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Joe or Josip Vlajčević, the very first mate of mine in the Zagreb office,

thank you all and little helps you were always so willing to give, espe-

cially on computer stuff. Thank you for all the discussions about the

physics or mathematics, which were always insightful.
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SUMMARY

From the “vivacious” motions of Sir Robert Brown’s particles in 1827

until today, diffusion has emerged as a fundamental microscopic pro-

cess underlying many important physical, chemical, and biological pro-

cesses on the mesoscopic scale. A particularly interesting sublass of sys-

tems are functionalized new materials and especially their complex two-

dimensional interfaces. This thesis represents a contribution to under-

standing diffusion on a complex two-dimensional interfaces, where both

the density of a diffusing species, as well as the presence of different

obstructions significantly affect the diffusive processes in the long-time

limit.

In the first, introductory chapter, an overview of the historical devel-

opment of concepts associated with diffusion is presented. Properties of

normal diffusion and state-of-the-art theories for obstructed diffusion pro-

cesses are outlined. The introduction is rounded by a broader review of

the recent experimental insights into systems revealing different types of

obstructed and anomalous diffusion, with a special account of transport

measurements in biological cells and membranes.

Two processes have been indisputably identified which change the dif-

fusion coefficient. The first is the so called molecular crowding, which

emerges due to an excluded volume of diffusing species present at appre-

ciable concentrations. Furthermore, diffusing molecules typically interact

with functional groups on the surface, which leads to an intermittent ar-

rest, often referred to as trapping. Each effect alone was found previously

to decrease the diffusion coefficient. However, the combination of the two

has not been addressed so far in a satisfactory manner. This is the motiva-
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2 summary

tion for the second chapter of this thesis. Here, the behaviour of a given

number of tracers meandering on a lattice through a field of immobilized

traps is investigated. The tracers mutually interact with a hard core po-

tential, while the interaction with the traps is modelled as a stochastic

binding and unbinding process. The diffusion coefficient is derived as a

function of concentration of diffusing species and fixed traps, as well as

complexation rates. In a regime where effects of crowding play a domi-

nant role, an expression for the diffusion coefficient has been proposed,

and in the verification against simulations, found to outperform models

available in the literature.

In the presence of traps, a remarkably interesting new result has been

identified—the competition between crowding and trapping may yield an

increase of the diffusion coefficient with the increase of the lattice gas con-

centration. This is recognized as crowding-enhanced diffusion. The origin

of this phenomenon is the effectively decreased concentration of unoccu-

pied traps in the system, which is associated with the mean concentration

of bound tracers.

Determining the concentration of bound particles requires the evalua-

tion of the partition function of the system, which has been analytically

found to depend on the Gauss hypergeometric function with arbitrarily

large parameters. In the absence of satisfactory analytic approaches, the

latter could be so far only evaluated numerically in a general case. This

problem is addressed in the third chapter using the method of steepest

descent. As a result, the asymptotic expansions of the hypergeometric

function of two arbitrary large parameters are determined. Since these

types of functions appear in a broad range of physical problems, the im-

plications of this result are well beyond the context of diffusion. The

results of these calculations were published in Journal of Physics A: Mathe-

matical and Theoretical [1].

A prototypic example of a crowded interface is a biological membrane

decorated with proteins. In this thesis a realisation of this system is inves-

tigated in collaboration with experimental partners who identified two

crystal structures of the variant surface glycoprotein of Trypanosoma bru-

cei. Upon incorporation of the protein into a supported lipid bilayer, two
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types of diffusion are found to coexist, which correspond to the two con-

formations of the protein. The discrimination between two distinct diffu-

sive processes on crowded membrane surface was enabled by construc-

tion of a statistical, likelihood-based method for the analysis of single

particle trajectories, presented in Chapter 4. This consorted effort was re-

cently published in Nature Microbiology [2], and the relevant sections were

reproduced in this thesis.

Besides crowding and trapping, typical biological systems may be asso-

ciated with sources and sinks of diffusing species on the interfacial mem-

branes, which in turn may lead to interesting patterns in the distribution

of diffusive species on the cell surface. These effects are studied in the

fifth chapter, in the context of endocytosis and exocytosis of lipids and

proteins on growing pollen tubes of Nicotiana tabaccum. Measurements

of the spatial distribution of concentration of different fluorescently la-

belled proteins and lipids have shown distinctly different steady state

patterns. All patterns can be reproduced simultaneously using a single

Fokker-Planck equation, by modulating the strengths of the sources and

sinks, as well as the diffusivity of the markers. As a result, the data are ap-

propriately described by the disputed classical model for pollen tube tip

growth, in which the material is brought to the membrane at the apex of

the tube and recovered at the tube shank. These results clearly show the

inappropriateness of alternative models, assuming different positioning

of sources and sinks on the membrane of the tube.

As discussed in the final chapter, the presented results reveal the many

faces of complex diffusion on two-dimensional surfaces. The developed

models show a rich parameter space, and predict unexpected behaviour

that emerges from the competition of crowding and trapping. This may

be the foundation for understanding a number of experiments where

crowding and trapping play a dominant role, and the implications in

the context of biological function are yet to be discussed. From the more

theoretical perspective, the work presented herein is a starting point for

studying the time evolution of the diffusion coefficient in analogous sys-

tems. Furthermore, the work presented in this thesis sets the scene for the

development of theory necessary to understand interfaces on which both
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the tracers and the traps maintain in-plane mobility. Given the generality

of the problem and the large family of systems which possess this feature,

an exciting perspective is envisaged.



ZUSAMMENFASSUNG

Ausgehend von der Beobachtung der lebhaften Bewegung von Sir Robert

Browns Teilchen im Jahre 1827 hat sich die Diffusion bis heute als funda-

mentaler mikroskopischer Prozess herausgestellt, welcher vielen wichti-

gen physikalischen, chemischen und biologischen Prozessen der mesosko-

pischen Skala zu Grunde liegt. Eine ganz besondere Bedeutung hat die

Diffusion heutzutage bei der Entwicklung von neuen, funktionalisierten

Materialien, vornehmlich im Hinblick auf deren komplexe zweidimen-

sionale Grenzflächen. Diese Dissertation leistet einen Beitrag zum Ver-

ständnis der Diffusion an komplexen zweidimensionalen Grenzflächen,

wobei die Dichte der diffundierenden Spezies, als auch die Anwesenheit

von verschiedenen Hindernissen an der Grenzfläche einen signifikanten

Einfluss auf die Diffusionsprozesse haben.

Das erste, einleitende Kapitel gibt einen Überblick über die historische

Entwicklung elementarer Konzepte der Diffusion. Es werden die Eigen-

schaften normaler Diffusion, sowie der heutige Stand der Theorie zu

gehinderten Diffusionsprozessen zusammengefasst. Abschließend wird

ein umfassender Überblick über die aktuellen experimentellen Erkennt-

nisse von Systemen, welche Aufschluss über unterschiedliche Arten anor-

maler Diffusion geben, dargestellt. Hierbei liegt ein besonderes Augen-

merk auf biologischen Membranen und Zellen.

Zwei Prozesse sind untrennbar mit einer Änderung des Diffusionsko-

effizienten verknüpft. Beim Ersten handelt es sich um das sogenannte

molekulare Gedränge (engl. molecular crowding). Dieses entsteht dadurch,

dass bei hohen Konzentrationen von diffundierenden Teilchen das ver-

fügbare Volumen für die Bewegung jedes einzelnen Teilchens deutlich

5



6 zusammenfassung

eingeschränkt wird. Der zweite Prozess beschäftigt sich mit der Interak-

tion diffundierender Moleküle mit funktionalen Gruppen an der Gren-

zfläche, was zu einem zwischenzeitlichen Stillstand der Bewegung des

Teilchens führt. Dieser Prozess wird oft als das Einfangen des Teilchens

in einer Falle (engl. trapping) bezeichnet. Es wurde bereits gezeigt, dass

beide Effekte individuell zu einer Verringerung des Diffusionskoeffizien-

ten führen. Die Kombination beider Effekte wurde bisher noch nicht in

zufriedenstellendem Maße behandelt, was die grundlegende Motivation

für das zweite Kapitel dieser Dissertation darstellt. Hier wurde das Ver-

halten von einer bestimmten Anzahl an Markern, die auf einem Gitter

durch ein Feld von fest verankerten Fallen diffundieren, untersucht. Es

wurde ein analytisches Modell für den Diffusionskoeffizienten im Gren-

zfall langer Zeiten, unter Betrachtung beider Prozesse, entwickelt. Die

gegenseitige Interaktion der Teilchen wird dabei durch das Potential har-

ter Spheren (engl. hard-core potential) beschrieben, während die Interak-

tion der Teilchen mit den Fallen durch einen stochastischen Prozess der

Bindung und Trennung modelliert wird.

Der Diffusionskoeffizient wird als Funktion der Konzentration der dif-

fundierenden Spezies und Fallen, sowie der Bindungsrate hergeleitet. Für

den Parameterbereich, in dem die Effekte der dichten Packung dominieren,

wurde ein Ausdruck für den Diffusionskoeffizienten vorgeschlagen. Ver-

gleiche mit Simulationen zeigten, dass unsere Ergebnisse die derzeitigen

in der Literatur beschriebenen Modelle übertreffen.

In der Gegenwart von Fallen wurde ein bemerkenswertes neues Ergeb-

nis gefunden: der Wettstreit zwischen Verdrängung und Einfang kann,

bei einer Zunahme der Gittergaskonzentration, zu einem Anstieg des Dif-

fusionskoeffizienten führen. Diese auf den ersten Blick fast widersprüch-

lich klingende Erscheinung wird von uns als crowding-enhanced diffusion

bezeichnet. Der Ursprung dieses Phänomens ist die effektive Abnahme

der Konzentration ungebundener Fallen im System, welche von der mit-

tleren Konzentration gebundener Markern abhängig ist. Die Ergebnisse

dieser Arbeit werden zurzeit für eine Veröffentlichung vorbereitet.

Um die Konzentration gebundener Teilchen im System zu bestimmen,

muss die Zustandssumme berechnet werden. Es konnte analytisch be-
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wiesen werden, dass diese von der hypergeometrischen Funktion mit

sehr großen Parametern abhängt. Letztere konnte für einen allgemeinen

Fall bislang nur numerisch gelöst werden. Dieses Problem wurde mittels

der Methode des steilsten Abstiegs untersucht und die asymptotische En-

twicklung der hypergeometrischen Funktion mit zwei beliebig großen Pa-

rametern konnte dadurch bestimmt werden. Dies wird im dritten Kapitel

erläutert. Da diese Funktionen in den unterschiedlichsten physikalischen

Problemen vorkommen, sind diese Ergebnisse weit über den Kontext

der Diffusion hinaus von Bedeutung. Diese Ergebnisse wurden bereits

im Journal of Physics A: Mathematical and Theoretical veröffentlicht und zu

großen Teilen in dieser Arbeit reproduziert.

Ein prototypisches Beispiel für eine dicht gepackte Grenzfläche stellen

biologische Membranen dar, welche eine hohe Konzentration an Proteinen

beinhalten. Dieses System wurde in Zusammenarbeit mit experimentellen

Kollaborationspartnern untersucht, welche zwei Kristallstrukturen des

Variant Surface Glycoproteins aus Trypanosoma brucei bestimmen konnten.

Es wurde gefunden, dass, nach Inkorporation der Proteine in eine ge-

stützte Modell-Doppellipidschicht, zwei unterschiedliche Diffusionsarten

vorliegen, die den zwei Konformationen des Proteins entsprechen. Die

Unterscheidung zweier bestimmter Prozesse, welche der Diffusion in der

dicht gepackten Membranoberfläche zu Grunde liegen, wurde durch die

Konstruktion einer statistischen, auf der Likelihood-Funktion basieren-

den Methode zur Auswertung von Einzelpartikeltrajektorien ermöglicht.

Die Ergebnisse dieser gemeinsamen Forschung wurden jüngst in dem

Journal „Nature Microbiology“ publiziert und die relevanten Abschnitte

dieser Publikation werden in Kapitel 4 dieser Arbeit reproduziert.

Neben den aus dichter Packung und dem Einfangen resultierenden

Prozessen, können typische biologische Systeme auch Quellen und Senken

für verschiedene diffusive Spezies aufweisen, wodurch interessante Diffu-

sionsmuster entstehen können. Diese Effekte werden in Kapitel 5, im Kon-

text der Endozytose und Exozytose auf wachsenden Pollenschläuchen

der Nicotiana tabaccum untersucht. Die Untersuchung der räumlichen

Verteilung unterschiedlicher, floureszenzmarkierter Proteine und Lipide

hat gezeigt, dass die steady-state Diffusionsmuster hierbei von Grund
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auf unterschiedlich sind. Dabei konnten alle Zustände simultan, unter

Verwendung einer einzelnen Fokker-Planck-Gleichung, allein durch Mod-

ulation der Stärke der Quellen und Senken und des Diffusionsvermögens

der Marker, reproduziert werden. Dieses Ergebnis bestätigt das umstrit-

tene klassische Modell für das Wachstum der Pollenschlauchspitze und

widerlegt damit das Alternative Modell. Die Ergebnisse dieses Kapitels

werden derzeit in Form eines separaten Manuskriptes zusammengefasst.

Die dargestellten Ergebnisse offenbaren den Facettenreichtum der kom-

plexen Diffusion an zweidimensionalen Oberflächen mit dichten Packun-

gen und Einfangen. Dies wird im letzten Kapitel nochmals zusammenge-

fasst. Das entwickelte Model zeigt einen reichen Phasenraum an Param-

etern und ermöglicht die Vorhersage unerwarteten Verhaltens aufgrund

des Wettstreits der beiden Schlüsseleffekte, die dichte Packung und das

Einfangen. Dies bildet die Grundlage für ein tiefergehendes Verständ-

nis einer Vielzahl an Experimenten, bei denen diese beiden Prozesse eine

zentrale Rolle spielen. Die Bedeutung im Kontext der biologischen Funk-

tion bedarf noch weitreichender Diskussion. Aus theoretischer Sicht legt

diese Arbeit den Grundstein für die Erforschung der Zeitabhängigkeit

des Diffusionskoeffizienten in analogen Systemen. Des Weiteren bilden

die Ergebnisse dieser Dissertation die Grundlage für neue, zum Verständ-

nis von Grenzflächen notwendigen Theorien, in denen neben Markern

auch Fallen die Mobilität in der Ebene unterstützen. Im Angesicht der

Allgemeingültigkeit dieses Problems und der reichhaltigen Zahl an Syste-

men mit ähnlichen Eigenschaften, kann eine aufregende weitere Entwick-

lung vorhergesagt werden.



Chapter1
I NTRODUCT ION

Das Gewebe dieser Welt ist aus Notwendigkeit und

Zufall gebildet; die Vernunft des Menschen stellt sich

zwischen beide. . .

Wilhelm Meisters Lehrjahre [3, p. 172]

Johann Wolfgang von Goethe

1.1 the concept of random

Since the mankind started to think about the world, it was aware of the

concept of randomness together with the concept of order and directedness.

While the latter are determined by their past evolution, which is governed

by laws (of physics, mathematics, or God), randomness means that the

origin of a current state of things can be a random event. By definition, it

has no definite purpose and occurrs without method or conscious cause

[4], i.e. it is inherently unpredictable.

9
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The first written trace of an attempt to formalize the randomness is

the most common example of the coin tossing recorded about 3000 years

ago in the Orient in the I Ching, the oldest of the Chinese canonical texts

dating back to 1150 B.C. [5, p. 312]. Based on the two principal forms,

male yang and female ying, the Chinese constructed “the four figures”

(Sz’Siang) as 4 possible permutations of choosing 2 forms out of 2 at a

time, as well as “the eight figures” (Pa Kua or 8 trigrams) as the possible

permutations of choosing 3 out of 2 at a time, repetition being allowed

in both cases. This is equivalent to tossing of 3 coins at a time. The 64

pairwise permutations of trigrams, the hexagrams, form the I Ching and

represent the principles of reality and their relations in Taoist cosmology.

The concept of randomness was also known in early days of western

cultures. Already in the Bible, in the The Book of Ezekiel (21, 26), about

600 B.C., the king Nebuchadnezzar should “shake out the arrows” from

a case at random to decide which way to take at the fork of the two roads

[6]. Throwing of dice was also widely spread on the Roman and Greek

part of Mediterranean coast for centuries before Christ [7], as the Fig. 1.1

testifies. Numerous similar sources exist, the most glorious of which is

finally the Caesar’s “Alea iacta est” at the crossing of Rubicon in 49 B.C.

Figure 1.1: Dice players in a wall painting from Pompeii [8, p. 146].
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Along with the presence of randomness in everyday life, and its recog-

nition in philosophical understanding of the origin of things, ancient peo-

ple also came to an idea that a motion of physical body can be random.

The first to address the random motion as a fundamental physical con-

cept and even to dispute about its nature were the Greek philosophers.

Leucippus and Democritus had asserted that the true randomness or ran-

dom motion does not exist: the nature is fundamentally determined and

governed by order and unambiguous laws, while our perception of ‘ran-

dom’ is only due to incompleteness of our knowledge [9, 10]. Therefore

it is subjective and epistemic. Conversely, Epicurus claimed the random

motion to be a proper, ontic motion of a body [9, 10], whose development

is inherently unpredictable: “The atoms are in continual motion through

all eternity. (. . . ) Some of them rebound to a considerable distance from

each other, while others merely oscillate in one place when they chance

to have got entangled or to be enclosed by a mass of other atoms shaped

for entangling” [11, p. 573]. Therefore, for Epicurus the deterministic con-

tinual motion of atoms is randomly interrupted by “entagnlements” or

collisions with other atoms, which enables them to “swerve” (lat. oblique

ferrantur) from a straight line [9, 10, 12].

Aristotle discussed the randomness, or the chance as he calls it, at large

in his Physics [13, Chapters 4–9]. He considers the events in nature to

be governed by necessity, i.e. the laws of nature which cause the con-

stant patterns in natural things that we see. “But among natural things,

things happen always in the same way, unless something interferes” [13,

p. 68]. So, the necessity is conditional. Unpredictable events can happen

at random and modify the outcome of laws of nature. Randomness is a

genuine and widespread part of the world, but “chance and fortune are

subordinate to intelligence and nature” [13, p. 64].

Epicurus and Aristotle were the first to address the random processes

as fundamental processes in physics. Notably, neither Epicurus nor Aris-

totle uncoupled the two types of motion — directed or deterministic and

random — but rather considered the random motion to be superimposed

to or interfered with the directed motion, which is surprisingly similar

to a modern concept of random. Therefore, already in Antiquity the con-
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cept of random motion was a fundamental basis for the insight into the

microscopic world.

But not only theoretical considerations about the random movement

came in Antiquity. According to Aristotle, already Democritus perceived

the motion of atoms to be “comparable to the so-called motes in the air,

which are seen in sunbeams” [14, 404a,1-3]. This is the first known obser-

vation of random motion in nature. Yet, much better renowned as the first

experimental observation of the random motion is the description of the

random motion of dust particles in the air in amazing detail by Lucretius

in 60 B.C.:

Look where the sun

Through some dark corner pours his brightest beams,

A thousand little bodies you will see,

Mix in the rays, and there for ever fight

Arrayed in mimic troops, no pause they give

But meet and part again, nor ever cease.

From this you may conjecture of the germs

What ’tis forever in the mighty void

To be tossed up and down. In some degree

Such small events may illustrate great things,

And give a clue to knowledge.

T. Lucretius Carus, De Rerum Natura [15], Book II, verses 113–124.

With the appearance of Christianity over the following centuries the

concept of randomness was mostly employed in the theological discus-

sions about the free will and God’s omniscience and not as a physical

idea (Saint Augustine and Thomas Aquinas; Martin Luther). Moreover,

the world view evolved to be mostly causal and deterministic since al-

ready in Roman Empire randomness was interpreted as the source of

chaos and uncertainty, which were related to fear [9, p. 2]. Having inher-

ited this view, many Christian scholars interpreted the true randomness

in the nature as contradictory to the existence of God1. Together with the

1 We do not discuss here the correctness of such an interpretation, which has been dis-

puted till today. That would be the matter of a special study.
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great success of Newton’s deterministic theory, these were the most im-

portant reasons that there was no further evolution of the physical concept

of random motion and random processes until 19
th century.

1.2 early experiments and theories of

random motion

The random motion or the Brownian movement is named after observa-

tion of jittery motion of particles within vacuoles of pollen grains2 by

Robert Brown in 1827 [18]. However, it was found in 1971 that the Dutch

physician Jan Ingen-Housz described the irregular, random–like motion

of coal dust particles on the surface of alcohol in 1785, some 40 years

before Brown. He saw “corpuscules in a confused, continuous and vio-

lent motion as if they were animalcules which move rapidly around” [19].

Yet he did not study this motion systematically, neither did he pay any

attention to it since it was just a side note in his work about the glass

cover slip. Finally, he interpreted it as a “continuous motion by evap-

oration” — which is precisely the part of motion which did not have

random origin. Nonetheless, a year before Brown’s publication, another

botanist, Adolphe Brongniart, observed the random motion of granules

in pollen vacuoles [20]. He discussed it in detail in his extensive report

on development of a plant embryo, even suggesting that the temperature

could impact the vivacity of motion [20]. Although Brown recognized

and discussed this contribution in several manuscripts [18, 21, 22], it was

apparently omitted by physicists later.

However, Robert Brown not only observed in much more detail the

jittery motion of minute particulates within pollen grains of the plant

Clarkia pulchella (pinkfairies) suspended in water under a microscope, but

2 Brown was not observing the motion of pollen grains, which would be orders of mag-

nitude too large to exhibit this motion. This is often a source of questioning if Brown

really saw the random motion [16], but a careful reading of original Brown’s paper, as

well as the reprise of his experiment in 1992 [17], proved this objection to be misplaced.
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also recognized that this motion is not happening by mistake. He gave

a physical importance to it and repeating observations systematically he

proved that this was a proper motion of the observed particles. He writes

[18, 21, 22]:

“While examining the form of these particles immersed in wa-

ter, I observed many of them very evidently in motion; their

motion consisting not only of a change of place in the fluid,

manifested by alterations in their relative positions, but also

not unfrequently of a change of form in the particle itself; (. . . )

These motions were such as to satisfy me, after frequently re-

peated observation, that they arose neither from currents in

the fluid, nor from its gradual evaporation, but belonged to

the particle itself.”

