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Abstract The aim of this paper is to give a complete description of the input-
output methods for uniform exponential stability of discrete dynamical sys-
tems. We present a new study from four perspectives, in each case providing
a deep analysis of the input-output criteria and of the axiomatic structure of
the admissible pairs. The first stage is devoted to global conditions of uniform
type for stability of discrete variational systems, in the most general case. Next,
the results are applied to characterize the stability of discrete nonautonomous
systems, without any assumptions on their coefficients. In both cases, the opti-
mality of the methods is motivated by examples, showing that the hypotheses
regarding the input and output spaces cannot be removed. The third method
is focused on ergodic theory approaches, providing criteria of nonuniform type
for stability of discrete variational systems. We characterize the uniform ex-
ponential stability by means of nonuniform input-output stabilities relative to
ergodic measures, using some very general classes of sequence spaces. Thus, we
extend our recent stability results obtained in [J. Differential Equations 268
(2020), 4786-4829]. At the fourth stage, we prove even more, that in certain
conditions, in the variational case, the exponential stability can be character-
ized in terms of stabilities along periodic orbits.
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1 Introduction

In the past decades, the linear cocycles or skew-product flows played a fun-
damental role in the asymptotic theory of dynamical systems (see e.g. Chow
and Leiva [7]–[9], Chow and Yi [10], Dragičević, Sasu and Sasu [16], Huang
and Yi [18], Johnson, Palmer and Sell [19], Katok and Hasselblatt [20], Lian
and Lu [23], Pliss and Sell [34], [35], Sacker and Sell [36]–[38], Sasu and Sasu
[43], Yi [45], Zhou, Lu and Zhang [48]). The notion of cocycle has a long
and rich history, that dates back to the famous paper of Oseledets [27]. Sub-
stantial contributions to the foundations of the asymptotic theory of linear
skew-product flows were brought in the works of Sacker and Sell, where be-
sides the studies regarding the qualitative properties of dynamical systems, the
authors pointed out that important classes of nonautonomous and variational
problems could be modeled by means of skew-product flows (see [36]–[38]). Re-
markable achievements regarding the ergodic properties of skew-product flows
are due to Johnson, Palmer and Sell (see [19]).

Outstanding contributions were obtained by Chow and Yi in the study of
the exponential trichotomy of skew-product flows (see [10]) and respectively
by Chow and Leiva in their works devoted to the exponential dichotomy of
skew-product semiflows (see [7]–[9]). Here we mention the studies regarding the
existence and smoothness of global center, center-stable and center-unstable
manifolds for skew-product flows ([10]), the Lyapunov exponents and the dy-
namical spectrum ([7]), the input-output theorems for dichotomy and their
applications ([8]), the robustness properties of exponential dichotomy ([9]).
These works were followed by notable contributions regarding the exponential
dichotomy and trichotomy of skew-product flows due to Pliss and Sell (see [34],
[35]). Furthermore, the theory of skew-product flows represented the basis for
important studies in the asymptotic theory of random dynamical systems as
shown by Lian and Lu in [23] and by Zhou, Lu and Zhang in [48]. In this
context, among the most representative methods employed in the studies de-
voted to the detection of various asymptotic properties of cocycles are those
relying on input-output techniques (see Chow and Leiva [8], Dragičević, Sasu
and Sasu [16], Pliss and Sell [34], Sasu and Sasu [43], Zhou, Lu and Zhang
[48]).

It should be noted that, the input-output type methods substantially im-
proved the perspectives in the theory of dynamical systems, in last decades,
not only by providing new criteria regarding the investigation of an asymptotic
behavior, but also by extending the applicability areas (see [1], [5], [6], [8], [14],
[16], [17], [24]–[26], [28], [29], [31]–[34], [39]-[44], [48]–[50]). Some of the most
representative studies in this framework were devoted to stability (see Aulbach
and Minh [1], Berezansky and Braverman [5], Braverman and Zhukovskiy [6],
Dragičević, Sasu and Sasu [16], Megan, Sasu and Sasu [24], Minh [25], Ngoc
and Naito [26], Pituk [31], Przyluski [32], [33], Sasu and Sasu [39], Sasu [40]),
dichotomy (see Chow and Leiva [8], Dragičević [14], Dragičević, Sasu and Sasu
[16], Ngoc and Naito [26], Palmer [28], Pliss and Sell [34], Sasu and Sasu [41],
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Zhou, Lu and Zhang [48], [50], Zhou and Zhang [49]) or trichotomies (see
Elaydi and Janglajew [17], Sasu and Sasu [42]–[44]), the techniques involved
in each case revealing the specific properties of the control systems that can
be considered in each method devoted to an asymptotic behavior.

The studies of stability in terms of input-output criteria have a beautiful
history that dates back to the works of Perron [30] and Li [22]. In the sixties the
methods were developed and significantly refined in the works of Coffman and
Schäffer [11], Coppel [12], Daleck̆ıi and Krein [13] and Massera and Schäffer
[21] both for dichotomies and stability. Regarding the stability of discrete-time
systems, important steps were made in the eighties by Przyluski in [32], [33],
where he obtained input-output conditions for the exponential stability of a
linear discrete system

x(n+ 1) = A(n)x(n), n ∈ N (1)

in terms of the solvability of the input-output system{
x(n+ 1) = A(n)x(n) + s(n), n ∈ N
x(0) = 0

(2)

between certain `p-spaces. Here X is a Banach space and each A(n) is a
bounded linear operator on X. More precisely, given p ∈ (1,∞], the system (2)
is called `p-input bounded-state stable if for every sequence s ∈ `p(N, X), the
solution of (2) corresponding to the input s belongs to `∞(N, X). For p =∞,
the concept was called bounded-input bounded-state stability or Perron condi-
tion. One of the main results in [32] shows that if (2) is `p-input bounded-state
stable for some fixed p ∈ (1,∞] and uniformly equicontrollable, then (1) is
uniformly exponentially stable. Furthermore, in [33], Przyluski obtained that
if (2) is bounded-input bounded-state stable, then (1) is uniformly exponen-
tially stable.

The next notable step was made by Aulbach and Minh in [1], for systems
with uniformly bounded coefficients, by considering the Perron problem on a
space H, where H was one of the spaces `∞(N, X), c0(N, X), `p(N, X) with
p ∈ (1,∞). One of the central results in [1] states that the system (1) is
exponentially stable if and only if for every s ∈ H the solution of the system (2)
lies in H. In the end of their paper, Aulbach and Minh proposed an interesting
conjecture: the system (1) is exponentially stable if and only if for every s ∈
`p(N, X) (with p ∈ (1,∞)) the corresponding solution of (2) is bounded. In
other words, taking a closer look at the sufficiency part, this would mean
that the equicontrollability condition from Przyluski’s result can be dropped.
A nice direct proof for this conjecture was given by Pituk in [31], based on
computational arguments. A different interesting method for systems with
uniformly bounded coefficients was presented by Ngoc and Naito in [26]. There,
as consequences of a dichotomy result, the authors deduced the Aulbach-Minh
conjecture and other criteria for exponential stability of (1) in terms of input-
output conditions with `p-spaces relative to the system (2).
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A different method was presented in [39], by associating to the system (1)
the input-output system{

x(n+ 1) = A(n)x(n) + s(n+ 1), n ∈ N
x(0) = s(0)

. (3)

ConsideringΩ and Λ two Banach sequence spaces, in [39], it was introduced the
concept of (Ω,Λ)-stability meaning that for each s ∈ Ω the solution of (3) be-
longs to Λ. Employing arguments from the theory of Banach sequence spaces,
input-output criteria were obtained for exponential stability of (1) and as
consequences, there were presented characterizations for exponential stability
of (1) in terms of (`p(N, X), `q(N, X))- stability with p, q ∈ [1,∞], (p, q) 6=
(1,∞). Perron conditions with `p-spaces for stability of delay difference equa-
tions were obtained by Berezansky and Braverman in [5] and later, the method
was also extended to impulsive equations by Braverman and Zhukovskiy in
[6]. The stability of discrete variational systems was considered firstly in [24],
where Perron type criteria were deduced for exponential stability of discrete
cocycles with uniform exponential growth. A direct generalization of the sys-
tem (2) was considered in the variational case in [40] and used to study the
exponential stability, but the method therein is quite particular, being specific
to flows generated by invertible maps.

The recent studies devoted to input-output methods in the asymptotic the-
ory of variational systems lifted the problem to a new level (see Zhou, Lu and
Zhang [48] and the references included). Moreover, in the past few years, there
was an increasing interest in finding new classes of admissible spaces and fur-
thermore new admissible conditions (see Sasu and Sasu [41], Zhou and Zhang
[49], Zhou, Lu and Zhang [50]). In this context, a new approach was proposed
in [16] where the input-output system considered in order to study the sta-
bility of discrete variational systems was distinct and represented a basis for
applications to more complex phenomena like exponential dichotomy. In [16]
we introduced for the first time stability conditions relative to some ergodic
measures and we obtained input-output stability criteria of nonuniform type,
using `∞(N, X) as input space and also as output space. The natural question
here is if technically the method is limited to spaces of bounded sequences.
Furthermore, another question is if it is indeed necessary for the input and
output spaces to coincide or not. In this context, an interesting problem de-
riving from [16] is whether the input-output techniques can be extended to
other admissible structures and concepts and hence an open question is which
are the specific requirements that should be imposed to the input or output
spaces.

