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Abstract. In underwater communication the data transfer is commonly provided by using cooper cables 

or fiber-optics. Even though these are capable of transporting electrical power and offer a high speed 

and reliable communication, their use can limit the range and maneuverability of underwater operations 

and increase the associated risks. Because of this, different underwater wireless communication 

techniques have been developed by using acoustics, radio frequency and visible light spectrum. When 

using visible light for underwater communication understanding optical properties of the water is 

crucial. One of the key parameters that needs to be determined is the attenuation coefficient. In this work 

the Lambert W function was used to estimate the attenuation coefficient of sea water, a key variable 

describing optical properties of sea water. The standard procedure of estimating the attenuation 

coefficient is by fitting the solution of the light penetration equation to optical data. By using the Lambert 

W function this procedure can be circumvented and the solution can be obtained without the fitting 

procedure. 
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1. Introduction 

A major obstacle for a widespread use of underwater robots are problems associated with the 

communication of robots with platforms during missions. Underwater communication can be 

established by using cooper cables or fiber-optics, but their use can limit the range and 

maneuverability of underwater operations and increase the associated risks. Because of this, 

different underwater wireless communication techniques have been developed by using 

acoustics, radio waves and visible light spectrum. Acoustic-based solutions have long been the 

default wireless communication method for underwater applications, since it allows reasonable 

ranges. However, there are severe limitations in bandwidth and the data rates are slow with high 

latency. Terrestrial wireless communication based on radio waves, in comparison to acoustic 

waves, is faster, has a higher bandwidth and is more energetically efficient. However, the use 

of radio waves for underwater communication is problematic due to their strong attenuation. 

Underwater communication based on electromagnetic waves in the visible spectrum, compared 

to radio waves, can achieve higher data transfer rates, higher propagation speed (lower latency), 

lower power consumption and link distances in the order of 100-200 m. However, relatively 

low attenuation of light does become relevant for longer distances. Other problems are the 

possibility of ambient light interference and, to a certain degree, the dependence on a clear way 

for the light to travel [1].  

The sea irradiance attenuation coefficient is a key variable describing optical properties of sea 

water. Irradiance attenuation coefficient, 𝐾, varies with depth, but the variation is not great for 

narrow spectral wavebands. Depth-averaged irradiance attenuation coefficient, 𝐾𝑎𝑣, 
summarizes in a single parameter the way in which the irradiance is attenuated with depth in a 



given waterbody [2]. There are different ways of calculating the attenuation coefficient and 

depth-averaged attenuation coefficient. The main goal of this work is to determine which of the 

implemented methods gives the best fit to the observed data of irradiance with depth, including 

the method using Lambert W function which has never before been used for describing 

underwater attenuation of irradiance.  

2. Analysis 

Several methods of determining sea irradiance attenuation coefficient and subsequently sea 

depth-averaged irradiance attenuation coefficient were implemented and compared. Irradiance 

diminishes in an approximately exponential manner with depth in accordance with the light 

penetration equation relation: 

𝐸(𝑧) = 𝐸0𝑒
−𝐾(𝑧)𝑧,                     (1) 

where 𝐾(𝑧) is the attenuation coefficient as a function of depth, 𝐸0 is surface irradiance and z 

is depth. Relation (1) expressed through depth-average attenuation coefficient 𝐾𝑎𝑣 is given by: 

𝐸(𝑧) = 𝐸0𝑒
−𝐾𝑎𝑣𝑧 .          (2) 

Attenuation coefficient can be expressed from relation (1) as: 

𝐾(𝑧) =
1

𝑧
𝑙𝑛 (

𝐸0

𝐸(𝑧)
).             (3) 

And from relation: 

  𝐸(𝑧𝑖+1) = 𝐸(𝑧𝑖)𝑒
−𝐾(𝑧𝑖,𝑧𝑖+1)(𝑧𝑖+1−𝑧𝑖),                   (4) 

as: 

𝐾(𝑧𝑖, 𝑧𝑖+1) =
1

𝑧𝑖+1−𝑧𝑖
𝑙𝑛 (

𝐸(𝑧𝑖)

𝐸(𝑧𝑖+1)
).             (5) 

Let the z axis be positive downwards. Irradiance 𝐸(𝑧) at depth z is given by the Beer-Lambert 

law: 

𝑑𝐸(𝑧)

𝑑𝑧
= −𝐾(𝑧)𝐸(𝑧),              (6) 

from which the attenuation coefficient can also be expressed as: 

𝐾(𝑧) =
1

𝐸(𝑧)

𝑑𝐸(𝑧)

𝑑𝑧
.                        (7) 

where derivatives can be calculated by the standard derivative approximations by finite 

differences.  

