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Abstract
Correctly modelling the nonlinear saturation characteristics of the transformer iron core is of great importance in steady-state
calculations (harmonics and power quality) and calculations of the electromagnetic transients (inrush current, ferroresonance,
temporary overvoltages). Thus, this paper presents an original estimation algorithm for determining the transformer nonlinear
saturation characteristic from the measured inrush and steady-state current waveforms in entire windows of occurrences. The
proposed algorithm is based on the minimization of a specifically defined cost function by applying the Nelder–Mead method,
which was used to create a balance between the transformer steady-state current and the inrush current at zero residual flux.
The algorithm uses the BDF numerical method in the background to solve the stiff differential equation system. By applying
the appropriate indexes of quality estimation, it was demonstrated that, out of a total of twelve proposed analytical functions,
the best optimization results were achieved with three proposed functions (the Frolich extended, three-term polynomial and
special hyperbolic function). Detailed performances and accuracy suggested that the estimation algorithm has been verified
by a very close agreement between the simulation results and measured transformer current waveforms in the steady-state
and different inrush current scenarios.

Keywords Inrush current · Parameter estimation · Saturation characteristic · BDF method · Nelder–Mead method

1 Introduction

Transformers represent one of the most important compo-
nents of a power system. In this regard, a correct modelling
of transformers is very important, both in the steady-state cal-
culations (harmonics and power quality) and in calculations
of electromagnetic transients (inrush current, ferroresonance,
temporary overvoltage). The dominant element of the trans-
former model is the nonlinear saturation (current–flux)
characteristic of the transformer iron core. In practical cases,
the nonlinear current–flux characteristic (i–φ) is typically
obtained by conversion from the measured RMS current—
voltage curve (I–U) using the algorithms proposed in the
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papers [1, 2]. The RMS curve is usually given by the man-
ufacturer or obtained by direct measurements. The standard
no-load transformer test obtained from the manufacturer is
usually limited, as it gives only a few points of saturation
characteristic, which are linearly interpolated in the model.
This nonlinear model of saturation characteristic does not
typically give points in deep saturation, so it can lead to
significant miscalculations in the transformer model when
simulating the transformer inrush current or ferroresonance.
On the other hand, laboratory measurements of the satura-
tion characteristic are limited by the magnitude of the source
voltage (there is even a possibility of flashover from the
primary winding of the transformer to its tank) or a signifi-
cant overheating of the windings when measuring the RMS
voltage–current characteristic in deep saturation. For these
reasons, there is still a need for a qualitative assessment of
the transformer nonlinear characteristic, which is the primary
purpose of this paper.

There are different approaches to determining the non-
linear characteristic of a single-phase transformer presented
in the available literature. In paper [3], this characteristic
was estimated from the inrush current test, with only the
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first peak of inrush current being used for the saturation
region. In particular, the nonlinear characteristic was esti-
mated separately in the no-load current domain (small values
of current). The corresponding ordinary differential equation
(ODE) system was solved by using the trapezoidal method.
In paper [4], in addition to measuring the primary voltage
and current, the additional measurement of the secondary
voltage was required to determine the nonlinear character-
istic, since the flux is directly calculated by integrating this
voltage. A differential evolution method for estimating the
core characteristic was proposed in the papers [5, 6]. Iron
core losses were completely ignored in paper [5], which may
diminish the validity of the model, while measured signals
of the primary and secondary voltage, as well as the pri-
mary current, were used for the proposed estimation in paper
[6]. A method for the conversion of the current–time curve
to the current–flux characteristic, based on samples of the
peak inrush currents, was proposed in paper [7]. Since the
described method is based on analytical equations, signif-
icant simplifications (signal idealization) of inrush current
and flux waveforms were assumed in this paper. The param-
eter identification of transformer characteristic based on the
genetic algorithm was presented in paper [8]. The explicit
Runge–Kutta method was used to solve the ODE system.
The proposed method was applied only to the no-load trans-
former current. Furthermore, the parameter determination
method of the transformer characteristic based on terminal
measurements of currents and voltages was suggested in the
paper [9]. Saturation characteristic was represented by a two-
term polynomial, while the forward Euler method was used
to solve the ODE system. The proposed method produces a
good match only for the first inrush peak, while the other
current peaks lead to significant miscalculations compared
to the measured current. In papers [10–14], some specific
(non-optimization) methods for determining the transformer
characteristic have been proposed. Papers [10, 11] presented
the piecewise models of saturation characteristic. The piece-
wise and current sourcemodels of nonlinear inductance were
used in paper [12] to determine the saturation characteristic of
an electronic transformer. The paper [13] introduces a mod-
ification of the standard no-load test presented in the paper
[14], from which the characteristic was extracted.

First of all, none of the mentioned papers on the estima-
tion of the nonlinear characteristic takes into account the
numerical properties of transformer ODE system, that is,
the application of the appropriate numerical method for the
inrush current and steady-state current calculation. In addi-
tion, each paper proposes only one analytical function to
represent the nonlinear characteristic, and the properties of
applied optimization methods were not considered. There-
fore, this paper will propose a method for extracting the
transformer characteristic from the inrush current and steady-

state current simultaneously, specifically taking into account
all the facts mentioned above.