His considerations even went a few steps further. By repeated observa-

tions of the same movement of a dried, dead pollen he proved that what

he found was not an exclusive property of living matter. Since he hypoth-

esized this was a property of organic matter, he made a series of experi-

ments with microscopic mineral particles and proved that the motion is

“of general existence”, not life-related, although its origin was yet to be

explained3.

After objections that this motion could be caused by evaporation of

a fluid or by interparticle interactions, he proved this assertion wrong

by a simple, but rather ingenious improvements of experiment. He first

reduced the water drop size to a microscopic level to have one or sev-

eral pollen particles per little water droplet. Thereby he eliminated the

interparticle forces. To exclude the evaporation, he immersed the water

drops in oil. The motion of particles in repeated improved experiments

remained the same. For such a painstaking evidence that the effect was

not of external origin, but “belonged to the particle itself”, Brown is a real

pioneer of the modern study of random motion.

3 As Brown says, “extremely minute particles of solid matter, whether obtained from or-

ganic or inorganic substances, when suspended in pure water, or in some other aqueous

fluids, exhibit motions for which I am unable to account” [21].
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Brown’s observations asked an astonishing riddle for the physics of

the time: if the movement of particles was not supplied by energy from

outside, where does that energy come from? Although the molecular ki-

netic theory of heat was proposed already in the mid-nineteenth century,

it took several decades of polemic about the origin of Brownian motion

before it was finally associated with thermal motion of particles. Since it

was one of the most important, but also insightful debates at the tempes-

tuous passage to the modern physics at the end of 19
th century, it will

shortly outlined here.

One of the first attempts to elucidate the origin of Brownian motion

was an idea that the motion was caused by irregular heating of incident

light, proposed by H. V. Regnault in 1858 [23, p. 86]. But only a few years

later, C. Wiener was observing the Brownian motion in a colloidal silica

sol and concluded that the motion arose neither from the mutual forces

between particles, nor from temperature differences or evaporation. He

proposed that the inherent fluctuations of a fluid, rooted in its corpuscular

structure, are the origin of Brownian motion [24].

In 1866 G. Cantoni and E. Oehl found that the movement persisted

unchanged after a year in the liquid between the two cover glasses [25,

26]. At the same time a Vianese physiologist, S. Exner saw that the motion

becomes faster for smaller particles, as well as for increased heat and light

exposure [27].

Probably inspired by the success of classical electromagnetism at the

time, W. S. Jevons in 1869 came to the idea that “the electrical action upon

moving molecules” gives rise to their motion [28]. But just in the same

volume, on the back of his paper, F. R. Dancer presented the experiments

in which “particles did not show a marked alteration in their movements

when exposed to an electrical influence” and pointed out once more the

heat as a possible cause [29]. This speculation was finally explicitly stated

in a work of Belgian Jesuit, J. Delsaulx in 1877, when he concluded that

“all these movements result from the interior dynamic state that the me-

chanical theory of heat attributes to liquids, and are a remarkable confir-

mation of it” [30].
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Shortly after, in 1879, A. E. Nägeli argued that collisions with liquid

molecules cannot cause the motion of Brownian particles beacuse the time

interval between collisions of water molecules is of the order of 10−12 sec-

onds, therefore the two random displacements couldn’t be resolved by

naked eye, as is the case in experiments [31]. On the other part, indepen-

dently of the disputes on physical peculiarities of the Brownian motion, a

Danish mathematician T. N. Thiele provided the first treatment of mathe-

matics behind the Brownian motion in 1880 [32].

Subsequent to the aforementioned ideas and criticism, M. Gouy was

first to make a series of precise, though qualitative investigations in 1888

[33]. He showed that neither significant changes of illumination intensity,

nor the strong electric or magnetic field, or other external sources such

as vibration had any influence on the nature or intensity of the random

motion of particles. Furthermore, he found that the motion was more

lively, the smaller the viscosity of liquid, and more rapid, the smaller the

particles. Based on these arguments, he ascribed the motion to thermal

molecular motions of the liquid.

But the reprise of argument evoked the reprise of criticism. Gouy’s

findings were all but exact for W. Ramsay. In 1892 he extended the dis-

pute in support of Nägeli, arguing that water molecules are too small to

cause the visible movements of the particles recorded, which are orders of

magnitude larger than water [34]. He also discarded the electrical charge

as a possible origin of movement and ascertained that the Brownian mo-

tion has to contribute to the osmotic pressure — a concept that Einstein

will use ten years later to explain the Brownian motion.

In 1894 M. Bache reproduced every of Gouy’s observations, confirming

that “neither heat nor light, nor electricity, nor magnetism, nor mechan-

ical shock, nor finally evaporation, is operative in producing the move-

ments (. . . ) but that it is the fluid that moves them” [35]. To rule out

the idea that external illumination may move the particles, he covered the

microscope with a pall of cloth and found the motion to have persisted

“in as active play as ever” in the dark for a whole week. Nevertheless,

G. Quincke in 1898 persisted in the view that the cause of the motion
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is “in periodic heating through continuous or periodic illumination and

periodic spreading of heated liquid on the surface” [36].

The final judgement to a fifty years’ debate came in 1900, on the turn

of the century, with the first exact quantitative measurements performed

by F. M. Exner [37], the son of the aforementioned S. Exner and a student

of M. von Smoluchowski. In order to test the molecular heat theory, he

measured the velocity of rubber particles with a diameter of 1 µm and

smaller as a function of the temperature and particle size. An excerpt of

his results [37] is shown in Fig. 1.2. He found the velocity to be of the

order of 3 µm/s. Velocity increased with the decrease of the radius of

the particles. Upon heating the system gradually from 20
◦C to 71

◦C, he

measured the square of velocity to linearly increase with the temperature

for a given radius (see Fig. 1.2(b)), just as the equipartition theorem states:

〈v2〉 ∝ T. Since he considered that the kinetic energy of a particle must

be equal to that of a gas molecule, the values of velocities were in his

eyes paradoxically smaller than the kinetic theory of heat would have

predicted, such that the extension of the curve would give v = 0 already

for T = −20 ◦C.

This was partially resolved in 1905 in the thesis of R. Zsigmondy [38].

He compared the finding of F. M. Exner to all the experiments available

at the time [38, p. 108] and made the new experiments with colloidal

gold solutions. Since his particles were much smaller, he obtained better

agreement of the observations with the kinetic theory of heat. If we are

(a) (b)

Figure 1.2: The first exact experimental observation of the dependence of the mean

velocity on size and temperature (a) and the plot of measured square velocity versus

temperature (b), taken from [37]. Velocity is in mm/s.
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to believe his estimate of the size of the particles he had — 0.006 µm —

he was one of the first to see the single nanoparticles.

Together with Exner’s crucial experimental insight came the first major

breakthrough in setting up the mathematical apparatus for the applica-

tion of the Brownian motion. In 1900 L. Bachelier analysed fluctuations

on the Paris stock exchange and looked upon the market prices as the

sums of independent random changes, which was just equivalent to a

displacement in Brownian motion. He postulated that the logarithm of

the stock price executed Brownian motion with the drift and developed a

mathematical theory to model it [39]. Bachelier is thus considered to be

the forefather of mathematical finance and a pioneer in the mathematical

study of stochastic processes.

1.3 from einstein to planck

In the year of 1905 Albert Einstein published the revolutionary article on

the theory of Brownian motion [40], one of the four revolutionary articles

in his annus mirabilis. In that article [40] he derived the relation between

the diffusion, temperature and viscosity, known as the Stokes-Einstein re-

lation, or in the general form, the fluctuation-dissipation theorem. However,

it is less known that earlier in 1905 William Sutherland published a very

similar derivation of the same equation, even in more general form, which

he had publicly presented on a conference already in 1904 [41]. Indepen-

dently of them Marian von Smoluchowski derived the same relation, up

to a numerical factor, in a different approach based on combinatorics [42].

These relations read respectively in Sutherland’s, Einstein’s and Smolu-

chowski’s papers:

D =
RT

6πηaC
, D =

RT
N

1
6πkP

, D =
32
243

mc2

πµR
(1.1)

in original notation. Let us use a common notation for all of them: R is

the universal gas constant (R = 8.314 J mol−1 K−1), T is temperature, η is



1.3 from einstein to planck 19

the viscosity of the medium, r is the radius of the spherical particle and

NA is the Avogadro’s number. They become:

D =
RT

6πηrNA
, D =

RT
NA

1
6πηr

, D =
64
27

RT/NA

6πηr
. (1.2)

In all three papers the relation was derived for spherical particles since in

all the experiments before they were treated as such. For that reason all

of them took the friction force as given by the Stokes law,

F = −6πηrv, (1.3)

v being the velocity of the particle and 6πηr = ζ the Stokes friction coef-

ficient. If we introduce the Boltzmann constant kB = R/NA, the relation

(1.2), discarding the numerical factor 64/27 of Smoluchowski, becomes

the well known Einstein relation

D =
kBT

6ηπr
=

kBT
ζ

. (1.4)

As some authors have recently suggested, obviously it could be called the

Sutherland–Einstein–Smoluchowski relation. Additionally, in 1908 Langevin

derived the same relation by a yet another approach [43], in his words

“infinitely more simple” than that of Einstein and von Smoluchowski.

The main aforementioned ideas are in the roots of modern physics.

Consequently, these ideas will be widely employed in understanding of

diffusion in more complex environments.

1.3.1 Sutherland: slipping on the sphere

Already in 1902 W. Sutherland found that the “velocity of diffusion” of a

solute molecule in a solvent varies inversely as the radius of the molecule

and the viscosity of the liquid. Having investigated the phenomenon

more closely in the next two years he derived the general empiric formula

for diffusion coefficient of a solute molecule using the osmotic laws in

1905. His essential idea was that the total Stokes resistance to all the

molecules of the solute in the steady state will equilibrate the osmotic

driving force due to variation of the osmotic pressure (p):

dp
dx

=
RT
NA

dc
dx

= c · FStokes = c · 6ηπrv
1 + 2η/βr
1 + 3η/βr

, (1.5)
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where c is concentration. Stokes law is taken in general form, for any size

of spherical particles. β is the coefficient of sliding friction between the

solute molecule and the solution. By the first Fick’s law, the gradient of

concentration equals the flux (D dc
dx = cv), from which directly follows the

diffusion coefficient

D =
RT

6ηπrNA

1 + 3η/βr
1 + 2η/βr

. (1.6)

For the solute molecules much smaller than the solvent ones, we expect

a lot of sliding, so β → 0 and D → RT/(4ηπrNA) = Dslip. On the other

part, for the large solute molecule among small ones of solvent, we expect

small or no slipping, i.e. β → ∞, and D → RT/(6ηπrNA) = Dno-slip.

Therefore, by increasing r we will decrease the diffusion coefficient from

its upper bound Dslip to the lower bound Dno-slip, a limit for the large

molecules and microparticles.

1.3.2 Einstein: the general idea

Looking at the previous two sections one could wonder if Einstein’s rev-

olutionary article [40] brought something new at all. But only in the first

part of the paper does Einstein derive the relation (1.4). Indeed, in this

article and in the thesis published shortly after [44], he derives the laws

used by Sutherland—the van t’ Hoff’s law of osmotic pressure and bal-

ance of the osmotic force with the friction—from the first principles of

statistical mechanics, and then uses them with Fick’s and Stokes law to

derive the relation (1.4). Although this is more general than previous

results, the second part of Einstein’s paper is actually the revolutionary

one.

In that section, Einstein connected the random motion (“ungeordnete

Bewegung”) of particles in water with the laws of diffusion. This was

an extremely nontrivial conjunction at the time since the diffusion laws

came from continuum fluid dynamics theory, while the Brownian motion

was perceived as a discontinuous and chaotic process. The plethora of

discussions lasting 50 years before are a clear evidence of that, as well

as Einstein’s comment that it is possible that the motion he describes is
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what people call Brownian motion, but that he doesn’t have enough infor-

mation to claim it. Therefore, Einstein shows from the first, probabilistic

principles that the concentration of particles undergoing the random mo-

tion will follow just the well known diffusion equation.

He uses the following assumptions for a particle performing a random

walk in the medium:

1. random steps of particles are independent since they do not interact,

2. the steps are mutually independent in time—the time interval τ

between the steps is much smaller than the observable time steps,

yet large enough to have the two subsequent steps at interval τ

independent, and

3. any direction is equally probable and shorter steps are much more

probable than the long ones, i.e. the distribution of probability of

the step lengths, Φ(∆), is narrow and symmetric, Φ(∆) = Φ(−∆)

in one dimension.

Then, the number of particles that will be found between ∆ and ∆ + d∆

after a time interval τ is dN = NΦ(∆)d∆. Finally, the particles that are

at position x at time t + τ, and made a the step ∆, must have been at the

position x − ∆ at time t. The sum of all such particles, turned into an

integral, will give the concentration at position x at time t + τ:

c(x, t + τ) =

∞∫
−∞

c(x− ∆, t)Φ(∆)d∆. (1.7)

Since both τ and ∆ are small, we can expand c(x, t) in Taylor series as

c(x, t + τ) = c(x, t) + τ
∂c
∂t

+O(τ2), (1.8)

c(x− ∆, t) = c(x, t)− ∆
∂c
∂x

+
∆2

2
∂2c
∂x2 +O(∆3). (1.9)

The eq. (1.7) up to the first nontrivial order now becomes

c(x, t) + τ
∂c
∂t

= c(x, t)
∞∫
−∞

Φ(∆)d∆− ∂c
∂x

∞∫
−∞

∆Φ(∆)d∆ +
∂2c
∂x2

∞∫
−∞

∆2

2
Φ(∆)d∆.

(1.10)
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The first integral equals 1 as the probability distribution is normalized,

the second is vanishing as the distribution is symmetric. If we define the

diffusion coefficient

D =

∞∫
−∞

∆2

2τ
Φ(∆)d∆, (1.11)

we are left with the diffusion equation

∂c
∂t

= D
∂2c
∂x2 . (1.12)

If we assume that we had N particles on x = 0 at t = 0, giving concentra-

tion c0, and that the number of particles is conserved, i.e.

c(x, 0) = c0δ(x) and
∞∫
−∞

c(x, t)dx = N, (1.13)

the solution of (1.12) is well known Gaussian

c(x, t) =
N√

4πDt
e−

x2
4Dt . (1.14)

The MSD is then simply the second moment of this distribution:

〈x2(t)〉 = 1
N

∞∫
−∞

Nx2
√

4πDt
e−

x2
4Dt dx = 2Dt. (1.15)

Therefore, the MSD is linearly proportional to time, which is one of the

central results of the theory of random walk.

Interestingly, just at the time when Einstein developed the theory of

random walk for Brownian motion, K. Pearson set up a puzzle of random

walk in his short notice in Nature [45], in which he coined the term random

walk. In a yet shorter note in the same number of Nature, Lord Rayleigh

answered with the solution—a Gaussian—that he derived already in 1880

[46]. So, Rayleigh and then Einstein actually solved the problem with the

relation (1.14) before it was formally posed.

In a sequel [47] to his first article on Brownian motion, in 1906, Einstein

realized another, rather essential relation. Let us imagine a particle in

thermodynamic and mechanic equilibrium, undergoing thermal random

motions and bound to some position, say x = 0, by a spring with the
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spring constant κ. The force acting on it is then F = −κx. The prob-

ability density of finding the particle between x and x + dx is given by

Boltzmann distribution:

dP(x) = A exp
(
− 1

kBT
1
2

κx2
)

dx, (1.16)

so the MSD from the origin is

〈x2〉 =

∞∫
−∞

A x2 e−
κx2

2kBT dx

∞∫
−∞

A e−
κx2

2kBT dx
=

kBT
κ

. (1.17)

Einstein compared this relation to (1.4) together with (1.15). This is but a

clear illustration of his conclusion: the fluctuation of a particle in equilib-

rium has the same origin as the friction force that we have to counteract in

order to move the particle! In this light, the Einstein relation (1.4) should

be interpreted as follows. The random collisions of the fluid molecules

with the Brownian particle at rest cause the Brownian motion, which is

a fluctuation. On the other hand, just the same collisions will take over

the kinetic energy of the particle when it moves through the fluid and

thereby cause the drag, which is a dissipation. Therefore, this result in

general is called the fluctuation–dissipation theorem. It is one of the most

fundamental insights of modern physics.

Einstein also proposed a conceptually simple way to verify his theory.

If we imagine N small particles of volume V and density ρ suspended in

a fluid of density ρ0, the energy of a particle at the height h is U(h) = (ρ−
ρ0)gVh, with g being gravitational acceleration. The probability density

to be found at the height h is then given by Boltzmann distribution:

dP(h) = A exp
(
− (ρ− ρ0)gVh

kBT

)
dh. (1.18)

The concentration is just proportional to it, dN(h) = NdP. Hence, if

we measure the dependence of density of particles in sedimentation on

the height, we can determine the Boltzmann constant, or the Avogadro’s

number. On the other hand, if we measure the MSD of the same particles,

and we know the viscosity of the fluid, from (1.4) and (1.15) we can deter-

mine Avogadro’s number independently and see if the two values agree.
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J. Perrin actually used this approach to experimentally confirm Einstein’s

theory in 1908.

1.3.3 Von Smoluchowski: microscopic detail

Shortly after Einstein’s article in 1905, Marian von Smoluchowski pob-

lished another method to derive the MSD of Brownian particle, in his

words “more direct, simpler and thus more convincing than one of Ein-

stein” [42].

He first argued against the Nägeli–Ramsey objection. He showed that

each of collisions will indeed have a little impact, but a large number

of collisions will by “rare” coincidence, mediated by probabilistic fluc-

tuations in collision rate, give rise to net displacements of the observed

lengths. He proved this using the Bernoulli trial and false model, a purely

combinatoric approach.

In order to derive the MSD of the Brownian particle, he considered

the microscopic kinetics of collisions of suspended large particles in a so-

lution of many much smaller molecules, both approximated as spheres.

From the conservation of momentum he showed that in a collision, ap-

proximately, the velocity of a heavy particle did not change magnitude,

but only direction, for a given angle ε. He further assumed that the length

between the two consequent collisions, λ, is approximately constant.

The first case considered in [42] was a dilute solution, when a particle

is much smaller than its mean free path, r � λ. By a rather compli-

cated direct summation of the possible angles between steps, the MSD is

evaluated to [42]:

〈r2〉 = λ2 (1 + N) sin2 ε− 2 cos ε + 2 cosN+2 ε

(1− cos ε)2 , (1.19)

where N is the total number of collisions in the trajectory and it corre-

sponds to time, N = νt, if ν is the frequency of collisions. For large N

and small ε, but such that Nε2 � 1, he gets

〈r2〉 = N2λ2 = ν2λ2t2 = V2t2. (1.20)
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Thus, he recovers the simple, linear deterministic motion with V as the

velocity of large particles. This corresponds to times in which the mo-

mentum of the particle did not yet significantly change. Since the particle

moves only under its own momentum, this movement is called the ballis-

tic motion.

On the other hand, if Nε2 � 1, the sum (1.19) gives

〈r2〉 = 2λ2N
1− cos ε

=
64
9

v2

ν
t, (1.21)

where v is the average velocity of small solution particles, λ = V/ν, N =

νt and ε ≈ 3
4V/v. The latter was estimated by Smoluchowski based on

the conservation of momentum. The two basic properties of relation (1.21)

are that the MSD is independent of the mass of particles and is linear in

t.

Finally, for Nε→ 1, eq. (1.19) represents the crossover from the ballistic

regime to a random walk or diffusive regime and cannot be approximated.

This is actually a significant result, that does not come out from Einstein’s

theory: the Brownian trajectories only appear to be non-differentiable, but

the non-differentiability arises only because we are looking at the system

at macroscopic times.

The other case explored in [42] is the limit of a dense solution, when

many collisions occur simultaneously, introducing correlations by which

the assumptions from above do not hold. However, balance of the inertial

and friction forces gives rise to an exponential decay of the velocity of a

particle in a fluid, V(t) = V0e−t/τ, where V0 is the initial velocity given

to the particle when it was put in the fluid, and τ = M/ζ, given that ζ

is the friction coefficient, ζ = 6ηπr for a spherical particle of a radius r,

and η is the viscosity of a fluid. Here τ is the time that it takes to decay

from V0 to the equipartition value of velocity, i.e. time to stop moving

rectilinearly. Hence, Smoluchowski assumes that this is the time needed

for a decay within every apparent random step, which means that the

length of the mean free path is λ = Vτ. Finally, he combines the formula

for the square distance passed after N collisions from his earlier article

on probability distributions in collisions [48], the relation v/V =
√

M/m
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from the equipartition theorem (v and m being the velocity and mass of

the solvent molecules), and ζ from Stokes law, to derive the MSD:

〈r2〉 = 64
81

mv2

πηr
t =

64
27

kBT
πηr

t. (1.22)

This yields the diffusion coefficient as given in (1.2). The numerical factor

of difference 64
27 is a consequence of many mathematical approximations

made by Smoluchowski in the derivations. Despite this incorrect prefac-

tor, Smoluchowski provides a lot of insight into microscopic details and

derives the MSD from first principles.

1.3.4 Langevin: random with deterministic

In a note in 1908 Paul Langevin presented yet another derivation of the

MSD of a Brownian particle, in which the fluctuations in the particle

position were explicitly due to random oscillations of the force of the

fluid upon the particle around its mean value given by the Stokes law [43].

