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Abstract— In this paper a concise outline of a frequency 

domain grounding grid analysis based on the finite element 

technique is given. Weighted residual method is simultaneously 

applied to the scalar electric potential integral equation and to 

the electric field integral equation. The proposed approach 

represents a basis for development of electromagnetic models for 

time-harmonic grounding grid analysis as well as transient 

grounding grid analysis. In the case of transient grounding grid 

analysis, transformation from the frequency domain into the time 

domain can be obtained by Fourier transform.  
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I. INTRODUCTION 

Frequency domain (FD) grounding grid analysis based on 
the finite element technique (FET) [1] is a base for 
development of electromagnetic models for time-harmonic 
grounding grid analysis as well as transient grounding grid 
analysis. If transient grounding grid analysis is needed, then the 
transformation from the frequency domain into the time 
domain and vice versa is obtained using the Fourier transform 
[2], [3]. A historical background and classification of methods 
for grounding grid analysis is given in [4], [5]. 

The grounding grid is situated in a horizontally stratified 
multilayer medium with an arbitrary number of soil layers. The 
first layer is always air. In electromagnetic model, the 
grounding grid consists of a set of arbitrarily positioned thin- 
wire conductor segments. In the thin-wire approximation [6], 
the longitudinal current flows along the conductor segment 
axis, whereas the leakage current leaks into the surrounding 
medium from the segment axis. These currents may be 
approximated in a number of ways, some of which are 
described in this paper. 

Although various gauge conditions may be used to connect 
the scalar electric potential and vector magnetic potential, in 
the developed model Lorentz gauge condition is used. The 
entire set of linear equations formed to compute the global 
nodal potentials of the conductor segments is based on two 
boundary conditions: continuity of the scalar electric potential 
(SEP) and continuity of the tangential component of electric 
field intensity on surfaces of all conductor segments. By 
computing the global nodal potentials, one can then obtain all 
nodal and segment currents. Furthermore, in this paper a brief 
presentation of possible ways to satisfy the boundary 
conditions on medium layers is given. These include 

approximate methods and rigorous methods which lead to 
Sommerfeld integrals.  

Rigorous approaches are most often based on the 
application of the weighted residual method [7] (in 
electromagnetics known as method of moments [6], [8]) to the 
Pocklington’s electric field integral equation (EFIE) [6], [9], 
[10] and to the mixed-potential electric field integral equation 
(MPIE) [11]. In the proposed approach, weighted residual 
method is simultaneously applied to the SEP integral equation 
and to the MPIE. 

Proposed approach based on FET does not have the 
problem of segments junction and the need for segments 
overlapping [6], [10] does not exist. 

II. DISCONNECTED SEGMENTS IN MULTILAYER MEDIUM 

In the developed model, the grounding grid can consist of 
Ns straight cylindrical conductor segments which are situated 
in horizontally stratified multilayer medium. This multilayer 
medium can consist of an arbitrary number of electrically 
homogeneous layers. The first layer is always air, and other 
layers belong to the multilayer soil (Fig. 1). Conductor 
segments can be situated in any layer of the multilayer 
medium, including air. Each conductor segment satisfies thin-
wire approximation. The beginning nodes of segments are 
numerated from 1 to Ns, whereas the ending nodes are 

numerated from Ns+1 to 2·Ns. 

 
Fig. 1. Multilayer medium model. 

In the first step of the mathematical model, all conductor 
segments are initially disconnected (Fig. 2) for the purpose of 



formation of the complete local system of equations. For clarity 
it is important to point out that the entire set of disconnected 
grounding grid conductor segments forms only one finite 
element. According to FET, the direction of all nodal currents 
is assumed as entering the local nodes (Fig. 2). 

 
Fig. 2. Disconnected grounding system conductor segments. 

III. APPROXIMATION OF THE SEGMENT CURRENT AND SCALAR 

ELECTRIC POTENTIAL 

Current of the ks-th segment consists of two separate parts:  
the longitudinal segment current and the leakage (transversal) 
segment current. Although leakage current leaks from the 
segment surface (Fig. 3) into the surrounding medium, in the 
thin-wire approximation, leakage current is represented with a 
time-harmonic current line source positioned along the 
segment axis, whereas longitudinal current flows along the 
segment axis (Fig. 3). 