Lambert W function can also be used to estimate the sea irradiance attenuation coefficient. In 

1758. Johann Heinrich Lambert solved the trinomial equation 𝑥 = 𝑞 + 𝑥𝑚 by deriving a series 

development for x in powers of q. Further on he extended the series to give powers of x. On 

that ground in 1779 Leonhard Euler solved the equation of the form: 

𝑤𝑒𝑤 = 𝑎,            (8) 

by finding the inverse of function 𝑓(𝑤) = 𝑤𝑒𝑤, where w is any complex number. Today, this 

inverse is called the Lambert W function or the omega function. It cannot be expressed in terms 

of elementary functions. If z and w are any complex numbers, then expression:  

𝑤𝑒𝑤 = 𝑧,               (9) 

holds if and only if: 

𝑤 = 𝑊𝑘(𝑧),                          (10) 

where k is some integer. 𝑊𝑘(𝑧) is a complex-valued function of one complex argument. For 

each integer k there is one branch. If z is real, then for −1 𝑒⁄ ≤ 𝑧 < 0 there are two real values 



of 𝑊(𝑧). The branch satisfying  𝑊(𝑧) ≥ −1 is denoted by 𝑊0, and 𝑊(𝑧) ≤ −1 by 𝑊−1. 𝑊0 

is called the principal branch of the W function [3]. 

 
Figure 1 Diagram of the real branches of the Lambert W function [4] 

Lambert W function laid dormant for quite some time until its re-emergence in the second half 

of the twentieth century. 

Irradiance at depth 𝐸(𝑧) is given by the Beer-Lambert law (6). Its solution is simply given by 

equation (1). By inserting (1) into (6) we get equation: 

𝑑𝐸(𝑧)

𝑑𝑧
= −𝐾(𝑧)𝐸0𝑒

−𝐾(𝑧)𝑧.          (11) 

By multiplying both sides with z and rearranging we get: 

−𝐾(𝑧)𝑧𝑒−𝐾(𝑧)𝑧 =
𝑧

𝐼0

𝑑𝐸(𝐼)

𝑑𝑧
.        (12) 

This equation is now in the form: 

𝑥𝑒𝑥 = 𝑎,          (13) 

which solution is by definition equal to 𝑊(𝑎). It follows that equation (12) is solvable by the 

Lambert W function and the solution for 𝐾(𝑧) is: 

𝐾(𝑧) = −
1

𝑧
𝑊(

𝑧

𝐸0

𝑑𝐸(𝑧)

𝑑𝑧
).        (14) 

When measurements of 𝐸(𝑧) are available at a series of discrete depths 𝐸(𝑖∆𝑧), where ∆𝑧 is 

the depth increment and 𝑖 = 1,2, … , 𝑛 is the depth index, with 𝑛 the total number of depths, to 

estimate K derivative as a function of depth, 𝑑𝐸(𝑧) 𝑑𝑧⁄ , derivative approximation by finite 

differences can be used: 

𝑑𝐸(𝑧)

𝑑𝑧
→ 𝑓(𝐸(𝑗∆𝑥), ∆𝑥).         (15) 

Measuring underwater light intensity is done by using underwater optical sensors, which are 

typically lowered from research vessels at sea. The result of such experiments provide 

irradiance as a function of depth, at a series of discrete depths. This data is essential for 

calculating the sea attenuation coefficient.  