Langevin starts with the Newton law for the particle in 1 dimension:

m
d2x
dt2 = −6ηπr

dx
dt

+ X, (1.23)

where X is the position of a particle, ξ is the random force with “magni-

tude such that it maintains the agitation of the particle, which the viscous

resistance would stop without it” [43]. Averaging over the ensemble of

particles provides a differential equation for 〈x2〉:

d2〈x2〉
dt2 +

6ηπr
m

d〈x2〉
dt

= 〈v2〉 = kBT
m

, (1.24)

where the equality on the right-hand side comes from the equipartition

theorem. The solution for d〈x2〉/dt is

d〈x2〉
dt

=
kBT

3ηπr
+ C exp

(
−6ηπr

m
t
)

. (1.25)

For t� m
6ηπr = τb ∼ 10−8 s, as estimated by Langevin, the MSD is

〈x2〉 = kBT
3ηπr

t + 〈x2
0〉, (1.26)
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precisely the Sutherland-Einstein-Smoluchowski relation.

On the other hand, for t � τb, we can evaluate the constant C from

the initial condition d
dt 〈r

2〉
∣∣
t=0 = 0. This holds because at the beginning

and before any collision, for every particle d
dt x2

i = 0 at t = 0 as it moves

rectilinearly (xi = vit). Consequently, in the limit of short times

〈x2〉 = kBT
m

t2 + 〈x2
0〉 = 〈v2〉t2 + 〈x2

0〉. (1.27)

The ballistic regime is recovered as in the Smoluchowski’s approach.

Notably, Langevin’s theory is the first that accounts for the crossover

from ballistic to diffusive regime. The ballistic time τb = m
6ηπr at which

the crossover is expected to happen is precisely the ratio of inertial and

friction/viscous impacts: a particle of the large mass with small viscosity

will have longer directed movement, while a particle with the small mass

in viscous fluid will shortly become Brownian.

Another important feature embedded in the Langevin’s approach is its

consistency with the fluctuation-dissipation theorem. The application of

the equipartition theorem is what actually gives rise to the fluctuations

in the position at long times, while the magnitude of the fluctuations is

given by the viscosity, or the strength of dissipation.

At the end, by adding the random force in the Langevin equation (1.23),

he initiated the new mathematical field of stochastic differential equa-

tions, which will be pioneered by Kiyosi Itô and Ruslan Stratonovič 50

years later.

1.3.5 Perrin: the experimental verification

The first experimental investigation of the properties of Sutherland–Ein-

stein–Smoluchowski result was performed by The Svedberg in 1905 [49].

He found the mean displacement of colloidal particles to be proportional

to the “period of oscillation” and to have “hyperbolic form” of depen-

dence on viscosity. In a consequent article [50] he compared his values of

the MSD to Einstein’s formula and found that trends are satisfying, but

that all the values are systematically 6.5 times larger than predicted by

Einstein.
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The quantitative verification of the theory came through the experi-

ments designed by Jean Perrin and his student M. Chaudesaigues in

1908 [51–55]. Perrin made a colloidal suspension of almost monodisperse

(0.6 µm ≤ r ≤ 1 µm) rubber spherical particles in water, for which he

determined the mass in independent experiments. Then he calculated

the density in sedimentation as a function of height by directly count-

ing the particles in layers from the bottom to the top of the emulsion (see

Fig. 1.3(a)). From the exponential dependence (1.18) proposed by Einstein,

(a) (b) (c)

Figure 1.3: A photograph of sedimentation from experiments of J. Perrin (a) and the

first recorded random walk trajectories (b, c). Taken from [54, 55].

and confirmed hereby, he calculated Avogadro’s number NA = R/kB to

be 7.05 · 1023.

In another experiment, Perrin followed the Brownian motion of single

particles. He made the first known single particle trace images, examples

of which are shown in Fig. 1.3(b,c). Averaging over the ensemble of traces,

he recovered the linear MSD curve (1.15). Using it together with the

Sutherland–Einstein–Smoluchowski relation (1.4), he determined NA to

be 7–8 · 1023. Moreover, M. Chaudesaigues independently obtained the

value 6.4 · 1023. At the same time, Swede Ivar Nordlund developed and in

1914 published the experiments of single particle tracking of suspended

mercury droplets, from which he got the Avogardo number of 5.91 · 1023

[56].
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From such a decisive agreement between the values of NA by com-

pletely different methods, Perrin concluded that there is no doubt as to

the origin of the Brownian movement, and that “it is difficult when not

impossible to be an opponent of the molecular hypothesis” [57]. Further-

more, he was the first to note that if one would connect every second po-

sition in a trajectory, he would get a new trajectory being as complicated

as the reproduced design. While his proof of the molecular hypothesis

and the theory of Brownian motion silenced the ulterior sceptics of the

molecular reality at long last, the recognition of self–similarity of Brown-

ian paths will open the tale of random processes for the next century.

1.3.6 Fokker and Planck: the generalization

In 1913 Smoluchowski considered the Brownian motion under the ad-

ditional external force [58]. Following a similar reasoning as Einstein

[40], he assumed that an external force F will produce an additional drift

v = F/ζ, where ζ is the friction coefficient, and that the flux will be

−D ∂c
∂x + vc by the Fick’s law for the concentration c. Therewith he de-

rived the equation for the concentration:

∂c
∂t

= D
∂2c
∂t2 −

1
ζ

∂

∂x
(cF(x)), (1.28)

where D is the diffusion coefficient. This is usually called the Smoluchow-

ski equation.

At the same time, A. D. Fokker derived the equivalent equation with

the spatially dependent diffusion coefficient which is stationary in time

[59]. Finally, in 1917 Max Planck provided a complete derivation which

is analogous to Einstein’s, but with two assumptions relaxed [60]. First,

since the external force causes a net drift, the distribution of displace-

ments Φ(∆) is not symmetric around 0, and its mean
∫ ∞
−∞ ∆Φ(∆)d∆ =

〈∆〉 6= 0. Second, the distribution is now dependent on the position:

Φ(∆)→ Φ(∆, x). Then the equation (1.7) becomes

c(x, t + τ) =

∞∫
−∞

c(x− ∆, t)Φ(∆, x− ∆)d∆. (1.29)
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It is expanded the same way as in sec. 1.3.2, with an addition that Φ(∆, x−
∆) is expanded analogously to (1.9). A straightforward calculation yields

∂c(x, t)
∂t

= − ∂

∂x

(
v(x, t)c(x, t)

)
+

∂

∂x

(
D(x, t)

∂c(x, t)
∂x

)
. (1.30)

This is the general equation for the diffusive transport, which is called the

Fokker–Planck equation. It has a remarkable property: it is a deterministic

equation for a stochastic process, i.e. for its probability distribution.

Not aware of the whole discussion in physics, Andrei Komogorov in

1930 addressed the equivalent problem in mathematics [61]: if we know

information about any state x at time t, for instance its probability dis-

tribution function P(x, t), what is the probability distribution for later

times, i.e P(x, s), s > t? Using the equation (1.7), hence also called

the Chapman–Kolmogorov equation in general form, he showed that P(x, t)

obeys precisely the equation (1.30), of course with D(x, t) → σ2(x, t)/2.

This means that the Fokker–Planck equation, in mathematics known as

Kolmogorov backward equation, is valid for any observable with the same

statistical properties as discussed in sec. 1.3.2 and in this section above.

1.3.7 New ideas to model diffusion

Already in 1919 Lord Rayleigh realized the strong dependence of any the-

ory of random walk on the dimension of space. He found the probability

that the final distance r′ will be less than r, given n steps of the random

walk in 2 and 3 dimensions [62]. Watson generalized it for d dimensions

in 1922 and showed that the probability is [63, p. 421]

P(r′ < r|n) ≈ 1
Γ( d

2 + 1)

(
dr2

2na2

) d
2

M
(

d
2

,
d
2
+ 1,− dr2

2na2

)
, (1.31)

where a is the length of the displacement in a step, assumed to be equal

for all steps, Γ(x) is the Gamma-function [64, p. 253], and M(a, b, z) is the

confluent hypergeometric function [64, p. 503].

In the same year O. B. Klein generalized the Smoluchowski equation

(1.28) for any external force and without the assumptions of the over-

damped limit (m d2x(t)
dt2 → 0) taken by Smoluchowski [65]. However, the
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generalized equation became recognized in 1940 when H. A. Kramers ap-

plied it to the problem of crossing over a potential barrier in chemical

reactions [66]. In the full one-dimensional form, the Klein–Kramers equa-

tion for P(x, t) reads

∂P
∂t

= −v
∂P
∂x

+
ζ

m
∂

∂v

(
v− F(x)

ζ
+

kBT
m

∂

∂v

)
P. (1.32)

The firm mathematical foundation to random walk as a stochastic pro-

cess was given by Norbert Wiener in 1923 [67]. Having considered the ran-

dom walk in a function (“differential”) space, he provided the construc-

tion of the Brownian trajectory from a random Fourier series, in which

the coefficients are independent Gaussian variables with the mean zero

and variance one. In a more general way, he showed that, if a random

trajectory is given by Xn = ∑n
i=1 ξi with ξi ∈ {1,−1} and P(ξi = ±1) = 1

2 ,

then the process

W(t) = lim
n→∞

Xbntc√
n

=
1√
n

bntc

∑
i=1

ξi (1.33)

converges by distribution to process of Brownian motion. W(t) is called

the Wiener process, which has the following properties: (i) increments are

independent, i.e. W(t) −W(t′) is independent of {W(t′′)} for any 0 ≤
t′′ ≤ t′ ≤ t; (ii) the distribution of increments does not depend on the

position of increment, i.e. W(t + τ) −W(t) does not depend on t; (iii)

the increments have the Gaussian distribution, i.e. W(t + τ) −W(t) ∼
N (0, τ); (iv) with probability 1, W(t) is a continuous function in t. (i)–(iii)

are precise mathematical phrasing of the three Einstein’s conditions.

Furthermore, every subprocess of the Wiener process is another Wiener

process: for every λ > 0,

W(t) =
1√
λ

W(λt). (1.34)

This follows directly from (1.33). If we imagine the process in space, the

Wiener trajectory is self-similar, no matter how deep we zoom. Based

on this argument, Wiener proved that the Brownian trajectory is (almost)

everywhere continuous but nowhere differentiable [67].

All the theory developed until 1925 was considering the distribution of

displacements to have finite second moment 〈∆2〉. In 1925 Paul Lévy was
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questioning what happens if we allow the particles to take any size of step,

large up to the system size, or infinite in infinite systems, while keeping

other Einstein’s postulates [68]. Such a distribution of the step sizes is

still normalized, satisfies the Chapman–Kolmogorov equation (1.7) and

has the positive Fourier transform normalized. This is for instance the

Cauchy distribution

Φ(∆, t) =
at

π(∆2 + a2t2)
, (1.35)

with the Fourier transform Φ(k, t) = e−a|k|t. Actually, there is a whole

family of so-called Lévy distributions that have an equivalent Fourier trans-

form, Φ(k, t) = e−a|k|αt with 0 < α ≤ 2, and satisfy the aforementioned

conditions [69, p. 85]. In real space, such distributions are usually charac-

terised by a heavy tail for large ∆,

Φ(∆) ∼ 1
∆1+α

. (1.36)

Only moments 〈∆α〉 of fractional order α exist for this distribution and

the trajectory is fractal of Hausdorff dimension α [70]. Unlike the Brow-

nian random walk, the trajectory will never fully cover the space of a

dimension larger than α.

Because of infinite variance of total displacements of the walker in Lévy

walks, or Lévy flights as usually called after Mandelbrot’s pioneering work

on fractals [71, p. 288], the Fokker–Planck equation cannot be constructed.

To keep the variance finite, it is therefore necessary to introduce a distri-

bution of waiting times between steps which is correlated with the step

lengths. If the distribution of waiting times also has the diverging first

two moments, the walk is actually realized due to the Lévy–Khintchine

generalised central limit theorem (Lévy statistics), which states that the sum

of random variables chosen from a distribution with diverging moments

is a stable distribution [72, 73].

The Lévy flights are also self-similar: they result in the clusters of

shorter steps, followed by longer excursions occurring occasionally. Fur-

thermore, such walks were the first ones displaying anomalous diffusion, in

which the MSD of a random walker is not linear in time. In finite Lévy
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walks it is usually superdiffusive, with 〈r2(t)〉 ∼ tα and α > 1 due to the

long steps. Such a behaviour was found to be exhibited by animals and

humans in the blind search processes in two dimensions [74, 75]. In econ-

omy, it serves as a model for the systems incorporating the St. Petersburg

paradox4 [76, p. 251].

Einstein–Smoluchowski theory of Brownian motion, or strictly defined

Wiener process, assumed that the friction heavily dominates the inertia,

so the inertia was neglected. The release of this hypothesis was studied

by L. Ornstein and G. E. Uhlenbeck in 1930 [77]. In order to include mass,

they solved the Langevin equation for the velocity,

m
dv
dt

= −ζv + X(t), (1.37)

with the same assumptions on the random force X(t) as in Langevin’s

approach. From the solution

v(t) = e−
t
τ

v0 +
1
m

t∫
0

X(t′) e
t′
τ dt′

 , (1.38)

where τ = m
ζ , one can see that v− v0 e−

t
τ is the Gaussian variable since

it equals the sum of the Gaussian variables X(t). Using the property of

X(t)

〈X(t)X(t′)〉 = 2 kB T ζ δ(t− t′), (1.39)

directly follows from (1.38) that〈(
v− v0 e−

t
τ

)2
〉

=
2kBT

m

(
1− e−2 t

τ

)
. (1.40)

4 The St. Petersburg paradox is a situation in which a decision based on the expected

value actually no person would be willing to take. It is simply represented by a game of

coin tossing in which the initial stake is doubled if heads appears, and the game ends

if tails appears. The win is the current amount in the pot. The expected value of the

payout is then E = 1
2 · 2+

1
4 · 4+

1
8 · 8+ · · · → ∞, if the play is repeated many times. The

paradox is the discrepancy between the infinite expected value and what people will

pay to enter the game. Although the paradox is centuries old, a recent mathematically

correct solution is sampling by Croatian mathematician William Feller [76].
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Therefore, in an Ornstein–Uhlenbeck process, the distribution of velocities is

Gaussian:

P(v, t) =
√

m

2πkBT(1− e−2 t
τ )

exp

(
− m

2kBT
(v− v0e−

t
τ )2

1− e−2 t
τ

)
, (1.41)

with the initial condition v(t = 0) = v0. The PDF of displacements is

obtained by integration of v(t). The random forces are again Gaussian,

and the displacements are Gaussian variables:

P(x, t) =
1√

2π〈(x(t)− 〈x〉)2〉
exp

−
(

x− x0 − v0τ(1− e−
t
τ )
)2

2m〈(x(t)− 〈x〉)2〉

 .

(1.42)

The MSD is

〈(x(t)− 〈x〉)2〉 = τkBT
ζ

(
2

t
τ
+ 4e−

t
τ − e−2 t

τ − 3
)

, (1.43)

with the initial condition that x(0) = x0. Expectedly, in the short time

limit 〈(x(t)− 〈x〉)2〉 = v2
0t2, which is just the ballistic regime. In the long

time limit we recover the Einstein–Smoluchowski result, 〈(x(t)−〈x〉)2〉 =
2kBT

ζ t = 2Dt. However, opposed to Einstein–Smoluchowski theory is the

finite mean in the long time limit, 〈x(t)〉 = x0 + v0τ, which is but expected

for the massive particle we have: the initial momentum v0m is remembered

for the time of order τ = m
ζ , given precisely by the ratio of mass and fric-

tion. Due to its physical intuitiveness, the Ornstein–Uhlenbeck process is

until today one of the most used models for the description of diffusion

in physics.

Together with the excitement about the mathematical foundation and

theoretical understanding of diffusion came a distinctive improvement of

the experiments to determine the Avogardo number precisely in 1920s and

1930s. Ultimately, E. Kappler found an elegant way to directly map the

Brownian motion into a macroscopic observable [78]. He measured the

position of the light ray reflected from a small mirror (area of ≈ 1 µm),

suspended from a fine quartz thread. From the fluctuations in position,

caused by random hits of air molecules, Kappler obtained the Avogadro’s

number NA = 6.059 · 1023 ± 1%. The value of the constant, accepted

nowadays, is within the Kappler’s measurement error.
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The aforementioned achievements at the beginning of the 20th century

boosted activity in a number of fields in mathematics or physics. Here,

we will remain focused on diffusion processes which are homogeneous

in space or time. However, we will explore the role of interactions and ge-

ometry in slowed down diffusion processes. Such systems fall in the class

of anomalous diffusion—one of possible classes of diffusion discovered in

the last century.

1.4 from simple to anomalous diffusion

1.4.1 Properties and description of normal diffusion

Simple diffusion, as in Einstein’s picture, is a consequence of central limit

theorem [70, 73] which leads to the Gaussian PDF (1.14) and to the dif-

fusion equation (1.12). This becomes even more obvious if we look at

the overdamped limit in Lagevin’s picture, when the inertial term in

Langevin equation (1.23) is highly dominated by the friction term, and

we get the overdamped Langevin equation

dx
dt

=
1

6ηπr
X(t) =

1
ζ

X(t). (1.44)

But every random fluctuation of the position, X(t), represents the average

over many random processes that have happened on the shorter time

scale than is the time scale of the observation. Thus, the distribution of

the random forces is also Gaussian [79, p. 20] and characterised by no

correlation:

〈X(t + τ)X(t)〉 = 2ζkBT δ(τ). (1.45)

On the other hand, we see from (1.44) that x(t) − x(0) = 1
ζ

∫ t
0 X(t′)dt′.

The analogous follows for the displacement–displacement correlation:

〈x(t + τ)x(t)〉 = 1
ζ2

t+τ∫
0

dt
t∫

0

dt′〈X(t)X(t′)〉 = 2
kBT

ζ
tδ(τ) = 2Dtδ(τ),

(1.46)
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reproducing the linear MSD (1.15) once more. Now, independence of the

right-hand-side of (1.45) of t, i.e. the Gaussian statistics of the noise, im-

plies the linear behaviour of the MSD. In a more general sense, spatial

correlations are directly given by the statistics of the noise. Therefore,

the non–linear dependence of the MSD in time means the non–Gaussian

statistics and consequently the persistence of the correlations in the sys-

tem. Note that this statement does not imply the inverse: linear MSD

does not imply the Gaussian distribution necessarily, neither does non–

Gaussian distribution imply non–linear MSD.

The additive character of the Gaussian processes, i.e. the fact that any

sum of the Gaussian process is again a Gaussian process, reflects in the

scaling property of the Brownian motion, which is manifested in the self–

similarity of the Brownian traces through the space and time scales. For

the large number of steps, the PDF of being at a position x at time t is the

Gaussian, a solution of the diffusion equation (1.14). The self–similarity

of the Gaussian PDF of displacements becomes obvious if we write it in

a dimensionless variable ξ = r√
2Dt

[80]:

P(r, t) =
(

ξ

r
√

2π

)d
e−

ξ2
2 . (1.47)

The distribution itself is scale–free, while the scaling of space with time

is encoded in the pre–factor, and of course the definition of ξ. The same

property can be seen by the construction of the Gaussian PDF as a limit of

the Poisson process in the lattice representation of random walk, which

will be used in subsequent chapters of this thesis.

If a particle starts at the origin (x = 0), then the probability to be at the

site m after n steps in one dimension is a Bernoulian distribution [81]

P(m|n) = 1
2n

(
n

1
2(n + m)

)
n→∞−−−→
m�n

√
2

πn
e−

m2
2n , (1.48)

where we already made the limit to Gaussian distribution for large n.

The properties of the normal diffusion have been utilized to experimen-

tally study diffusive transport in solid and soft matter. One of the most

important and robust tools developed to probe the nature of diffusive
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processes is the cross section of incoherent quasielastic scattering on sin-

gle particles diffusing in crystals [72, p. 272]. In fact, van Hove showed

[82] that the probability density to find a particle on position r at time

t (1.14) can be directly mapped to the density in the following manner.

Let us imagine the density by counting particles, ρ(r′, t) = δ(r′ − r(t))

with r(t) denoting the position of Brownian particle. The van Hove self–

correlation function 〈ρ(r′, t′)ρ(r′′, t′′)〉 then differs only by factor of volume

from the probability density of having passed distance r′ − r′′ in time

t′ − t′′: P(r′ − r′′, t′ − t′′) = V〈ρ(r′, t′)ρ(r′′, t′′)〉 [80, 82]. Now, the space

and time Fourier transform of the van Hove function, known as the dy-

namic structure factor,

S(k, ω) =
1
π

∫
Ω

dr
∞∫

0

dt ei(ωt−k·r) P(r, t), (1.49)

is directly observable because in scattering experiments it is proportional

to the differential cross section with momentum transfer h̄k and energy

h̄ω

d2σ

dΩdω
= Na2

√
Escat

Ein
Re
(
S(k, ω)

)
, (1.50)

where N is the number of nuclei in the sample, a is the scattering length,

and Ein and Escat the energies of incoming and scattered particles, respec-

tively [83, p. 292]. A simple calculation reveals that the dynamic stricture

factor for Brownian diffusion is a Lorentzian

S(k, ω) =
1
π

1
Dk2 − iω

. (1.51)

Therefore, by measuring S(k, ω) we can directly deduce the PDF of dis-

placements by an inverse Fourier transform. Specially suitable for this

is the inelastic scattering of thermal neutrons [83, p. 290] since their de

Broglie wavelength λ = 2πh̄√
2mkBT ∼ 10−10 m is of the order of the distance

between the neighbouring particles. From the scattering, actually, the dif-

fusion coefficient can be directly obtained [83, p. 315]: it is clear from

(1.51) that

D = lim
ω→0

(
lim
k→0

π
ω2

k2 Re
(
S(k, ω)

))
. (1.52)
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If only the momentum transfer is measured, as for instance in spin–echo

neutron scattering or photon correlation spectroscopy [80, 83], then only

the space transform of the van Hove function, called the intermediate scat-

tering function, is measured:

F(k, t) =
∫
Ω

P(r, t) e−ik·r dr = e−k2Dt, (1.53)

the latter being evaluated for simple diffusion again. From F(k, t) we can

directly calculate any moment of the distribution by a trivial notion:

〈rn(t)〉 = lim
k→0

in ∂F(k, t)
∂kn . (1.54)

If we map P(r, t) to density ρ(r, t), the space–Fourier–transformed diffu-

sion equation for ρ reads

∂ρ(k, t)
∂t

= −Dk2ρ(k, t). (1.55)

Its solution is obviously ρ(k, t) = ρ(k, 0) e−Dk2t, so the density–density

correlation is

1
N
〈ρ(k, t)ρ(−k, 0)〉 = 1

N

〈
ρ(k, 0)ρ(−k, 0) e−Dk2t

〉
= e−Dk2t = F(k, t).

