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Abstract

The execution time of the form finding algorithm plays a key role in the performance of the
interactive form finding tool. Therefore, enhanced by the idea of establishing an algorithm
that would answer the need for fast calculation, the paper presents the extension of iterative
application of the force density method, originally used for design and internal force evaluation of
tensile structures. Preserving the benefits of the initial linear procedure, the presented extension
focuses on both the acceleration of the method and the greater influence on the appearance of
the final solution in the form finding problems with design constraints. In order to achieve a
reduction in the number of iteration steps, and consequently a reduction in the execution time,
tolerance optimisation for solving the system of equilibrium equations in each iteration step
is introduced. For more control over the structures geometry, in addition to force and length
constraints from the initial setup of the algorithm, the ability to assign unstrained lengths of
elements is enabled. Form finding of several cable nets is conducted in order to compare the
performance of the proposed procedure against the original method, and to show the potential
of using unstrained length constraints in influencing the final geometry of the structure.
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1 Introduction

In the past, form finding was not possible without using physical models, and today it cannot
be imagined without using advanced computational tools. The physical model enables an in-
tuitive design process through interactive shape exploration, and if the same experience wants
to be created in the form finding tool, real-time interventions on the structures geometry are
necessary. In order to develop such an interactive tool, the execution time of the implemented
algorithm needs to be minimal. The number of potential algorithms to be used is quite vast,
but despite numerous literature on the form finding methods, the existing comparisons are not
straightforward and few sources compare the actual performance (CPU time). The reason is
certainly different nomenclature, mathematical structure and notation used for each method.
In [1] by using the newly developed generic method, the CPU time for ten different methods
is compared for form finding of minimal-length nets, whereby geometric methods seem to be
superior to stiffness and dynamic methods. The category of geometric methods is based on the
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force density method (FDM), where the concept of force density, as a ratio of one static and
one geometric magnitude, has arisen from formal manipulation of the mathematical expression
[2]. The introduction of force densities into the system of nonlinear equilibrium equations re-
sults in an easily solvable linear system. Besides respecting the restrictions imposed by static
equilibrium and boundary conditions, the shape of the form active structure needs to satisfy
some additional architectural and fabrication constraints. It is difficult to select the distribution
of force densities that will comply with all aesthetic, functional, and structural requirements.
Therefore, in order to find a satisfactory shape, a compromise has to be made between the geom-
etry and the forces by using constrained form finding. The constrained form finding demands
extension to nonlinear FDM. By using nonlinear FDM, some structural requirements can be
satisfied in a systematic way: attainment of the prescribed force values in selected elements,
attainment of prescribed lengths of elements in equilibrium configuration, and attainment of
prescribed unstrained lengths of elements. If the obtained system of equations is nonlinear, one
typically tries to solve this system incrementally, most commonly by using the Newton-Krylov
methods [3]. In [4] it is shown how the Newton-Krylov methods, when implemented in the pro-
gramme code, have slow convergence for more complicated examples, which can be explained
by the saddle shape problem. In order to avoid the nonlinear system of equations, but still at-
tain the prescribed constraints in the elements, alternatively iterative application of linear FDM
can be used (Iterated FDM). For constrained form finding, when FDM is iteratively applied,
the equation system is solved multiple times and therefore, the standard algorithm needs to be
accelerated in order to address the necessary speed requirements.
In the paper, the development and programming implementation of extended Iterated FDM is
presented, enhanced by the idea of establishing a linear procedure for constrained form finding
that would answer the need for a quick realisation in the future interactive tool. The shown
extension of the initial method is focused on the acceleration of the method in section 3, while
enabling more influence on the final geometry of structure in section 4. In section 5, form
finding of several cable nets is conducted in order to compare the performance of the proposed
procedure against the original method. Also, the possibilities of influencing the final geometry
using unstrained length constraints are shown.