In this paper we continue and extend the study begun in [16] in several
new directions. We provide complete answers to the open problems presented
above and to other open questions described in what follows. The central aim
is to present a new study regarding the stability of discrete dynamical sys-
tems by means of input-output stabilities between some well-chosen sequence
spaces, starting from global criteria, in a very general context and extending
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afterwards the methods to conditions relying on arguments from ergodic the-
ory. We begin with some general input-output stability conditions of uniform
type on the whole base space and in the next stages we show that the set in
the base space whose points are considered in the input-output criteria can
be substantially minimized and moreover the conditions can be of nonuniform
type, even though the study concerns a uniform exponential stability.

The paper is organized as follows: in Section 2 we consider the main classes
of sequence spaces that will be used throughout our methods. In Section 3 we
provide a complete characterization of the uniform exponential stability for
discrete variational systems in terms of appropriate input-output conditions
with general pairs of sequence spaces. In this section, the base space is an arbi-
trary nonempty set together with an arbitrary mapping on it and we treat the
case of discrete variational systems with arbitrary coefficients. In this context,
we introduce a uniform input-output stability and establish necessary and
sufficient conditions for exponential stability, without making any additional
assumptions on the system coefficients. Moreover, we obtain a full description
of the admissible classes of sequence spaces and we motivate by an example
that the working hypotheses are optimal. In Section 4 we obtain applications
to the study of the stability of discrete nonautonomous systems by means of
input-output conditions, extending and generalizing the previous results in
this topic. We present the diagram of the classes of sequence spaces that can
be used as input and output spaces in the nonautonomous case and by an
illustrative example we show that all the hypotheses are indeed necessary and
cannot be removed.

An interesting problem related to the study of the stability is whether the
input-output conditions could be expressed by using only the points from a
subset of the base space. Another problem is whether when one works with
pairs of abstract spaces, the input-output property could be of nonuniform
type. The aim of the next section will be to answer these questions. Further-
more the answers will emphasize the axiomatic properties of the classes of
sequence spaces that can be considered in the ergodic approach.

More precisely, in Section 5, considering variational systems whose base
space is a compact metric space together with a continuous map on it, we for-
mulate a complete characterization for uniform exponential stability in terms
of input-output stability of nonuniform type with respect to ergodic measures,
using general pairs of sequence spaces. Furthermore, we show that the uniform
exponential stability of discrete variational systems can be expressed in terms
of nonuniform stabilities. In addition, we obtain as particular cases the results
from [16, Section 3].

Finally, in Section 6 we consider the case when the base space for our vari-
ational system satisfies the so-called Anosov closing property (which implies
that it has a rich structure of periodic trajectories) and under several addi-
tional assumptions, we show that exponential stability can be characterized via
input-output stabilities along periodic orbits. In order to obtain such criteria,
we apply the techniques developed in previous sections together with results
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regarding the ergodic measures concentrated on periodic orbits, showing once
more that one can work only with a representative subset of the base space
and maintain the generality of the admissible pairs of sequence spaces.

2 Classes of sequence spaces

In this section we recall several definitions introduced in [41]. Indeed, denote
by N = {0, 1, 2, . . .} the set of natural numbers and by S(N,R) the space of all
sequences s : N→ R. For each E ⊂ N, let χE denote its characteristic function
and let E∗ := E \ {0}.

Definition 1 Let B ⊂ S(N,R) be a linear subspace. B is called a normed
sequence space if there is a map | · |B : B → R+ such that:

(i) |s|B = 0 if and only if s = 0;
(ii) |cs|B = |c| |s|B and |v + w|B ≤ |v|B + |w|B , for all c ∈ R and s, v, w ∈ B;
(iii) if u ∈ B and |v(·)| ≤ |u(·)|, then v ∈ B and |v|B ≤ |u|B .

Furthermore, if the space B is complete with respect to | · |B , then it is called
Banach sequence space and denote B ∈ B(N).

For s ∈ S(N,R) let

s+ : N→ R, s+(j) =

{
s(j − 1) , j ∈ N∗

0 , j = 0
(the translated sequence). (4)

Definition 2 A space B ∈ B(N) is said to be invariant under translations
and denote B ∈ J(N) if for each s ∈ B also s+ ∈ B and |s+|B = |s|B .

Throughout this paper, T(N) will denote the class of all spaces B ∈ J(N)
with χ{0} ∈ B.

Remark 1 For various illustrative examples of sequence spaces in the class
T(N) we refer to [41, Section 2]. We note that `p-spaces, with p ∈ [1,∞]
belong to T(N). In addition, c0(N,R) - the space of all sequences s ∈ S(N,R)
with lim

n→∞
s(n) = 0 also belongs to T(N).

Example 1 Let Ψ : R+ → [0,∞] be a left-continuous nondecreasing function
and suppose that Ψ is not identically 0 or ∞ on (0,∞). The associated Young

function is YΨ : R+ → [0,∞], YΨ (t) =
∫ t
0
Ψ(τ)dτ . For each s ∈ S(N,R), let

MΨ (s) =
∞∑
j=0

YΨ (|s(j)|). If

`Ψ (N,R) := {s ∈ S(N,R) : (∃) λ > 0 with MΨ (λs) <∞}

and |s|Ψ := inf{λ > 0 : MΨ (s/λ) ≤ 1}, then we recall that (`Ψ (N,R), | · |Ψ ) is
a Banach space named the Orlicz sequence space generated by Ψ .
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Remark 2 (i) The `p-spaces with p ∈ [1,∞] are particular cases of Orlicz
spaces (see [41, Section 2]).

(ii) The Orlicz sequence spaces belong to T(N). For other properties see [41,
Section 2].

Lemma 1 If B ∈ T(N), then the following assertions hold true:

(i) if s ∈ S(N,R) and {j ∈ N : s(j) 6= 0} is finite, then s ∈ B;
(ii) `1(N,R) ⊆ B ⊆ `∞(N,R);

(iii) if s ∈ B and ν > 0, then also the sequence

us,ν : N→ R, us,ν(k) =

k∑
j=0

e−ν(k−j)s(j)

belongs to B and
|us,ν |B ≤

eν

eν − 1
|s|B .

Proof. The assertions (i) and (ii) follow from Lemma 2.1 in [41] and property
(iii) follows from Lemma 2.2 in [41]. �

Definition 3 Let B ∈ T(N). The fundamental function of B is the mapping
FB : N∗ → R+, FB(j) := |χ{0,...,j−1}|B .

Remark 3 We note that FB is a nondecreasing function.

Notations In all that follows

(a) V(N) denotes the class of all spaces B ∈ T(N) with supn∈N FB(n) =∞;
(b) Q(N) denotes the class of all spaces B ∈ T(N) with `1(N,R) $ B.

These classes of sequence spaces were used in [41] in the study of the dichotomic
behavior of discrete nonautonomous systems defined on the half-line. Impor-
tant properties of these classes can be found in [41, Section 2].

Remark 4 Given an Orlicz space `Ψ (N,R), it either lies in the class V(N) or
`Ψ (N,R) = `∞(N,R) (see [41, Lemma 2.4]).

Lemma 2 Let B ∈ T(N). Then B /∈ V(N) if and only if c0(N,R) ⊆ B ⊆
`∞(N,R).

Proof. See Lemma 2.3 in [41]. �

Lemma 3 The following assertions hold:

(i) if B ∈ T(N) and sn−→ s in B, then sn−→ s pointwise;
(ii) if I,O ∈ T(N) and I ⊂ O, then there is δ > 0 with the property

|s|O ≤ δ |s|I , ∀s ∈ I. (5)
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Proof. (i) Let k ∈ N. We note that

|sn(k)− s(k)| χ{k}(i) ≤ |sn(i)− s(i)|, ∀i, n ∈ N.

This implies
|sn(k)− s(k)| FB(1) ≤ |sn − s|B , ∀n ∈ N. (6)

From (6) we deduce that sn(k) −→
n→∞

s(k).

(ii) We consider the operator J : I → O, J(s) = s. We have that J is linear
and using (i) it is easy to see that J is closed, so it is bounded. Denoting by
δ = ||J || we obtain that relation (5) holds. �

In the vectorial case, we need an additional notation, as follows:

Notation Let (X, ||·||) be a Banach space. For a sequence s : N→ X, let Ns :
N → R+, Ns(n) := ||s(n)||. For each B ∈ T(N), denote B(N, X) := {s : N →
X : Ns ∈ B}, which is a Banach space with the norm ||s||B(N,X) := |Ns|B .

Remark 5 We emphasize that, beside [41], the theory of Banach sequence
spaces has been recently used in the shadowing theory both for autonomous
and nonautonomous dynamics - see [3] and [14]. For more properties of var-
ious classes of Banach function/sequence spaces that can be used in studies
devoted to asymptotic properties of dynamical systems we refer to the remark-
able monograph of Bennett and Sharpley [4].

3 Stability of discrete variational systems - the global approach

We begin by recalling some definitions and notations in the discrete-time case,
which will constitute the basis of our study.

Let X be a Banach space and let Id denote the identity operator on X.
Let B(X) denote the Banach space of all bounded linear operators on X. The
norm on X and on B(X) will be denoted by || · ||.

Notation For each sequence s : N→ X denote by supp s := {n ∈ N : s(n) 6=
0} its support. In what follows, F(N, X) denotes the space of all sequences in
X with finite support.

Let Θ be a nonempty set and let σ : Θ → Θ be an arbitrary function. We
denote by σ0(θ) := θ, for each θ ∈ Θ.

For each n ∈ N∗, let

σn : Θ → Θ, σn(θ) := σ(σn−1(θ)).

We consider an arbitrary mapping A : Θ → B(X). We associate to it the
discrete variational system
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(A) xθ(n+ 1) = A(σn(θ))xθ(n), ∀(θ, n) ∈ Θ × N.