(1.56)

In other words, the intermediate scattering function (1.53) generally tells

us about the spatial correlations of density. For simple Brownian motion

it shows specifically that the density correlations have a characteristic

decay time of τc = 1
Dk2 , which demonstrates that it takes long to flatten

the large–scale modulations of density by Brownian transport [80].

The structure factor S(k, ω) encodes the position correlations, so it

must also encode the velocity correlations [84]. This is easily visible

if we expand (1.51) in the long–wavelength limit, k → 0, and denote

limk→0 D(k, ω) = Z(ω) [80]:

S(k, ω) ≈ − 1
iω
− k2Z(ω)

(iω)2 . (1.57)

The equivalent expansion of its time Fourier–transformed counterpart,

F(k, t) = e−k2Dt, is

F(k, t) ≈ 1− k2Dt = 1− k2〈r2(t)〉
2d

. (1.58)
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The comparison yields

Z(ω) = −ω2

2d

∞∫
0

〈r2(t)〉 eiωt dt =
1

2d

∞∫
0

d2〈r2(t)〉
dt2 eiωt dt, (1.59)

so that

lim
k→0

D(k, t) = Z(t) =
1

2d
d2〈r2(t)〉

dt2 =
1
d
〈v(0)v(t)〉. (1.60)

This relation, connecting velocity (auto)correlations, space correlations

and the diffusion coefficient, is the well known Green–Kubo relation [80,

84].

The Fourier–transformed PDF of displacements carries a lot of infor-

mation which was easily accessible during the course of evolution of ex-

perimental techniques in 20th century. With the development of modern

imaging and single–molecule tracking experiments, we can also directly

measure the PDF in real space and inspect its properties directly from

trajectories. In order to find out if the given process is Gaussian in d-

dimensional space

P(r, t) =
(

d
2π〈r2(t)〉

) d
2

exp
(
− dr2

2〈r2(t)〉

)
, (1.61)

it is useful to evaluate the fourth moment of the distribution, which is in

this specific case proportional to the second moment:

〈r4(t)〉 = 2 + d
d
〈r2(t)〉2. (1.62)

Consequently, one defines the non–Gaussian parameter (NGP) as [80]

α2(t) =
d

d + 2
〈r4(t)〉
〈r2(t)〉2 − 1. (1.63)

The behaviour of α2(t) often provides a sensitive measure for the type of

the process considered.

As shown above, Einstein’s picture (the three assumptions on random

walk) is centred on the central limit theorem, which is in turn correlated

with the correlations in space and time comprised in the system. If we

release any of Einstein’s fundamental assumptions, we lose the confines

of the central limit theorem forcing the processes to converge to the Gaus-

sian behaviour predicted by Einstein [85]. Moreover, as we depart from
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Einstein’s assumptions (1. – 3., sec. 1.3.2), we find that many different

generalisations of the Einstein–Smoluchowski diffusion picture exist [85].

Every particular phenomenon then calls for reasons why the central–limit

theorem does not apply at the time scales of interest. The common de-

nominator to all the causes of violation of the central limit theorem will

always be more or less persistent correlations that are hidden in the dy-

namics on mesoscopic or macroscopic time scales [80]. With this we enter

the field of anomalous diffusion.

1.4.2 Phenomenon of anomalous diffusion

The first notion of anomalous diffusion came from the idea of correlations

between the steps in the random motion, which is as old as the first the-

ory of the Brownian motion itself. Indeed, already Smoluchowski in his

derivation of the MSD of a Brownian particle introduced the correlation

between the steps before and after the collision of the particle and the

molecule of the medium by imposing some small angle ε between the two

displacements. The angle shall have been small presumably due to per-

sistence of motion because of the mass of particle [42]. However, in 1920

Fürth worked out in detail the theory of one–dimensional random walk

with persistence and applied it to the diffusion of alive infusoria in solu-

tion [86]. His MSD revealed a non-linear dependence on time. He proved

that the non-linear behaviour resulted from the fact that “particles” per-

sisted to move in the same direction for a time which is not negligible

compared to observation time due to their inertia [72, p. 291]. Shortly

after, Taylor independently [87] developed an equivalent theory in an at-

tempt to explain the correlations of diffusion of a particle in a turbulent

medium [72].

In 1926 L. F. Richardson studied the diffusion of molecular clusters in

the air in presence of the wind currents that move the whole clusters. He

showed that the MSD is not linear in time, but scales as t3 [88], a strongly

non-Brownian behaviour that he named non-Fickian diffusion. Just at the

same time the notion of anomalous diffusion appeared in a discussion on

disperson of α–rays [89].
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Alltogether, these findings marked the birth of the whole class of phe-

nomena of correlated random walks, that will share the name anomalous

diffusion. Different realizations of anomalous diffusion will be rediscov-

ered in various physical applications for the century that followed, with

the largest impetus in 1960s and 1970s by the school around Elliot W.

Montroll [69, 90–98] in the studies of dispersive charge carrier transport

in amorphous solids.

Many experiments from different fields until today have revealed that

anomalous transport is ubiquitous in the whole living and non–living na-

ture, signalling that anomalous transport may be generic for complex het-

erogeneous materials such as crowded biological media, polymeric net-

works, porous materials or size-disparate mixtures [80]. The two promi-

nent constituents, common to many of these systems, are either dense

packing, known as crowding in the biophysically inclined community, or

strong interactions that trap, by immobilizing or slowing down, the parti-

cle. Moreover, many realistic systems, especially in biology, incorporate

both mechanisms as a source of anomalous diffusion.

For the diversity of possible realizations of anomalous diffusion, the

term anomalous diffusion today refers in general to any diffusion process

that has a non–linear, power law MSD

〈x2(t)〉 = D
(

t
tc

)α

= Dαtα, (1.64)

with the anomalous exponent α > 0. Here tc is some characteristic time,

but more often the representation with the generalized diffusion coeffi-

cient Dα is used. In that case Dα has the physical dimension of m2 s−α.

Further, we distinguish the case of subdiffusion, if 0 < α < 1, and superdif-

fusion, if α > 1.

In the definition (1.64) and all aforementioned MSDs we have been

using the ensemble–averaged MSD over all the particles:

〈x2(t)〉 = 1
N

N

∑
i=1

(
xi(t)− xi(0)

)2, (1.65)
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where N is the number of particles. However, we can average over the

possible states in time to get the time–averaged MSD of a given trajectory

i:

x2
i (t) =

1
T − t

T∫
t

(
xi(t′)− xi(t′ − t)

)2 dt′ (1.66)

=
1

T
τ − n + 1

T/τ

∑
j=n

(
xi(tj)− xi(tj−n)

)2, (1.67)

where T is the duration of trajectory (measurement). Relation (1.67)

stands for a discrete version of the integral, a case we actually have in

simulations, with τ denoting a single step duration, so that n = t/τ is the

number of steps for a given time lag, and T/τ is the total number of steps

in the trajectory. The time–averaged and the ensemble–averaged MSD in

a simple Brownian motion are equivalent and interchangeable:

〈x2(t)〉 = x2
i (t), (1.68)

in the long time limit. All such processes are called ergodic processes. In-

troducing correlations may affect this equivalence, i.e. the ergodicity of

the system. One of possible characterizations of the diffusive processes

that are not simple diffusion is how much do they violate the ergodicity,

represented by the relation (1.68).

Since interactions introduce different behaviour on different length and

time scales, it is important to note that anomalous transport can no longer

be described by a single diffusion constant. The transport properties

rather depend on the considered length and time scales [80]. On the

same line of argument, in anomalous diffusion the increase of the MSD

in time is generally sublinear, which is to say that the definition (1.64) is

assumed to hold for all times, including t→ ∞. Therefore, we distinguish

the violation of the central-limit theorem in some intermediate time win-

dow from the mechanisms leading to subdiffusive behaviour that can in

principle persist forever [80].

If the slow processes which introduce anomalous diffusion are limited

to some given time scales, on longer scales different processes that have

normal, Gaussian statistics will give rise to the Gaussian statistics. Con-

sequently, the MSD will be sublinear only in the window defined by the
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time– and length–scales characteristic for slow processes and on shorter

and longer scales it will be linear. Only the diffusion coefficient in long-

time limit will be significantly smaller (rescaled) than in the short-time

limit. Such a behaviour, referred to as transient anomalous diffusion, is

schematically shown in Fig. 1.4.
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Figure 1.4: Schematic view of the evolution of the MSD over time scales: from ballistic

(t < τb), into diffusive (τb < t < τ) through subdiffusive (τ < t < τe), ending in the

rescaled normal diffusion (τe < t) with rescaled diffusion coefficient De � D0.

If the experiment or observation is too short or too small compared to

the characteristic scale of slow processes, the record will consist of the

dynamics interrupted within the crossover, and the fit of the MSD by the

power law (1.64) will seem to be satisfactory. Yet, it will be misleading if

the nature of subdiffusive process is actually transient, but not discover-

able on the scales of the specific experiment. Typical examples with an

apparent subdiffusion are diffusion of many species with different diffu-

sion coefficients or the diffusion of particles with several internal states

characterized by several diffusive regimes [80]. At the end, the opposite

scenario may also happen: some diffusion processes failed under Brow-

nian motion may in reality be anomalous [99], due to e.g. the weakly

non–ergodic behaviour appearing in spite of the Gaussian statistics [85].

On the whole, theoretical modelling of the subdiffusive processes mani-

festly relies on the inclusion of correlations in the description of stochastic

dynamics of random motion. From different approaches in the modelling

of correlations, different theoretical models have emerged. Each of them
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has been corroborated by some experiments and excluded by others in re-

cent decades [80], while they are theoretically indistinguishable only on

the level of sublinear MSD. Here we will shortly present the three most

widely used such concepts, following the line of [80]:

1. The Gaussian models. Random fluctuations obey Gaussian statistics,

yet they are not independent, but have persistent power–law tempo-

ral correlations which give rise to a sublinear MSD.

2. Continuous–time random walks (abbreviated as CTRW). The distribu-

tion of waiting times, usually with heavy tails, is introduced on top

of the distribution of displacements, such that the mean waiting

time before the next jump is infinite and therefore the central limit

theorem never applies.

3. The Lorentz model. A complex and disordered spatial structure of

the medium on microscopic scale introduces confinements, often

fractal–like, that lead to subdiffusive behaviour.

The fact that we consider this large range of anomalous diffusion pro-

cesses is a meta–confirmation of the non-universal nature of anomalous

diffusion [85]. In the same light, as exemplified in the experiments [100–

103], often in a complex system not only one of the above processes is

sufficient to describe the dynamics completely. Sometimes it is necessary

to combine at least two of the processes which may influence the particle

motion simultaneously or at different time scales [85] to describe diffu-

sion unequivocally.

1.4.3 Gaussian models: fractional Brownian motion and fractional

Langevin equation

Kolmogorov in 1940’s [85] and independently Mandelbrot and van Ness

in 1960’s [104] introduced the type of fluctuation process which was

a superposition of Brownian processes. Specifically, the Gaussian dis-

tribution of displacements is complemented by the power–law correla-
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tions which slow down the transport. Assuming the overdamped limit
∂r(t)

∂t = 1
ζ XFBM(t), it directly follows that

Z(t) = 〈v(t)v(0)〉 = 1
ζ2 〈XFBM(t)XFBM(0)〉. (1.69)

But then for the anomalous diffusion, given by 〈r2(t)〉 = 2dDαtα, applica-

tion of (1.60) gives [104]:

Z(t) = α(α− 1)Dαtα−2 , (1.70)

Z(ω) = Γ(α + 1)(−iω)1−αDα. (1.71)

Hence the strength of the noise approaches zero as the frequencies be-

come smaller, which explains that transport slows down with an increase

of the correlation time [80]. Since this is a stationary Gaussian process,

the distribution of displacements is given by the Gaussian

P(r, t) =
1

(4πDαtα)
d
2

e−
r2

4Dαtα =

(
ξFBM

r
√

2π

)d
e−

ξ2
FBM

2 . (1.72)

The scaling is equivalent to (1.47), but now α impacts the scaling of space

with time, since now the proper dimensionless variable to obtain the

scale–free Gaussian is ξFBM = r√
2Dαtα .

If we do not assume the overdamped limit, we will have the full frac-

tional Langevin equation with fractional correlations (1.71) in the noise

(we revert to the onedimensional case for simplicity) [85]:

m
d2x(t)

dt2 = −γ

t∫
0

(t− t′)α−2v(t′)dt′ +

√
γkBT

α(α− 1)Dα
XFBM(t). (1.73)

This will result in the MSD [105]

〈x2(t)〉 = 2kBT
m

t2 Eα,3

(
−γΓ(α− 1)

m
tα

)
, (1.74)

where Ea,b(z) is the Mittag–Leffler function,

Ea,b(z) =
∞

∑
n=0

zn

Γ(an + b)
, (1.75)

defined in [106, p. 261]. In the short time limit, the MSD (1.74) yields

〈x2(t)〉 ∼ t2, a ballistic motion, while in the long time limit one gets

〈x2(t)〉 ∼ t2−α.
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1.4.4 Continuous time random walk

The idea of the continuous time random walk (CTRW) starts from the

question: what if we release Einstein’s assumption that the random step

is made every time after the same period τ, i.e. what if we also choose the

time that the walker waits before making the step from some distribution,

in addition to the choice of the step length ∆ from the distribution Φ(∆)?

If we denote the distribution of waiting times as ψ(τ), also referred to as

the jump PDF, then we can construct the Chapman–Kolmogorov equation

analogous to Einstein’s (1.7), but for the probability Q(x, t) to have just

arrived to x at time t (which is to be distinguished from the probability

P(x, t) to be on x at t):

Q(x, t) =
∞∫
−∞

d∆
t∫

0

dτ Q(x− ∆, t− τ)Φ(∆)ψ(τ) + δ(x)δ(t), (1.76)

where we added two delta functions at the end to include the initial con-

dition. If we make the space and time Fourier transform, and make use

of the convolution theorem5, we get

Q(k, ω) = 1 + Q(k, ω)Φ(k)ψ(ω). (1.78)

Now the probability to be on the position x at time t is given by the

probability to have just arrived on x at t− τ, which is Q(x, t− τ), and to

have been waiting there for longer than τ, which is χ(τ) =
∫ ∞

τ ψ(t′)dt′:

P(x, t) =
t∫

0

Q(x, t− τ)χ(τ)dτ. (1.79)

After the Fourier transform and the application of the convolution theo-

rem,

P(k, ω) = Q(k, ω)χ(ω). (1.80)

5 The convolution theorem states that

F


∫
Ω

f (x− y)g(y)dy

 = F { f (y)} · F {g(y)} = f (k)g(k) (1.77)

for any two functions f and g belonging to L1(Rn).
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Yet, since χ(τ) = 1 −
∫ τ

0 ψ(t′)dt′, its Fourier transform by partial inte-

gration of
∫ ∞

0 eiωt( ∫ t
0 ψ(t′)dt′

)
dt evaluates to − 1

iω (1− ψ(ω)), so that the

PDF of being on x at time t is in Fourier space

P(k, ω) = − 1
iω

1− ψ(ω)

1−Φ(∆)ψ(ω)
. (1.81)

This is sometimes called the Montroll-Weiss equation since this idea was

introduced in [91, 92, 97] for the description of hopping transport of a

charge carrier on a disordered lattice of amorphous semiconductors [91,

92]. Originally they introduced the PDF with the asymptotic power–law

ψ(τ) ' α

Γ(1 + α)

tα
0

τ1+α
, as τ → ∞ (1.82)

with α > 0, therefore having divergent first moment 〈τ〉 which would cor-

respond to a typical waiting time. After employing the rule of fractional

integrals, given ψ(τ) as in (1.82), one can obtain the fractional diffusion

equation [70]
∂P(x, t)

∂t
= 0D1−α

t Dα
∂2P(x, t)

∂x2 , (1.83)

where aD−σ
t is the Riemann–Liouville operator, defined as

aD−σ
t f (t) =

1
Γ(σ)

t∫
a

(t− s)σ−1 ds, (1.84)

given that σ is a complex number such that Re(σ) > 0 and a property

aD1−σ
t = ∂

∂t aD−σ
t is satisfied. Now the MSD is

〈x2(t)〉 = 2Dαtα as t→ ∞, (1.85)

and subdiffusion persists on all time scales. This is reflected both in the

VACF, given by (1.60),

〈v(t)v(0)〉 ' −α(1− α)Dαtα−2 as t→ ∞, (1.86)

where obviously the negative and long–time correlations emerge. Finally,

the diffusion coefficient follows directly by Green–Kubo relation,

D(t) ' αDαtα−1 as t→ ∞. (1.87)
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It appears to algebraically approach zero for long times. The non–Gaussian

parameter does not vanish, but approaches a constant value

α2(t) = 2
Γ2(1 + α)

Γ(1 + 2α)
− 1 as t→ ∞, (1.88)

notably depending only on α and not on the PDF of displacements.

CTRW has several distinctive properties originating from the heavy–

tailed PDF of waiting times. Actually, it can be shown that any pair of

PDFs having finite 〈τ〉 and 〈∆2〉 lead to the regular Brownian motion with

linear MSD to lowest orders in the long-time limit [70, 85, 107].

During the evolution of a CTRW, longer and longer waiting times

emerge, up to the extreme individual waiting times of the same order

as the time of the measurement. That comes from the lack of a charac-

teristic time scale of ψ(τ) [85]. In particular, during the whole course of

experiment, longer and longer waiting times are sampled, and there is

no longer a scale 〈τ〉 separating a single or a few jumps from the limit

of many jumps. Therefore, there is no way to come to the conditions of

the central–limit theorem [80, 85]. As a consequence, the average is not

dominated by the typical realizations of the trajectories [80] and a dispar-

ity between ensemble and time averages, so called weak ergodicity breaking

emerges [108]. Since the time correlation functions explicitly depend on

the time in the measurement, and not just on the time lag in between, the

correlations exhibit ageing [80], a substantial property of the CTRW. In

particular, the time–averaged MSD is [99, 109]

〈r2(t)〉 ∼ 2Dα

Γ(1 + α)T1−α
t, (1.89)

where T is the measurement time. Such an ageing dependence r2(t) ∼
1/T1−α was observed for the motion of insulin granules in the cytoplasm

[102] and of potassium channels in the plasma membrane of living human

cells [100], as well as in the diffusion of submicron tracers in a cross-linked

actin mesh [110], while it is normal in the physics of glasses [111, 112].

CTRW can bee seen as a mean-field approximation for hopping be-

tween energetic traps in a quenched energy landscape, which addition-

ally gives the same result in dimensions 2 and higher [73, 80, 97]. When
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the depths of individual energy wells are exponentially distributed, the

motion of a particle on this landscape is dominated by individual thermal

escapes from these traps characterised by the Kramers/Arrhenius activa-

tion, only to be trapped again in the next well [97]. As the motion of the

particle progresses, a particle encounters ever deeper wells, effecting the

CTRW type of subdiffusive behaviour [73, 80].

In the presence of an external potential, the dynamics is described in

terms of the generalization of (1.83), the fractional Fokker–Planck equa-

tion [70] which fulfils a generalised form of the Einstein—Stokes relation

as well as linear response [85]. Still, since the CTRW is nonlocal in space

and time, the PDF of displacements P(x, t) does not characterize the dy-

namics completely. To distinguish the CTRW model from fractional Brow-

nian motion, one has to look into the statistical properties of the individ-

ual trajectories and derive suitable measures highlighting the difference

[80, 113–115].

At the end, the disadvantage in the CTRW is that there is no straight-

forward way to incorporate boundary value problems, or to consider the

dynamics in the phase space [70]. Many objections are put due to its

ageing property causing irreproducibility. In short, in each realisation

of CTRW different number and lengths of extremely long waiting times

occur. Consequently, time averages remain random even for very long

averaging times and the time–averaged physical observables are irrepro-

ducible [85, 99].

1.4.5 Lorentz model

The models discussed so far implicitly assume that the motion of a par-

ticle occurs in a homogeneous medium. In contrast, the Lorentz model

describes transport in a spatially heterogeneous medium and displays

many facets of anomalous transport like subdiffusion, crossover phenom-

ena, immobilized particles and long-time tails [80].

In the Lorentz model, a particle is left to diffuse freely in a void space

between the obstacles of defined geometry. The obstruction to the mo-

tion is the elastic scattering from the obstacles. The motion between
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the obstacles can be either ballistic or Brownian. In both cases it is ul-

timately randomized by the random scattering and becomes diffusive at

long times. With the increase of the concentration of obstacles, the envi-

ronment is more heterogeneous and the excluded volume for the tracer

is larger, which leads to slower diffusion.

Assuming uncorrelated collisions and diluted limit, Lorentz [116] de-

termined the diffusion coefficient of a ballistic tracer in two dimensions

to be

D0 =
v

3πρσ2 , (1.90)

where v is the ballistic velocity, σ the obstacle radius and ρ the density

of obstacles. For a Brownian tracer, the short–time motion is diffusive

already by construction and the long-time tail of the VACF is obtained at

leading order in a low-density expansion [80].

Let us define ρ∗ = ρσ3 as a dimensionless density. The Lorentz model

predicts a critical obstacle density ρ∗c such that a subdiffusive increase of

the MSD emerges as ρ∗ → ρ∗c . The long-time diffusion constant vanishes

according to a power law, D(ρ∗) ∼ |ρ∗ − ρ∗c |ν, so that D(ρ∗) = 0 for

ρ∗ ≥ ρ∗c [80]. At the critical density, subdiffusion is observed over several

decades in time. At the density away from criticality, the subdiffusive mo-

tion crosses over to either heterogeneous diffusion or localization beyond

the time scale τe (see Fig. 1.4) [80].