The main goal of this paper is manifold: (1) the advanced
algorithm for determining the transformer nonlinear charac-
teristic from the transformer inrush current and steady-state
current simultaneously, based on BDF differential equation
numerical methods and Nelder–Mead optimization method;
(2) the original objective function of the transformer non-
linear characteristic estimation technique; (3) comparison
of different analytical functions that estimate the nonlinear
characteristic using the appropriate quantifiers (indexes); (4)
to verify the obtained results by comparison with measure-
ments; and (5) to draw relevant conclusions regarding the
proposed algorithm properties.

The remainder of this paper is organized as follows.
Section 2 introduces the modelling methodology in the
state-space form of the analysed single-phase transformer.
Section 3 presents the proposed estimation algorithm for
determining the nonlinear transformer characteristic. Sec-
tion 4 presents the results of optimization for different
analytical representations of the nonlinear characteristic. In
Sect. 5, the discussion and validation of obtained optimiza-
tion results are shown in detail. Finally, Sect. 6 concludes
this paper.

2 Single-phase transformer differential
equations model

2.1 Circuit model of the single-phase transformer

The standard Steinmetz equivalent circuit model, shown in
Fig. 1, is the most common representation of a two-winding
single-phase transformer in the low-frequency and steady-
state transformer analysis. The basic linear elements of the
model are: Rp, Rs primary and secondary winding resistance,
Lp, Ls primary and secondary winding inductance, Rm core
loss resistance, while Lm represents the nonlinear inductance
of transformer iron core. As is known, the linear elements are
obtained by measurements from short circuit test (Rp, Lp),
and no-load test (Rm, Lm). Other symbols in Fig. 1 are: u(t)
source voltage, ip primary current, i magnetizing current, iR
core loss current, φ magnetic flux, Np/N s transformer turn
ration. A constant value for Rm was assumed since the anal-
ysed transformer has a small core loss value and because the
inrush current belongs to low-frequency transients.

As previously emphasized, the single-valued nonlinear
characteristic F(i, φ) � 0 is typically represented by piece-
wise linear segments. Whether such a model will correctly
model the deep saturation if the no-load test has an insuf-
ficient number of points (for relatively large values of
the no-load current) remains an open question. Further-
more, piecewise linear segments are not a differentiable
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Fig. 1 Steinmetz transformer
model
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function at points of transition from segment to segment
and, additionally, piecewise linear segments can lead to
overshooting problems [15]. Representation with nonlinear
analytical functions eliminates the problems of overshoot-
ing and non-differentiability. In engineering applications,
the above-mentioned saturation characteristic, given as F(i,
φ) � 0 or F(B, H) � 0, is represented by using the origi-
nal [16] and the extended Frolich equation [17], logarithmic
function [18], polynomial expression [9, 16], trigonometric
function [19, 20], double-exponential function [5, 6], ratio-
nal Annakkage function [21], hyperbolic function [22] and
implicit analytical function [23].

One of the aims of this paper is to provide a comparative
analysis of some of the aforementioned analytical expres-
sions, with some additional ones, in the suggested estimation
algorithm for the transformer characteristic.

2.2 State-space equations for the single-phase
transformer

To begin with, the n-dimensional vector of unknown param-
eters in an analytic function which represents a nonlinear
transformer characteristic is marked with Λ � [λ1 λ2 …
λn]T, Λ ∈Rn.

The appropriate state-space equations for the equivalent
circuit transformer model from Fig. 1 can be written with
respect to the form of the equation of the nonlinear charac-
teristic i � i(φ, Λ) or φ � φ(i, Λ).

(a) The case when i � i(φ, Λ) is given, the vector of state
variables is X � [ip φ]T, while the state-space equation
is:

(1)

d

dt

[
i p
φ

]
�

[
− Rp+Rm

Lp
Rm
Lp

Rm −Rm

] [
i p

i(φ,Λ)

]

+

[
1
Lp
0

]
[u(t)] � F(X , t,Λ)

(b) The case when φ � φ(i, Λ) is given, the vector of state
variables is X � [ip i]T, while the state-space equation
is:

(2)

d

dt

[
i p
i

]
�

⎡
⎣ − Rp+Rm

Lp
Rm
Lp

1
∂φ(i,Λ)

∂i

Rm − 1
∂φ(i,Λ)

∂i

Rm

⎤
⎦[

i p
i

]

+

[
1
Lp
0

]
[u(t)] � F(X , t,Λ)