2 Iterated FDM - Prior Work

As indicated in [5], when it comes to constrained form finding, the linear procedure can be
preserved and force constraints can be partially or completely fulfilled by applying linear FDM
iteratively and changing the distribution of force density values in each iteration step. In [6] the
same principle is used, for each iteration step the force density coefficients are recalculated using
the force values from the previous iteration as shown in line 10 in Algorithm 1 (blue lines denote
extensions to the existing algorithm presented in Section 4.). Conveniently adapted coefficients
lead the calculation towards the geometry which fulfils imposed force constraints. In [4], the
described procedure is extended in order to attain prescribed lengths of elements. Target element
length, and respectively target distance of nodes i and j in the equilibrium configuration can be
attained in the same way as in case of the forces, by recalculating the force density coefficients
in each step according to the expression from line 11. It is evident that the length constraint
and the force constraint cannot be assigned for the same element. However, it is possible to
assign an approximate force value and then, after a few iteration steps, switch over to obtaining
the length. The iteration is terminated when the conditions from line 8, assigned for different
groups of cables, are satisfied. The proposed framework shows some advantages: unlike other
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Algorithm 1 Inexact Iterated FDM algorithm

Require: net topology, supports, q(0), S̄, ¯̀, ¯̀
0, τS , τ`, τeq, nmax

Ensure: [ x(k) y(k) z(k) ] { nodal coordinates }

1: k ← 0

2: form A(0) and [ x
(0)
f y

(0)
f z

(0)
f ] with q(0)

3: solve A(0) [ x(0) y(0) z(0) ] = [ x
(0)
f y

(0)
f z

(0)
f ] with tolerance τeq

4: calculate `(0), `0
(0) and S(0)

5: calculate e
(0)
S , e

(0)
` and e`

(0)
0

6: γS ← τeq(1−√τS)/τ2
S

7: γ` ← τeq(1−√τ`)/τ2
`

8: while
((
e

(k)
S > τS

)
∨

(
e

(k)
` > τ`

)
∨
(
e`

(k)
0 > τ`

))
∧

(
k ≤ nmax

)
do

9: k ← k + 1

10: q
(k)
i,j ← q

(k−1)
i,j S̄i,j/S

(k−1)
i,j for (i, j) : S̄i,j ∈ S̄

11: q
(k)
i,j ← q

(k−1)
i,j `

(k−1)
i,j /¯̀

i,j for (i, j) : ¯̀
i,j ∈ ¯̀

12: q
(k)
i,j ← Ai,jEi,jS

(k−1)
i,j /(Ai,jEi,j + S

(k−1)
i,j )¯̀

0;i,j for (i, j) : ¯̀
0;i,j ∈ ¯̀

0

13: form A(k) and [ x
(k)
f y

(k)
f z

(k)
f ] with q(k)

14: τ
(k)
S ← min

{
γS

(
e

(k−1)
S

)2
, η

(
e

(k−1)
S

)3
/
(
e

(k−2)
S

)2}
15: τ

(k)
` ← min

{
γ`

(
e

(k−1)
`

)2
, η

(
e

(k−1)
`

)3
/
(
e

(k−2)
`

)2}
16: τ`

(k)
0 ← min

{
γ`

(
e`

(k−1)
0

)2
, η

(
e`

(k−1)
0

)3
/
(
e`

(k−2)
0

)2}
17: τ (k) ← min

{
τ (k), max

{
τ

(k)
S , τ

(k)
` , τ`

(k)
0 , τeq

}}
18: solve A(k) [ x y z] = [ x

(k)
f y

(k)
f z

(k)
f ] with tolerance τ (k)

19: calculate `(k), `0
(k) and S(k)

20: calculate e
(k)
S , e

(k)
` and e`

(k)
0

21: end while

q
(k)
i,j − force density coefficient in k-th step, q(k) − vector of force density coefficients

S
(k−1)
i,j , l

(k−1)
i,j , l

(k−1)
0;i,j − obtained force, length and unstrained length value from previous step

S̄i,j , `i,j , `0;i,j − target force, length and unstrained length value
τs, τ` − prescribed force and length tolerances
τeq − tolerance providing final equilibrium configuration

e
(k)
s , e

(k)
` , e

(k)
`0
− force, length and unstrained length error

nmax − maximum number of outer loop steps, η − constant providing additional control
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iterative procedures, it converges toward the required solution through a set of equilibrium con-
figurations, the specified element lengths are obtained without introducing Lagrange multipliers,
and the first approximation of the solution need not be assumed.