The discrete cocycle associated to (A) is

A : Θ × N→ B(X), A(θ, n) :=

{
A(σn−1(θ)) . . . A(θ), n ∈ N∗

Id, n = 0
.

Remark 6 (i) A satisfies:

A(θ,m + k) = A(σk(θ),m)A(θ, k), ∀θ ∈ Θ,∀m, k ∈ N (the discrete cocycle
identity).

(ii) The mapping σ̂ : Θ × N→ Θ, σ̂(θ, n) = σn(θ) is a (discrete) semiflow.

For interesting and relevant examples of cocycles we refer to Chow and
Leiva [7], Chow and Yi [10], Huang and Yi [18], Johnson, Palmer and Sell [19],
Pliss and Sell [34], [35], Sacker and Sell [36]–[38], Zhou, Lu and Zhang [48].

Definition 4 The system (A) is said to be:

(i) uniformly stable if there exists L ≥ 1 such that

||A(θ, n)|| ≤ L, ∀(θ, n) ∈ Θ × N; (7)

(ii) uniformly exponentially stable if there exist N ≥ 1 and ν > 0 such that

||A(θ, n)|| ≤ Ne−νn, ∀(θ, n) ∈ Θ × N. (8)

Lemma 4 (A) is uniformly exponentially stable if and only if (A) is uniformly
stable and there is h ∈ N∗ such that

||A(θ, h)|| ≤ 1

e
, ∀θ ∈ Θ. (9)

Proof. The necessity part is obvious.

Sufficiency. Let L ≥ 1 be such that (7) holds and let h ∈ N∗ be such that (9)
holds. We denote ν = 1/h and N = Le.

Let (θ, n) ∈ Θ × N. Then n = jh + k with j ∈ N and k ∈ {0, . . . , h − 1}. By
using (7) and (9) we obtain

||A(θ, n)|| ≤ L||A(θ, jh)|| ≤ Le−j ≤ Ne−νn.

Since (θ, n) ∈ Θ × N was arbitrary, from the above estimation we deduce
that (8) is satisfied, so (A) is uniformly exponentially stable. �

In what follows we define a general input-output stability property, using
two abstract sequence spaces, and we present the complete connections with
the stability properties of the initial system.
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We consider the input-output system (SA) = {Sθ}θ∈Θ such that

(Sθ)

{
xθ(n+ 1) = A(σn(θ))xθ(n) + s(n+ 1), n ∈ N
xθ(0) = s(0)

for each θ ∈ Θ.

Remark 7 The above input-output system was recently considered in [16] for
a study regarding the exponential stability in terms of ergodic measures (see
[16, Section 3]).

Remark 8 For each θ ∈ Θ and s : N→ X, the solution of (Sθ) is the sequence

xθ,s : N→ X, xθ,s(n) :=

n∑
k=0

A(σk(θ), n− k)s(k).

Remark 9 Let I,O ∈ T(N). Assume that for every (θ, s) ∈ Θ× I(N, X), xθ,s ∈
O(N, X). Then, for every θ ∈ Θ, we may consider the input-output operator

Γθ : I(N, X)→ O(N, X), Γθ(s) = xθ,s.

Using Lemma 3 (i), it is easy to prove that Γθ is a closed operator, so it is
bounded. Thus

‖xθ,s‖O(N,X) ≤ ‖Γθ‖ ‖s‖I(N,X), ∀s ∈ I(N, X),∀θ ∈ Θ. (10)

Generally, if we study the uniform exponential stability and we work in the
most general case, with no additional assumptions on Θ, σ or A, then we need
relation (10) to hold in a uniform way i.e.

K := sup
θ∈Θ

‖Γθ‖ <∞.

Furthermore, we can improve (10), working with F(Z, X) instead of the whole
space I(Z, X). In this context, it is natural to introduce the following input-
output stability concept:

Definition 5 Let I,O ∈ T(N). The system (SA) is said to be (I(N, X),
O(N, X))-stable if there exists K > 0 with the property that for each (θ, s) ∈
Θ × F(N, X), xθ,s ∈ O(N, X) and

||xθ,s||O(N,X) ≤ K ||s||I(N,X). (11)

Lemma 5 Let I,O ∈ T(N). If (SA) is (I(N, X), O(N, X))-stable, then (A) is
uniformly stable.
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Proof. From Definition 5 there is K > 0 such that relation (11) is satisfied.
Let

L :=
KFI(1)

FO(1)
. (12)

Let x ∈ X and θ ∈ Θ. We consider

s : N→ X, s(j) = χ{0}(j)x.

We observe that s ∈ F(N, X), ||s||I(N,X) = FI(1)||x|| and then, from (11) we
obtain

||xθ,s||O(N,X) ≤ KFI(1)||x||. (13)

Let n ∈ N. From χ{n}(·)||xθ,s(n)|| ≤ ||xθ,s(·)|| we deduce

||xθ,s(n)|| FO(1) ≤ ||xθ,s||O(N,X). (14)

Using relations (12)–(14) we obtain

||xθ,s(n)|| ≤ L||x||. (15)

On the other hand, from Remark 8 it follows

xθ,s(n) = A(θ, n)x, ∀n ∈ N. (16)

Hence, from (15) and (16) we get

||A(θ, n)x|| ≤ L||x||, ∀n ∈ N.

Since (θ, x) ∈ Θ ×X was arbitrary, we obtain the conclusion. �

As an immediate consequence we deduce a characterization for uniform
stability:

Corollary 1 (A) is uniformly stable iff (SA) is (`1(N, X), `∞(N, X))-stable.

Proof. Necessity. From Definition 4 (i) there exists L ≥ 1 such that (7) holds.

Let (θ, s) ∈ Θ × F(N, X) be arbitrary. Using Remark 8 we have

||xθ,s(j)|| ≤ L ||s||1, ∀j ∈ N.

This implies that ||xθ,s||∞ ≤ L||s||1.

Sufficiency. Follows directly from Lemma 5. �

Theorem 1 Let I,O ∈ T(N). If O ∈ V(N) and (SA) is (I(N, X), O(N, X))-
stable, then (A) is uniformly exponentially stable.
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Proof. Let K > 0 be such that relation (11) holds. From Lemma 5 we have
that (A) is uniformly stable, so there exists L ≥ 1 such that (7) holds.

Let (θ, x) ∈ Θ ×X. We take s : N→ X, s(n) = χ{0}(n)x. From Remark 8
we find that

xθ,s(n) = A(θ, n)x, ∀n ∈ N. (17)

Moreover, we note that

||xθ,s||O(N,X) ≤ K||s||I(N,X) = KFI(1)||x||. (18)

Let m ∈ N∗. From (7) and (17) it follows

||A(θ,m)x|| ≤ L||A(θ, j)x|| = L||xθ,s(j)||, ∀j ∈ {0, . . . ,m− 1}

and thus

||A(θ,m)x||χ{0,...,m−1}(j) ≤ L||xθ,s(j)||, ∀j ∈ N. (19)

From (19) we obtain

||A(θ,m)x||FO(m) ≤ L||xθ,s||O(N,X). (20)

From (18) and (20) it follows that

||A(θ,m)x||FO(m) ≤ LKFI(1)||x||. (21)

Since m ∈ N∗ was arbitrary, using (21) we obtain

||A(θ,m)x||FO(m) ≤ LKFI(1)||x||, ∀m ∈ N∗. (22)

According to the hypothesis O ∈ V(N), so there is h ∈ N∗ such that

FO(h) ≥ eLKFI(1). (23)

From (22) and (23) it follows

||A(θ, h)x|| ≤ 1

e
||x||. (24)

Since (θ, x) ∈ Θ×X was arbitrary and h does not depend on them, from (24)
we have

||A(θ, h)x|| ≤ 1

e
||x||, ∀x ∈ X,∀θ ∈ Θ. (25)

Since (A) is uniformly stable, from (25) and Lemma 4 we deduce the conclu-
sion. �

Theorem 2 Let I,O ∈ T(N). If I ∈ Q(N) and (SA) is (I(N, X), O(N, X))-
stable, then (A) is uniformly exponentially stable.
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Proof. From Definition 5 there is K > 0 such that (11) is satisfied. From
Lemma 5 we have that (A) is uniformly stable, so there exists L ≥ 1 such
that (7) holds.

Since I ∈ Q(N), there exists α : N→ R+ such that α ∈ I \ `1(N,R).

Let (θ, x) ∈ Θ ×X. For each m ∈ N∗, let

sm : N→ X, sm(k) = χ{0,...,m}(k)α(k)A(θ, k)x.

Then sm ∈ F(N, X) and using (7) we obtain

||sm(k)|| ≤ Lα(k)||x||, ∀k ∈ N. (26)

Relation (26) implies that

||sm||I(N,X) ≤ L|α|I ||x||. (27)

From (27) and (11) we have

||xθ,sm ||O(N,X) ≤ KL|α|I ||x||. (28)

Using Remark 8 we deduce that

xθ,sm(m) =

m∑
k=0

A(σk(θ),m− k)sm(k) =

(
m∑
k=0

α(k)

)
A(θ,m)x. (29)

We note that

||xθ,sm(m)||χ{m}(k) ≤ ||xθ,sm(k)||, ∀k ∈ N

and hence we have

||xθ,sm(m)||FO(1) ≤ ||xθ,sm ||O(N,X). (30)

From relations (28)-(30) we obtain(
m∑
k=0

α(k)

)
||A(θ,m)x|| ≤ KL|α|I

FO(1)
||x||. (31)

From (31) it follows(
m∑
k=0

α(k)

)
||A(θ,m)x|| ≤ KL|α|I

FO(1)
||x||, ∀m ∈ N∗. (32)

Let h ∈ N∗ be such that
h∑
k=0

α(k) ≥ eKL|α|I
FO(1)

. (33)

Then, from (32) and (33) we have

||A(θ, h)x|| ≤ 1

e
||x||. (34)
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Since (θ, x) ∈ Θ ×X was arbitrary, from (34) we obtain

||A(θ, h)x|| ≤ 1

e
||x||, ∀θ ∈ Θ,∀x ∈ X. (35)

From (35), by applying Lemma 4, we deduce the conclusion. �

The following theorem provides a complete characterization of uniform
exponential stability.