Relations (1) and (2) represent the extremely stiff ODE
systems,which is described in detail in papers [24, 25].When
solving the extremely stiff ODE systems written in the state-
space form, the numerical properties of the applied numerical
method must be taken into account [24, 25]. The applica-
tion of the standard explicit methods, such as the explicit
Runge–Kutta method, leads to the divergence of methods,
while the use of the widespread trapezoidal method can lead
to the negative effect of numerical oscillations [24, 25]. The
negative effects of divergence and numerical oscillations are
a consequence of the fact that the explicit methods have
bounded regions of numerical stability, while the trapezoidal
method, although A-stable and not L-stable, cannot suppress
the numerical oscillations. Therefore, this paper suggests the
BDFp method, of order p, which has the following form:

p∑
m�1

1

m
∇mXk+1 � �t F(Xk+1, tk+1,Λ) (3)

All BDFp, p � 1, 2, …, 5 are A-stable and L(α)-stable
with the stability angles of 90°, 90°, 86°, 73° and 51° [24,
25]. This is an important fact because the transformer inrush
currents have eigenvalues that belong to the abscissa, which
allows the use of arbitrary BDFp methods.

For the sake of simplicity and good properties of accuracy
and stability, this paper will prefer the BDF2, which is an A-
stable and L-stable method. This method has the following
general form:

Xk+1 � 4

3
Xk − 1

3
Xk−1 +

2

3
�t F(Xk+1, tk+1,Λ) (4)
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The application of BDF2 to Eqs. (1) and (2) leads to the
nonlinear equation on Xk+1:

G(Xk+1,Λ) � Xk+1 − 4

3
Xk +

1

3
Xk−1 − 2

3
�t · F(Xk+1, tk+1,Λ) � 0

(5)

which is solved by the Newton method in every step of inte-
gration:

Xl+1
k+1 � Xl

k+1 −
[
G ′(Xl

k+1,Λ
)]−1 · G

(
Xl
k+1,Λ

)
(6)

where k � 1, 2, … is a counter of integration steps of the
applied BDF2 method, while l � 1, 2, … is a counter of
iterations of the applied Newton method within (k + 1)th
integration step.

The Jacobian matrix is calculated as:

(7)

J (Xk+1,Λ) � G ′
Xk+1

(Xk+1,Λ)

� E − 2

3
�t · F ′(Xk+1, tk+1,Λ)

Therefore, (6) can now be specifically written as:

Xl+1
k+1 � Xl

k+1 −
[
E − 2

3
�t · F ′ (Xl

k+1, tk+1,Λ
)]−1

·
[
Xl
k+1 − 4

3
Xk +

1

3
Xk−1 − 2

3
�t · F

(
Xl
k+1, tk+1,Λ

)]

(8)

(a) Case when the function is in the form i � i(φ, Λ), the
following is calculated in relation (8):

F ′(Xl
k+1, tk+1,Λ

)
�

⎡
⎢⎣

− Rp+Rm
Lp

Rm
Lp

∂i(φ,Λ)
∂φ

∣∣∣
φ�φl

k+1

Rm −Rm
∂i(φ,Λ)

∂φ

∣∣∣
φ�φl

k+1

⎤
⎥⎦ (9)

F
(
Xl
k+1, tk+1,Λ

)

�
[

− Rp+Rm
Lp

Rm
Lp

Rm −Rm

] [
i lpk+1

i
(
φl
k+1,Λ

)
]

+

[
1
Lp
0

]
[u(tk+1)]

(10)

(b) Case when the function is in the form φ � φ(i, Λ), the
following is calculated in relation (8):

F ′ (Xl
k+1, tk+1,Λ

)

�

⎡
⎢⎢⎢⎢⎣

− Rp+Rm
Lp

Rm
Lp

1
∂φ(i,Λ)

∂i

∣∣∣
i�ilk+1

Rm

−Rm
∂φ(i,Λ)

∂i

∣∣∣
i�ilk+1

+Rm
(
i lk+1−i lpk+1

)
∂2φ(i,Λ)

∂i2

∣∣∣∣
i�ilk+1[

∂φ(i,Λ)
∂i

∣∣∣
i�ilk+1

] 2

⎤
⎥⎥⎥⎥⎦

(11)

F
(
Xl
k+1, tk+1,Λ

)

�
⎡
⎢⎣

− Rp+Rm
Lp

Rm
Lp

1
∂φ(i,Λ)

∂i

∣∣∣
i�ilk+1

Rm − 1
∂φ(i,Λ)

∂i

∣∣∣
i�ilk+1

Rm

⎤
⎥⎦

[
i lpk+1
i lk+1

]

+

[
1
Lp
0

]
[u(tk+1)]

(12)

Therefore, the solution (8) of state-space equation (1) or
(2) contains the unknown parameters vector Λ of the trans-
former nonlinear characteristic. In the following section, this
solution for the transformer inrush current and steady-state
current scenarios will be introduced into the corresponding
optimization algorithm.

3 Forming the objective function
and Nelder–Mead optimizationmethod

In contrast to almost all other papers, this paper will simul-
taneously estimate the nonlinear characteristic with respect
to the inrush current and the steady-state current. Therefore,
for the electrical system in Fig. 1, the measured values of
the source voltage u(t) � umeas.(t), transformer inrush cur-
rent ipmeas.inrush(t) and the transformer steady-state current
ipmeas.steady(t) are known.