 
Fig. 3. Separation of current into its longitudinal and leakage components. 

It is practical to take that the leakage current density is 
constant, whereas the longitudinal segment current is 
approximated either by a constant or by a linear function. In 
both cases, approximation of the longitudinal segment current 
along the ks-th segment can be described by: 

   n
ksNs

ksn
ks

ks
ks ININtI  21
ℓ  

where n
ksI  and 

n
ksNsI   are current phasors of the beginning and 

ending ks-th segment nodes, respectively, whereas ks
N1  and 

ksN2  are shape functions assigned to the beginning and ending 

ks-th segment nodes. In the case of a piecewise-constant 

approximation, shape functions are [12]: 
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so the approximation of the longitudinal segment current along 
the ks-th segment can be written as: 
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where  
avksI

ℓ  represents the phasor of the longitudinal current 

average value of the ks-th segment. 

In the piecewise-constant approximation of the longitudinal 
segment current (Fig. 4), the total nodal current entering the 
ks-th local node is equal to the sum of the longitudinal and the 
leakage nodal currents entering the ks-th local node. The 
leakage nodal currents are equal to the half of the leakage 
segment current [12]. 

 
Fig. 4. Piecewise-constant approximation of longitudinal segment current. 

In the piecewise-linear approximation of longitudinal 
segment current (Fig. 5), shape functions are [13]: 
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Fig. 5. Piecewise-linear approximation of longitudinal segment current. 



In both cases of longitudinal segment current 
approximation, the leakage segment current and average value 
of the longitudinal segment current are equal to: 
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while SEP inside the ks-th segment is described by: 
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where n
ks  and 

n
ksNs  are SEP phasors of the beginning and 

ending ks-th segment nodes, whereas ks
N1  and ksN2  are shape 

functions described by (4) and (5).  

IV. DISTRIBUTION OF THE LORENTZ POTENTIALS 

After integration of SEP spatial Green’s functions along the 
segment axes, SEP distribution in an arbitrary i-th layer of the 
horizontally stratified multilayer medium can be described by 
the following equation: 
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where t
ksZ  represents the transversal impedance between the 

ks-th segment and the observation point. 

After integration of the vector magnetic potential (VMP) 
spatial Green’s functions, VMP distribution in an arbitrary i-th 
layer of the horizontally stratified multilayer medium can be 
described by: 
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where xb
ksZ ℓ , yb

ksZ ℓ , and zb
ksZ ℓ  are longitudinal impedances of x, 

y and z-axis components of the VMP between the beginning 

node of the ks-th segment and the observation point, whereas 
xe

ksZ ℓ , ye
ksZ ℓ  and ze

ksZ ℓ  are longitudinal impedances of x, y and 

z-axis components of the VMP between the observation point 

and the ending node of the ks-th segment. The unit vector of 

the ks-th conductor segment is described by: 
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V. LOCAL AND GLOBAL SYSTEM OF EQUATIONS 

The system of linear equations for the nodal currents of 
disconnected conductor segments can be formed on the basis of 
two boundary conditions. It is required that SEP and the 
tangential component of the electric field intensity are 
continuous along the surface of all conductor segments: 
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where i  is the SEP phasor on the external side of is-th 

conductor segment surface described by (8), is  is the SEP 

phasor inside is-th conductor segment described by (7), is0ℓ
�

 is 

unit vector of is-th conductor segment, while 
ex

isE
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 and 
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 are 

phasors of electric field intensity vectors on the external side of 

is-th conductor segment surface and inside is-th conductor 

segment, respectively. External electric field in i-th layer is 

described by: 
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 According to the boundary condition (11), the following 
equation can be obtained: 

Nsis
is

n
is

n
isNs

is
is

i
is ...,,2,1;00 


 

ℓ
ℓ
�

ℓ
�

  (14) 

which is valid along the is-th segment surface. 

