properly. HSI, which contains 
hundreds of spectral bands, could be represented with many 
views in each band. In this case, HSI is a perfect dataset for 
multi-view learning. Li et al. also utilized multiple 
morphological features for HSI classification [7], which 
integrates linear and nonlinear features. Multi-view learning 
and LRSSC are incorporated in [8] as multi-view low-rank 
sparse subspace clustering (MLRSSC).  

Nuclear and L1-norm are often used to measure rank and 
sparsity in LRSSC and its variants (e.g,, MLRSSC), since 
minimization of these two norms results in a convex 
optimization problem. However, the use of Nuclear and L1-
norm can only approximate the solution [9], and may lead to an 
overpenalized problem [10][11]. Recently, nonconvex 
approximation of rank and sparsity have been introduced to 
subspace clustering, which generated promising improvements. 
For instance, Ref. [12] combined the Schatten-q (Sq) quasi-
norm (0 < q < 1) for low-rank and the Lp quasi-norm (0 < p 
< 1) for sparsity constraints in the LRSSC. However, it was 
argued in [13] that smaller values of p may lead to more 
accurate sparse solution. In [14], a Schatten-0 (S0) and L0 
quasi-norm regularized objective function was proposed for 
subspace clustering, and the resulting S0/L0–LRSSC did 
outperform the Sq/Lp–LRSSC. 

Therefore, in this paper, the S0/L0–LRSSC is investigated 
for the subspace clustering of HSI. The experiments show that 
its performance in clustering is better than the original LRSSC 
and its variants based on Nuclear and L1-norm minimization. 



II. PROPOSED METHOD 

A. Low-rank and sparse subspace clustering 

Given a set of N  data points as 1 2[ , , , ]NX x x x in DR , 

the low-rank and sparse self-representation matrix N NR C  
could be recovered by the following minimization problem:  
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The affinity matrix W is formed as:  
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Then spectral clustering [15][16] is applied for clustering. 

Using a more general form, Eq. (1) becomes 
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where  g  and  f   are the functions measuring the rank 

and sparsity of a matrix, respectively. When   *
g C C  

and   1
f C C , then it is reduced to the optimization 

problem used in the original LRSSC. 

B. S0/L0-LRSSC 

In the S0/L0-LRSSC, Eq. (3) becomes 
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The proximity operator H of 
0

x is defined entry-wise as 
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and its closed-form solution at y is the hard thresholding 
function defined as 

   
,          if 2

, 0, ,   if 2

0,          if 2

x x

H y x x

x

  
   
  

.                     (6) 

The proximity operator of 
0S

C is the hard thresholding 

function applied entry-wise to the vector of singular values. 

To use the alternating direction method of multipliers 
(ADMM) to solve Eq. (4), an additional variable J is 
introduced as [14]: 
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Then the augmented Lagrangian function can be formulated as 
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where μ and Λ are the penalty parameter and the Lagrange 
multiplier, respectively.  

The alternating update steps are as below. 

1) When Ck and Λk are fixed, Jk+1 can be solved as 
11k T T k k          J X X I X X C Λ           (9) 

2) With Jk+1 and Λk  being fixed, Eq. (8) is reduced to 
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When τ = 0, the solution to Eq. (10) can be  

 1 ; /k TH   C U Σ V                           (11) 

with TUΣV being the SVD of  1 /k k  J Λ .  

When λ = 0, the solution to Eq. (10) is 

 1 1 / ; /k k kH     C J Λ                     (12) 

and  1 1 1k k kdiag   C C C .  

The 1kC  at the (k+1)-th step is the average of the solutions 
in Eqs. (11) and (12). 

3) Given Jk+1 and Ck+1, the update equation for Λk is 

 1 1 1k k k k    Λ Λ J C                       (13) 

The iterative process is terminated when the difference of 
J in two adjacent iterations is less than a predefined threshold. 
Note that the value of μ also controls the level of rank and 
sparsity through hard thresholding: a large value of μ yields a 
lower rank and a sparser solution. So it can be initialized as a 
small value, say, 1, and exponentially increased after each 
iteration for a low-rank and sparse solution [14]. 