Taking into account that according to (8), for a defined
value Λ, i pk (Λ) is also known in every integration step, it is
possible to form two separated objective functions:

F1(Λ) � 1

N

N∑
k�1

[
i pk (Λ) − i pmeas.inrushk

]2 (13)

F2(Λ) � 1

M

M∑
k�1

[
i pk (Λ) − i pmeas.steadyk

]2 (14)

To minimize the objective functions (13) and (14), the
Nelder–Mead optimization method [26] is preferred in this
paper. The Nelder–Mead method is a commonly applied
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optimization method used to determine the minimum of the
objective function F(Λ), Λ ∈ Rn in n-dimensional space.
This method is based on the concept of the specially defined
simplex S, which represents the special convex hull of n
+ 1 vertices in n-dimensions. The Nelder–Mead method
performs certain transformations of the working simplex
S (reflection, expansion, contraction and shrink), based on
function values F(Λj), j � 1, 2, …, jmax, and return a final
solution Λf ∈ Rn.

The method iteratively searches for a sample that, through
a special strategy, compares the values of the function in all
points of the defined simplex and generates a new simplex.
In each iteration, the least favourable point is discarded and
a new point is introduced, generating a new simplex with
the remaining points. Finding a new point can cause the
expansion or reduction of the simplex domain. Reduction
of the simplex leads to convergence (of all simplex points)
towards the desired optimal point. Details of the special char-
acteristics of this method (convergence, implementation) are
presented in the papers [26–28]. The main good property
of this method is that it represents a direct search method,
based on simple function values comparison. This makes
it applicable to problems where the objective function may
be non-smooth or even discontinuous at certain points. This
method does not require the analytical or numerical comput-
ing of the function’s gradient, which makes it more robust
compared to the standard optimization methods. The initial
vector of the optimization method is very important and the
method for calculating it will be presented in the next section.

It is clear that the functions F1 and F2 have differ-
ent absolute values, since the values of the inrush current
and steady-state current may differ by several orders of
magnitude. In order to qualitatively estimate the nonlinear
saturation characteristic for both analysed scenarios, it is nec-
essary to scale the functions F1 and F2 to the same measure.
Thus, a new final cost function F is proposed, which repre-
sents the balance of the previous two functions:

F(Λ) � 1

2

[
1

F1 min
F1(Λ) +

1

F2 min
F2(Λ)

]
(15)

Function F(Λ) enters the optimization process only after
the minimums of functions F1(Λ) and F2(Λ) have been
found individually, F1 min � min(F1(Λ)) and F2 min �
min(F2(Λ)). Eventually, the final solution of the optimiza-
tion problem �f is found as the minimum of the function:

Fmin

� min (F(Λ)) � 1

2

[
1

F1 min
F1(Λ f ) +

1

F2 min
F2(Λ f )

]

(16)

Initial vector of the parameterΛ0 is calculated by using the
least square method (LSM), i.e. the fitting procedure with the

appropriate function F(i, φ) � 0, for the two-valued curve:
the measured inrush current ipmeas.inrush(t), versus flux φu(t),
as a calculated integral of the measured source voltage u(t).

A simplified flowchart for estimating the nonlinear trans-
former characteristic is shown in Fig. 2.

Simply put, the algorithmworks by separately calculating
theminimumsof functionsF1 andF2 based on the initial vec-
tor Λ0, with regard to the measured inrush current (F1) and
steady-state current (F2). A new objective function F is then
formed as a hybrid connection between these two functions.
Minimization of the function F gives the final optimization
solution. The proposed algorithm works for an arbitrarily
chosen analytical function that models the saturation charac-
teristic, whether in the form i � i(φ, Λ), φ � φ(i, Λ) or even
in the implicit form F(i, φ) � 0.

4 Optimization results for different
analytical approximations of nonlinear
characteristic

In this section, the proposed estimation algorithm will be
applied to the 220/12 V single-phase transformer with the
following parameters:

• transformer-rated power: 300 VA;
• winding resistance: Rp � 5.75 	;
• leakage inductance: Lp � 3.135 mH;
• core loss resistance: Rm � 3826 	.

In order to avoid the influence of residual flux at the begin-
ning, the transformer was demagnetized before energization.
Besides, to ensure the maximum value of the inrush current,
the zero-crossing moment of source voltage was selected as
the switch activation point. This was achieved by using solid-
state relay switch control.

Figure 3 shows the waveforms of measured: source volt-
age, transformer inrush current and steady-state current,
which represent the input data for the proposed estimation
algorithm.

Based on the measured signals of the transformer inrush
current ipmeas.inrush(t) and magnetic flux φu(t), which is
calculated as the numerical integral of the source voltage
φu � ∫

u(τ )dτ , two-valued functions are formed, as shown
in Fig. 4.

