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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the Manufacturing Engineering Society International Conference 
2017. 
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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Abstract 

The influence of the carbon nanotube’s characteristics on the mechanical properties of nanocomposites has been, and still is the 
subject of a large number of scientific papers. The numerical method approach for modelling the carbon nanotubes and 
nanocomposite materials is proven and effective, but nevertheless has some disadvantages. Also, different defects within carbon 
nanotubes structure, like vacancies, as well as the waviness of the nanotubes, considerably influence the mechanical properties of 
the nanotubes and thus deteriorate the final mechanical properties of the nanocomposites. The paper at hand presents and 
examines the equivalent beam finite element model of single and double walled carbon nanotubes of different patterns, based on 
the data obtained by structural mechanics FEM model from authors’ previous works. Several examples of armchair and zig-zag 
pattern for single walled carbon nanotube and armchair, zig – zag and two chiral patterns for double walled carbon nanotubes, 
with different vacancies and waviness ratio, are prepared and examined. 
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1. Introduction 

A great deal of scientific papers, with both theoretical and experimental research on single and multi walled 
carbon nanotubes (SWNT; MWNT), has been published [1, 2, 3]. Common conclusion of all researches is that CNTs 
possess extraordinary material properties, which makes them an excellent choice as a composite material 
reinforcement [4, 5]. Their nano size is a source of a lot of problems when it comes to investigating CNTs 
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mechanical properties, so numerical methods and computer assisted modelling emerge as logical solutions for given 
quest. One of the tested and proven numerical method is based on structural mechanics. In proposed method, since 
the CNT is basically a space frame structure, or molecule, consisting from carbon atoms and covalent bonds, the 
covalent bonds are replaced with the beam finite elements, and atoms with nodes. [6, 7, 8]. That gives approximately 
2350 finite elements per one SWNT (with the length around 13,77 nm) and up to 355 000 elements in double walled 
carbon nanotube (DWNT), depending on CNT pattern. The increase in the number of elements in DWNT appears 
because of van der Waals (VDW) interactions, which are formed between atoms in inner and outer tube of DWNT. 
The problem arises when such CNT model is to be used in nanocomposite modelling where, in addition to CNT 
finite model, one has to model matrix of nanocomposite and matrix – reinforcement (CNT) interaction. The number 
of finite elements in such nanocomposite model arises drastically, due to VDW interaction modelling by using 
nonlinear rod elements [8, 9]. Multiscale modelling methods are smooth way to overcome this issue, but 
nevertheless, the proposed equivalent beam model of CNT can also be an effective solution. Early research on CNTs 
was directed toward determination of mechanical properties of ideally shaped CNTs [10, 11, 12], but more exact 
research detected that SWNT and MWNT carbon nanotubes rarely come in ideal form and without defects. 
Regardless of the manner of production control and methods, CNTs are usually waved [13, 14], and studies have 
shown that the waviness of the nanotube has an influence on the final mechanical properties of CNTs, namely 
longitudinal elastic modulus, and, thus, nanocomposite materials [15, 16, 17]. Another common problem in nanotube 
structure is appearance of various defects [18, 19, 20], which can occur either naturally or artificially. The impact of 
mentioned imperfections on longitudinal elastic moduli of SWNT and DWNT was investigated in authors’ previous 
work [21], and those obtained results are basis for determination of elastic moduli for proposed equivalent SWNT 
and DWNT beam model, presented in this paper. Different pattern of SWNTs and DWNTs, straight and waved, are 
considered, i.e. armchair, zig-zag and combined chiral pattern.   

2. Imperfections (waviness and vacancies) 

CNTs are classified as SWNT, DWNT or MWNTs. Their aspect ratio (diameter/length ratio) is very high, with 
diameter in order of nanometers and length in micrometers. High aspect ratio leads to waved shape of CNTs, which 
is experimentally proved [18, 19], and to small bending stiffness. Waviness of CNTs is in literature defined with the 
waviness ratio w = a / l [22], where a represents wave amplitude and l wavelength. Mechanical properties of CNTs 
are influenced not only by waviness but also by various defects within nanotube structure. Those defects can occur 
either naturally or artificially. Mainly, defects can be classified in four different groups [13, 23]: topological, 
rehybridization, incomplete bonding defects and doping with other atoms than carbon. Focus in this paper will be on 
incomplete bonding defects (vacancies or “missing” atoms) and vacancies, which can occur in CNTs structure, for 
example, during a purification process or by irradiation. 