A double transition—from the free diffusion at the small time scales,

into a subdiffusion at intermediate time scales, and back to rescaled free,

heterogeneous diffusion at long times—was found in the simulations of

the two–dimensional Lorentz model with a Brownian point tracer [117]

and earlier for an obstructed random walker on a percolating square lat-

tice [118].

An inherent property of the Lorentz model is the existence of anticor-

relations. Indeed, the diffusing particles in every step bounce off the ob-

stacles at a given angle, which forces them to partially or completely, de-

pending on the impact angle, reverse the direction of the motion at some

point. This results in persistent anticorrelations in particle displacements,

manifested in an algebraic long-time tail of the VACF with the universal

exponent, Z(t) ∼ t−
d
2−1 [80, 119].
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An interesting property of the Lorentz model is an apparent density

dependence of the subdiffusive motion, which is contrary to the notion of

one universal exponent governing the subdiffusive regime. Moreover, an

ultimate crossover from anomalous to rescaled normal diffusion regime

implies that a power–law fit to experimental data over a limited time

window is likely to produce apparent subdiffusion exponents that deviate

from the universal value [80].

1.4.6 Other: heterogeneous and scaled diffusion

In all of the aforementioned approaches the details of the process govern-

ing the diffusion steps were discussed as a possible source of anomalous

diffusion. However, another possible cause of anomalous diffusion is

the dependence of diffusion coefficient itself on the position in space or

time, while the process of making steps remains purely Gaussian and

non–correlated.

First such class is the heterogeneous Brownian motion. It satisfies the

overdamped Langevin equation of the form dx(t)
dt =

√
2D(x) X(t), where

X(t) is the white Gaussian noise. Consequently, the heterogeneous diffu-

sion equation is [120]

∂P(x, t)
∂t

=
∂

∂x

(√
D(x)

∂

∂x

(√
D(x) P(x, t)

))
. (1.91)

The MSD naturally depends on the particular form of D(x). For exam-

ple, the power law variation of the diffusion coefficient in space D(x) =

D0|x|β results in the MSD 〈x2(t)〉 ∼ (D0t)
2

2−β [120].

Another possibility is to have a time dependent diffusion coefficient.

Analogous Langevin equation is then dx(t)
dt =

√
2D(t) X(t). A simple

power–law ansatz D(t) = αDαtα−1 results in the MSD [85]

〈x2(t)〉 = 2Dαtα+1

(α + 1)(T − t)

(
1−

(
t
T

)α+1

−
(

1− t
T

)α+1
)

. (1.92)

However, such rather exotic examples are physically questionable since

they are non–stationary and hardly experimentally observable.
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1.5 emergence of crowding and trap-

ping in experiments

The theory of normal diffusion is built around the assumption that a dif-

fusing species performs the random walk in a continuous hydrodynamic

medium [121]. In last several decades, though, it was realized that the

heterogeneous structure of environment shouldn’t be neglected in a com-

plete description of diffusive transport as a fundamental physical process

in realistic complex materials and especially in living cells [122].

There are many possible sources of slowing down the normal Brown-

ian motion which results in a sublinear, subdiffusive behaviour. Based on

the experimental evidence that shall be presented, we can roughly sort

the basic phenomena that cause subdiffusion into the three classes: (i) a

heterogeneous structure of the environment or the diffusing species (for

instance, two states or types of it), (ii) a large density of the diffusing

species, referred to as crowding, and (iii) interactions with the (structure

of the) medium, which we generally denote as trapping.

Along with a strong impetus in development of the experimental tech-

niques in biology, a number of experiments on transport inside the cyto-

plasm and nucleoplasm of various eukaryotic cells and bacteria in vivo ob-

served pronounced subdiffusion over several decades of time. Similar be-

haviour was reconstituted in model systems, revealing that the crowding,

trapping and heterogeneity in biology is rather natural due to a number

of molecules and species floating on and in the cell, the chemical attach-

ments of the molecules in the cell, and the multicomponent structure of

cells and membranes.

Nevertheless, although a large set of experiments provides a clear ev-

idence of subdiffusion, there is a number of experiments that are well

explained in terms of normal diffusion [80, 121]. For example, in fluo-

rescence correlation spectroscopy (abbreviated as FCS) measurements in

aqueous solutions containing diffusing solutes and crowders [123], the

data fitted well to a simple Brownian diffusion model up to the crowder

concentration of 60% of volume.
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Finally, none of the aforementioned anomalous diffusion models is spe-

cific to some of the three mechanisms. Sublinear MSD, which is usually

a first measure of anomaly, is just a consequence of the statistics that can

involve the peculiar correlations in the system. Their nature can often be

uncovered only by a detailed study of other statistical measures, such as

VACF or NGP.

1.5.1 Anomalous diffusion in complex materials

As proposed by Bouchaud already in 1990, in general any disorder will

result in some type of anomalous diffusion [73]. In his treatise that is

exemplified by random trap and random barrier models and comb–like

structures [73], whereas the study of transport in disordered crystal of

semiconductors by Montrol, Weiss and Scher [69, 90–98] lead to the new

filed of continuous time random walks and fractional diffusion phenom-

ena. In a like manner, anomalous diffusion is often revealed in the motion

of passive particles in complex liquids [85, 124–126].

Another example is a single–file diffusion of strongly interacting par-

ticles aligned in a tube–like structure such that the excluded volume im-

pedes passing of the particle, which results in the square root dependence

of MSD on time, 〈r2(t)〉 ∼
√

t [127–129]. The dynamics in these cases

appears to be well described by the fractional Langevin equations. Re-

gardless of the specific microscopic mechanism, the fractional Langevin

equation and fractional Brownian motion are shown to also govern the

motion of a monomer in a long polymer chain [130] and semiflexible poly-

mer networks [131–133]. Fractional diffusive dynamics occurs naturally

in a description of the motion of a particle in a viscoelastic environment

[134] and in generalised models of elasticity and hydrodynamic interac-

tions [135–138].

On the other hand, the CTRW appeares to be the most suitable descrip-

tion in processes containing interruptions or binding, for instance the mo-

tion of tracer particles in weakly chaotic flows that represent persistent

sticking to invariant surfaces (stable islands, Cantori) [139], blinking of
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quantum dots with power-law transition times [140], and heterogeneous

position–dependent diffusion in quenched random media [141].

1.5.2 Anomalous diffusion in the body of the cell

Diffusion in cellular aqueous compartments is determined by solute prop-

erties and the composition, organization, and geometry of the cellular

compartments [121]. All of this can effect crowding, trapping, or any

other impact to diffusion, which becomes slowed down or anomalous.

One of the breakthroughs in experiments on diffusion in cells came

with the studies of transport of lipid granules in fission yeast (Schizo-

saccharomyces pombe) [101, 142–144]. The subdiffusive behaviour with

0.70 < α < 0.85 was measured in a window spanning more then 4

decades [142] in time. The experimental data were in part well described

by the fractional Brownian motion [142–144], while in the other part an

adapted CTRW model appeared to be a suitable choice [101].

In a remarkable experiment, Golding and Cox [145] followed the mo-

tion of labelled messenger RNA (mRNA) molecules in living bacteria

cells, which demonstrated the subdiffusive behaviour with α = 0.7. Al-

ready in artificial solutions containing actin networks [146] that were in-

vestigated earlier, the measured diffusion coefficient was reduced not only

by the molecular crowding, but also by the viscosity of the aqueous envi-

ronment and by binding with the obstacles in cells [121]. In independent

measurements of these three factors reducing diffusion, it was found that

the fluid viscosity and binding contribute less than 40% to the slow–down,

whereas the molecular crowding was the major determinant [121, 147].

In a pioneering work, Schwille et al. [148] established the application

of the FCS to the cytoplasm by studying diffusion of a tetra-methyl-

rhodamine dye with single-molecule sensitivity in various mammalian

and plant cells. They found subdiffusion in the different cell types with

α ≈ 0.6, but the same data could be equally well explained by averaging

over a mixture of two normally diffusing components, the faster one be-

ing 5–fold slower than in aqueous solution [80]. Actually, mixtures will
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be found as the main contributors to emergent anomalous diffusion in

living cells.

However, it is particularly challenging to identify the microscopic mech-

anisms leading to subdiffusion. In order to investigate only the effect of

crowding, Weiss et al. [149] studied the motion of FITC-labelled dex-

trans of different size in HeLa cells by the FCS. Having fitted the anoma-

lous transport with the Gaussian fractional Brownian motion model, they

found that the exponent α varied from 0.71 to 0.84 non-monotonically

with the change of the size of the dextran, and that α systematically de-

creased with the concentration of dextran, which suggested the quantifi-

cation of the degree of crowdedness in terms of the subdiffusion expo-

nent α [149]. The same group extended the technique by introducing

fluorescently tagged golden beads of the size of 5 nm. They revealed the

anomalous transport over five decades in time in HeLa cells, as well as

in healthy and cancerous liver cells [150], which was explained by em-

piric subdiffusion at short times, which crosses over to normal diffusion

at long times. Additionally, it was shown that a change of concentrations

of ingredients in solvent, for example NaCl, modifies the nature of diffu-

sion. Ultimately, in a study of a collection of mammalian cells of different

species and health [151], they showed that a similar degree of crowding,

and consequently the anomalous diffusion (value of α), emerges across

different cell species and irrespective of a cell’s disease state.

Such an emergence of anomalous diffusion upon systematically crowd-

ing the solution was found in a number of other experiments using differ-

ent systems and techniques [149–151]. In living cells, such behaviour

has been imanent to the globular actin molecules in Dictyostelium dis-

coideum cells [152] and fluorescently labelled dextran [153] and Ficoll

[154] molecules in the cytoplasm of the 3T3 fibroblasts. Many more

complementary examples are found in the experiments with model sys-

tems: the single–particle tracking of fluorescent 50 nm beads in a solu-

tion of dextran [115]; semidilute suspensions of the filamentous bacte-

riophage fd [155]; the globular proteins streptavidin and EGFP in dex-

tran solution [156]; a collection of fluorescent small solutes and macro-

molecules of variable size—rhodamine green, albumin, dextrans, double–
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stranded DNAs and polystyrene nanospheres—in Ficoll-crowded solu-

tion [121, 123]; TAMRA6–labelled lysozyme proteins [157] as well as

chymotrypsinogen, ovalbumin, bovine serum albumin, apoferritin, quan-

tum dots, polystiren and silica beads [158] suspended in aqueous micel-

lar solution made of the non–ionic surfactant C12E6 [157, 158]; bovine

serum albumin (BSA) proteins in crowded aqueous solutions with the

same protein as crowding agent [159, 160]; chymotrypsin inhibitor 2 (CI2)

in crowded solutions of glycerol, synthetic polymers, proteins and cell

lysatesas [161].

A couple of experiments have been done to inspect the dependence

of diffusion upon size of diffusing particles in cells and model systems.

Already in 1980s a substantial reduction of the diffusion coefficient rel-

ative to its value in aqueous solution was found in FRAP experiments

for dextran and Ficoll molecules in the cytoplasm of the 3T3 fibroblasts

[153, 154], depending on the tracer size and reducing up to 30 times for

the largest molecules. In contrast to this, analogous experiments in the

cytoplasm of T3T fibroblasts as well as MDCK epithelial cells few years

later [162] indicated only 4-fold reduction of the diffusion coefficient and

no size dependence of this factor. However, an agreement that the fac-

tor of decrease of the diffusion coefficient will depend on the tracer size,

albeit weaker then on the crowding concentration, was reached in sev-

eral experiments. Such examples include the FRAP investigation of the

mobility of different globular proteins in cultured myotubes [163] and

the FCS studies of dextrans of different sizes in HeLa cells [149], as well

as suspensions of fluorescent macromolecules [123] and fd–virus [155]. A

systematic FCS–inquiry of the size dependence of transport of DNA sized

from 20 to 4500 bp in the cytoplasm of living HeLa cells [146] exhibited a

profound dependence of the factor of decrease of the diffusion coefficient

on molecular size above 500 bp. Markedly, in a recent FCS of dextrans in

the cytoplasm of HeLa cells even the polydispersity of the nanoparticles

has been reported to matter in the anomalous diffusion, while monodis-

perse particles exhibited normal diffusion [164].

6 TAMRA stands for 5(6)–carboxytetramethylrhodamine–N–hydroxysuccinimide ester.
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Nevertheless, in the experiment mentioned above [146] the dependence

on size as well as the 40–fold decrease of diffusion almost vanished after

the disruption of the actin cytoskeleton, in which case only 5–fold reduc-

tion of diffusion was revealed. Thereby, the interaction with cytoskeletal

fibres and motor proteins was suggested as a possible restriction to cy-

toplasmic transport and hence a source of anomalous diffusion. This

was probed earlier by video–tracking of the movement of polystyrene 3

µm–beads in various eukaryotic cells [165], unveiling the superdiffusive

MSD (α = 3
2 ) at time scales shorter than 10 s and subsequent crossover

to subdiffusive motion (0.5 < α < 1) for longer times. The emergence

of superdiffusiion was rationalized by a generalized Langevin equation

[80, 165]. Such a picture was corroborated by in vitro video microscopy

of the thermal motion of colloidal tracer particles with a radius of 0.25

µm in semidilute F-actin solutions [110]. Varying the actin concentration

changed the average mesh size from 0.17 to 0.75 µm, which in turn re-

sulted in an increase of the subdiffusion exponent α from 0 to 1, with a

transition to normal diffusion for mesh sizes larger than the particle ra-

dius. This gave a strong support for a picture in which the tracers are

caged by the actin network and experience infrequent and large jumps

with power-law distributed waiting times [80, 110], recovering the CTRW

statistic at long times.

In an equivalent experiment with nanospheres in semidilute F-actin so-

lution, Wang et al. [166] uncovered an ambiguous, ’anomalous, yet Brow-

nian’ motion with linear growth of the MSD on time scales from 50

ms to 10 s, yet exponential and not Gaussian decay of the PDF of dis-

placements. Furthermore, anomalous and nonergodic subdiffusion of

pathogen–recognition 3–grabbing nonintegrin receptor was recently found

in living CHO cell membranes, and described in terms of random diffu-

sivity in space [167]. These findings suggest that the discussion about the

role of actin filamentous network on transport is ongoing.

The interplay and relative importance of crowding and binding, sep-

arately indicated in preceding sections, was addressed in a model sys-

tem of negatively charged dextran molecules as crowders and positively

charged ribonuclease A protein, used as tracer that reversibly binds to
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dextran molecules [168]. Even at small concentrations of negatively char-

ged dextran, a 7–fold decrease in diffusion constant of the protein was

observed. On the other hand, in a solution of positively charged and

neutral dextran, protein diffusion is unaffected at low concentrations and

reduced only 2–fold at the highest concentrations. These findings point

out that the trapping effects, if present, can be much stronger than crowd-

ing. Notably, both free and bound proteins are shown to exhibit simple

diffusion.

The trapping appeared to be specifically prominent in diffusion of

telomeres in the crowded nucleus of human osteosarcoma cells [169],

where the subdiffusion with exponent varying over 6 orders of magni-

tude in time approached normal diffusion at long time scales. Although

the binding implied the CTRW, only the truncation of the tails of the

PDF of waiting times made the model to work, and the dynamics was

explained in terms of the models of entangled polymers [169]. Besides

the complementary measurements on telomeres in U2OS cancer cell line

[170], other experiments like the single particle tracking of chromosomal

loci and RNA–protein particles in E. coli and Caulobacter crescentus [171]

also excluded the CTRW as a possibility because the time– and ensemble–

averaged MSDs coincided [172]. Moreover, all the data from [169], [171],

and aforementioned [145] were successfully explained by fractional Brow-

nian motion or fractional Langevin equation in [173], [172] and [114], re-

spectively.

Ultimately, Szymański and Weiss [124] obtained the histograms of the

residence times and of the exponent α from FCS–measurements on apo-

ferritin in a concentrated dextran solution and systematically compared

them to simulations of the FCS–experiment for the CTRW, fractional Brow-

nian motion (FBM) and percolating cluster models of obstructed diffusion

in order to elucidate the microscopic mechanism underlying anomalous

diffusion. Expectedly, all of them produced the same MSD with appar-

ent exponent α = 0.82, but the FBM and percolating cluster described

well the experimental data, whereas the CTRW model was in qualitative

and quantitative disagreement. This is also in agreement with another ex-

periments [115, 159, 160] which were successfully modelled by the FBM.
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To summarize, there is but a lot of evidence that subdiffusion in biolog-

ical systems induced by crowding and trapping is more congruently de-

scribed by stochastic motion with stationary (Gaussian) increments than

by a CTRW with heavy–tailed PDF of waiting times.

Because of the heterogeneous structure of a cell with many organelles

having different functions, shapes and physico–chemical properties, it

is not a necessary nor obvious assumption that diffusion should be de-

scribed by a single process or diffusion coefficient. Already in 2000 the

spatial variation of anomalous diffusion was observed in genetically mod-

ified COS-7 and AT-1 cells that expressed fluorescent EGFP proteins [174],

demonstrating that the anomaly is largest in the nuclei and weakens with

the distance from it. The most recent advances in imaging techniques

allowed for more evidence of position–dependent behaviour, for instance

diffusion of model proteins in feline kidney and HeLa cells [175] and of

enzyme protein phosphoglycerate kinase and green fluorescent protein in

U2OS human bone cancer cell [176]. Especially interesting and yet to be

explored seems to be diffusion on the scale of tissues, whereat the slow–

down of diffusion was reported in a cancerous tissue relative to healthy

tissue in a brain of mouse with xenograft glioblastoma [177].

Although in many of the aforementioned systems the slow–down of

diffusion of several orders of magnitude was observed, it is to be noted

that in a minor number of experiments a pure subdiffusive behaviour

with α < 1 for arbitrarily long times was observed. On the other hand,

there is rather a number of experiments unveiling the transient anomalous

subdiffusion which ends up in normal, albeit slowed or rescaled diffusion

irrespective of the degree of reduction in final diffusion coeffecient. In

these experiments the slow down was attributed to persistent structures

or obstacles that immobilize a significant fraction of the larger macro-

molecules [80, 162]. There is also a number of experiments where diffu-

sion in the cytoplasm is slowed only a few-fold compared with that in

water [121, 162], even in the mitochondrial matrix [178] and in the lumen

of the endoplasmic reticulum [179] where one would expect a sharp de-

crease as a result of the pronounced crowdedness. This is in support of
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the conclusion that anomalous or even greatly slowed normal or transient

anomalous diffusion in cells is not a universal phenomenon [121].

In conclusion, strong evidence has been given that in living cells basi-

cally two mechanisms—crowding and trapping—give rise to either anoma-

lous or transient anomalous diffusion. A common attribute to many sys-

tems is a profound decrease of the diffusion coefficient with an increase

of the concentration of crowders, usually following the exponential law

[121, 123, 157, 158]. Even stronger decrease of the diffusion coefficient

was observed with an increase of the concentration of trapping/binding

agents such as actin filaments. In a vast majority of them the CTRW as

an underlying process was ruled out, while Gaussian models provided a

satisfactory description of the experimental data.

1.5.3 Anomalous diffusion in membranes

Up to the last two decades, the biological membranes were imagined as

a homogeneous fluid bilayer of phospholipids as proposed by Singer and

Nicolson [180]. The diffusion coefficient of the freely diffusing lipids and

protein inclusions was given by Saffman–Delbrück formula [181]

DT(r) =
kBT

4πµh

(
log

µh
µ′r
− γ

)
and DR(r) =

kBT
4πµhr2 , (1.93)

where DT and DR stand for the translational and rotational diffusion co-

efficient, respectively, µ and µ′ are the viscosities of the membrane and

the bulk fluid, respectively, r is the radius of a cylindrical inclusion and

γ ≈ 0.577 is the Euler–Mascheroni constant. However, numerous experi-

ments finding anomalous diffusion, as well as clusters of lipids and pro-

teins such as microdomains [182], later called rafts [183], required several

updates of the Singer–Nicolson model [184]. In a present revised picture,

membrane is conceived as a dynamic patchy mosaic of lipids, partially or-

ganized in microdomains, in which proteins and protein complexes float,

tether to and untether from the cytoskeleton or dynamically arrange and

rearange in larger clumps in response to biological needs of the cell [80,

121, 184–186].
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Diffusion in membranes is remarkably slower than in aqueous compart-

ments. It can be complex because of the membrane crowding with pro-

teins, the presence of distinct lipid domains, and membrane-cytoskeletal

interactions. Since only the crowding was not sufficient to explain the dif-

ferences in the plasma membrane mobility, the other two essential mech-

anisms affecting the membrane diffusion besides crowding emerged: the

transient protein binding and unbinding to fixed anchors on the mem-

brane [187], and diffusion within and between membrane microdomains

such as lipid rafts [188]. The diffusion times of all three processes may be

different and each of them separately, as well as any superposition of the

three, can cause anomalous subdiffusion [121].

On the other hand, a mechanism that is ruled out as a possible cause of

subdiffusion in membranes is the increase of the size of diffusing species

by aggregation of several moelcules, for a simple fact that the dependence

of the diffusion coefficient in size in Saffman–Delbrück relation is loga-

rithmic, meaning that doubling the radius decreases diffusion coefficient

by 1
10 . This was confirmed in several experiments [156, 185, 189].

The lipid diffusion in pure lipid bilayers without proteins or other mem-

brane constituents appears to be Brownian [121, 190–192], while the mo-

tion of lipids in cell membranes showed both anomalous diffusion [185,

193, 194] as well as normal diffusion [195–197] with a few–fold reduction

in diffusion coefficient upon crowding the membrane with cholesterol

[195, 196] and a slight reduction of 25% upon crowding the membrane

with neutravidin [197]. The diffusivity of the lipids increased 8 times

with the temperature change from 24 to 58 ◦C [195].

In the single particle tracking of highly diluted fluorescent TRITC-DHPE

lipids in a supported POPC lipid bilayer it was found that 69% of the la-

belled lipids showed normal, free diffusion (D = 4.4 µm2/s). The motion

of the remaining part was diffusive, but suppressed by a factor of 63 [198],

suggesting a mixture of fast and slowly diffusing molecules, as discussed

previously.