The initial vectorΛ0 of the optimization function is deter-
mined by using the nonlinear least square method, using the
fitting procedure of the mentioned measured data with appli-
cation of the appropriate functions: Fig. 4a in the form i �
i(φ, Λ) and Fig. 4b in the form φ � φ(i, Λ) or in the implicit
form F(i, φ) � 0.

The analytical functions (noted by: #j, j � 1, 2, …, 12),
shown inTable 1,were taken for the approximation functions.

123



Electrical Engineering

Fig. 2 Flowchart for
determining the minimum of
cost functions: F1, F2 and F
with appropriate initial
conditions Λ0
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Fig. 3 Measured waveforms: a source voltage, b inrush current and c steady-state current

Fig. 4 Two-valued ip–φu curve:
determination of initial vector
Λ0 of optimization function:
a i � i(φ, Λ), b φ � φ(i, Λ)
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Some of these were taken from the available literature, while
some new ones have also been suggested (#5, #10).

It should be noted that in the polynomial function, in addi-
tion to the unknown parameters representing the coefficients
of the polynomial, the exponents of the individual terms are
also unknown (α1, α2, α3). These exponents represent the
odd numbers, so a triple loop within which to search for
the optimal exponents of a given function must be made.

In general, increasing the number of polynomial terms does
not have to increase the accuracy of the estimation, since an
increased number of polynomial terms can lead to a negative
oscillatory problem known as Runge’s phenomenon.

Tables 2 and 3 show the results of the estimation algo-
rithm for the proposed approximate analytical functions in
Table 1. Table 2 shows the estimation results of the nonlinear
curve when the transformer inrush current (cost function F1)
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Table 1 Proposed analytical
functions for estimation of the
transformer characteristic (noted
by: #j, j � 1, 2, …, 12)

No. Proposed function No. Proposed function

#1 φ(i,Λ) � i
λ1+λ2|i | #7 i(φ,Λ) � λ1φ

α1 + λ2φ
α2

#2 φ(i,Λ) � i
λ1+λ2|i |+λ3

√|i | #8 i(φ,Λ) � λ1φ
α1 + λ2φ

α2 + λ3φ
α3

#3 φ(i,Λ) � λ1arctg(λ2i) + λ3i #9 i(φ,Λ) � λ1sinh(λ2φ)

#4 φ(i,Λ) � λ1ln(|λ2i | + 1) #10 φ(i,Λ) � λ1tanh(λ2i) + λ3asinh(λ4i)

#5 i(φ,Λ) � λ1φ
(
λ2 + eλ3|φ|) #11 φ(i,Λ) � λ1i+sign(i)·i2

λ2+λ3|i |+λ4i2

#6 i(φ,Λ) � λ1φ
(
λ2 + eλ3φ

2
)

#12 F(i, φ,Λ) � sign(φ) · [
λ1 + sign(φ) · λ2 − φ

]·[
λ3 + sign(φ) · λ4 − φ

] − sign(φ) · λ2λ4 − λ5φ � 0

Table 2 Results of estimation
for the case of inrush current
and steady-state current as the
input data, separated cost
functions F1 and F2