3. Examples 

The validation of the proposed equivalent beam modelling of  CNTs in this paper is given through several SWNT 
and DWNT examples, as follows. Two different SWNT patterns are prepared, armchair (5, 5) and zig-zag (9, 0). In 
addition, four DWNT patterns are introduced; armchair (4, 4/9, 9), zig-zag (7, 0/16, 0), chiral A (4, 4/16, 0) and 
chiral B (7, 0/9, 9). Chiral A pattern denotes a DWNT with inner armchair tube and outer zig-zag, and accordingly, 
chiral B denotes a DWNT with inner zig-zag tube, and outer armchair. The selected SWNTs have similar diameter 
(0,678nm – 0,695nm) and aspect ratio (20,2). The same goes for DWNTs, similar inner (0,535nm – 0,54nm) and 
outer (1,20nm – 1,23nm) diameter and aspect ratio (20,1). In order to investigate the influence of waviness on CNTs 
properties, one straight and two waved CNTs are prepared, for every CNT example, with waviness ratios 0.03 and 
0.08, as shown in Fig.1. The waved shapes of the CNT were obtained using eigenvalue analysis.  
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Fig. 1. Examples of used CNT models; a) SWNT space frame models, b) space frame DWNT models, c) CNT Equivalent beam models. 

Vacancies in CNTs structure are introduced by removing one node and corresponding three beam elements. 
Respectively, the given percentage of missing atoms (0,1%, 0,5%, 1%, 2%, 5%, 10%), randomly selected, and 
appropriate beam elements, were removed from CNTs structure. To determine the elastic modulus, an axially loaded 
nanotube model was used, with 1 nN axial force used in all examples. The longitudinal elastic modulus was 
obtained using classical term E = (F·l/A·Δl), where l represents nanotube length and Δl the elongation obtained from 
FEM analysis. Tables 1. to 3. show the degradation of longitudinal elastic modulus value, with the increase of the 
both, the waviness ratio w and the number of vacancies within CNT structure, for SWNT and DWNT examples, 
every pattern. All CNTs used in the aforementioned examples are modelled as a space frame structure (atoms 
replaced by nodes, covalent bonds with the beam finite elements [6, 7, 8]). In DWNT models, VDW interactions are 
formed between atoms in the inner and the outer tube. Those interactions were modelled with rod finite elements, 
with properties adjusted to match the forces, which originate from Lennard – Jones potential. The obtained results 
for the straight SWNT and DWNT, from every pattern, are the basis for modelling the SWNTs and DWNTs using 
equivalent beam approach. The CNT models with the same waviness ratios were prepared, but using only beam 
finite elements, which represent CNT geometry, Fig. 1c. The beam finite element property was adjusted and 
prepared in the manner that they coincide with the CNT properties, i.e. the cross sectional area and the moment of 
inertia. The data obtained using space frame approach, for straight SWNTs and DWNTs, namely the elastic modulus 
values, were used as relevant in defining the material characteristics of beam element property. The number of finite 
elements per one CNT drops to only 57 elements, as opposed to 2350 finite elements in SWNT space frame model 
or 355 000 finite elements in DWNT space frame model. To obtain the longitudinal elastic moduli of equivalent 
beam CNT models, same axial loading case was used as in the space frame modelling case.  