Equation (12) is sufficient for satisfying the boundary 
conditions [6], [10], [11]. However, in the proposed approach, 
an additional equation (11) is added. In such a way, numerical 
algorithm is significantly simplified without loss of accuracy. 
According to the weighted residual method [7] (in 
electromagnetics known as method of moments [6], [8]), 
boundary conditions (11) and (12) can be transformed to: 
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where is  represents the integration curve along the surface of 

the cylindrical is-th segment, parallel to the segment axis. In 

fact, rigorous boundary conditions described by (11) and (12) 



are mitigated. The weighted integral (15) requires that the 

average values of i and is along theis-th conductor 

segment surfaceare equal, whereas weighted integral (16) 

requires that the internal and external voltages along theis-th 

conductor segment surfaceare equal. 

From equations (14) – (16), the complete local system of 
equations of disconnected conductor segments follows: 
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where n
is  and n

isNs  are potential phasors of the beginning 

and the ending local nodes of the is-th segment, isℓ  is the is-th 

segment length,   is the angular frequency, 1
isZ  is per-unit-

length internal impedance of the is-th segment [14], 

[15].  
avisI ℓ  is the average value of the longitudinal current 

phasor of the is-th segment described by (3), valid for both 

piecewise-constant and piecewise-linear longitudinal current 

approximation. 

In both considered cases, complete local system of 

equations of the time-harmonic electromagnetic model for 

disconnected segments can be written in matrix form: 

      nn IY   

where  Y is the nodal admittance matrix of the local system, 

 n  is the vector of local nodal SEPs and  nI  is the vector 

of local nodal currents. 

By equalizing the elements of the nodal current vector with 

zero, the incomplete local system of equations is obtained and 

is ready for the FET assembly procedure: 
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Y  

Using the assembly procedure, the previously disconnected 

segments become connected in global nodes: 

      0 ggY  

where  g
Y is the admittance matrix of global nodes and 

 g  is the unknown vector of global nodal potentials.  

 In other words, disconnected segments are connected in 
global nodes in such a way that nodal potential continuity and 
Kirchhoff’s current law are satisfied. Equation (21) represents 
the incomplete global system of equations. Finally, the 
complete global system of equations is obtained by imposing 
the known boundary conditions, i.e. the injected currents into 
any of the global nodes: 

      ggg IY   

where  gI is the vector of global nodal currents. 

 By solving the system of equations (22) the global nodal 
potentials are obtained. Then the local nodal potentials are 
found straightforwardly through the use of the incidence matrix 
employed in the assembly process. After this, the longitudinal 
and leakage nodal currents can easily be computed. Once the 
current distribution across all conductors is known, one can 
proceed with the computation of SEP, VMP and 
electromagnetic fields in any observation point of the 
multilayer medium. 

VI. SATISFYING OF THE BOUNDARY CONDITIONS 

The means of satisfying the boundary conditions on layer 
boundaries have a profound impact on the accuracy of the 
electromagnetic model, i.e. the means of satisfying the 
boundary conditions on layer boundaries define the 
computation accuracy of longitudinal and transversal 
impedances described in (8) and (9), and consequently the 
nodal admittance matrix of the local system described by (19). 

In frequency domain grounding grid analysis boundary 
conditions can be satisfied in several ways. Some approximate 
methods involve approximations of the attenuation and 
retardation (phase shifting) of electromagnetic waves. In the 
case when attenuation and retardation of electromagnetic 
waves are disregarded or approximated, boundary problem can 
be efficiently solved using the so-called image methods. The 
most frequently used types of image methods for the point 
current source in multilayer soil could be classified as follows: 
a) exact image methods [15], b) complex image methods [17] – 
[20], c) fixed image methods [21]. All three above mentioned 
methods make use of some sort of expansion of the kernel 
functions of the integral expression for the potential 
distribution due to point current source in multilayer medium. 
In case of complex and fixed image methods, kernel functions 
are approximated by sum of small number of exponential 
functions. 