No. Λ0inrush Λf inrush �
Λ0steady

Λf steady F1(Λf ) R2
1 F2(Λf ) R2

1

#1 λ10 � 0.2684

λ20 � 0.4903

λ1 f � 0.30653

λ2 f � 0.54823

λ1 f � 0.06037

λ2 f � 0.83857
0.21341 0.9494 0.00207 0.96489

#2 λ10 � 0.331

λ20 � 0.529

λ30 � −0.1302

λ1 f � 0.00032

λ2 f � 0.49644

λ3 f � 0.28696

λ1 f � 0.00029

λ2 f � 0.62459

λ3 f � 0.23015

0.07763 0.98162 0.00176 0.97008

#3 λ10 � 1.178

λ20 � 2.384

λ30 � 0.0108

λ1 f � 0.98909

λ2 f � 5.26080

λ3 f � 0.01451

λ1 f � 0.54855

λ2 f � 31.6939

λ3 f � 0.47413

0.07411 0.98245 0.00190 0.96764

#4 λ10 � 0.3661

λ20 � 20.750

λ1 f � 0.14785

λ2 f � 9982.57

λ1 f � 0.20504

λ2 f � 340.630
0.05561 0.98683 0.00188 0.96806

#5 λ10 � 0.02401

λ20 � −11.34

λ30 � 2.82

λ1 f � 0.00014

λ2 f � 341.939

λ3 f � 6.27230

λ1 f � 0.00395

λ2 f � 6.79205

λ3 f � 4.53583

0.05630 0.98667 0.00181 0.96918

#6 λ10 � 0.5421

λ20 � −1.745

λ30 � 0.6543

λ1 f � 0.02598

λ2 f � −1.6317

λ3 f � 1.87949

λ1 f � 0.05693

λ2 f � −0.51623

λ3 f � 2.00893

0.05943 0.98593 0.00181 0.96921

#7 λ10 � 1.503

λ20 � 0.00121

λ1 f � 0.15744

λ2 f � 0.00969

λ1 f � 0.14648

λ2 f � 0.23583
0.06318 0.98504 0.00269 0.95426

#8 λ10 � −0.7964

λ20 � 0.598

λ30 � 0.000001

λ1 f � −0.36516

λ2 f � 0.40220

λ3 f � 0.00070

λ1 f � 0.17209

λ2 f � 0.17287

λ3 f � 0.04717

0.06516 0.98457 0.00183 0.96895

#9 λ10 � 0.02024

λ20 � 3.578

λ1 f � 0.00020

λ2 f � 6.79234

λ1 f � 0.00464

λ2 f � 5.13936
0.05690 0.98653 0.00181 0.96916

#10 λ10 � 1.464

λ20 � 1.79

λ30 � 0.2131

λ40 � 0.3925

λ1 f � 1.15515

λ2 f � 9.42290

λ3 f � 0.14980

λ4 f � 1.89010

λ1 f � 0.60192

λ2 f � 26.81471

λ3 f � 0.23678

λ4 f � 6.75625

0.05489 0.98700 0.00190 0.96765

#11 λ10 � 1345

λ20 � 359.1

λ30 � 663.5

λ40 � 0.1375

λ1 f � 1009.538

λ2 f � 107.4879

λ3 f � 635.5095

λ4 f � −3.99188

λ1 f � 703.6942

λ2 f � 28.02821

λ3 f � 703.6830

λ4 f � −188.5304

0.07075 0.98325 0.00189 0.96781

#12 λ10 � 1.456

λ20 � 0.0883

λ30 � 0.2856

λ40 � 1.326

λ50 � 0.00944

λ1 f � 10.4218

λ2 f � 0.01569

λ3 f � 0.90899

λ4 f � 1.68718

λ5 f � 1.28024

λ1 f � 15283.5

λ2 f � 0.26693

λ3 f � −2272.8

λ4 f � 0.86085

λ5 f � 461.961

0.07421 0.98243 0.00182 0.96902
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Table 3 Results of estimation
for the case of the inrush current
and steady-state current as the
input data, proposed cost
function F

No. Λ0 Λf F(Λf ) F1(Λf ) R2
1 F2(Λf ) R2

2

#1 λ10 � 0.30653

λ20 � 0.54823

λ1 f � 0.16197

λ2 f � 0.55244
2.2530 0.3230 0.9235 0.0062 0.8949

#2 λ10 � 0.00032

λ20 � 0.49644

λ30 � 0.28696

λ1 f � 0.00031

λ2 f � 0.49345

λ3 f � 0.30618

1.1318 0.0810 0.9808 0.0021 0.9635

#3 λ10 � 0.98909

λ20 � 5.26080

λ30 � 0.01451

λ1 f � 0.96729

λ2 f � 4.80682

λ3 f � 0.01637

2.3216 0.0828 0.9804 0.0067 0.8859

#4 λ10 � 0.14785

λ20 � 9982.57

λ1 f � 0.20204

λ2 f � 377.737
1.6622 0.1275 0.9698 0.0019 0.9670

#5 λ10 � 0.00014

λ20 � 341.939

λ30 � 6.27230

λ1 f � 0.00316

λ2 f � 23.81123

λ3 f � 4.53439

1.6558 0.1185 0.9719 0.0022 0.9628

#6 λ10 � 0.02598

λ20 � −1.6317

λ30 � 1.87949

λ1 f � 0.09796

λ2 f � −0.56076

λ3 f � 1.47440

1.4172 0.1001 0.9763 0.0021 0.9646

#7 λ10 � 0.15744

λ20 � 0.00969

λ1 f � 0.27906

λ2 f � 0.00994
2.4138 0.0676 0.9840 0.0101 0.8281

#8 λ10 � −0.36516

λ20 � 0.40220

λ30 � 0.00070

λ1 f � 0.14939

λ2 f � 0.23385

λ3 f � 0.00078

1.2129 0.0888 0.9790 0.0019 0.9670

#9 λ10 � 0.00020

λ20 � 6.79234

λ1 f � 0.00537

λ2 f � 4.94823
1.6571 0.1287 0.9695 0.0019 0.9676

#10 λ10 � 1.15515

λ20 � 9.42290

λ30 � 0.14980

λ40 � 1.89010

λ1 f � 0.45666

λ2 f � 847.7566

λ3 f � 0.20142

λ4 f � 21.34323

1.2573 0.0818 0.9806 0.0019 0.9668

#11 λ10 � 1009.538

λ20 � 107.4879

λ30 � 635.5095

λ40 � −3.99188

λ1 f � 965.909

λ2 f � 126.798

λ3 f � 612.145

λ4 f � −4.01945

1.8165 0.0769 0.9818 0.0048 0.9180

#12 λ10 � 10.4218

λ20 � 0.01569

λ30 � 0.90899

λ40 � 1.68718

λ50 � 1.28024

λ1 f � 2950.67

λ2 f � 0.01413

λ3 f � −0.00004

λ4 f � 1.55970

λ5 f � 574.716

1.7616 0.0747 0.9823 0.0046 0.9210

and transformer steady-state current (cost function F2) are
used separately as the input data for the estimation. Finally,
Table 3 shows the results of the final estimation of the non-
linear curve, using the proposed objective function F, which
simultaneously includes the inrush current and steady-state
current, relation (15) according to the algorithm in Fig. 2.