4. Modelling results 

Results for the longitudinal elastic modulus, obtained from aforementioned examples, are given in tables and 
figures, as follows. Tables 1., 3. and 5. show the results for every SWNT and DWNT pattern, space frame approach. 
The results from the equivalent beam approach are shown in tables 2., 4. and 6., for every SWNT and DWNT 
pattern, as it is indicated. The behavior similar to the behavior shown in authors’ previous work about imperfection 
influence on CNT properties, can be noticed here. There is a noticeable drop of longitudinal elastic modulus with the 
increase of the waviness ratio of the CNT, regardless of the CNT type and pattern. The elastic modulus value also 
decreases with the increase of the vacancies within same waviness ratio of the CNT, but is practically unaffected 
when percentage of the vacancies is less than 1%. The same behavior pattern can be observed in the equivalent 
beam approach models. Figures 2. to 7. show the comparison, or better said, the difference in elastic modulus value, 
between two modelling approaches, for same CNT pattern. When it comes to SWNT, there is almost no difference 
in elastic modulus value from both modelling approaches, regardless of waviness ratio and vacancy percentage, Fig. 
2. and 3. Unlike SNWTs, the situation with the DWNTs is quite different. Except for the straight DWNTs, there is a 
big difference in elastic modulus value, for every DWNT pattern, Fig. 4. to 7. 
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Table 1. Results for space frame models of  SWNT. 

Longitudinal elastic modulus E, GPa  

  
Waviness ratio, w (armchair): Waviness ratio, w (zig-zag): 

Vacancy %: 0 0,03 0,08 0 0,03 0,08 

 
No defects 1048,76 341,58 74,27 1030,99 349,11 77,45 

 
0,1% 1008,82 335,58 72,96 987,36 342,38 73,05 

 
0,5% 979,79 316,59 71,98 918,42 328,33 74,78 

 
1% 667,74 313,61 69,89 848,07 310,91 73,59 

 
2% 796,56 285,31 60,25 818,34 299,12 56,66 

 
5% 662,10 219,99 47,99 446,47 87,64 47,93 

 
10% 146,87 74,42 13,91 282,99 60,26 18,77 

Table 2. Results for space frame models of  DWNT, armchair and zig-zag. 

Longitudinal elastic modulus E, GPa  

  
Waviness ratio, w (armchair): Waviness ratio, w (zig-zag): 

Vacancy %: 0 0,03 0,08 0 0,03 0,08 

 
No defects 1111,82 355,06 55,57 1104,17 381,76 58,93 

 
0,1% 1098,17 348,81 54,70 1080,36 373,29 58,75 

 
0,5% 1067,27 344,32 53,43 1047,19 374,03 57,57 

 
1% 982,84 335,69 49,47 1007,07 381,49 51,64 

 
2% 856,31 314,64 47,48 886,28 341,62 47,95 

 
5% 599,24 209,10 33,94 676,09 259,06 40,57 

 
10% 404,66 140,67 22,98 377,76 185,33 21,15 

Table 3. Results for space frame models of  DWNT, Chiral A and B. 

Longitudinal elastic modulus E, GPa  

  
Waviness ratio, w (Chiral A): Waviness ratio, w (Chiral B): 

Vacancy %: 0 0,03 0,08 0 0,03 0,08 

 
No defects 1150,27 362,87 60,69 1089,91 368,53 55,90 

 
0,1% 1100,68 360,06 60,54 1078,54 364,33 55,57 

 
0,5% 1065,38 351,03 58,46 1041,90 358,36 50,65 

 
1% 1059,48 325,77 57,03 982,24 347,49 53,03 

 
2% 893,37 279,15 56,43 903,22 307,77 49,00 

 
5% 667,07 257,85 45,19 635,40 282,38 36,96 

 
10% 393,66 156,01 22,96 382,70 168,95 15,94 

Table 4. Results for equivalent beam model of  SWNT. 

Longitudinal elastic modulus E, GPa  

  
Waviness ratio, w (armchair): Waviness ratio, w (zig-zag): 

Vacancy %: 0 0,03 0,08 0 0,03 0,08 

 
No defects 1048.76 375.87 97.44 1030.98 381.31 99.22 

 
0,1% 1008.82 361.56 93.73 987.36 365.18 95.02 

 
0,5% 979.79 351.16 91.03 918.42 339.68 88.39 

 
1% 908.78 325.71 84.43 848.07 313.66 81.62 

 
2% 796.56 285.49 74.01 818.34 302.66 78.75 

 
5% 662.10 237.29 61.52 446.47 165.13 42.97 

 
10% 146.87 52.64 13.65 282.97 104.66 27.23 
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Table 5. Results for equivalent beam models of  DWNT, armchair and zig-zag. 