Theorem 3 Let I,O ∈ T(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If (SA) is (I(N, X), O(N, X))-stable, then (A) is uniformly exponentially
stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if (SA) is
(I(N, X), O(N, X))-stable.

Proof. The assertion (i) is given by Theorems 1 and 2.

(ii) Necessity. From Definition 4 (ii) there are N, ν > 0 such that (8) is
satisfied.

Let (θ, s) ∈ Θ×F(N, X). From Remark 8 and (8) we have that for every n ∈ N

||xθ,s(n)|| ≤ N
n∑
j=0

e−ν(n−j)||s(j)||. (36)

Since s ∈ I(N, X), by Lemma 1 (iii) we have that the sequence

us,ν : N→ R, us,ν(n) =

n∑
j=0

e−ν(n−j)||s(j)||

belongs to I and
|us,ν |I ≤

eν

eν − 1
||s||I(N,X). (37)

We set Ñ = N/(1− e−ν). Then, from (36) and (37) we obtain xθ,s ∈ I(N, X).
Moreover ||xθ,s||I(N,X) ≤ Ñ ||s||I(N,X). (38)

Since I ⊂ O, from Lemma 3 (ii) there is δ > 0 with the property

|w|O ≤ δ|w|I , ∀w ∈ I. (39)

We take K := δÑ . Then, from the estimations in (38) and (39) we have that
xθ,s ∈ O(N, X). Furthermore

||xθ,s||O(N,X) ≤ K||s||I(N,X).

Hence ||xθ,s||O(N,X) ≤ K||s||I(N,X), ∀(θ, s) ∈ Θ × F(N, X)

which completes the proof of the necessity part.

Sufficiency is given by (i). �.



Stability - From Global Methods to Ergodic Theory Approaches 15

The main question is now whether the hypothesis ”I ∈ Q(N) or O ∈ V(N)”
is indeed necessary in the above theorem. The answer is positive as will be
explained in the following example.

Example 2 Let (X,< ·, · >) be a separable Hilbert space. Let {ϕn}n∈N be an
orthonormal basis in X. Then

x =

∞∑
k=0

< x,ϕk > ϕk, ∀x ∈ X.

Let Θ = N. We consider

σ : Θ → Θ, σ(θ) = θ + 1.

Then σn(θ) = θ + n, for all n, θ ∈ N.

Let A : N→ B(X) be defined as

A(θ) : X → X, A(θ)x =

∞∑
k=θ

< x,ϕk > ϕk, ∀θ ∈ N.

We note that A(θ)A(n) = A(θ), for all θ ≥ n.

Consider the discrete variational system (A) and then the associated co-
cycle is

A(θ, n) = A(θ + n− 1), ∀θ ∈ N,∀n ∈ N∗. (40)

Since ||A(θ)|| = 1, for all θ ∈ N, from (40) we obtain

||A(θ, n)|| = 1, ∀θ, n ∈ N. (41)

We consider the system (SA) = {Sθ}θ∈Θ. Then, if θ ∈ Θ and s : N→ X, using
Remark 8 and relation (40), we deduce that for every n ∈ N∗

xθ,s(n) = s(n)+

n−1∑
k=0

A(θ+k, n−k)s(k) = s(n)+A(θ+n−1)

(
n−1∑
k=0

s(k)

)
. (42)

Let s ∈ F(N, X) and θ ∈ Θ. Since s ∈ F(N, X) there is r ∈ N∗ with the
property that s(k) = 0, for all k ≥ r. Setting

αs =

r−1∑
j=0

s(j)

from (42) we obtain

xθ,s(n) = A(θ + n− 1)αs, ∀n ≥ r. (43)

Since A(n)x−→ 0 as n→∞, for all x ∈ X, using (43) we get xθ,s ∈ c0(N, X).

Let I,O ∈ T(N) with I 6∈ Q(N) and O 6∈ V(N). From Lemma 1 (ii) it follows
that I = `1(N,R). Furthermore, according to Lemma 2, c0(N,R) ⊆ O. Then,
from Lemma 3 (ii) there exists δ > 0 with the property that

|u|O ≤ δ ||u||∞, ∀u ∈ c0(N,R). (44)
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Let (θ, s) ∈ Θ × F(N, X). According to the arguments expounded above
xθ,s ∈ c0(N, X). Then xθ,s ∈ O(N, X) and by using (44) we get

||xθ,s||O(N,X) ≤ δ ||xθ,s||∞. (45)

In addition, from Remark 8 and relation (41) it follows

||xθ,s(n)|| ≤ ||s||1, ∀n ∈ N. (46)

From (45) and (46) we obtain

||xθ,s||O(N,X) ≤ δ ||s||1.

Since (θ, s) ∈ Θ × F(N, X) was arbitrary, we conclude that (SA) is (I(N, X),
O(N, X))-stable. But, for all that, from relation (41) we deduce that (A) is
not uniformly exponentially stable.

Remark 10 From Example 2 it follows that the hypotheses on the input and
output spaces in Theorem 3 cannot be weakened, so the criteria given in
Theorem 3.3 is optimal.

We end this section with several consequences of the main result.

Corollary 2 Let p, q ∈ [1,∞] be such that (p, q) 6= (1,∞).

(i) If (SA) is (`p(N, X), `q(N, X))-stable, then (A) is uniformly exponentially
stable.

(ii) If p ≤ q, then (A) is uniformly exponentially stable if and only if (SA) is
(`p(N, X), `q(N, X))-stable.

Proof. We observe that the hypothesis (p, q) 6= (1,∞) is equivalent with the
condition `p(N,R) ∈ Q(N) or `q(N,R) ∈ V(N). In addition, if p ≤ q then
`p(N, X) ⊂ `q(N, X). Thus, both assertions follow from Theorem 3. �

Corollary 3 Let B ∈ T(N). Then (A) is uniformly exponentially stable if and
only if (SA) is (B(N, X), B(N, X))-stable.

Proof. We note that if B 6∈ Q(N) then B = `1(N,R), so B ∈ V(N). Thus, the
conclusion follows from Theorem 3. �

4 Stability of discrete nonautonomous systems

In this section, by applying the techniques from the variational case, we provide
a complete analysis of the connections between the stability properties of a
discrete nonautonomous system and the input-output stability of an associated
discrete control system. The working hypotheses as well as their optimality will
be motivated by an example.
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Let X be a Banach space and let A : N→ B(X) be an arbitrary mapping.
Let ∆ = {(m,n) ∈ N× N : m ≥ n}. We consider the discrete nonautonomous
system

(A) x(n+ 1) = A(n)x(n), n ∈ N.

The associated discrete evolution family is

ΦA : ∆→ B(X), ΦA(m,n) =

{
A(m− 1) . . . A(n), m > n

Id, m = n
.

Definition 6 The system (A) is said to be uniformly exponentially stable if
there exist N ≥ 1 and ν > 0 such that

||ΦA(m,n)|| ≤ Ne−ν(m−n), ∀(m,n) ∈ ∆.

In what follows, we consider the input-output system

(SA)

{
x(n+ 1) = A(n)x(n) + s(n+ 1), n ∈ N
x(0) = s(0)

.

Remark 11 For each s : N→ X, the solution of (SA) is

xs : N→ X, xs(n) =

n∑
k=0

ΦA(n, k)s(k).

Definition 7 Let I,O ∈ T(N). The system (SA) is said to be (I(N, X),
O(N, X))-stable if there exists K > 0 such that for each s ∈ F(N, X), xs ∈
O(N, X) and

||xs||O(N,X) ≤ K||s||I(N,X). (47)

Definition 8 Let I,O ∈ T(N). The system (SA) is said to be (I(N, X),
O(N, X))-completely stable if for each s ∈ I(N, X), xs ∈ O(N, X).

Remark 12 Let I,O ∈ T(N). If (SA) is (I(N, X), O(N, X))-completely stable,
then it makes sense to consider the input-output operator

Γ : I(N, X)→ O(N, X), Γ (s) = xs.

Using Lemma 3 (i) we obtain that the linear operator Γ is closed, so it is
bounded. Then

‖xs‖O(N,X) ≤ ‖Γ‖ ‖s‖I(N,X), ∀s ∈ I(N, X).

In particular, it follows that (SA) is (I(N, X), O(N, X))-stable.

Remark 13 From Remark 12 it follows that the input-output stability concept
given by Definition 7 is more optimal than the (classical) concept introduced
in Definition 8, since it requires only input sequences with finite support.
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Definition 9 Let B ∈ B(N). We say that B is bi-invariant under translations
and denote B ∈ J̃(N) if for each s ∈ S(N,R) we have that s ∈ B if and only if
s+ ∈ B and

|s+|B = |s|B , ∀s ∈ B.

Notation We denote by T̃(N) the class of all spaces B ∈ J̃(N) with χ{0} ∈ B.

Remark 14 (i) T̃(N) ⊂ T(N).

(ii) The spaces `p(N,R) with p ∈ [1,∞] and also c0(N,R) belong to T̃(N).