For the qualitative measure of the goodness of estimation,
in addition to the values of the functions F1, F2 and F, the

R2 index (determination coefficient) can be used, which is
by definition calculated from the following relation:

R2 � 1 −
∑N

k�1

[
i pk (Λ) − i pmeas.k

] 2

∑N
k�1

[
ī pmeas. − i pmeas.k

] 2 (17)
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Fig. 5 Estimated transformer saturation characteristic: analytical func-
tions: #j, j � 1, 2, …, 12

In relation (17), ī pmeas. represents the mean value of the
recorded transformer current waveform time series. It should
be noted that the closer theR2 index is to the value 1, the better
the estimation quality.

Figure 5 shows the transformer saturation characteristic
estimation results, obtained using the final function F within
the proposed algorithm from Fig. 2.

5 Discussion and validation of optimization
results

5.1 Discussion of optimization results

It should be noted that the form of function φ � φ(i, Λ) is
generally more suitable for convergence of the optimization
process towards the final optimal solution. Specifically, when
using a rational function in the form i � i(φ,Λ), it is possible
to reach the vertical asymptote of the function during the
optimization process of changing the parameters, i.e. vector
Λ, which ultimately means divergence or blocking of the
optimization process. A rational function in the form φ �
φ(i, Λ) does not suffer from that problem since the vertical
asymptote of the function i � i(φ, Λ) is analogous to the
horizontal asymptote of the function φ � φ(i, Λ).

This can be illustrated by an example of the use of the
Frolich equation #1. Specifically, the function in its original
form:

φ(i,Λ) � i

λ1 + λ2|i | (18)

can also be written as an inverse function:

i(φ,Λ) � λ1φ

1 − λ2|φ| (19)

These functions are illustrated in Fig. 6a, b. Figure 6b
clearly demonstrates the existence of a vertical asymptote
(undefined point) of the inverse Frolich function (φ � φA). It
can therefore be concluded that the inverse Frolich function
is practically unusable at an increased flux (φ ≥φA).

As previously mentioned, in many papers the nonlinear
transformer characteristic was determined based on the data
from the first peak of the inrush current. Figure 7 shows the
results of applying the proposed algorithm when using only
the first peak of the inrush current. A three-term polynomial
was chosen for the analytical approximation function. It gen-
erally produces excellent results when applying the proposed
function F, but in the entire window of optimization. The
figure shows the comparison of the measured and simulated
inrush current waveforms when using the three-term polyno-
mial in the objective function F1, applied only in first cycle
(from 0.03 to 0.05 s).

It is obvious from Fig. 7a that a good match of the mea-
sured and simulated inrush current waveform exists only in
the first peak (in the windowwhere the optimization was per-
formed). However, there is a rather poor estimation of this
curve for the time after the first peak (≥0.05 s) since there
is a relatively weak match of the other measured and simu-
lated inrush current peaks. The matching of the mentioned
waveforms in the domain of relatively small currents (values
around the abscissa) is also poor. In this regard, Fig. 7b shows
an enlarged part of the inrush current for a time period of 0.5
to 0.11 s. Therefore, the conclusion is that it is much better
to apply the objective function in an extended time window.
In this paper, that implies an entire window of occurrence in
a duration of 0.2 s.

Furthermore, even when applying the final function F in
the entire window of occurrence with a duration of 0.2 s,
errors still occur in the simulation of the steady-state cur-
rent when using some analytical functions. Figure 8 shows
the comparison between the results of measurement and the
simulation of the steady-state current when using the final
function F in the entire window of occurrence. Figure 8a
shows the results when using the Annakkage rational func-
tion #11, while Fig. 8b shows the results when using the
implicit function #12.

According to the final Table 3, it is clear that some func-
tions lead to relatively poor results when simulating the
transformer inrush current (functions #1, #4, #9). Therefore,
the conclusion is that even when applying the final function
F in the entire window of occurrence with a duration of 0.2 s,
errors still occur, either in the simulation of the steady-state
or inrush current, when using some analytical functions.

For all proposed analytical functions, it is possible to
define the total R2 index as a value:

R2 � R2
1 · R2

2 (20)
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Fig. 6 Frolich equation in the form: a φ � φ(i, Λ), b i � i(φ, Λ)
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Fig. 7 a Simulation results for the three-term polynomial, function F1, the first period of inrush current, b enlarged part of inrush current
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Fig. 8 Comparison between the results of measurement and the simulation of the steady-state current when using: a Annakkage rational function
#11, b implicit function #12, objective function F

This index can simultaneously evaluate the quality of sim-
ulation results for both the transformer inrush current and the
steady-state current.