3 Inexact Iterated FDM - Accelerating the Procedure

The proposed procedure from [4] sometimes demands time-consuming calculations, and can
therefore be inappropriate for intended interactive work. Hence, the goal is to reduce the
number of iteration steps necessary to solve the equation system, and consequently reduce the
execution time. Hereafter, the possibility for accelerating Iterated FDM, noticed by the authors,
is presented.
If the computed force values or element lengths in a certain iteration step of Iterated FDM are far
from the required ones, it makes sense to solve the equation system only approximately, and with
less accuracy the further away they are. Therefore, in [7] Inexact Iterated FDM was presented
with the aim to accelerate the procedure by optimising the accuracy for system solving (inner
loop) in every iteration step of Iterated FDM (outer loop). Inspired by the Inexact Newton
method, the procedure gradually decreases the tolerance from relatively loose initial tolerance
towards specified tight tolerance which provides the final equilibrium configuration. Algorithm 1
shows a simple pseudocode, where tolerance optimisation is conducted according to optimisation
rules in lines 14 and 15. To calculate the ”optimal” tolerance for a certain step of iteration, the
optimisation rule uses tolerance values contained in the criteria for the outer loop termination
and takes into account the reduction rate of force and length errors by considering the ratio of
these values in two consecutive steps, similar as in [8]. The tolerance in the k–th step should
not be smaller than the tolerance in the final step, and since the convergence of the outer loop
can be nonuniform, it should be verified that the obtained tolerance in the current step is equal
to or smaller than the tolerance of the previous step. Therefore, the additional rule in row
17 is introduced. In that way, the excessively fast increase in accuracy is prevented, but the
accuracy is still high enough not to compromise the convergence of the iterative process. The
new procedure inherits the beneficial features of the original scheme, however, it should be noted
that since the equation system is solved only approximately in nearly all steps, the obtained
configurations, except those in the last steps, are not in equilibrium.
The numerical examples presented in [7] have shown the beneficial influence of tolerance optimi-
sation upon a number of iteration steps needed to solve the system of equations. In this paper,
in order to confirm that the reduction of iteration steps brings actual reduction in the execution
time, in addition to counting the number of steps, the CPU time will be measured as well.

4 Unstrained Element Lengths

Besides the acceleration of the method, the paper is focused on the ability to assign unstrained
element lengths, in addition to force and length constraints from the initial setup of the al-
gorithm. In that way, the demand for more possibilities to control the final geometry of the
structure can be addressed. Although new fabrication technologies question the standard build-
ing practice (for example irregular cable-nets are investigated in order to achieve a more equal
force distribution, and to expand the design space [9]), for now, from a constructional point
of view, a uniform mesh in an unstrained state is still the preferred cable arrangement. An
equidistant mesh enables easy mounting, therefore, for fabrication purposes, the prescription of
constant unstrained lengths is necessary [10].
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For the derivation of the additional constraint, a relation between force, strained and unstrained
length of the element is required [2]. Assuming the linear Hookes law of elasticity, which describes
the material relationship between force and element elongation, the relation between strained
and unstrained lengths is

`i,j =
Ai,jEi,j + Si,j

Ai,jEi,j
`0;i,j , (1)

where Ei,j is the modulus of elasticity and Ai,j is the cross–sectional area of the element {i, j}.
The unstrained length constraints can be introduced in the computation by means of Lagrange
multipliers (the system of nonlinear equations is obtained). However, when implemented in
programme code, the procedure shows a slow convergence for more complicated examples. It
is already mentioned that the slow convergence can be explained by the fact that this is a
saddle point problem [4]. To avoid using Lagrange multipliers, Iterated FDM (with or without
acceleration) can be extended to enable the assignment of unstrained length constraint, since it
has already proven to be successful in form finding of minimal-length nets and in the assignment
of force and length constraints.
The expression for the force density coefficient from line 11 in Algorithm 1 can also be written

as q
(k)
i,j = S

(k−1)
i,j /¯̀

i,j and by using the expression for the element length from (1) we obtain:

q
(k)
i,j =

Ai,jEi,jS
(k−1)
i,j

(Ai,jEi,j + S
(k−1)
i,j ) ¯̀

0;i,j

. (2)

By increasing the value of stiffness we are striving towards ¯̀
0;i,j = ¯̀

i,j and unstrained length
constraint becomes the length constraint from Section 2. The implementation of this additional
constraint in the existing Algorithm 1 is marked in blue color.