(iii) The Orlicz sequence spaces belong to T̃(N) (see Example 1).

Theorem 4 Let I,O ∈ T̃(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If (SA) is (I(N, X), O(N, X))-stable, then (A) is uniformly exponentially
stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if (SA) is
(I(N, X), O(N, X))-stable.

Proof. (i) Let K > 0 be a constant given by Definition 7.

Let Θ = N. Let σ : N→ N, σ(θ) = θ + 1. We consider the system

(Ã) xθ(n+ 1) = A(σn(θ))xθ(n), ∀(θ, n) ∈ N× N.

Thus, the cocycle associated to (Ã) is

A(θ, n) = ΦA(θ + n, θ), ∀(θ, n) ∈ N× N. (48)

We associate to (Ã) the system (SÃ) = {Sθ}θ∈N such that

(Sθ)

{
xθ(n+ 1) = A(θ + n)xθ(n) + s(n+ 1), n ∈ N
xθ(0) = s(0)

for each θ ∈ N.

Using Remark 8 and relation (48) we obtain that for each θ ∈ N and each
s : N→ X the solution of (Sθ) is the sequence

xθ,s : N→ X, xθ,s(n) =

n∑
k=0

ΦA(θ + n, θ + k)s(k). (49)

Let (θ, s) ∈ N× F(N, X) be arbitrary. From (49) we obtain

xθ,s(n) =

θ+n∑
j=θ

ΦA(θ + n, j)s(j − θ). (50)

We have two possible cases:

1. If θ ∈ N∗, then we consider

sθ : N→ X, sθ(k) =

{
s(k − θ), k ≥ θ

0, k ∈ {0, . . . , θ − 1} .
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Obviously sθ ∈ F(N, X). In addition

||sθ||I(N,X) = ||s||I(N,X). (51)

According to the hypothesis, the sequence xsθ given by Remark 11 lies in
O(N, X) and from (47) we have that

||xsθ ||O(N,X) ≤ K||sθ||I(N,X). (52)

We note that

xsθ (θ+n) =

θ+n∑
k=0

ΦA(θ+n, k)sθ(k) =

θ+n∑
k=θ

ΦA(θ+n, k)s(k−θ), ∀n ∈ N. (53)

From (50) and (53) we find that xsθ (θ + n) = xθ,s(n), for all n ∈ N, so

xsθ (j) = xθ,s(j − θ), ∀j ≥ θ. (54)

We take

y : N→ X, y(j) =

{
xsθ (j), j ≥ θ

0, j ∈ {0, . . . , θ − 1} .

Since xsθ ∈ O(N, X), also y ∈ O(N, X) and

||y||O(N,X) ≤ ||xsθ ||O(N,X). (55)

On the other hand, using (54) we note that

y(j) =

{
xθ,s(j − θ), j ≥ θ

0, j ∈ {0, . . . , θ − 1} . (56)

Since O ∈ T̃(N) and y ∈ O(N, X) from (56) we conclude that xθ,s ∈ O(N, X).
Moreover

||xθ,s||O(N,X) = ||y||O(N,X). (57)

From relations (51), (52), (55) and (57) we obtain

||xθ,s||O(N,X) ≤ K ||s||I(N,X). (58)

2. If θ = 0, then from (49) and Remark 11 it follows that x0,s = xs, so
x0,s ∈ O(N, X) and

||x0,s||O(N,X) ≤ K||s||I(N,X). (59)

From (58) and (59), it yields that xθ,s ∈ O(N, X) and

||xθ,s||O(N,X) ≤ K ||s||I(N,X). (60)

Since (θ, s) ∈ N × F(N, X) was arbitrary, from (60) we deduce that (SÃ)

is (I(N, X), O(N, X))-stable. Then, by Theorem 3 (i) it follows that (Ã) is
uniformly exponentially stable, so there exist N ≥ 1, ν > 0 with

||A(θ, j)|| ≤ Ne−νj , ∀(θ, j) ∈ Θ × N. (61)
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Then, from (48) and (61) we obtain

||ΦA(θ + j, θ)|| ≤ Ne−νj , ∀j ∈ N,∀θ ∈ Θ. (62)

From (62) we deduce the conclusion.

(ii) Necessity. This follows using Remark 11 and a similar argumentation
with the one presented in the proof of Theorem 3 (ii) within the necessity part.

Sufficiency is given by (i). �

Remark 15 Theorem 4 extends the previous results concerning the stability of
discrete nonautonomous systems from [39] (see Theorem 2.1 and Theorem 2.3
from Section 2 in [39]).

The natural question arises if all the hypotheses on the classes of sequence
spaces considered in Theorem 4 are indeed necessary. The answer is given by
the following example.

Example 3 Let X be a Banach space and A : N→ B(X) defined by

A(n) : X → X, A(n) =
n+ 1

n+ 2
Id, ∀n ∈ N.

Consider the discrete nonautonomous system (A) and the associated system
(SA). Then

ΦA(m,n) =
n+ 1

m+ 1
Id, ∀(m,n) ∈ ∆. (63)

Let s ∈ F(N, X). Then there is r ∈ N∗ with the property that s(k) = 0, for all
k ≥ r. Hence, by Remark 11 and (63) we obtain

xs(n) =
1

n+ 1

(
r−1∑
k=0

(k + 1)s(k)

)
, ∀n ≥ r. (64)

In particular, from (64) we have xs ∈ c0(N, X). Moreover

||xs||∞ ≤ ||s||1. (65)

Let I,O ∈ T̃(N) with I 6∈ Q(N) and O 6∈ V(N). Hence I = `1(N,R) and
c0(N,R) ⊆ O. Since c0(N,R) ⊆ O, from Lemma 3 (ii) there is δ > 0 such that

|u|O ≤ δ ||u||∞, ∀u ∈ c0(N,R). (66)

Using a similar argumentation as in Example 2, from (65) and (66) we conclude
that (SA) is (I(N, X), O(N, X))-stable. For all that, from relation (63) we have
that

‖ΦA(m,n)‖ =
n+ 1

m+ 1
, ∀(m,n) ∈ ∆

so (A) is not uniformly exponentially stable.
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Remark 16 Example 3 shows that the hypotheses on the input and output
spaces in Theorem 4 cannot be improved, so this stability theorem is the most
general input-output criterion with sequence spaces for exponential stability
of discrete nonautonomous systems.

As a consequence of Theorem 4 we obtain:

Corollary 4 Let B ∈ T̃(N). Then (A) is uniformly exponentially stable if and
only if (SA) is (B(N, X), B(N, X))-stable.

Furthermore, as a particular case of Theorem 4 we deduce:

Corollary 5 Let p, q ∈ [1,∞], (p, q) 6= (1,∞).

(i) If (SA) is (`p(N, X), `q(N, X))-stable, then (A) is uniformly exponentially
stable.

(ii) If p ≤ q, then (A) is uniformly exponentially stable if and only if (SA) is
(`p(N, X), `q(N, X))-stable.

Using Remark 12 we obtain another consequence of Theorem 4 given by:

Theorem 5 Let I,O ∈ T̃(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If (SA) is (I(N, X), O(N, X))-completely stable, then (A) is uniformly ex-
ponentially stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if (SA) is
(I(N, X), O(N, X))-completely stable.

Remark 17 Similar Corollaries with Corollary 4 and Corollary 5 easily follow
from Theorem 5 in the particular cases I = O = B ∈ T̃(N) and, respectively,
I = `p(N,R) and O = `q(N,R) with p, q ∈ [1,∞], (p, q) 6= (1,∞).

Throughout this section, we have presented criteria for the uniform ex-
ponential stability of (A) in terms of the solvability of the system (SA). As
mentioned in the introduction, in some previous works in this topic, system (2)
was used in order to characterize the uniform exponential stability of (A). The
natural question is if there are any connections between the results presented
in this section and the results obtained in [1], [26], [31], [32], [33].

With the purpose of giving a complete answer to this question, in what
follows we associate to system (A) in this section the input-output system

(S̃A)

{
x̃(n+ 1) = A(n)x̃(n) + s(n), n ∈ N
x̃(0) = 0

.

Remark 18 For each s : N→ X, the solution of (S̃A) is

x̃s : N→ X, x̃s(n) =


n∑
j=1

ΦA(n, j)s(j − 1), n ∈ N∗

0, n = 0
.
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Definition 10 Let I,O ∈ T̃(N). The system (S̃A) is said to be (I(N, X),
O(N, X))-completely stable if for every s ∈ I(N, X) the solution x̃s ∈ O(N, X).

Lemma 6 Let B ∈ T̃(N). For every s ∈ B, the sequence

ws : N→ R, ws(n) = s(n+ 1).

has the property that ws ∈ B and |ws|B ≤ |s|B.

Proof. If s ∈ B, we note that the sequence

s0 : N→ R, s0(n) =

{
s(n), n ∈ N∗

0, n = 0

has the property that s0 ∈ B and |s0|B ≤ |s|B . Moreover, it is easy to see that
s0 = (ws)+. Then, since B ∈ T̃(N) and (ws)+ ∈ B, it follows that ws ∈ B and
|ws|B = |(ws)+|B = |s0|B , so |ws|B ≤ |s|B . �

Now, as a consequence of our results, we can prove the following criteria:

Theorem 6 Let I,O ∈ T̃(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If (S̃A) is (I(N, X), O(N, X))-completely stable, then (A) is uniformly ex-
ponentially stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if (S̃A) is
(I(N, X), O(N, X))-completely stable.

Proof. (i) We consider the mapping

D : N→ B(X), D(n) =

{
A(n), n ∈ N∗

0, n = 0
.