However, if attenuation and retardation of electromagnetic 
waves are taken into account, this leads to the rigorous 
electromagnetic field theory approach [9], [10], [22], [23], 



which in a case of layered media leads to exact spectral 
Green’s functions [24]. These Green’s functions involve 
Sommerfeld integrals, which rigorously treat layer boundaries. 
Analytical solution of the Sommerfeld integrals is not 
available, whereas their numerical computation is time-
consuming. Detailed review of methods and algorithms for 
solving of Sommerfeld integrals is given in [25]. 

VII. EXTENSION TO FULL-WAVE ELECTROMAGNETIC FIELD 

MODEL 

In rigorous electromagnetic field theory approach [9], [10], 
[22], [23], which fully takes into account the attenuation and 
retardation effects of electromagnetic waves, spatial Green's 
functions are in fact Lorentz potentials of an infinitesimal thin-
wire segment in multilayer conducting medium. The current of 
this infinitesimal thin-wire segment is divided into an 
infinitesimal longitudinal current and infinitesimal leakage 
current. 

Infinitesimal thin-wire current source is equivalent to the 
Hertzian electric dipole [6], which is designed for dielectric 
media. Spatial Green's functions are in fact integrands of the 
integral expressions for computing SEP and VMP distributions 
due to longitudinal and leakage currents of thin-wire segments. 
Spatial Green's functions are described by integrals of spectral 
Green's functions [26]. In the full-wave electromagnetic field 
model, these integrals are known as Sommerfeld integrals. 

In the proposed approach, it is achieved that only three 

types of Sommerfeld integrals appear in the model: 
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where  dzG ,,  represents the complex-valued spectral 

Green's function [26],  rJ 0  represents the complex-valued 

Bessel function of the first kind of order zero, r and z are the 

coordinates of the field point in cylindrical coordinate system 

and d is the source depth along z-axis.  

Closed-form expressions for spectral Green's functions can 
be obtained as analytical solutions of the system of linear 
equations, which are obtained on the basis of satisfying 
boundary conditions only for VMP. Another option would be 
using transmission line analogy [27], [28]. Boundary 
conditions must be satisfied separately for the horizontal 
infinitesimal current source (HICS) and vertical infinitesimal 
current source (VICS), which are equivalent to horizontal 
electric dipole (HED) and vertical electric dipole (VED) [29]. 

Arbitrarily oriented infinitesimal segment can be subdivided 
into VICS and HICS. 

It is important to emphasize that, in the proposed approach, 

Lorentz potentials of VICS and HICS are not identical. They 

produce an accurate distribution of the electromagnetic field, 

but they cannot be summarized [30]. This means that in the 

proposed model, similar as in the MPIE formulation [11], a 

unique function of the SEP distribution for HICS and VICS 

must be chosen after which one needs to correct the 
distribution function of the VMP for VICS and HICS. It is 

practical to choose that the unique SEP is equal to the potential 

of: a) HICS, b) VICS, c) leakage current point source (LCPS) 

[21]. LCPS potential is a retarded and attenuated wave 

potential described by the corresponding Helmholtz equation 

[21], which satisfies the quasistatic boundary conditions for 

electric field instead of satisfying VMP boundary conditions. 

In other words, in that case the induction component of LCPS 

electric field is neglected. 

VIII. CONCLUSION 

Frequency domain grounding grid analysis based on the 
FET is a numerically efficient base for development of 
electromagnetic models for time-harmonic grounding grid 
analysis as well as transient grounding grid analysis. FET 
enables straightforward connection of thin-wire conductor 
segments into a grounding grid. Therefore, the problem of 
segments junction and need for segments overlapping does not 
exist. In the global system of linear equations, unknowns are 
global node SEPs, whereas in other approaches longitudinal 
segment currents are the unknowns. 

Beside advantages obtained by the use of FET, other 
advantages of proposed approach arise from the weighted 
residual method simultaneously applied to the SEP integral 
equation and to the MPIE. Owing to that a smaller total number 
of Sommerfeld integral types in the ensuing rigorous approach 
appears.  
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