C. S0/L0-LRSSC for HSI Clustering 

In remotely sensed HSI, most of datasets contains 
thousands of pixels, which means a regular computer cannot 
afford the heavy computation involved in LRSSC due to the 
fact that the size of the affinity matrix C is N × N. To deal with 
this problem, image spatial partition, where the whole image is 
separated into several blocks, is adopted as a solution in this 
paper. The final result for the entire dataset is generated by 
merging the results of individual blocks after comparing the 
spectral signatures of cluster centers.  

To reduce the computational cost of LRSSC, a dataset can 
be partitioned through uniform sampling [5]. Random 
sketching is also proposed for spatial dimensionality reduction 
for subspace clustering [17]. However, according to our study, 
block-by-block clustering yields the best performance. 



III. EXPERIMENTS 

A. Datasets 

In the experiments, two hyperspectral image datasets are 
used, which were collected by Airborne Visible and Infrared 
Imaging Spectrometer (AVIRIS) sensor. The SalinasA dataset 
was acquired over the Valley of Salinas, Central Coast of 
California, in 1998, where spatial resolution is 3.7 m and 204 
spectral bands. It includes 6 classes and 5348 labeled pixels. 
The Indian Pines dataset was collected for the Indian’s Indian 
Pines in June 1992. The spatial size is 145 × 145 with the 
spatial resolution 20 m and 204 spectral bands. There are a 
total of 16 classes and 10249 labeled samples. The SalinasA 
dataset is divided into 4 blocks, and the Indian Pines dataset is 
divided into 9 blocks, as shown in Fig. 1.  

       
                   (a)                                                      (b) 
Fig. 1  Block seperation in Salinas-A (a) and Inidan Pines (b).  

B. Result and Anlysis  

For the first block of SalinasA (1*1), S0/L0-LRSSC 
clustering accuracy with different pairs of λ and τ is shown in 
Fig. 2. The best pair is λ = 6 and τ = 0.5. Similarly, the first 
block of Indian Pines is used for parameter tuning, and the best 
pair is λ = 6 and τ = 0.3. Note that the accuracy actually does 
not change much when λ and τ are in a large area as indicated 
in Fig. 2. 

For comparison purposes, the original SSC and LRSSC are 
compared. In addition, the S4C [18] and MLSSC are also used 
for comparative study. The clustering accuracy is based on 
labeled samples, which is evaluated in terms of overall 
classification accuracy after comparing with the ground truth. 
Fig. 3 shows the accuracy of these five algorithms, where 
S0/L0-LRSSC offers 91%, which is higher than 88% from 
MLSSC and 86% from S4C. These values are much higher 
than those from the original SSC and LRSSC. Fig. 4 shows the 
performance in the Indian Pines experiment. The S0/L0-LRSSC 
outperforms others, yielding the accuracy value close to 69%.  

Note that the Indian Pines dataset is much more 
complicated than the SalinasA with more classes whose 
spectral signatures are similar, thus its unsupervised clustering 
is more challenging. The traditional clustering technique, such 
as k-means, yields very poor performance (less than 30%) for 
this dataset [5]. This confirms the advantage of the SSC-class 
techniques in high-dimensional data clustering. 

 
Fig. 2  The clustering accuracy with varied trade-off parameters 
in SalinasA.  
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Fig. 3  Clustering accuracy with varied algorithms in SalinasA.  
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Fig. 4  Clustering accuracy with varied algorithms in Indian 
Pines.  

To investigate the convergence perforamnce of S0/L0-

LRSSC, the
2

F
J  is computed after each iteration. As shown in 

Fig. 5, the value of 
2

F
J  does not change much after 6 

iterations in Indian Pines, and after 10 iterations in SalinasA. 
This means the ADMM algorithm for S0/L0-LRSSC can 
converge quickly. 



 
Fig. 5 Learning curves of S0/L0-LRSSC in the two experiments. 

IV. CONCLUSION  

This paper investigates the S0/L0-LRSSC for hyperspectral 
image clustering. The widely used Nuclear and L1-norm in 
LRSSC can only approximate the original problem, so direct 
nonconvex solution to an S0 and L0 quasi-norm regularized 
objective function was proposed for more accurate 
representation. To accommodate the large data size, an 
original HSI is pre-partitioned, and the S0/L0-LRSSC is 
implemented in a distributed way. Our experiments show that 
the performance of the S0/L0-LRSSC in hyperspectral image 
clustering is better than the original LRSSC and its variants 
using Nuclear and L1-norm minimization. 
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