The protein diffusion, although mainly showing some type of obstructed

diffusion, can also be purely normal. For instance, free diffusion was ob-

served in the translational diffusion of MHC class II membrane proteins
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in CHO cells [199], in a variety of raft and non-raft proteins on the mem-

brane of COS-7 cells [200], and in the motion of aquaporin-1 (AQP1) in

COS-7 and MDCK cells [121, 201]. Yet, a majority of experiments on

protein diffusion reveal the anomalous behaviour.

Several experiments were done to investigate the interplay between

crowding and other sources of anomalous diffusion. In a FRAP–study

on four different membrane proteins expressed in COS-7 cells [202], dif-

fusion was found to be normal, with a diffusion coefficients an order of

magnitude smaller than those of GPI-linked proteins reconstituted into

liposomes, and increasing distinctively with the reduction of protein den-

sity, but unaffected by disruption of the cortical cytoskeleton or the actin–

binding protein filamin. In like manner, in another experiment designed

to explore the impact of lipid microdomains on diffusion, normal dif-

fusion that was faster as proteins depleted, was recorded by the single

particle tracking of AQP1 in COS-7 fibroblasts and MDCK cells [201].

Finally, solely the crowding was studied systematically in experiments

with controllable concentration of crowding obstacles anchored to model

membranes. After Schütz et al. found the distribution of displacements

of labelled lipids to become increasingly anomalous for larger concen-

tration of coral proteins in the supported membrane [198], Deverall et

al. observed [203] a systematic development of anomalous diffusion of

the TRITC-DHPE lipids in a supported SOPC–bilayer due to substrate–

tethered lipopolymers acting as immobile obstacles. Ultimately, Horton

et al. made a systematic FCS on dilute labelled avidin proteins diffusing

in a supported single SOPC lipid bilayer, among a crowd of other avidins

anchored to the bilayer, with controllable concentration of crowders [204,

205]. Upon increase of the concentration, the exponent of anomalous dif-

fusion was decreasing gradually from 1 to 0.68 and it terminated at the

transition to long–lived spatial heterogeneity with position–dependent α,

similar to a Lorentz model which was recognised earlier [118, 206, 207]

to possibly have a just described biological relevance [80]. Alltogether,

the experiments both in vivo and in model membranes argue that crowd-

edness of obstacles in the membrane can be a dominating mechanism of
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reduced diffusion and if so, that diffusion of proteins in membranes is

normal, but rescaled.

In the other part of the spectrum of experiments, a lot of evidence was

raised that specific protein-membrane interactions, in particular binding

resulting in immobilisation, alltogether called trapping, can dominate the

translational mobility of proteins on the plasma membrane [121] and lead

to anomalous diffusion. The heterogeneous structure of membrane and

a meaningful immobile fraction of some membrane proteins was indi-

cated already by the earliest FRAP–experiments on receptor proteins in

rat myotubes [208], human embryo fibroblasts [209], and on Thy-1 anti-

gen in the plasma membrane of lymphoid cells and different fibroblasts

[210]. The same picture was further accomplished in 1990s by means of

extensively emerging single–particle tracking of the E-cadherin and trans-

ferrin receptor in the plasma membrane of a cultured mouse keratinocyte

[211], IgE receptors in the membrane of leukocytes [193], GPI7–anchored

Thy–1 protein and glycosphingolipid on C3H 10T1/2 cell surfaces [212]

and more recent bradykinin G protein–coupled receptor in living human

embryonic kidney 293–cells [213]. All of them showed a many–fold de-

crease of the diffusion coefficient of the immobile fraction, in some cases

directly observable upon binding [213], and a subdiffusive MSD with the

power–law fit (〈r2(t)〉 ∼ tα, α < 1) that was suggested to be modelled by

a Gaussian subdiffusion [193].

Further enhancement of the resolution of the single–particle microscopy

in 2000s enabled for a more refined picture of the membrane structure

and dynamics and their relation to diffusion, pioneered by the group of

A. Kusumi. They first saw that 1
3 of the band-3 protein in the erythro-

cyte membranes was immobile, while the remain exhibited normal diffu-

sion at macroscopic time scales, but the diffusion constant was reduced

by a factor of 80–90 compared to its microscopic value measured at 10

ms [214]. They suggested a hopping mechanism due to an interaction

with the spectrin network [214]. The improved high–speed single–particle

tracking of DOPE phospholipids in rat kidney fibroblasts [215] and fetal

rat skin keratinocytes [216] yielded the MSD over 5 decades of time. It

7 GPI stands for glycosylphosphatidylinositol.
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displayed the three regimes of diffusion: a normal at small time scales,

anomalous (α = 0.53) at intermediate time scales and a normal rescaled

at macroscopic time scales. The latter had an order of magnitude smaller

diffusion coefficient than the first. Based on this, Kusumi et al. [185, 217]

proposed a revised model of membrane as a fluid compartmentalized

by the actin-based membrane skeleton (’fences’) and anchored transmem-

brane proteins (’pickets’) which act as barriers to the motion of lipids and

proteins diffusing within and hopping between the cages, and possibly

binding to the walls in addition. This is known as the fences and pickets

model of the plasma membrane.

This picture was corroborated by the dynamics of GFP-labelled transfer-

rin receptor and of a sphingolipid in the plasma membrane of COS-7 cells

[218], as well as of Kv2.1 potassium channels in the plasma membrane of

human embryonic kidney cells [100, 219]. In these experiments the sta-

tionary, fractal–like process attributed to the molecular crowding were

distinguished from the non–stationary, CTRW–like process attributed to

binding to actin cytoskeletal barriers.

To make things not simple, the mixture of coexistent phases in mem-

brane has also been widely discussed as a third possible account for

anomalous diffusion. This is often alluded as a criticism to the fences

and pickets model, although there is no a priori reason for the two con-

cepts to be mutually exclusive. Schwille et al. [220] explained the FCS–

data on fluorescent lipid probes in plasma membranes of the rat ba-

sophilic leukaemia equally well by the Gaussian subdiffusion model with

α = 0.74± 0.08 and by the two–component diffusion model. They inde-

pendently showed that the probe in giant unilamellar vesicles exhibited

normal diffusion, whereas inducing phase separation of the lipid mix-

ture by adding cholesterol resulted in the anomalous transport again

[80]. Analogous emergence of transient anomalous subdiffusion due

to hindrance by a more gel–like phase coexisting with fluid phase in

a phase–separated membrane was later reported in the motion of fluo-

rescent TRITC-DPPE tracer lipids in a model multilayer of membranes

composed of a mixture of DMPC and DSPC [221], myelin glycoproteins

and sphingomyelins bound to oligodendrocyte membranes [222], green
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fluorescent polystyrene beads of 100 nm in a phase-separated Langmuir

phospholipid [223], lipids in cholesterol-rich DMPC membranes [224],

and sphingomyelins and GPI–anchored proteins in a membrane of liv-

ing mammalian cells [225]. The last found the diffusion to be normal for

larger (r > 80 nm) and anomalous for smaller (r < 40 nm) radius of the

detection area, supporting the explanation in terms of the two diffusive

components.

At the end, not to be forgotten is the possible role of geometry and

coupling of diffusion to membrane elasticity, pronounced for instance in

the motion of Golgi-resident enzymes both in the endoplasmic reticulum

and in the Golgi apparatus of HeLa cells [226]. Another example is a

voltage–gated potassium channel (KvAP) in supported giant unilamellar

vesicles [227], which was theoretically rationalized just recently [228].

In summary, the richness of the microscopic world in biological mem-

branes obviously provides variety of possible interactions and mecha-

nisms that can give rise to complex, anomalous diffusion in membranes.

However, we can say that the best known and experimentally confirmed

sources of subdiffusion in membranes are macromolecular crowding, tran-

sient specific trapping to cytoskeleton or other membrane complexes,

and coexistence of different phases or microdomains (“rafts”). Moreover,

these effects do not exclude each other. Notably, almost all experiments

revealed a transient anomalous diffusion, rather than pure anomalous dif-

fusion present on all time scales as in glassy systems.

1.5.4 Computational approaches and lattice models

For the complexity of experimental systems studying complex diffusion

in complex materials, cells and membranes, the analytical account for the

observations is often not feasible. The computer simulations are then

the best choice to model the experiments and sometimes to yield a more

detailed insight in the microscopic processes. Here we shortly present the

most important results on simulations of membrane diffusion.

The most detailed trajectories of Brownian particles are given by all-

atom molecular dynamics simulation with all interactions on atomic level
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specified. Yet, notwithstanding the recent large scale simulations of in-

dividual lipid molecules embedded in lipid membranes [229–231] which

helped to identify the fractional Langevin motion as substantial to lipid

diffusion, both the size (femtoliter) and time (µs) of cytoplasmic or mem-

brane systems are too large to be simulated realistically by current re-

sources [121]. Therefore, a common method is to specify a lattice within

the simulation area or volume on which the tracer particles perform a

random walk hindered by randomly distributed obstacles of different

arangements (point, circular, linear, random, choral, etc.) and properties

(attractive, repulsive, overlapping, mobile/immobile, heterogeneous/ho-

mogeneous, etc.).

A pioneer of the computer studies of membrane–like two–dimensional

obstructed random walks is M. J. Saxton. In a series of seminal works

[118, 203, 232–247] he studied a plethora of possible lattice realizations of

crowding and trapping by randomly distribudted attractive or repulsive

obstacles inducing anomalous or transient anomalous diffusion. He used

these simulations as a minimalist model for anomalous diffusion in cellu-

lar membranes [203, 248–250]. In short, he reproduced, or, better to say,

pre–produced in simulations all the very common features of anomalous

diffusion observed in membrane experiments: the systematic reduction of

the tracer diffusion coefficient with increasing the concentration of obsta-

cles as well as with increasing the area of obstacles, vanishing of diffusion

at the percolation threshold [233], and emergence of both anomalous and

transient subdiffusion which span a growing time window and cross over

to normal rescaled diffusion at large time scales (compare Fig. 1.4).

Crowding was studied specifically in simulations of diffusion of nano-

meter sized particles in a crowd of obstacles of 150 nm [121, 251, 252]

and of Poisson–distributed sizes [149], with repulsive potential, which re-

vealed normal rescaled diffusion, becoming anomalous under some con-

ditions [121, 149].

Nicolau et al. [253] simulated random walks of proteins in a two-dimen-

sional lattice appended by a regular lattice of cytoskeletal fence posts or

by mobile lipid rafts that are either impenetrable for proteins or reduce

their mobility. The collisions with fences without binding did not explain
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the scale of anomalous transport reported in experiments, except for very

high barriers that can significantly reduce protein diffusion at long times

[254].

A lot of simulations was done to reproduce the effect of the phase coex-

istence on emergence of anomalous diffusion. A Monte Carlo simulation

model for a lipid membrane [221, 255] introduced to explain the experi-

ments on phase separation [220, 221] was later extensively improved by

by Ehrig et al. [256, 257]. They used a square lattice with each site rep-

resenting a lipid molecule that could exchange the two adjacent sites to

show that the lipid motion is anomalous over several decades in time

close to the upper critical point of fluid–gel coexistence, after microscopi-

cally small time when it is simple and before it enters the crossover back

to normal diffusion on long time scales. Diffusion was more anomalous

and the reduction of mobility larger by the introduction of a frozen, spa-

tial heterogeneity in the form of a sticky network [80, 256].

Finally, despite of many simulations of crowding and phase separation

in membranes, diffusion specifically with trapping together with crowd-

ing is least simulated up to now. Together with the lack of the analytical

model for this combined impact of crowding and trapping on anomalous

diffusion, this was in part a motivation to study a combined effect of

crowding and trapping on diffusion.

1.6 conclusion

As it could be seen from the evolution of the theoretical framework to

describe the diffusion phenomena, the diffusion or the random motion

has remained a fundamental problem in physics and biology since the

very first jiggles of Brown’s pollen particulates till today. We can note

that only a level of detail has changed, while the development, insights

and the discussion on the processes and theories underlying the anoma-

lous diffusion—fractional Brownian motion, fractional Langevin equa-

tions, CTRW, Lorentz model, space and time dependent diffusivity—is
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so much reminiscent of the analogous development and discussions on

the fundamentals of the simple Brownian motion from the very turn of

the 20th century that have been presented here.

It was shown that neither normal diffusion, nor any model of anoma-

lous diffusion is at all universal in physics, and especially in biological sys-

tems observed during the last decades. It is rather that every model has

its own root in physical intuition and in theoretical foundation, as well as

its specific assumptions and consequently limitations, which ultimately

determined the set of physical systems where it was experimentally ob-

served. Therefore, both on the theoretical and practical level, the models

of anomalous diffusion are understood as complementary description of

reality.

The experiments cited in sections 1.5.2 and 1.5.3 have reported different

kinds of transport in cells and cellular membranes, ranging from normal

diffusion with reduced diffusion constants over subdiffusion to confined

motion and immobile tracers [80]. However, a common observation to

all of them is that the motion of particles in cells and membranes dis-

plays a complex, often anomalous subdiffusive behaviour. Many of the

experiments agree on systematic development of subdiffusion upon the

increase of the concentration of the crowding agent, while the other detect

the anomalous diffusion if an immobilization of any kind is introduced

to the membrane or cytoplasm, for instance the actin fibres. The third but

propose that lipid and protein diffusion in membranes slows down in the

presence of phase separation and heterogeneous structure.

Regardless of the source of subdiffusion, a vast majority of experiments

has excluded the CTRW as a candidate for the model of anomalous diffu-

sion since ageing effects specific for the heavy tailed waiting times distri-

butions of the CTRW have not been observed. Correspondingly, the most

frequent case is the transient anomalous diffusion with the Gaussian frac-

tional Brownian motion or fractional Langevin motion as an underlying

process yielding the anomalous MSD on the intermediate time scales only.

For the same reason, it would be of interest to extend the theoretical, ex-

perimental and computational studies of Gaussian and Lorentz models.
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As can be seen, some of the biggest challenges left for biophysics [80,

85] in the future are the ambiguity of microscopic mechanism(s) causing

subdiffusion [258], a unified frame of the anomalies in the single–particle

transport in cells and membranes, and the relative importance of different

specific mechanisms in slowing down the the diffusive motion. Specifi-

cally peculiar seems to be the appearance of the physical effects observed

in biophysical systems for the first time, for example the anomalous, yet

Brownian diffusion in [166], not to mention the connection of the active

non–equilibrium processes to transport in cells and membranes, that yet

has to be unravelled.

To the very end, the discussion on the reversed question from more bi-

ologically inclined point of view—what should be the biological function

or physiological implication of anomalous diffusion, and does it comprise

anything more then just a peculiarity?—has just begun and will remain

the grand challenge for both physics and biology [80, 85, 121, 145, 167,

259–266] in times to come.
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THE LATT ICE GAS MODEL FOR

D IFFUS ION WITH CROWDING AND

TRAPP ING

Numero pondere et mensura Deus omnia condidit.

A dedication to Ferenc Páriz Pápai Jr. [267]

Isaac Newton

2.1 introduction

While a number of models have been developed for a theoretical de-

scription of obstructed diffusion on two-dimensional surfaces, the nature

of the diffusive process under consideration is most usually a posteriori

claimed, and thence modelled. As reviewed in Chapter 1, the experiments

and theoretical frameworks developed so far usually assign anomalous

diffusion to crowding or trapping. The simultaneous effect of both mech-

71
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anisms and the interplay between them is almost not discussed, at least

on strict mathematical and theoretical accounts.

In any case, a lot of experimental evidence [80, 118, 185, 193, 204–207,

215–217] revealed that anomalous diffusion in membranes is transient. As

discussed in the previous chapter, the underlying processes of transient

anomalous subdiffusion are covered by Gaussian statistics, resulting in a

linear mean square displacement on long (macroscopic) time scales (see

Fig. 1.4 on p. 43 in Chapter 1).

Based on this evidence, here we develop and propose a model to de-

scribe anomalous diffusion in two dimensions caused by crowding and

trapping in general. To account for both crowding and trapping, we model

the anomalous diffusion as a two-dimensional lattice gas of particles with

arbitrary density and in presence of traps. Even though it is aimed to de-

scribe diffusion on crowded and structure-rich membrane surfaces, for

the generality of definition, it can be applied to crowding and trapping

effects in any system in which diffusing species interact only by hard wall

potential, and trapping or binding is local and transient.

After the model is introduced, in this chapter the effective rescaled

diffusion coefficient of such a lattice gas as a function of concentration of

diffusing species (tracers or walkers, as we refer to them) and traps will

be derived, which will critically depend on the mean number of walkers

bound to traps. This will be calculated from the partition function and

the mean number of bound particles in the lattice gas will also be derived.

The mean number of bound walkers will at the end be used in a relation

for the effective diffusion coefficient, hence giving a closed description of

the system in terms of its parameters.

2.2 the lattice gas model

In our variant of the lattice gas model, a given number of particles Nw

performs a simple random walk on a two-dimensional square lattice. The

lattice has the lattice constant a0 and a total number of Ng lattice sites. Ng
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equals the square of the lattice width, since we take the width to be equal

to the height. The scheme of the model is sketched in Fig. 2.1.

PonP

Figure 2.1: A scheme of the model of the lattice gas with traps. Hard particles (black

spheres) perform the random walk such that they cannot overlap on the same position,

while they can be trapped if they step on the traps (red points).

Particles performing the random walk on the lattice, hereafter anno-

tated as walkers or tracers, have equal probability to jump in each direc-

tion, p0 = 1
2d = 1

4 in every time instance. We assume that the duration of

a time step between the two consecutive steps on the lattice, τ, is constant.

The relation of the time scale of a unit step, introduced by τ, and the lat-

tice constant a0 defines the scale of diffusion (D0) of a single particle on

the lattice,

a2
0 = 4D0τ. (2.1)

The particles mutually interact with a hard wall potential, such that

only one particle can be on a site at the same time. Every spot on the

lattice can be either empty or occupied by one particle. Here we postulate

that the particle does not make a step if the site to which it has chosen

to jump is occupied. The concentration of particles is defined as cw =

Nw/Ng. It will be used as the main quantity to characterize the effects

arising from having a number of particles on the lattice.

Besides that, a number of randomly distributed sites are assigned to be

traps. The concentration of traps is ct = Nt/Ng. They are characterised by

the probability that the particle becomes trapped once it comes to the trap,

Pon, and the probability that it unbinds from the trap once it is trapped,
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Poff. The binding or trapping rates are defined as Kon and Koff, while the

characteristic times of binding and unbinding are denoted τon and τoff,

respectively. The characteristics of the traps are related in a following

way:

Pon =
τ

τon
= τKon and Poff =

τ

τoff
= τKoff. (2.2)

Note that for Pon 6= 1, a particle can be on a spot that is a trap, and

not be bound. We assume that all the traps have the same binding and

unbinding rates and that they are immobile. Actually, both the mobility of

the traps and the distribution of binding and unbinding rates will almost

always be of secondary importance compared to the trapping itself, which

simply stops a particle from moving.

The rates Kon and Koff are assumed to be the Arrhenius rates, i.e. to

obey the detailed balance condition. Let us denote the energy of a free

particle on the lattice as E, the energy of the bound particle as Eb, and

the energy barrier between the trapped and the free state as Ehop. The

detailed balance reads

Kon

Koff
=

exp
(
−Ehop−E

kBT

)
exp

(
−Ehop−Eb

kBT

) = exp
(
−Eb − E

kBT

)
= exp

(
−∆Eb

kBT

)
. (2.3)

The energy of binding ∆Eb follows directly:

∆Eb = −kBT ln
(

Kon

Koff

)
= −kBT ln

(
Pon

Poff

)
. (2.4)

The introduction of time steps without movement when a chosen site

is occupied or the particle is trapped will obviously decrease the total

mean square displacement of the particles as compared to the case of a

single particle on the lattice without traps. Consequently, an effective dif-

fusion coefficient Deff(D0, cw, ct, Pon, Poff) will emerge, which shall strongly

depend on the concentrations of walkers and traps on the lattice. The

central problem is to understand the effect of crowding and trapping on

the diffusion, i.e. to determine the effective diffusion coefficient that will

be measured for such a lattice gas on long time scales. In the physical

systems aimed to be modelled by this, the order of a0 is around nm or Å,

while the time scale of unit step length τ ideally would be of the order
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of the period between the two collisions of particles. In every specific

process under consideration, the resolution of the experiment in time and

space will give the values of a0 and τ.

2.3 effective diffusion coefficient

In the diffusion of the lattice gas with traps, as introduced above, the

effect of the crowd of particles can be clearly separated from the effect

of traps. Regardless of the presence of traps, and regardless of the free

or trapped state of a particle, the site is not reachable if it is occupied

by another particle. The same cannot be said for the traps, since a trap

that is occupied is not effective as a trap. The site of a trapped walker

is an occupied site, and no other particle can be trapped on that site. The

trapping is screened by the presence of more than one walker.

For this reason, we will first revisit the problem of crowding of lattice

gas (without traps) separately, and then continue to develop the effective

diffusion coefficient of the lattice gas with traps.

2.3.1 Diffusion in a simple lattice gas with crowding

The simplest approach to the problem of crowding would be to exclude

the occupied sites from the probability of a jump at each step of the ran-

dom walk. This could be accomplished by replacing the probability of

a jump in each direction p0 = 1
4 by p0(1− cw), since precisely cw lattice

sites are occupied. A result would be the diffusion coefficient D0(1− cw).

But this reasoning evidently disregards the fact that a particle stays on

the same spot if it could not jump, hence occupying it for some other par-

ticle, which is called the backwards correlation. Because of the backwards

correlation added to the system, such a simple approach does not work

at any larger concentration cw [72].