Then, the associated evolution family is

ΦD(m,n) =

ΦA(m,n), m > n, n ∈ N∗
0, m > n, n = 0
Id, m = n

. (67)

We consider the system

(SD)

{
y(n+ 1) = D(n)y(n) + u(n+ 1), n ∈ N
y(0) = u(0)

.

We observe that for every u ∈ I(N, X), the solution of (SD) is

yu : N→ X, yu(n) =


n∑
j=1

ΦA(n, j)u(j), n ∈ N∗

u(0), n = 0
.

Let now u ∈ I(N, X). From Lemma 6 we have that wu : N → X,wu(n) =
u(n+ 1) also belongs to I(N, X). Then, according to the hypothesis, we have
that x̃wu ∈ O(N, X).
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We observe that

x̃wu(n) =


n∑
j=1

ΦA(n, j)u(j), n ∈ N∗

0, n = 0
.

Then we obtain that

yu = x̃wu + u(0)χ{0}.

This implies that yu ∈ O(N, X). So (SD) is (I(N, X), O(N, X))-completely
stable. From Theorem 5 it follows that there are L ≥ 1 and ν > 0 such that

‖ΦD(m,n)‖ ≤ Le−ν(m−n), ∀(m,n) ∈ ∆. (68)

Using relation (67), from (68) we deduce that

‖ΦA(m,n)‖ ≤ Le−ν(m−n), ∀(m,n) ∈ ∆,n ∈ N∗. (69)

Let m ∈ N∗. Using relation (69) we obtain that

‖ΦA(m, 0)‖ = ‖ΦA(m, 1)A(0)‖ ≤ Le−ν(m−1)‖A(0)‖. (70)

Denoting by L1 := L ‖A(0)‖ eν , from (70) we have that

‖ΦA(m, 0)‖ ≤ L1e
−νm, ∀m ∈ N∗. (71)

Setting N := max{L,L1} from (69) and (71) it follows that (A) is uniformly
exponentially stable.

(ii) The necessity part follows using a similar argumentation as in the proof
of Theorem 3 (ii), by using Remark 18 and Definition 10. The sufficient part
is given by (i). �

As consequences of Theorem 6 we deduce:

Corollary 6 Let B ∈ T̃(N). Then (A) is uniformly exponentially stable if and
only if (S̃A) is (B(N, X), B(N, X))-completely stable.

Corollary 7 Let p, q ∈ [1,∞], (p, q) 6= (1,∞).

(i) If (S̃A) is (`p(N, X), `q(N, X))-completely stable, then (A) is uniformly ex-
ponentially stable.

(ii) If p ≤ q, then (A) is uniformly exponentially stable if and only if (S̃A) is
(I(N, X), O(N, X))-completely stable.

Remark 19 If B is one of the spaces `p(N,R), p ∈ [1,∞] or c0(N,R), from
Corollary 6 we obtain the stability criteria proved by Aulbach and Minh in [1]
(see Corollary 5 in [1]). We note that in [1] the results were obtained assuming
that supn∈N ||A(n)|| <∞.
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Remark 20 Corollary 7 extends and gives in a unified form the input-output
criteria with `p-spaces for uniform exponential stability previously obtained in
[1], [26], [31], [32] and [33]. More precisely:

(i) as already mentioned in Remark 19, for p = q ∈ [1,∞] we obtain the result
of Aulbach and Minh (see Corollary 5 in [1]);

(ii) in the case supn∈N ||A(n)|| <∞, Corollary 7 (ii) was proved by Ngoc and
Naito in [26] (see Theorem 2.10 in [26]);

(iii) the case p ∈ (1,∞) and q = ∞ was studied by Pituk in [31], assuming
that supn∈N ||A(n)|| <∞ (see Theorem 1 in [31]);

(iv) the case p ∈ (1,∞] and q =∞ was treated by Przyluski in [32], using an
additional assumption that (S̃A) is uniformly equicontrollable (see Section 4
in [32]);

(v) for p = q = ∞ we obtain the result established by Przyluski in [33] (see
Theorem 6 in [33]).

5 A new ergodic approach for stability of discrete variational
systems

In the general context considered in Section 3, the input-output criteria con-
cerned all the points in the base space Θ - which was an arbitrary nonempty
set - and the input-output conditions were of uniform type. Assuming that
Θ has some topological structure, the question arises whether, when work-
ing with general input and output spaces, it would be sufficient to consider
a solvability condition that involves only the points from a Borel measurable
set (of positive measure). Furthermore, another question is if the input-output
stability can be of nonuniform type. The aim of this section is to answer
these questions. We will provide new techniques and criteria for stability of
discrete variational systems, using certain ergodic measures. Moreover, we will
generalize the results recently obtained in [16].

In this section we assume that Θ is a compact metric space and that
σ : Θ → Θ is a continuous map. In what follows Σ denotes the Borel σ-algebra
on Θ.

Definition 11 A Borel probability measure µ on Θ is said to be σ-invariant
if for every E ∈ Σ we have µ(σ−1(E)) = µ(E).

Definition 12 A σ-invariant Borel probability measure µ on Θ is said to be
ergodic if for every E ∈ Σ with σ−1(E) = E, we have µ(E) ∈ {0, 1}.

Notation E(σ) will denote the set of all ergodic σ-invariant Borel probability
measures on Θ. Then, we note that according to our hypotheses in this section
E(σ) 6= ∅ (see Walters [46]).
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Let A : Θ → B(X) be a continuous mapping. Consider the discrete varia-
tional system

(A) xθ(n+ 1) = A(σn(θ))xθ(n), ∀(θ, n) ∈ Θ × N.

and the associated discrete cocycle A (see Section 3).

According to Kingman’s subadditive ergodic theorem (see Walters [46]),
for every µ ∈ E(σ) there exists λµ(A) ∈ [−∞,∞) such that

λµ(A) = lim
n→∞

1

n
ln ||A(θ, n)||, for µ− a.e. θ ∈ Θ. (72)

In what follows we need an auxiliary result:

Proposition 1 If λµ(A) < 0, for every µ ∈ E(σ), then (A) is uniformly
exponentially stable.

Proof. We denote by M := sup
θ∈Θ
||A(θ)|| and according to our hypotheses M <

∞.
For each k ∈ N, let

Tk : Θ → R ∪ {−∞}, Tk(θ) := ln‖A(θ, k)‖

assuming that ln 0 := −∞ (by convention) and it is easy to see that each Tk
is continuous. Using the cocycle identity (see Remark 6) it follows

Tm+k(θ) ≤ Tk(θ) + Tm(σk(θ)), ∀m, k ∈ N,∀θ ∈ Θ.

Then, according to Thieullen [47] (see Lemma 2.3.5 therein), there is µ ∈ E(σ)
with the property

λµ(A) = lim
k→∞

1

k
max
θ∈Θ

Tk(θ). (73)

From (73) and λµ(A) < 0 we deduce that there are ν > 0 and h ∈ N∗ with
the property that

max
θ∈Θ

Tk(θ) ≤ −νk, ∀k ≥ h

so
||A(θ, k)|| ≤ e−νk, ∀k ≥ h,∀θ ∈ Θ. (74)

Hence setting N := max{(Meν)j : j ∈ {0, . . . , h−1}}, from Remark 6 and (74)
we immediately obtain

||A(θ, k)|| ≤ Ne−νk, ∀(θ, k) ∈ Θ × N. �

In what follows, we extend the study to stability properties relative to
ergodic measures. Moreover, we provide a classification of the classes of in-
put and output spaces that can be considered in this new context. With this
purpose, we firstly introduce a new general class of sequence spaces.

Notation Let T′(N) be the class of all spaces B ∈ T(N) with the following
properties:
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(a) for any s ∈ B and any injective map ϕ : N→ N, we have that sϕ ∈ B and
|sϕ|B ≤ |s|B , where

sϕ(n) = s(ϕ(n)), ∀n ∈ N;

(b) for any s ∈ B, J ⊂ N infinite and any bijection ψ : J → N, we have that
sψ ∈ B and |sψ|B = |s|B , where

sψ(n) =

{
s(ψ(n)), n ∈ J
0, n /∈ J.

Remark 21 We observe that `p(N,R) ∈ T′(N) for p ∈ [1,∞]. Furthermore,
c0(N,R) ∈ T′(N).

Lemma 7 The Orlicz sequence spaces belong to the class T′(N).

Proof. Let Ψ : R+ → [0,∞] be a left-continuous nondecreasing function with
the property that Ψ is not identically 0 or∞ on (0,∞). Consider `Ψ (N,R) the
Orlicz sequence space generated by Ψ (see Example 1).

If ϕ : N→ N is injective, then we observe that

MΨ (sϕ) =

∞∑
j=0

YΨ (|s(ϕ(j))|) =
∑

k∈ϕ(N)

YΨ (|s(k)|) ≤MΨ (s), ∀s ∈ S(N,R).

(75)
Using (75) we deduce that for each s ∈ `Ψ (N,R), also sϕ ∈ `Ψ (N,R) and
|sϕ|Ψ ≤ |s|Ψ .

Let now J ⊂ N infinite and let ψ : J → N be a bijective map. Since
YΨ (0) = 0 it follows that

MΨ (sψ) =
∑
n∈J

YΨ (|s(ψ(n))|) =
∑
k∈N

YΨ (|s(k)|) = MΨ (s), ∀s ∈ S(N,R). (76)

Using relation (76) it follows that for each s ∈ `Ψ (N,R), also sψ ∈ `Ψ (N,R)
and |sψ|Ψ = |s|Ψ .