Depth-averaged value, 𝐾𝑎𝑣, is equal to: 

𝐾𝑎𝑣 =
∫ 𝐾(𝑧)𝑑𝑧
∞
0

∫ 𝑑𝑧
∞
0

.         (16) 



Depth-average attenuation coefficient from field data can be evaluated by relation: 

𝐾𝑎𝑣 =
∑ 𝐾(𝑧𝑖,𝑧𝑖+1)
𝑁
𝑖=1

∑ 𝑧𝑖
𝑁
𝑖=1

.         (17) 

Somewhat more accurate is the irradiance-weighted average attenuation coefficient where the 

integrated product of 𝐾(𝑧) and 𝐸(𝑧) over all depths is divided by the integrated irradiance over 

all depths. It is given by: 

𝐾𝑎𝑣,𝑤 =
∫ 𝐾(𝑧)𝐸(𝑧)𝑑𝑧
∞
0

∫ 𝐸(𝑧)𝑑𝑧
∞
0

.         (18) 

Irradiance-weighted depth-average attenuation coefficient from field data can be evaluated by 

relation: 

𝐾𝑎𝑣,𝑤 =
∑ 𝐾(𝑧𝑖,𝑧𝑖+1)𝐸(𝑧𝑖)
𝑁
𝑖=1

∑ 𝐸(𝑧𝑖)
𝑁
𝑖=1

.        (19) 

Total of five methods are examined. Method based on equation (3) is called the first 

logarithmic, or ln 1, method. Method based on equation (5) is called the second logarithmic, or 

ln 2, method. The one based on equation (7) is called derivate method and the one based on 

equation (14) is called Lambert method. Least squares method is used to fit equation (1) to data 

of irradiance measurements with depth to determine the depth-average irradiance attenuation 

coefficient. This method is called the least square method. Set of pair values, of irradiance and 

depth, are called a profile.  

Data used to test these methods are publicly available data from the Hawaii Ocean Time Series 

(HOT). Specifically, a total of 72 profiles of irradiance measurements with depth are used in 

the analysis. Data were collected over the period from February 2010. until December 2018. 

approximately once a month. Measurement were done with a free falling optical profiler 

(Satlantic HyperPro unit) at Kahe station off the coast of Oahu island, Hawaiian Islands. A 

passing cloud, waves or a shadow of the ship used by scientists that are doing the measurement 

can cause anomalies in measurements of irradiance. Due to this, out of 82 available profiles, 10 

of them were discarded since they showed significant anomalies when plotted and were not 

considered representative.  

Besides depth-average attenuation coefficient irradiance-weighted depth-average attenuation 

coefficient is also calculated. In the second case the irradiance values themselves are used to 

weight the estimates of the coefficients. Even though this procedure gives most weight to the 

upper region of the water column, where irradiance values are highest, there is nevertheless no 

arbitrary singling out of any particular layer since integration is carried out from the surface to 

infinity; that is, it is a true averaging over all depths. In practice, of course, it is only necessary 

to carry out integration down to depths where light levels become insignificant [2].  

Both depth-average attenuation coefficient and irradiance-weighted depth-average attenuation 

coefficient are estimated for every profile using all methods, with the exception of least square 

method which is used only with depth-average attenuation coefficient. Profiles are then 

generated with relation (2) on the bases of calculated coefficients. The quality of generated 

profile in comparison with measured profile is given by determination coefficient, 𝑅2. Methods 

are compared on the basis of determination coefficient averaged over all 72 profiles.  

Derivative of irradiance, 𝐸(𝑧), with respect to depth, z, which occurs in derivative and Lambert 

methods, in equations (7) and (14) respectively, is approximated by forward, backward and 

centred derivative approximation by finite differences with first and second order errors. The 

best case will be taken as representative of a given method.  

 

 



 
Table 1 Depth-average attenuation coefficients, irradiance-weighted depth-average attenuation coefficient and 

associated determination coefficients for all methods 

Method 
Order of 

error 

Difference 

approximation 
R2 Kav [m

-1] 
Irradiance-weighted 

R2 Kav,w[m-1] 

Least 

squares 

method / / 

0.9938 0.0397 / / 

ln 1 0.9885 0.0437 0.9907 0.0428 

ln 2 0.9908 0.0428 0.9939 0.0416 

Derivative 

First 
Forward 0.9896 0.0461 0.9896 0.097 

Backward 0.9880 0.0484 0.9880 0.0523 

Second 

Forward 0.9883 0.0476 0.9883 0.0535 

Backward 0.9882 0.0472 0.9882 0.0523 

Centred 0.9890 0.0473 0.9890 0.0514 

Lambert 

First 

Forward 0.9899 0.0382 0.9673 0.0379 

Backward 0.9899 0.0381 0.9637 0.0373 

Second 

Forward 0.9897 0.0369 0.9673 0.0379 

Backward 0.9875 0.0371 0.9637 0.0373 

Centred 0.9901 0.081 0.9655 0.0326 

 