Over the years, this problem was addressed by Nakazato and Kitahara

[268], Tahir-Kheli [269] and van Beijeren and Kutner [270]. In these inde-
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pendent works, the equation for the correlated crowded random walk on

a lattice was derived by different techniques. Yet, all of them looked at

the crowd of particles as the excluded sites from the lattice, which were

forbidden for a tracer particle. They then explicitly calculated the corre-

lations in the system on any time scale. The relations for the long-time

diffusion coefficient derived in these publications, adapted for jump rate

of 1
4 and two dimensions, are respectively:

DB–K =
D0

2

(√
(π − 1)2c2

w + 4(1− cw)− (π − 1)cw

)
, (2.5)

DN–K = D0
(1− cw)(2− cw)

2 + (π − 3)cw
, (2.6)

DT-K = D0
2− 3cw + (3− π)c2

w
2− cw

. (2.7)

The theory of Beijeren and Kutner (DB–K), and Nakazato and Kitahara

(DN–K) does not show the percolation transition, while the theory of Tahir-

Kheli (DT-K) has the percolation at cw = 0.647, when DT-K = 0, which is

not realistic in two dimensions.

Here we show that the diffusion coefficient of a crowded lattice gas

can be developed by another, rather simple and effective approach which

includes effectively only first-neighbour correlations. The basic idea is to

account for the crowded and correlated random walk by a simple walk

with effectively changed probability of jumping at each step.

Let us look at such a biased random walk, in which the probability that

the walker jumps in a step is p, while the probability not to jump is

1− p. The Chapman–Kolmogorov equation (1.7) in a manner analogous

to Einstein’s described in Chapter 1 now reads

P(r, t) =
∫

P(r− ∆, t− τ) p Φ(∆)d∆ + (1− p)P(r, t), (2.8)

with Φ(∆) = δ(∆± a0ei), i ∈ {1, . . . , d}. Here we take d = 2. We further

follow the same line of argument as in sec. 1.3.2. By expanding P(r −
∆, t− τ) for small ∆ and τ, and using the basic properties of Φ(∆), the

equation (2.8) becomes

∂P(r, t)
∂t

= pD0∇2P(r, t). (2.9)
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This is a simple diffusion equation with the diffusion coefficient

Dcr = D0p(cw) (2.10)

which is completely determined by the effective probability of a jump.

Therefore we want to derive p as a function of cw.

A particle will not be able to jump from a given site in the following

cases (the probability of each case given in parenthesis):

• a neighbouring site, to which it has chosen to jump, is occupied and

the particle on it does not move (the probability cw),

• a neighbouring site is free, but at the same time another particle did

jump to it from any of the three other directions (the probability
2d−1

2d cwp in d dimensions and 3
4 cwp in two dimensions),

• the site was occupied, but the walker that was on it jumped to any of

the other three directions (probability 3
4 cwp) while at the same time

a third particle from any of the two remaining directions jumped to

the aimed site (probability 1
2 cwp).

Altogether, this yields a self-consistent equation for p,

p = 1− cw −
3
4

cwp− 3
4

cwp · 1
2

cwp. (2.11)

This is a quadratic equation

3
2

c2
wp2 + (4 + 3cw)p + 4(cw − 1) = 0 (2.12)

with the solutions

p±(cw) =
1

3c2
w

(
−3cw − 4±

√
16 + 3cw

(
8 + cw(11− 8cw)

))
. (2.13)

One solution of this equation (p−) is obviously negative, hence disre-

garded. Another (p+) gives the diffusion coefficient of crowding

Dcr(cw) =
D0

3c2
w

(√
16 + 3cw

(
8 + cw(11− 8cw)

)
− 3cw − 4

)
. (2.14)

To validate this approach, we built our Monte-Carlo code to simulate

the crowded lattice gas with the same conditions as described in the
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model introduction, sec. 2.2, on a 256× 256 square lattice, with a0 = 1

nm and D0 = 1 µm2/s. The results of this numerical test, as well as the

three mentioned formulae (2.5) – (2.7) together with the newly derived

(2.14) are presented in Fig. 2.2.

Simulations
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Figure 2.2: Dependence of the effective diffusion coefficient of the crowded lattice gas

on the concentration of walkers. Different theories (lines) are compared to Monte-Carlo

simulation results (dots).
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Figure 2.3: The relative error of effective diffusion coefficients from different theo-

ries and diffusion coefficients from the Monte-Carlo simulations, as a function of the

concentration of crowders.



2.3 effective diffusion coefficient 79

By inspection of figures 2.2 and 2.3 we see that a simple and effective

approach presented here gives a comparable relative error to any of the

three theories for concentrations cw < 0.5, while for larger concentrations

it outperforms previous approaches. Actually, the relative error at high

densities (cw → 1) linearly approaches zero.

Given this performance, eq. (2.14) will be used to represent Dcr here-

after.

2.3.2 Effective rescaled diffusion

Now we introduce the traps on top of the crowded lattice, as shown on

the scheme in Fig. 2.1. A particle will now diffuse with the diffusion

coefficient Dcr(cw) between two traps. Given the traps density

ρt =
Nt

a2
0Ng

=
ct

a2
0

, (2.15)

we can introduce the average distance of the traps

〈l2
t 〉 =

1
ρt

(2.16)

and define an equivalent diffusion as a process of jumping from one trap

to another. Analogously to (2.10), the aim is to find the effective rescaled

diffusion coefficient Deff(cw, ct, Pon, Poff), which is expected to be

Deff(cw, ct, Pon, Poff) = f (cw, ct, Pon, Poff) Dcr(cw). (2.17)

Diffusion in the crowd between the traps, described by Dcr(cw), rep-

resents a zeroth approximation for the effective diffusion described by

Deff(cw, ct, Pon, Poff), rescaled to the scale of traps. This is the same that D0

represented for Dcr(cw) in the previous section. Hereafter, we will not ex-

plicitly write the dependence on all four parameters in Deff(cw, ct, Pon, Poff),

but we will assume it and write Deff for the sake of simplicity. The same

holds for Dcr(cw).

In the equivalent diffusion process, a particle experiences the following

three processes:
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• it unbinds from the trap, with the effective probability of unbinding,

Peff
off =

τ

τeff
off

, (2.18)

where τeff
off is the effective mean time that a bound particle waits

before it unbinds;

• it performs a random walk in the crowded environment between

the two traps, of average square length 〈l2
t 〉, such that

〈l2
t 〉 = 4Dcrτt–t =

1
ρt

, (2.19)

where τt–t is the effective mean time to walk between the two traps;

• it binds to another trap, with the probability of binding

Peff
on =

τ

τeff
on

. (2.20)

where τeff
on is the effective mean time that a free particle on the trap

takes to bind to that trap.

Each of the processes is associated with a characteristic time, τeff
off , τt–t,

τeff
on , respectively. The total time to make a step is the sum of these three

times. Therefore, the mean square distance between the traps is passed

by effective diffusion with the effective total time step,

〈l2
t 〉 = 4Deffτeff = 4Deff

(
τeff

off + τt–t + τeff
on

)
. (2.21)

But now we have to note that—speaking of the effective diffusion—the

traps that are occupied are not recognized as traps by the particles, pre-

cisely because they are occupied. For this reason, the time τeff that a parti-

cle on average takes to leave one trap, to find another free trap, and to bind

to it, is actually not spent to pass the distance between any two traps, but

free traps. Therefore, the traps effectively seen by walkers are only those

which are unoccupied. Their concentration, denoted as cfree
t , is

cfree
t =

Nt − 〈Nb〉
Ng

= ct − 〈cb〉, (2.22)
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where 〈Nb〉 is the mean number of bonds, and 〈cb〉 = 〈Nb〉/Ng the con-

centration of occupied traps, or bound walkers.

Furthermore, if a particle visits a site that is a trap and does not bind,

in the next step it will jump to the next site and continue the walk by

the assumption of the model. A repeated visit of the trap is a completely

independent event with another trial to bind. Therefore, a trap that is free,

but the particle did not bind to it, is effectively not seen as the trap, but

as any other lattice site. Adversely, the trap that is certainly seen as a trap,

in the sense that it really does stop the particle from the movement, is

the trap to which the particle is bound, when visited. Given the binding

probability Pon, the concentration of the effective free traps is accordingly

given by

ceff
t = Poncfree

t = Pon(ct − 〈cb〉). (2.23)

The average distance between two effective traps is

〈l2
t 〉eff =

1
ρeff

t
=

a2
0

ceff
t

. (2.24)

The effective time to travel the distance between two free traps and cer-

tainly bind is now equal to

τeff
t–t =

〈l2
t 〉eff

4Dcr
=

1
4Dcrρ

eff
t

. (2.25)

The corrections are then made by substitution of 〈l2
t 〉eff instead of 〈l2

t 〉
and τeff

t–t instead of τt–t + τeff
on in eq. (2.21). After these corrections, effective

diffusion coefficient expressed from (2.21) is

Deff =
〈l2

t 〉eff

4(τeff
t–t + τeff

off)
=

1

4ρeff
t

(
1

4Dcrρ
eff
t

+
τ

Peff
off

) (2.26)

= Dcr

(
1 +

Dcrceff
t

D0Peff
off

)−1

, (2.27)

where (2.1) was used to remove τ and a0 from the equation. Finally, Peff
off

is expressed in parameters of the system by a similar reasoning of the

effective processes in the trap. Namely, the “effective time of unbinding”
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in (2.21) is the time that a particle takes to leave the trap and continue

the random walk on the lattice. This time is not the same as the time to

just unbind from the trap, τoff from (2.2), but has to be extended for the

time needed to also leave the trap (probability p(cw)), and to effectively

continue the random walk (probability p(cw)). All together, this gives an

effective probability of unbinding and continuing the random walk

Peff
off = Poff p2(cw). (2.28)

Putting (2.23) and (2.28) into (2.27) yields the expression

Deff = Dcr

(
1 +

Pon

Poff

ct − 〈cb〉
p(cw)

)−1

(2.29)

with p(cw) given by (2.13) with the plus sign. The relation (2.29) provides

the effective diffusion coefficient of the crowded lattice gas with traps in

terms of the parameters of the system (cw, ct, Pon, Poff, D0). The only

unknown is the mean concentration of the trapped particles, 〈cb〉. This is

a separate problem that is solved in the following section.

For the most part, the derivation of Deff presented above is based on

the estimates of the quantities arising from the scaling arguments on ef-

fective processes that happen in diffusion of a tracer between the traps

and among other particles. Nonetheless, the whole argument starts from

equation (2.21), which is an a posteriori observation on the expected be-

haviour of the means. However, such an observation should actually be

a result of an a priori probabilistic treatment of the underlying processes,

as shown in the following section.

2.3.3 Effective diffusion by master equation

Let us first look at the case of only crowding without the traps, and then

we will extend it with the case of having traps, in analogy to developing

the scaling argument. To maintain the generality of the calculus, we will

keep the the calculation in the d-dimensional space.

For a simple walk on a d-dimensional lattice without crowding, the

probability of jumping to the neighbouring site in each direction is p0 =
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1
2d , while it is zero for the jump to other sites. If we introduce many

walkers, this probability becomes p(cw)
2d , with p(cw) given in (2.13). Let us

define the jumping rate γ in analogy to (2.2),

γ =
p(cw)

τ
. (2.30)

We will not further denote the dependence on cw in p(cw) explicitly.

The Chapman-Kolmogorov, or the master equation for the probability

P(r, t) to be found at the position r on the lattice at time t now explicitly

reads

P(r, t + τ) =
1

2d

d

∑
i=1

(
pP(r− ei, t) + pP(r + ei, t)

)
+ (1− p)P(r, t), (2.31)

where ei is a lattice unit vector in direction i, with the norm of a0, for

instance it is a0k̂ in z–direction. If we rearrange the terms and divide by

τ, the equation becomes

P(r, t + τ)− P(r, t)
τ

=
p

2dτ

d

∑
i=1

(
P(r− ei, t) + P(r + ei, t)− 2P(r, t)

)
.

(2.32)

By taking the limit of small τ,

∂P(r, t)
∂t

=
γ

2d

d

∑
i=1

(
P(r− ei, t) + P(r + ei, t)− 2P(r, t)

)
. (2.33)

If we introduce the traps, on every site the particle can be either bound

or free (yet, in the crowd). Therefore, its probability distribution to be on

the site r at the time t can be decomposed into the probability density to

be free on that site, Pcr(r, t), and the probability density to be trapped on

the same site, Ptr(r, t):

P(r, t) = Pcr(r, t) + Ptr(r, t). (2.34)

The event of coming to a given site r is now covered by the rate equa-

tion (2.33), and it adds to Pcr(r, t). The event of trapping the particle on

that site does not change P(r, t) since there was no move from the site,

but it switches a contribution of one particle to the probability density

from Pcr(r, t) into Ptr(r, t). The event of unbinding from the trap, though,
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switches such a contribution in the opposite direction, from Ptr(r, t) into

Pcr(r, t). Hence the rate equations for these two probability densities are

coupled, and read

∂Pcr(r, t)
∂t

=
γ

2d

d

∑
i=1

(
Pcr(r− ei, t) + Pcr(r + ei, t)− 2Pcr(r, t)

)
− konPcr(r, t) + koffPtr(r, t), (2.35)

∂Ptr(r, t)
∂t

= konPcr(r, t)− koffPtr(r, t). (2.36)

Now we make the space and time Fourier transform, as defined in (1.49)

in Chapter 1, with the initial condition that at t = 0 the particle was at the

origin of the lattice, r = 0, i.e. P(r, t = 0) = δ(r), where δ(r) is the Dirac

delta-function. In reciprocal space this condition reads:

P(k, t = 0) = P0(k) =
∫
Ω

e−ik·r δ(r)ddr = 1 = Pcr,0(k) + Ptr,0(k), (2.37)

where P(k, t) denotes the space Fourier transform of P(r, t). Since the

rates are assumed to be Arrhenius or Boltzmann rates, from (2.3) we have

Pcr,0(k)
Ptr,0(k)

=
koff

kon
, (2.38)

which together with the initial condition (2.37) yields

Pcr,0(k) =
koff

kon + koff
and Ptr,0(k) =

kon

kon + koff
. (2.39)

After the Fourier transform, the rate equations for the respective dy-

namic structure factors Scr(k, ω) and Str(k, ω), assuming the dependence

of Scr and Str on k and ω and omitting it in notation, become a linear

system of equations:

−iωScr −
Pcr,0(k)

π
=

γ

2d

d

∑
i=1

(
eik·ei + e−ik·ei − 2

)
Scr − konScr + koffStr

(2.40)

−iωStr −
Ptr,0(k)

π
= konScr − koffStr. (2.41)
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Let us introduce the abbreviations

Π(k) =
1

2d

d

∑
i=1

(
eik·ei + e−ik·ei

)
=

1
d

d

∑
i=1

cos(k · ei) =
1
d

d

∑
i=1

cos(kia0)

(2.42)

Σ(k) = γ (Π(k)− 1) . (2.43)

Combining (2.42) and (2.43) with (2.39) and putting the result into (2.40)–

(2.41), the system becomes

(
kon − iω− Σ(k) −koff

−kon koff − iω

)(
Scr

Str

)
=

1
π


koff

kon + koff

kon

kon + koff

 . (2.44)

After a straightforward algebraic manipulation, the solution of the system

(2.44) is

π Scr =

koff

(
iω

kon + koff
− 1
)

ω2 + iω
(
kon + koff − Σ(k)

)
+ koffΣ(k)

(2.45)

π Str = −
1

iω
− π

(
1 +

Σ(k)
iω

)
Scr. (2.46)

The total Fourier transform of the position PDF is

S(k, ω) =
1
π

iω− kon − koff +
konΣ(k)
kon + koff

ω2 + iω
(
kon + koff − Σ(k)

)
+ koffΣ(k)

. (2.47)

After some algebra, the real part of S(k, ω) evaluates to

Re
(
S(k, ω)

)
=

1
π

koffΣ(k)
(

konΣ(k)−ω2

kon + koff
− kon − koff

)
ω4 + ω2

(
(kon + koff)2 − 2konΣ(k) + Σ2(k)

)
+ k2

offΣ
2(k)

.

(2.48)

We can now use the relation (1.52) (p. 37), which gives the diffusion coeffi-

cient in the large time and length scales in terms of the small ω and small

k limit of S(k, ω). We note that the first nonvanishing order of Σ(k) in

this limit is

lim
k→0

Σ(k) = γ

(
1
d

d

∑
i=1

(
1−

a2
0k2

i
2

)
− 1

)
= −

a2
0γ

2d
k2. (2.49)
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Hence

lim
k→0

π
ω2

k2 Re
(
S(k, ω)

)
=

a2
0γ

2d
koff

ω2

kon + koff
+ kon + koff

ω2 + (kon + koff)2 (2.50)

and ultimately

Deff = lim
ω→0

(
lim
k→0

π
ω2

k2 Re
(
S(k, ω)

))
=

a2
0γ

2d
koff

kon + koff
. (2.51)

By setting a2
0 = 2dD0τ and γ = p

τ , one obtains

Deff = D0p
koff

kon + koff
= Dcr(cw)

koff

kon + koff
=

Dcr(cw)

1 +
kon

koff

. (2.52)

Note from the equations (2.35) and (2.36) that these rates are the rates

to bind and unbind in general for any particle at any position. Therefore,

the actual probability that defines the binding rate here is the probability

that a site on which the particle resides is a free trap, cfree
t , multiplied

by the probability to bind once being on a trap, Pon. Analogously, the

unbinding rate is defined by the probability to have a free site to jump to,

multiplied by the probability to unbind once being bound. In short,

kon =
Pon(ct − 〈cb〉)

τ
and koff =

Poff p(cw)

τ
. (2.53)

From (2.52) we thus obtain

Deff =
Dcr(cw)

1 +
Pon

Poff

ct − 〈cb〉
p(cw)

, (2.54)

which is precisely (2.29). At the end, by recognizing that kon = 1/τeff
t–t and

koff = 1/τeff
off , the relation (2.52) becomes

Deff =
Dcr(cw)

1 +
τeff

off

τeff
t–t

= Dcr(cw)
τeff

t–t

τeff
t–t + τeff

off

=
〈l2

t 〉eff

4(τeff
t–t + τeff

off)
, (2.55)

where we just used 〈l2
t 〉eff = 4Dcrτ

eff
t–t as in (2.25). This is the scaling

relation (2.26).

The only unknown parameter which needs to be calculated is now the

mean concentration of bound particles, 〈cb〉.
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2.4 the partition function of the lat-

tice gas

In the system of Nw particles and Nt traps on a grid of size Ng, introduced

in sec. 2.2, with the energy gain of binding given by (2.4), the mean num-

ber of particles that are trapped can be found as an ensemble average

over all possible realisations of binding. Hence the basic quantity that de-

termines the statistical behaviour of the system is the canonical partition

function Z(Nw, Nt, Pon, Poff), hereafter denoted only as Z.

The partition function is obtained by counting all possible realisations

of Nw particles which can bind to Nt traps on the lattice consisting of Ng

sites:

Z =
min{Nw,Nt}

∑
Nb=min(Nb)

(
Ng − Nt

Nw − Nb

)(
Nt

Nb

) Nb

∑
n=0

(
Nb

n

)
exp

(
−n∆Eb

kBT

)
. (2.56)

The first binomial coefficient specifies the number of ways to distribute

the particles that are not in traps, the second one gives the number of

ways to distribute the particles that are currently trapped (denoted by

Nb), and the third one the number of ways to distribute the particles that

get bound to traps upon entering them (given by n). In the first sum,

the minimal number of bound walkers, Nmin
b = min(Nb), is zero if the

number of particles together with traps do not set out the total number

of sites on the lattice, i.e. in case Nw + Nt ≤ Ng. If the total number

of particles and traps is larger than the number of sites on the lattice,

i.e. when Nw + Nt > Ng, then the minimal number of bound particles is

given by the number of particles that are not able to fill the sites that are

not trapped,

Nmin
b = Nw − (Ng − Nt). (2.57)

Therefore, the evaluation of the partition function splits into two cases,

Nw + Nt ≤ Ng and Nw + Nt > Ng, which are separately calculated. In

both cases we define

ζ =
Pon

Poff
and m = min{Nw, Nt}. (2.58)
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Let us further substitute the relation (2.4) in the last sum of (2.56) to get

the following:

Nb

∑
n=0

(
Nb

n

)
exp

(
−n∆Eb

kBT

)
=

Nb

∑
n=0

(
Nb

n

)(
Pon

Poff

)n
= (1 + ζ)Nb . (2.59)

We now consider the two cases.

2.4.1 Case Nw + Nt ≤ Ng

The partition function for the case Nw + Nt ≤ Ng reads:

Z =
m

∑
Nb=0

(Ng − Nt)!
(Nw − Nb)! (Ng − Nt − Nw + Nb)!

Nt! (1 + ζ)Nb

Nb! (Nt − Nb)!
. (2.60)

This can be written as

Z =
(Ng − Nt)!

Nw!(Ng − Nt − Nw)!
·

·
m

∑
Nb=0

(−1)Nb Nw!
(Nw − Nb)!

(−1)Nb Nt!
(Nt − Nb)!

(1 + Ng − Nt − Nw − 1)!
(1 + Ng − Nt − Nw + Nb − 1)!

(1 + ζ)Nb

Nb!
.

(2.61)

We introduce the Pochhammer symbol

(x)n =
Γ(x + n)

Γ(x)
. (2.62)

Using its property

(−x)n =
(−1)nx!
(x− n)!