In conclusion `Ψ (N,R) ∈ T′(N). �

As in Section 3, we associate to (A) the system (SA) = {Sθ}θ∈Θ such that

(Sθ)

{
xθ(n+ 1) = A(σn(θ))xθ(n) + s(n+ 1), n ∈ N
xθ(0) = s(0)

for each θ ∈ Θ. The solutions of (SA) are described in Remark 8.
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Definition 13 Let I,O ∈ T′(N) and let µ ∈ E(σ). We say that (SA) is
(I(N, X), O(N, X))-stable relative to the measure µ if there are a Borel set
E ⊂ Θ with µ(E) > 0 and a Borel measurable function K : E → (0,∞) with
the property that for every (θ, s) ∈ E × I(N, X), xθ,s ∈ O(N, X) and

||xθ,s||O(N,X) ≤ K(θ)||s||I(N,X). (77)

Theorem 7 Let I,O ∈ T′(N) and µ ∈ E(σ). If I ∈ Q(N) or O ∈ V(N) and
(SA) is (I(N, X), O(N, X))-stable relative to µ, then λµ(A) < 0.

Proof. Let E ⊂ Θ and let K : E → (0,∞) be given by Definition 13 such
that (77) holds.

From Luzin’s theorem we have that there is a compact set C ⊂ E with the
property that µ(C) > 0 and the function K is continuous on C. Denoting by

K := sup
θ∈C

K(θ) = max
θ∈C

K(θ) <∞

and using (77) we have

||xθ,s||O(N,X) ≤ K||s||I(N,X), ∀θ ∈ C,∀s ∈ I(N, X). (78)

For each θ ∈ C, let

Nθ := {n ∈ N∗ : σn(θ) ∈ C}.

According to Poincaré’s recurrence theorem (see Theorem 1.4 in Walters [46]),
we obtain that

F := {θ ∈ C : Nθ is infinite}

is a measurable set, with the property that µ(C) = µ(F ). In addition

σj(θ) ∈ F, ∀j ∈ Nθ,∀θ ∈ F. (79)

Let τ(θ) := minNθ, for each θ ∈ F . Let

σ̄ : F → F, σ̄(θ) = στ(θ)(θ) (80)

and from (79) we have that σ̄ is correctly defined.

Let σ̄0(θ) := θ, for each θ ∈ F . Furthermore, inductively, for n ∈ N∗, let

σ̄n : F → F, σ̄n(θ) := σ̄(σ̄n−1(θ)).

Let
Ā : F → B(X), Ā(θ) := A(θ, τ(θ)). (81)

We consider Ā the discrete cocycle given by

Ā(θ, n) =

{
Ā(σ̄n−1(θ)) . . . Ā(θ), n ∈ N∗

Id, n = 0.
, ∀(θ, n) ∈ F × N.
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We define

τn(θ) :=

n−1∑
i=0

τ(σ̄i(θ)), ∀θ ∈ F,∀n ∈ N∗.

Lemma 8 The following properties hold:

(i) σ̄n(θ) = στn(θ)(θ), for all (θ, n) ∈ F × N∗;
(ii) Ā(θ, n) = A(θ, τn(θ)), for all (θ, n) ∈ F × N∗;

(iii) lim
n→∞

τn(θ)

n
=

1

µ(F )
, for µ-a.e. θ ∈ F .

Proof of the lemma. For the proof of (i) and (ii) we refer to [16, Lemma 3.1]
and respectively for the proof of (iii) we refer to [16, page 4797]. �

Lemma 9 For each (θ, s) ∈ F × I(N, X)

x̄θ,s : N→ X, x̄θ,s(n) =

n∑
k=0

Ā(σ̄k(θ), n− k)s(k) (82)

belongs to O(N, X) and

‖x̄θ,s‖O(N,X) ≤ K‖s‖I(N,X), ∀(θ, s) ∈ F × I(N, X). (83)

Proof of the lemma. Let (θ, s) ∈ F × I(N, X). Let

s̃ : N→ X, s̃(k) =

 s(0), k = 0
s(n), k = τn(θ), n ∈ N∗

0, otherwise
. (84)

Denoting by J = {0} ∪ {τn(θ) : n ∈ N∗} and by

ψ : J → N, ψ(k) =

{
0, k = 0
n, k = τn(θ), n ∈ N∗

we have that ψ is bijective. We observe that s̃ = sψ. Since I ∈ T′(N) and
s ∈ I(N, X), also s̃ ∈ I(N, X) and ‖s̃‖I(N,X) = ‖s‖I(N,X). Then xθ,s̃ ∈ O(N, X)
and from (78) we get

‖xθ,s̃‖O(N,X) ≤ K‖s̃‖I(N,X) = K‖s‖I(N,X). (85)

By proceeding as in the proof of Lemma 3.2 in [16], we find that

x̄θ,s(n) =

{
xθ,s̃(0), n = 0

xθ,s̃(τn(θ)), n ∈ N∗.
(86)

We consider the function

ϕ : N→ N, ϕ(n) =

{
0, n = 0

τn(θ), n ∈ N∗
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and we have that ϕ is injective. From (86) we observe that x̄θ,s = (xθ,s̃)ϕ.
Since O ∈ T′(N) and xθ,s̃ ∈ O(N, X) we obtain x̄θ,s ∈ O(N, X) and

||x̄θ,s||O(N,X) ≤ ||xθ,s̃||O(N,X). (87)

Finally, from relations (87) and (85) it follows

||x̄θ,s||O(N,X) ≤ K||s||I(N,X). �

Lemma 10 The cocycle Ā has the property that

‖Ā(θ, n)‖ ≤ L, ∀(θ, n) ∈ F × N,

where

L =
KFI(1)

FO(1)
. (88)

Proof of the lemma. Let (θ, y) ∈ F × X be arbitrary. Then s(·) = χ{0}(·)y
belongs to I(N, X). If x̄θ,s is given by (82), then

x̄θ,s(k) = Ā(θ, k)y, ∀k ∈ N. (89)

Let n ∈ N. From (89) it is easy to see that

‖Ā(θ, n)y‖χ{n}(j) = ‖x̄θ,s(n)‖χ{n}(j) ≤ ‖x̄θ,s(j)‖, ∀j ∈ N. (90)

Then from (90) we get

‖Ā(θ, n)y‖FO(1) ≤ ‖x̄θ,s‖O(N,X). (91)

From (83) and (91) we obtain

‖Ā(θ, n)y‖ ≤ K

FO(1)
‖s‖I(N,X) =

KFI(1)

FO(1)
‖y‖. (92)

Finally, from (88) and (92) we deduce that

‖Ā(θ, n)y‖ ≤ L ‖y‖, ∀y ∈ X,∀(θ, n) ∈ F × N

which implies the conclusion of the lemma. �

Lemma 11 There is h ∈ N∗ such that

‖Ā(θ, h)‖ ≤ 1

e
, ∀θ ∈ F.
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Proof of the lemma. According to Lemma 9 we have that relation (83) holds
and let L > 0 be given by (88).

Case 1. I ∈ Q(N).

Let γ : N→ R+, γ ∈ I \ `1(N,R). Since γ 6∈ `1(N,R) there is h ∈ N∗ such that

h∑
j=0

γ(j) ≥ eKL|γ|I
FO(1)

. (93)

Let (θ, z) ∈ F ×X. We take

s : N→ X, s(j) = γ(j)Ā(θ, j)z.

Using Lemma 10 we deduce that s ∈ I(N, X) and

‖s‖I(N,X) ≤ L|γ|I‖z‖. (94)

If x̄θ,s is given by (82), then we notice that

x̄θ,s(h) =

 h∑
j=0

γ(j)

 Ā(θ, h)z. (95)

In addition
‖x̄θ,s(h)‖χ{h}(j) ≤ ‖x̄θ,s(j)‖, ∀j ∈ N. (96)

From relations (83), (94) and (96) we obtain that

FO(1)‖x̄θ,s(h)‖ ≤ ‖x̄θ,s‖O(N,X) ≤ KL|γ|I‖z‖. (97)

Then, from (93), (95) and (97) it follows

‖Ā(θ, h)z‖ ≤ 1

e
‖z‖, ∀(θ, z) ∈ F ×X.

Case 2. O ∈ V(N).

Let h ∈ N∗ be such that

FO(h) ≥ eLKFI(1). (98)

Let (θ, z) ∈ F × X. We take s : N → X, s(·) = χ{0}(·)z. If x̄θ,s is given
by (82), then x̄θ,s(j) = Ā(θ, j)z, for all j ∈ N. In addition, from (83) it follows

‖x̄θ,s‖O(N,X) ≤ KFI(1)‖z‖. (99)

Furthermore, from Lemma 10 we have that

‖Ā(θ, h)z‖ ≤ ‖Ā(σ̄j(θ), h− j)‖ ‖Ā(θ, j)z‖ ≤ L‖x̄θ,s(j)‖, ∀j ∈ {0, . . . , h−1}.