When using depth-average attenuation coefficient methods, in order from worst to best 

performing, are first logarithmic method (𝑅2 = 0.9885), derivative method (𝑅2 = 0.9896), 

Lambert method (𝑅2 = 0.9901), second logarithmic method (𝑅2 = 0.9908) and least squares 

method (𝑅2 = 0.9938), respectively. When using irradiance-weighted depth-average 

attenuation coefficient the methods, in order from worst to best performing, are Lambert 

method (𝑅2 = 0.9673), derivative method (𝑅2 = 0.9896), first logarithmic method (𝑅2 =
0.9907), second logarithmic method (𝑅2 = 0.9939), respectively. Second logarithmic method 

with irradiance-weighted depth-average attenuation coefficient (𝑅2 = 0.9939) is performing 

slightly better than the least squares method with depth-average attenuation coefficient (𝑅2 =
0.9938). The results are presented in table 1. 

For logarithmic methods better performance is achieved with irradiance-weighted depth-

average attenuation coefficient, while for Lambert method performance is better for depth-

average attenuation coefficient. For derivative method there is no difference in performance 

when using regular or irradiance-weighted depth-average attenuation coefficient. Least squares 

method is used only with depth-average attenuation coefficient.  

Since second logarithmic method is performing better than first logarithmic method, the latter 

one is excluded from the following figures. Error histograms between logarithmic values of 

measured profile and profiles approximated by models are shown in Fig. 2. As expected, errors 

are smallest and closest to normal distribution for least squares method which was shown to be 

the best performing method based on determination coefficient. 



 
Figure 2 Error histogram of logarithmic values of measured and approximated irradiance for above methods 

Error histograms between logarithmic values of measured profile and profiles approximated by 

irradiance-weighted models are shown in Fig. 3. Least squares method is not used with 

irradiance-weighted depth-average attenuation coefficient so an error histogram of least square 

method with depth-average attenuation coefficient is given in Figure 3. for comparison. Among 

irradiance-weighted methods errors are smallest and closest to normal distribution for second 

logarithmic method, which is expected based on determination coefficient. 

 
Figure 3 Error histogram of logarithmic values of measured and irradiance-weighted approximated irradiance 

for above methods with the exception of least squares method which is not an irradiance-weighted method 

Relation between logarithmic values of irradiance of measured profiles and logarithmic values 

of irradiance of profiles approximated by all associated methods is shown in Fig 4. and for 

irradiance weighted methods (with the exception of least squares method) in Fig 5.  

 

 

 



 
Figure 4 Relation between logarithmic values of measured irradiance and approximated irradiance 

 
Figure 5 Relation between logarithmic values of measured irradiance and irradiance-weighted 

approximated irradiance with the exception of least squares method 

For a visual representation of measured irradiances and irradiances approximated by selected 

methods one of 72 analysed profiles is selected. For it, measurements of irradiance together 

with irradiances approximated by least squares method, second logarithmic method, derivative 

method and Lambert method are plotted in the Fig. 6.  



 
Figure 6 Measured and approximated irradiance values with depth for a selected profile 

In Fig. 7. the plotted profiles are analogous to those in Fig. 6. but for irradiance-weighted 

methods with the exception of least squares method.  

 
Figure 7 Measured and irradiance-weighted approximated irradiance (with the exception of least squares 

method) values with depth for a selected profile 

3. Conclusion 

Commonly used methods for calculating depth-average attenuation coefficient are logarithmic 

methods and least squares method. Analysis presented here has shown that Lambert W function 

can successfully be used to determine sea attenuation coefficient as a function of depth and 

subsequently its depth-average value, but that second logarithmic method and least squares 

method are still more accurate methods. The analysis has also shown that the best performing 

method is the irradiance-weighted second logarithmic method. 

Methods displayed in this work can analogously be implemented for approximating sea depth-

average attenuation coefficient or sea irradiance-weighted depth-average attenuation 

coefficient of irradiance in specific part of visible light spectrum, variables crucial for 

implementing underwater visible light communication technologies.  
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