Figure 9 shows the quality rating graphs of all approxi-
mation functions. Figure 9a shows the values of the achieved
minimum of the final objective function F, while Fig. 9b
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Fig. 9 a Values of the minimum of the final objective function Fmin, b values of the total R2 index

shows the values of the totalR2 index for all proposed approx-
imation functions.

It is evident from Fig. 9 that the best simulation results for
the transformer inrush current and steady-state current were
yielded by the proposed functions: extended Frolich func-
tion #2, three-term polynomial #8 and particular hyperbolic
function #10. Therefore, the validation of the three analytical
functions in the various domains of themeasured transformer
current is presented below.

5.2 Validation of optimization results

Due to space limitations, comparative measurement and sim-
ulation results obtained using the Frolich extended function
(#2), three-term polynomial (#8) and tanh–asinh function
(#10) are shown below. Measurements and simulations were
made for the following cases: (a) steady-state current (func-
tion #2), (b) zero residual flux (function #2), (c) negative
residual flux (function #10) and (d) positive residual flux
(function #8). In every case of transformer energization, the
moment of source voltage zero-crossing was selected as the
switch activation point. It should be noted that the case of
negative residual flux is done for validation in the interpo-
lation domain (the case of the inrush current between the
steady-state current and the inrush current at zero residual
flux). On the other hand, the case of the positive residual flux
is done for validation in the extrapolation domains (the case
of the inrush current which is greater than the inrush current
at zero residual flux).

Figure 10a shows the comparison between the measure-
ment results and the simulation of the transformer inrush
current, while Fig. 10b shows the comparison of themeasure-
ment results and the simulation of the transformer steady state
with zero residual flux. In addition, Fig. 10c shows measured
and simulated transformer current in the entire time interval
from the inrush to the steady state.

Furthermore, Fig. 11a shows the comparison between the
measurement results and the simulation of the transformer
inrush current in the interpolation domain (by using tanh–as-
inh function), where the value of residual flux is φres. � −
0.16 pu, while Fig. 11b shows the comparison between the
measurement results and the simulation of the transformer
inrush current in the extrapolation domain (by using three-
term polynomial), where the value of the residual flux is
φres. � 0.33 pu. The residual flux value was obtained by
integration of the recorded de-energization voltage of the
magnetization branch and recording the flux value at its pre-
vious disconnection from the network.

Finally, Table 4 provides simulation quality data, i.e. index
R2 relative to the measured results for all three analysed sce-
narios of the inrush current.

6 Conclusion

This paper provides a detailed presentation of an original
algorithm for the determination of the transformer nonlinear
saturation characteristic from the measured inrush current
and steady-state current simultaneously. The developed algo-
rithm is based on a new cost function which represents the
balance between cost functions related to the transformer
steady-state current and the inrush current at zero residual
flux. The state-space differential equation systems describ-
ing the transformer behaviour were solved by using A- and
L-stable BDF2 numerical method. The problem of determin-
ing the minimum of specially defined cost functions was
solved by using the Nelder–Mead optimization method. The
paper demonstrates that the form of function φ � φ(i, Λ) is
generally more suitable for convergence of the optimization
process towards the final parameter vector. Of the twelve pro-
posed analytical functions, the following analytical functions
have been shown to yield the best results when simulating the
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Fig. 10 a Transformer inrush current, b steady-state current and c entire time interval: simulations and measurements, extended Frolich function,
φres. � 0
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Fig. 11 Transformer inrush current: simulations and measurements, a tanh–asinh function, φres. � − 0.16 pu and b three-term polynomial, φres. �
0.33 pu

transformer inrush current and steady-state current: extended
Frolich, three-term polynomial and particular hyperbolic
function. By using the estimated transformer nonlinear

characteristic parameters, measurements and time-domain
simulations of the transformer inrush currents with differ-
ent residual fluxes (within the interpolation and extrapolation
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Table 4 Results of quality index
R2 for different values of the
residual flux

Function φres. � 0 φres. � − 0.16 pu φres. � 0.33 pu
R2

1 φ(i,Λ) � i
λ1+λ2|i |+λ3

√|i | 0.9808 0.9752 0.9701

2 φ(i,Λ) � λ1tanh(λ2i) + λ3asinh(λ4i) 0.9802 0.9759 0.9578

3 i(φ,Λ) � λ1φ
α1 + λ2φ

α2 + λ3φ
α3 0.9790 0.9752 0.9699

domains) and transformer steady state were performed. The
comparison between the measured and simulated waveforms
of the different transformer inrush and no-load scenarios
demonstrated very close agreement. Future research will
focus on developing an algorithm for estimating the non-
linear saturation characteristic of other types of single-phase
transformers (toroidal transformer with small leakage induc-
tance and transformer with enlarged leakage inductance) and
three-phase transformers (low and high voltage).
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