This implies that

‖Ā(θ, h)z‖χ{0,...,h−1}(j) ≤ L‖x̄θ,s(j)‖, ∀j ∈ N. (100)
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From (100) we deduce that

‖Ā(θ, h)z‖FO(h) ≤ L ‖x̄θ,s‖O(N,X). (101)

From (98), (99) and (101) it follows

‖Ā(θ, h)z‖ ≤ 1

e
‖z‖, ∀(θ, z) ∈ F ×X

which leads to the conclusion of the lemma. �

We can complete now the proof of the theorem. Let h ∈ N∗ be given by
Lemma 11. Hence

‖Ā(θ, nh)‖ ≤ e−n, ∀(θ, n) ∈ F × N. (102)

Using (72) and taking into account that µ(F ) = µ(C) > 0, it follows that
there exists θ ∈ F with the property

λµ(A) = lim
n→∞

ln‖A(θ, n)‖
n

. (103)

Since (τn(θ))n∈N∗ is strictly increasing, also (τnh(θ))n∈N∗ is strictly increasing.
Hence, from (103) we deduce that

λµ(A) = lim
n→∞

ln‖A(θ, τnh(θ))‖
τnh(θ)

. (104)

From Lemma 8 (ii), (104) and (102), we immediately obtain

λµ(A) ≤ − lim
n→∞

n

τnh(θ)
. (105)

From (105) and Lemma 8 (iii) it follows

λµ(A) ≤ −µ(F )

h
< 0. �

Theorem 8 Let I,O ∈ T′(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If for every measure µ ∈ E(σ), (SA) is (I(N, X), O(N, X))-stable relative
to µ, then (A) is uniformly exponentially stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if for every
measure µ ∈ E(σ), (SA) is (I(N, X), O(N, X))-stable relative to µ.

Proof. (i) By Theorem 7 we obtain λµ(A) < 0, for each µ ∈ E(σ). Then, from
Proposition 1 we conclude that (A) is uniformly exponentially stable.

(ii) Necessity. Using a similar argumentation as in the necessity part of the
proof of Theorem 3 (ii), we have that there is K > 0 with

‖xθ,s‖O(N,X) ≤ K‖s‖I(N,X), ∀s ∈ I(N, X),∀θ ∈ Θ. (106)
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Taking E = Θ and K(θ) = K, for all θ ∈ Θ, from (106) we have that (SA) is
(I(N, X), O(N, X))-stable relative to µ, for each µ ∈ E(σ).

Sufficiency is given by (i). �

In what follows, we discuss several particular cases and describe some con-
sequences.

Corollary 8 Let p, q ∈ [1,∞] be such that (p, q) 6= (1,∞).

(i) If for every measure µ ∈ E(σ), (SA) is (`p(N, X), `q(N, X))-stable relative
to µ, then (A) is uniformly exponentially stable.

(ii) If p ≤ q, then (A) is uniformly exponentially stable if and only if for every
measure µ ∈ E(σ), (SA) is (`p(N, X), `q(N, X))-stable relative to µ.

Proof. This is a consequence of Theorem 8, based on the same arguments as
in the proof of Corollary 2. �

Corollary 9 Let B ∈ T′(N). Then (A) is uniformly exponentially stable if
and only if for every measure µ ∈ E(σ), (SA) is (B(N, X), B(N, X))-stable
relative to µ.

Proof. This is a consequence of Theorem 8, based on the same arguments as
in the proof of Corollary 3. �

Remark 22 In the particular cases p = q = ∞ or B = `∞(N,R), we note
that from Corollary 8 or respectively Corollary 9 we obtain the equivalence
(i)⇐⇒ (iii) from Theorem 3.2 in [16].

In what follows, as a consequence of the techniques presented above, we
show that in the framework considered in this section, the uniform exponential
stability can be characterized using a nonuniform input-output type stability.

Definition 14 Let I,O ∈ T′(N). (SA) is said to be (I(N, X), O(N, X)) -
nonuniformly stable if there exists a Borel measurable functionK : Θ → (0,∞)
such that for every (θ, s) ∈ Θ × I(N, X), xθ,s ∈ O(N, X) and

‖xθ,s‖O(N,X) ≤ K(θ)‖s‖I(N,X).

Remark 23 If (SA) is (I(N, X), O(N, X))-nonuniformly stable, then, for each
measure µ ∈ E(σ), it is (I(N, X), O(N, X))-stable relative to µ.

Theorem 9 Let I,O ∈ T′(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If (SA) is (I(N, X), O(N, X))-nonuniformly stable, then (A) is uniformly
exponentially stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if (SA) is
(I(N, X), O(N, X))-nonuniformly stable.

Proof. This is a consequence of Theorem 8 and Remark 23. �
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Corollary 10 Let p, q ∈ [1,∞] be such that (p, q) 6= (1,∞).

(i) If (SA) is (`p(N, X), `q(N, X))-nonuniformly stable, then (A) is uniformly
exponentially stable.

(ii) If p ≤ q, then (A) is uniformly exponentially stable if and only if (SA) is
(`p(N, X), `q(N, X))-nonuniformly stable.

Proof. It is a consequence of Theorem 9, employing similar arguments as in
the proof of Corollary 2. �

Corollary 11 Let B ∈ T′(N). Then (A) is uniformly exponentially stable if
and only if (SA) is (B(N, X), B(N, X))-nonuniformly stable.

Proof. It is a consequence of Theorem 9, based on the same arguments in the
proof of Corollary 3. �

Remark 24 In the particular cases p = q =∞ or B = `∞(N,R), it is easy to see
that from Corollary 10 or respectively Corollary 11 we deduce the equivalence
(i)⇐⇒ (ii) from Theorem 3.2 in [16].

Remark 25 The method presented in this section shows that under some nat-
ural hypotheses regarding the base space Θ and the mapping A (implicitly on
the system coefficients) one can use input-output conditions which hold only
on a subset of the base space and the input-output criteria can be of nonuni-
form type. Furthermore, the input or the output spaces can be chosen from
two very general classes of sequence spaces.

6 Input-output stability along periodic orbits

In this section we continue the analysis begun in Section 5 regarding the choice
of the appropriate subset of the base space in whose points one can consider
the input-output condition. Thus, we show that, in certain conditions, it is
sufficient to consider input-output stabilities along periodic orbits.

Let Θ = (Θ, d) be a compact metric space and let σ : Θ → Θ be a home-
omorphism. Furthermore, we suppose that σ satisfies the so-called Anosov
closing property, i.e. that there exist C, ε, λ > 0 such that for every q ∈ Θ and
n ∈ N∗ satisfying d(σn(q), q) < ε, there exists a periodic point θ ∈ Θ with
σn(θ) = θ and

d(σj(q), σj(θ)) ≤ Ce−λmin{j,n−j}d(σn(q), q), ∀j ∈ {0, 1, . . . , n}.

Remark 26 We recall that shifts of finite type, basic pieces of Axiom A dif-
feomorphisms, and hyperbolic homeomorphisms are examples of maps that
satisfy the Anosov closing property (see e.g. Corollary 6.4.17 in Katok and
Hasselblatt [20]).
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Let δq denote the Dirac measure concentrated in q, for each q ∈ Θ. Let
Eper(σ) denote the set of all measures µ ∈ E(σ) which are supported on a
periodic orbit, i.e. µ is of the form

µ =
1

n

n−1∑
i=0

δσi(θ),

where θ ∈ Θ is a periodic point of period n.

Let now A : Θ → B(X) be such that:

(a) A is an α-Hölder continuous map for some α > 0, i.e. there exists C > 0
with the property

‖A(θ1)−A(θ2)‖ ≤ Cd(θ1, θ2)α, ∀θ1, θ2 ∈ Θ;

(b) A(θ) is a compact operator, for each θ ∈ Θ.

As in Sections 3 and 5, we consider the discrete variational system (A)
and the associated discrete cocycle A. Here, first of all, we need the following
auxiliary result:

Proposition 2 Assume that there exists δ > 0 such that

λµ(A) ≤ −δ, for every µ ∈ Eper(σ). (107)

Then (A) is uniformly exponentially stable.

Proof. This follows from Theorem 5.1. in [2] (applied to the particular case
P (θ) = Id). �

We now introduce a distinct concept of input-output stability, along peri-
odic orbits, and in what follows we show that employing the classes of sequence
spaces used in Section 3, it provides complete information regarding the ex-
ponential stability of the initial system.

Definition 15 Let I,O ∈ T(N). The system (SA) is said to be (I(N, X),
O(N, X))-stable along periodic orbits if there is K > 0 with the property that
for each periodic point θ ∈ Θ and s ∈ F(N, X), xθ,s ∈ O(N, X) and

||xθ,s||O(N,X) ≤ K ||s||I(N,X).

Theorem 10 Let I,O ∈ T(N) be such that I ∈ Q(N) or O ∈ V(N).

(i) If (SA) is (I(N, X), O(N, X))-stable along periodic orbits, then (A) is uni-
formly exponentially stable.

(ii) If I ⊂ O, then (A) is uniformly exponentially stable if and only if (SA) is
(I(N, X), O(N, X))-stable along periodic orbits.
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Proof. (i) By using similar arguments as in the proof of Lemma 5 we conclude
that there exists L > 0 such that

‖A(θ, n)‖ ≤ L, ∀θ ∈ Θ, θ periodic ,∀n ∈ N. (108)

Furthermore, by arguing as in the proof of Theorem 2 (if I ∈ Q(N)) or as in
the proof of Theorem 1 (if O ∈ V(N)), we find that there exists h ∈ N∗ such
that

‖A(θ, h)‖ ≤ 1

e
, ∀θ ∈ Θ, θ periodic. (109)

Finally, the same arguments as in the proof of Lemma 4 show that rela-
tions (108) and (109) imply that there are N ≥ 1, ν > 0 with

‖A(θ, n)‖ ≤ Ne−νn, ∀θ ∈ Θ, θ periodic ,∀n ∈ N. (110)

In order to complete the proof of the theorem, it remains to observe that (110)
implies that (107) holds with δ = ν and thus the conclusion follows directly
from Proposition 2.

(ii) Necessity. This follows based on a similar argumentation as in the proof
of Theorem 3 (ii), in the necessity part.

Sufficiency. This is given by (i). �

Remark 27 Based on Theorem 10 one can easily establish the versions of all
the corollaries from Section 3 in the present context.
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