Longitudinal elastic modulus E, GPa  

  
Waviness ratio, w (armchair): Waviness ratio, w (zig-zag): 

Vacancy %: 0 0,03 0,08 0 0,03 0,08 

 
No defects 1103,07 608,33 184,67 1072,43 586,79 179,54 

 
0,1% 1089,53 596,15 182,40 1049,31 574,14 175,67 

 
0,5% 1058,87 579,38 177,27 1017,08 556,51 170,28 

 
1% 975,11 533,54 163,25 978,11 535,19 163,75 

 
2% 849,57 464,85 142,23 860,80 471,00 144,11 

 
5% 594,53 325,30 99,53 656,63 359,30 109,93 

 
10% 401,48 219,67 67,21 366,90 200,75 61,42 

Table 6. Results for equivalent beam models of  DWNT, Chiral A and B. 

Longitudinal elastic modulus E, GPa  

  
Waviness ratio, w (Chiral A): Waviness ratio, w (Chiral B): 

Vacancy %: 0 0,03 0,08 0 0,03 0,08 

 
No defects 1075,80 613,22 187,63 1077,88 589,78 180,45 

 
0,1% 1072,40 586,78 179,54 1066,63 583,62 178,57 

 
0,5% 1038,01 567,96 173,78 1030,40 563,80 172,50 

 
1% 1032,26 564,82 172,82 971,40 531,51 162,63 

 
2% 870,42 476,26 145,72 893,25 488,75 149,54 

 
5% 649,93 355,62 108,81 628,39 343,83 105,20 

 
10% 383,55 209,86 64,21 378,48 207,09 63,36 

 

 

Fig. 2. Difference in elastic modulus value; armchair SWNT; space frame models (full line) and equivalent BEAM models (broken line) 
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Fig. 3. Difference in elastic modulus value; zig-zag SWNT, space frame models (full line) and equivalent BEAM models (broken line). 

 

Fig. 4. Difference in elastic modulus value; armchair DWNT, space frame models (full line) and equivalent BEAM models (broken line). 

 

Fig. 5. Difference in elastic modulus value; zig-zag DWNT, space frame models (full line) and equivalent BEAM models (broken line). 
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Fig. 6. Difference in elastic modulus value; Chiral A DWNT, space frame models (full line) and equivalent BEAM models (broken line). 

 

Fig. 7. Difference in elastic modulus value; Chiral B DWNT, space frame models (full line) and equivalent BEAM models (broken line) 

5. Conclusions 

The equivalent beam modelling of single and double walled carbon nanotube approach is shown and analyzed in 
proposed paper. This was done using finite element model of armchair and zig-zag pattern of single walled carbon 
nanotube, and armchair, zig-zag, chiral A and chiral B pattern of double walled carbon nanotube. Different waviness 
ratios and different number of vacancies within CNT structure, were used in proposed models. The main goal and 
idea was to replace the space frame model of SWNT and DWNT with simpler, equivalent beam model, but to retain 
all of the characteristic and benefits of space frame modelling approach, or better said, to retain all of the 
characteristics of the realistic carbon nanotube. The obtained results confirm the validity of equivalent beam model, 
but several things have to be emphasized. Firstly, presented models are adequate for small strain problems. 
Furthermore, due to the large difference in elastic modulus value in all DWNT examples, which is particularly 
pronounced with the increase of waviness ratio, it can be concluded that equivalent beam modelling approach, in 
this form, is not adequate in DWNT cases. This can be explained with the fact that VDW interactions between two 
DWNT layers, although weaker than covalent bonds, cannot be neglected, and have to be considered in the model.  
This is a consequence of well-known small size effects. It is manifested in non-local behavior where neighborhood 
effects the mechanical stall in a point [24]. It is present even in the case of SWNT [25], but due to presence of VDW 
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forces, DWNT are significantly more affected. Present results thus pinpoints difficulties in applying local 
formulations in situations where non-local are more pronounced (DWNT). However, presented equivalent beam 
model will be useful in future research on theoretical modelling of nanocomposite materials, reinforced with CNTs, 
since the number of finite elements in the nanocomposite model will be significantly lesser, and thus, new 
approaches and techniques may emerge. 
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