5 Case Studies

The performance of the extended procedure is evaluated through three characteristic examples
by comparing the number of iteration steps and the execution time against the existing method.
The original version of Iterated FDM uses the conjugate gradient method (CG) as the solver in
each step of the outer loop. For comparison, in addition to CG, a direct solver - the Cholesky
decomposition is used. The genuine programme code developed in [7], containing extensions
presented in this paper, is implemented in the programming language C++.
The first net is spread over a ground–plan area [a, a]2. All cables have fixed nodes (supports)
at both ends, and their height is given by the expression z = a ln(cos (x/a)/cos (y/a)). For
two families of 23 cables the uniform distribution of force values along the cables i.e. minimal
net is sought (Figure 1). The second net has nine supports, eight on the edges and one inner
high point. The ridge and valley cables are stretched between the high point and the edge
supports (Figure 2). The lengths of edge cable elements, as well as the lengths of elements of
the ridge and valley cables are specified. In the rest of the cables force values are specified.
The third example is a high point net with an internal loop, illustrated by Figure 3. The net
is spread over a square ground-plan area with four corner supports and one inner high point
support. In this case, the form finding procedure with force constraints on the inner cables and
length constraints for the elements of the edge cables and the loop shows sliding of the cables.
The cables are sliding around the loop, which is expected since element lengths strive to min-
imum. Cable sliding in the numerical model can be restricted by using unstrained length con-
straints since the elongation of the cable elements can be controlled by stiffness. The value of
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Figure 1: Net with ”rigid” supports Figure 2: Net over octagon

Table 1: Net characteristics

Free Force Length Unstrained

nodes
Elements

constr. constr. length constr.
τS τ` τeq

Net 1 529 1 104 1 104 − − 10−4 − 10−7

Net 2 832 1 720 1 520 200 − 10−4 10−3 10−7

Net 3.1 208 422 − 52 370 10−4 10−4 10−7

Net 3.2 208 422 322 52 48 10−3 10−3 10−6

”stiffness” does not have to correspond to real cable stiffness, rather it serves as an additional
control parameter. Besides preventing cable sliding, the goal is to keep the distribution of the
prestressing force quite uniform. By assigning unstrained lengths to the inner elements and force
constraints to the elements in contact with the edges, it is possible to take into account both the
uniform force distribution and the equidistant cable layout. However, when using this approach
for certain cable nets, especially the ones with edge cables, intolerable angle changes of elements
connected to the edge cable can occur. Hence, force distribution and net deformation in this ex-
ample are compared in two different design approaches. In the first design approach, unstrained
length constraints are assigned to all internal elements in order to obtain an equidistant net. In
the second design approach, unstrained lengths are assigned locally (according to the scheme
on Figure 3), while for the rest of the elements of inner cables, force constraints are assigned in
order to control the force distribution. The main characteristics of cable nets are summarized in
Table 1. The constant in tolerance optimisation is η = 0.025 and the value of Ei,jAi,j is defined
as 100 for all cables. The comparison of the obtained numbers of steps in outer and inner loops,
as well as the corresponding execution time for Iterated FDM (using the Cholesky decomposition
and CG) and Inexact Iterated FDM (using CG with tolerance optimisation (ICG)) are given in
Table 2.
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Figure 3: Two design approaches to form finding of high point cable-net using unstrained length
constraints

Table 2: Comparison of the number of steps in outer and inner loops and the execution time
(in ms) for Iterated and Inexact Iterated FDM

Net 1 Net 2 Net 3.1 Net 3.2

outer inner time outer inner time outer inner time outer inner time

LLT 576 − 576.2 296 − 690.9 305 − 113.2 3 473 − 1 381.3

CG 576 34 506 396.4 298 24 748 574.7 305 17 239 81.5 3 414 46 115 469.6

ICG 576 18 681 258.1 261 6 741 306.9 300 5 806 43.1 3 438 20 349 378.8

6 Concluding Remarks

By comparing the execution time for the initial and the extended procedure in four presented case
studies it has been shown that the usage of tolerance optimisation in the extended algorithm can
bring satisfying reduction in the execution time. If tolerance is optimised, further time reduction
can only be expected from the solver itself. Therefore, instead of CG, IRM - the new iterative
solver with a symmetric positive definitive matrix, is considered to be used in future research.
The solver is proposed by the project [11], and for its detailed description and programming
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implementation one can refer to [12] and [13]. In addition to acceleration, in the final example
it was shown that by enabling the assignment of unstrained length constraint, the algorithm
gives the possibility to cope with cable sliding, and by combining force and unstrained length
constraints in the inner cable elements, a satisfactory shape can be obtained both regarding
uniform force distribution and deformation of the net.
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