, (2.63)

we have from (2.61)

Z =

(
Ng − Nt

Nw

) m

∑
Nb=0

(−Nw)Nb(−Nt)Nb

(1 + Ng − Nt − Nw)Nb

(1 + ζ)Nb

Nb!
. (2.64)

The sum in (2.64) and (2.61) can be extended to infinity because the sum-

mand in (2.61) becomes zero for Nb > m since then either (Nt − Nb)! or

(Nw−Nb)! is infinite. Comparatively, the Gauss hypergeometric function

is defined by the following series [64, p. 556]:

2F1

(
a, b
c

; z
)
= 1 +

ab
c

z +
a(a + 1)b(b + 1)

c(c + 1) 2!
z2 + · · · =

∞

∑
n=0

(a)n(b)n

(c)nn!
zn

(2.65)
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on the disk |z| < 1 in the complex plane, and by analytic continuation

outside this disk. 2F1
( a,b

c ; z
)

is alternatively denoted as 2F1(a, b; c; z) in the

literature [64, 106]. A direct comparison of (2.64) to (2.65) then yields

Z =

(
Ng − Nt

Nw

)
· 2F1

(
−Nw,−Nt

1 + Ng − Nt − Nw
; 1 + ζ

)
. (2.66)

If Pon = 1, then all the particles that enter the traps bind to them, which

means that there is no sum (2.59) in (2.56). Instead of the sum, one has

exp
(
−Nb∆Eb

kBT

)
= ζNb . (2.67)

Such a case is covered by replacing ζ + 1 by ζ + 1− δPon,1 in (2.66). Thus

the final expression for the partition function is

Z =

(
Ng − Nt

Nw

)
· 2F1

(
−Nw,−Nt

1 + Ng − Nt − Nw
; 1− δPon,1 +

Pon

Poff

)
. (2.68)

2.4.2 Case Nw + Nt > Ng

In this case, upon placing (2.59) into (2.56), we make a substitution of the

dummy variable Nb by k = Nb − Nmin
b , which gives

Z =
m−Nmin

b

∑
k=0

(
Ng − Nt

Nw − Nmin
b − k

)(
Nt

Nmin
b + k

)
(1 + ζ)Nmin

b +k. (2.69)

By expanding and rearranging the binomial coefficients, with introduc-

tion of (2.57), this can be written as

Z =
(1 + ζ)Nmin

b Nt!
(Ng − Nw)!(Nw + Nt − Ng)!

m−Nmin
b

∑
k=0

(
(−1)k(Ng − Nt)!
(Ng − Nt − k)!

·

·
(−1)k(Ng − Nw)!
(Ng − Nw − k)!

(1 + Nw + Nt − Ng − 1)!
(1 + Nw + Nt − Ng + k− 1)!

(1 + ζ)k

k!

)
(2.70)

= (1 + ζ)Nmin
b

(
Nt

Ng − Nw

) m−Nmin
b

∑
k=0

(Nt − Ng)k(Nw − Ng)k

(1 + Nw + Nt − Ng)k

(1 + ζ)k

k!
.

(2.71)

The upper limit of the sum can be extended to infinity since either (Ng −
Nt− k)! or (Ng− Nw− k)! becomes infinite for k > m− Nmin

b . Compared
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to (2.65), this again reveals the hypergeometric function as a form of the

partition function:

Z =

(
1− δPon,1 +

Pon

Poff

)Nw+Nt−Ng
(

Nt

Ng − Nw

)
·

· 2F1

(
Nt − Ng, Nw − Ng

1 + Nw + Nt − Ng
; 1− δPon,1 +

Pon

Poff

)
. (2.72)

We also added δPon,1 to cover the case Pon = 1, analogously to (2.68).

2.4.3 The approximations for Z

As we can see from (2.68) and (2.72), the partition function is represented

in terms of the hypergeometric function. Having in mind that all the

numbers Nw, Nt, Ng, Poff and Pon can be very large, the evaluation of the

partition function from the sum (2.56) would last extremely long. There-

fore, the obtained expressions for Z are not only closed analytical func-

tions that are easy to manipulate, they are also very useful if one would

like to calculate the partition function numerically.

In order to demonstrate how large the difference between a direct cal-

culation and application of the above derived formulae for Z in terms of

hypergeometric functions is, we performed a numerical test in Wolfram

Mathematica R© [271]. We set the concentration of traps to 0.2, the three

concentrations of walkers (cw = 0.1, 0.2 and 0.3), and measured the time

of evaluation of the sum (2.56) for different lattice sizes. We did the same

but using the partition function in (2.68), and plotted the ratio of the

two evaluation times, as a function of Ng. This is shown in Fig. 2.4. A

striking difference, that grows up to 40 000 times longer duration of the

direct evaluation, is even more pronounced if we look at the time taken to

evaluate the formula (2.68)—which is in seconds. This makes the direct

evaluation impossible for any real application.

However, a notable fact about emergence of the hypergeometric func-

tion in the relations for canonical partition function is that they always

come with extremely large parameters. Conversely, in mathematical ap-

plications of the hypergeometric function they are usually of the order
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Figure 2.4: The ratio of the evaluation time for the direct calculation of the partition

function to the evaluation time while using the formula (2.68) as a function of the

lattice size, for different concentrations of walkers.

of one. Additionally, even in the evaluation of the hypergeometric func-

tion by the sum (2.65), we have to deal with a slowly convergent sum of

extremely large numbers. From a physical perspective, the closed expres-

sions for Z in terms of the hypergeometric functions lack a transparent

view of different contributions for different parameters, which would pro-

vide an intuitive picture of the processes described by Z. Taking all this

together, a possible way out is to make the asymptotic expansions of the

hypergeometric functions for large parameters.

A detailed examination of the literature and handbooks of special func-

tions reveals that there are the asymptotic expansions for one large pa-

rameter or large variable of the hypergeometric function, but the expan-

sions for two large parameters—a case we have in our results—have been

developed only for limited domains of parameter values, which are in

turn valid in a limited part of the variable space. Thereupon, the general

asymptotic expansions for the case of two large parameters of the hyper-

geometric function arose as a separate mathematical problem, that was

not yet solved in the literature. Moreover, it turned out that there are

numerous applications of the hypergeometric function in many various

fields of physics, for which more than one large parameter arise. For
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these reasons, we also solved this mathematical problem, and since it is a

separate problem, we moved it to a separate chapter, consequent to this

one. In this section we just apply the general asymptotic expansions, as

the final results derived in Chapter 3.

The first and simplest case of large-parameter hypergeometric func-

tions appearing here is when both Nw and Nt are small, so that Nw � Ng

and Nt � Ng. In this case only the third parameter of the HGF in (2.68)

and (2.72) is large as Ng is large. Using the expansion (3.21) from the

Chapter 3, the partition function (2.68) in this case trivially reads

Z =

(
Ng − Nt

Nw

)
2F1

(
−Nw,−Nt

Ng − Nw − Nt + 1
; z
)

∼
(

Ng − Nt

Nw

)(
1 +

NwNtz
Ng − Nw − Nt + 1

)
≈
(

Ng − Nt

Nw

)(
1 +

NwNt

Ng
z
)

, (2.73)

where z = 1− δ1,Pon + Pon/Poff.

The two other cases are Nw small while Nt is large, and vice versa.

These two cases correspond to the dominant effect of the trapping, or the

dominant effect of the collisions amongst the particles, respectively. For

small Nw (of the order of 10) and large Nt (let us say, Nt = Ng/3), the

canonical partition function Z becomes

Z =

(
Ng − Nt

Nw

)
(1− z)Nw F

(
Ng − Nw + 1,−Nw

Ng − Nw − Nt + 1
;

z
z− 1

)
∼
(

Ng − Nt

Nw

)
(1− z)Nw

(
1−

Ng − Nw

Ng − Nw − Nt

z
z− 1

)Nw

=

(
Ng − Nt

Nw

)(
1 +

Ntz
Ng − Nw − Nt

)Nw

, (2.74)

where we have first applied the transformation (3.6) from sec. 3.2.1.2 of

Chapter 3 on the HGF, with the values of parameters

{a, b, c, ε, λ} =
{

1, 1, 1,
Ng − Nw

Ng − Nw − Nt
, Ng − Nw − Nt

}
. (2.75)

Then, the corresponding AE was used to find the closed asymptotic form,

which is the one for large first and third parameter and ε < 1, given by
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(3.23) in Chapter 3. The partition function for large Nw and small Nt is

analogous to (2.74) with Nw and Nt swapped in the second term by the

symmetry of the first two parameters of the HGF:

Z =

(
Ng − Nt

Nw

)(
1 +

Nwz
Ng − Nw − Nt

)Nt

. (2.76)

The fourth and final case is when both Nw and Nt are large. This corre-

sponds to the case when both trapping and collisions of the particles play

a significant role in the physics of the gas. In this case the hypergeometric

function has three large parameters, a situation which is out of the scope

of the asymptotic expansions solved so far. Yet, if we restrict the param-

eters to Nw + Nt = Ng (or to Ng − Nw − Nt ' 1), then only the first two

parameters of the hypergeometric function in (2.68) or (2.72) are large, a

case treated in sec. 3.2.2 of Chapter 3. For example, for Nw = Ng/3 and

Nt = 2Ng/3, by transformation (3.6) the partition function Z becomes

Z =

(
Ng − Nt

Nw

)
2F1

(
−Nw,−Nt

1
; z
)

=

(
Ng − Nt

Nw

)
(1− z)Nw+Nt+1

2F1

(
Nw + 1, Nt + 1

1
; z
)

. (2.77)

The function on the right is the hypergeometric function with the two

first parameters large, a case discussed in sec. 3.2.2 in Chapter 3 for real

z, with {a, b, c, ε, λ} = {1, 1, 1, Nw/Nt, Nt}. The application of (3.72) by a

straightforward manipulation thus yields

Z ∼
(

Ng − Nt

Nw

)√
(1 + σ)t+
4πσNw

(
(1− z)t+

t+ − 1

)p ( 1− z
1− zt+

)Nt+1

(2.78)

with

σ =

√
1 +

4NwNt

(Nt − Nw)2z
and t+ =

Nt − Nw

2Nt
(1 + σ). (2.79)

The partition function (2.68), as well as its asymptotic expansions (2.73),

(2.74) and (2.78), are clearly not valid if Nw + Nt > Ng. In this case,

however, we see that all the expansions made in this section are done for

the case Nw + Nt > Ng in complete analogy to the presented expansions

for the case Nw + Nt ≤ Ng, just by a change of −Nw → Nw − Ng, and
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−Nt → Nt−Ng in expansions regarding the hypergeometric factor of the

partition function (2.72). Since the calculation of this is purely technical

and straightforward, we omit the explicit account for it.

As the final result, we have expressed the canonical partition function

in terms of elementary functions of the variables of the system, which is

now not only possible to evaluate almost instantaneously, but also can

provide a feeling for the dependence on different parameters.

2.4.4 Mean number of bound walkers

Having calculated the partition function, the mean number of bound par-

ticles is given by

〈Nb〉 =
1
Z

min{Nw,Nt}

∑
Nb=min(Nb)

(
Ng − Nt

Nw − Nb

)(
Nt

Nb

) Nb

∑
n=0

(
Nb

n

)
n exp

(
−n∆Eb

kBT

)
.

(2.80)

Instead of evaluating the sums explicitly, we note that the following rela-

tion holds in (2.80):

〈Nb〉 = ζ
d

dζ
ln Z. (2.81)

The above relation is especially useful because of the following property

of the hypergeometric function [64, p. 557]:

d
dz 2F1

(
a, b
c

; z
)
=

ab
c 2F1

(
a + 1, b + 1

c + 1
; z
)

. (2.82)

For the case Nw + Nt ≤ Ng, the relation (2.81) yields

〈Nb〉 =
ζNwNt

1 + Ng − Nt − Nw
·

2F1

(
1− Nw, 1− Nt

2 + Ng − Nt − Nw
; 1− δPon,1 + ζ

)
2F1

(
−Nw,−Nt

1 + Ng − Nt − Nw
; 1− δPon,1 + ζ

) ,

(2.83)
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while for the case Nw + Nt > Ng it analogously follows from (2.72)

〈Nb〉 =
ζ(Nw + Nt − Ng)

1− δPon,1 + ζ
+

+
ζ(Nt − Ng)(Nw − Ng)

1 + Nw + Nt − Ng

2F1

(
Nw − Ng + 1, Nt − Ng + 1

2 + Nw + Nt − Ng
; 1− δPon,1 + ζ

)
2F1

(
Nw − Ng, Nt − Ng

1 + Nw + Nt − Ng
; 1− δPon,1 + ζ

) .

(2.84)

The relations (2.83) and (2.84) are the exact formulae to determine 〈Nb〉.
We can also use the asymptotic expansions of Z that were calculated in

the previous section directly in (2.81) to get 〈Nb〉 asymptotically. In com-

parison to the graphs in Fig. 2.4, the evaluation time would now be 5

– 10 orders of magnitude faster than using even the hypergeometric func-

tions, not to mention the evaluation of the raw formulae for the partition

function (2.56) and the number of bound particles (2.80) directly.

The mean concentration of bound particles as a function of the system

parameters is plotted in Fig. 2.5. The first property that we can observe is

that almost all the traps are being filled as Pon increases, or as cw increases.

Here “almost all traps” actually means all able to be filled, since if the

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

0.30

cw

〈c
b
〉

(a) Pon = 0.05, Poff = 0.001.

ct

0

0.05

0.1

0.15

0.2

0.25

0.3

10-2 100 102 104

0.00

0.05

0.10

0.15

0.20

Pon/Poff

〈c
b
〉

(b) cw = 0.2.

Figure 2.5: The mean concentration of bound particles as a function of the concentra-

tion of walkers (a) and the ratio of binding and unbinding rates, ζ = Pon/Poff (b). The

legend displayed on (b) holds for both plots. Further values of parameters are written

in the subcaptions.
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number of particles is smaller, than it is almost all particles, while the

rest of the traps stay free on average. This is clearly seen in Fig. 2.5(b),

where the curves for 〈Nb〉 enter a plateau at Nt if Nt < Nw, and at Nw if

Nw < Nt.

However, there is a striking property of 〈Nb〉 that is not so obvious

from its definition (2.80). Regarding the number of bound particles, Nw

and Nt are completely interchangeable. However, this is not to be under-

stood as a result, but rather as a necessary condition that the relation for

〈Nb〉 actually has to satisfy to be valid. Namely, this symmetry is by def-

inition built into the model, since there is no a priori characteristic of the

traps that enables us to distinguish them from the walkers regarding the

binding behaviour. The only difference is that the traps are immobile in

the current model, which does not impact the rates of binding since they

are a property of the microscopic mechanisms within the traps. For this

reason, the Fig. 2.5(a) looks exactly the same if we swap cw and ct and

plot it as a function of ct for different cw.

In other words, we can easily reverse the direction and look at the

system from the side of traps. In that view, we say that when the binding

between a trap and a walker happens, the trap has actually bound to a

walker. But this does not change the dynamics of the binding, neither

its consequences to other processes such as diffusion. Symmetry on this

kind of reversal turns out to be built in the final 〈Nb〉 via the mathematical

property of the hypergeometric function, namely the interchangeability of

its first two parameters.

2.5 results: crowding-enhanced diffu-

sion

By combining the results of the last few sections, we can now calculate

the effective diffusion coefficient (2.29) as a function of the concentrations

of traps and particles, and binding and unbinding rates. Now we explore

the behaviour of Deff predicted by this theory, as a function of the four
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parameters of the system. The predictions of the behaviour for different

values of parameters are plotted systematically throughout figures 2.6, 2.9

and 2.10.

Fig. 2.6 presents the most interesting and surprising property of diffu-

sion in the lattice gas with crowding. Namely, as it can be seen in all

four subfigures (a) – (d), the dependence of the diffusion coefficient Deff

on the concentration of diffusing tracers, i.e. on the level of crowding,

is not monotonically decreasing, as expected. On the contrary, it has a

pronounced bell-shape, starting with a regime in which the increase of the

concentration of walkers results in an increase of the diffusion coefficient. We

denote this regime as crowding-enhanced diffusion.
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Figure 2.6: The effect of crowding on the effective diffusion coefficient for various

values of the other three parameters, denoted in the legends and in the subcaptions.
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The crowding-enhanced diffusion is actually not an isolated case occur-

ring in some tight part of the parameter space. It is universally present

regardless of variations in the other three parameters. At the end, as

the graphs in Fig. 2.6 clearly display, it also possesses the correct limit

Deff(cw, ct, Pon, Poff) → Dcr(cw) when the effect of traps is being reduced,

which is accomplished either by a decrease of ct or Pon, or by an increase

of Poff. Specifically, it is most obvious from Fig. 2.6(a), where a decrease

in the concentration of traps leads to a continual approach of Deff to Dcr.

The same holds if the concentration of traps is constant, but their effect

is reduced by a decrease of the binding rate or by an increase of the un-

binding rate. Thereat, the value of Pon = 0 or Poff = 1 is equivalent to a

complete lack of traps, i.e. the situation of pure crowded lattice gas.

On the other case, we could characterise the effect of crowding–enhan-

ced diffusion by a rate of increase of the diffusion coefficient with the con-

centration of diffusing particles. This rate corresponds to the steepness of

the curves before the maximum in Fig. 2.6. Thereby, we see that the effect

is more pronounced when less traps are present on the lattice, while it is

more persistent (the maximum moves to the right) as the concentration of

traps increases. This actually holds generally for any characteristic that,

respectively, decreases or increases the effect of the traps.

Having analysed the diffusion coefficient (2.29) phenomenologically, an

unanswered question still remained: what is a physical cause of such a

behaviour? The answer lies, of course, in the concept of the effective traps.

Namely, when we start to load the lattice with a number of particles,

traps are being filled more and more. Binding to the traps stops the

trapped particles and slows down the diffusion of the ensemble of all

particles, which is manifested in the increase of the effective diffusion

time between the two traps, shown in Fig. 2.7(a). On the other hand,

binding excludes bound traps from the process, so that the other particles

diffusing on the lattice effectively do not see the bound traps at all, since

they never visit them, as an occupied trap is also an occupied site. Note

that the less traps we have, the faster they become filled, and faster the

limit of a pure crowded lattice gas is reached. This is demonstrated by the

transition to a linear growth of 〈l2
t 〉eff with cw in Fig. 2.7(b). Obviously, a
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Figure 2.7: (a) The average effective diffusion time between the two traps and (b)

the average square distance of the effective traps, as a function of the concentration

of particles on the lattice. In both graphs, Pon = 0.5 and Poff = 0.001.

true competition of the two effects occurs: on one side, crowding reduces

trapping which excludes the traps, but on the other side slows down the

overall diffusion by stopping the particle and by crowding the volume.

When these two effects are combined, a critical point of their competition

appears. It is given by the maximum of the diffusion coefficient, which

can be found by solving the equation

∂Deff

∂cw

∣∣∣∣
cw=ccrit.

w

= 0. (2.85)

The critical concentration of crowding, ccrit.
w , shown in Fig. 2.8, almost
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Figure 2.8: The critical concentration of crowding, ccrit.
w , as a function of the concen-

tration of traps on the lattice, if Pon = 0.5 and Poff = 0.001.
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linearly increases with the concentration of traps, justifying the above

discussion.

The reasoning of the effect is just analogous for the dependence of Deff

on Pon and Poff, which actually push the critical point of the interplay

between the two effects in either direction.

The increase of the concentration of traps while keeping other param-

eters constant, whatever is their value, cannot by any means cause an

increase of diffusion, as Fig. 2.9 displays. There is no symmetry between

traps and tracers in this sense (like it was with the mean number of bound

tracers, see sec. 2.4.4) because the existence of traps does by neither way

block the excluding effect of the crowdedness of tracers, but only stops

some of them from the motion, and therefore the monotonically decreas-
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Figure 2.9: The effect of trapping on the effective diffusion coefficient for various

values of the other three parameters, denoted in the legends or in the subcaptions.
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ing diffusion coefficient as a function of the concentration of traps is seen

regardless of variation in the other three parameters.

The dependence of the effective diffusion coefficient on the binding and

unbinding rates is shown in Fig. 2.10. As expected, a universal effect is a
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Figure 2.10: The effect of rates of binding and unbinding on the effective diffusion
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decrease of the diffusion coefficient upon an increase of Pon (Fig. 2.10, (a)

– (c)) and upon a decrease of Poff (Fig. 2.10, (d) – (f)). A relative decrease

of the diffusion coefficient, as compared to its value without crowding

and trapping, D0 = Deff(cw = 0, ct = 0), is stronger, the less the particles

we have for the same concentration of traps (Fig. 2.10(a)), since then more

particles in the total number of particles are trapped. Conversely, the rel-

ative change in diffusivity is smaller, the more the traps we have for a

constant number of tracers (Fig. 2.10(b)), since then again more particles

in the total number of particles are trapped. Finally, the slow down of

diffusion caused by an increase of the binding rate (Fig. 2.10(c)) on the

constant concentrations of traps and walkers is much stronger and ap-

pears at much lower binding rates if the unbinding rate is smaller, since

then the trapping dominates more.

Expectedly, the analogous plots to Fig. 2.10, (a) – (c), obtained for a

dependence of the diffusion coefficient on Poff and shown in Fig. 2.10,

(d) – (f), are almost a mirror image of the first ones. This is a direct

mapping of the symmetry of Pon and Poff on diffusion, represented by the

dependence of Deff (2.29) and 〈cb〉 only on the ratio Pon/Poff. A decrease in

binding rate which results in more particles entering the traps, conforms

to an increase in the unbinding rate, which results in longer arrest of the

particles in the traps. The first effect thereby acts on the ensemble at a

time instance, while the other affects the statistics of a single trap in a

series of time steps. This symmetry is therefore an explicit manifestation

of the ergodic symmetry: in the overall diffusion of the whole lattice gas,

stopping one particle for N steps or stopping N particles for one step, will

statistically have the same effect. (Given that the binding is transient.)

2.6 conclusion

While the other properties of the effective diffusion coefficient (2.29) de-

rived herein are intuitive and expected, a new phenomenon of crowding-

enhanced diffusion, an increase of the diffusion coefficient by crowding,
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was identified. The existence of such a regime sheds a new light on

all the instances when diffusion with crowding and trapping on a two–

dimensional interface appears. At this level of abstraction, we could only

guess about the possible technical implications on different functionalised

surfaces where the processes in work could be diffusion–limited, and

where the trapping could cause a problem if the transport of a diffus-

ing species over the surface is aimed. The solution to speed up diffusion

could be, based on the evidence here, contradictory trivial: to populate

the surface by more of the crowding species!

In the world of biological membranes, such a mechanism could also

be used to modulate the transport processes on the cell surface. We

could speculate about this to be an explanation for the extremely large

concentrations observed in membranes of different organisms from early

years [272] up to the most recent findings [2, 273], including large con-

centrations of the variant surface glycoproteins, whose crowded diffusion

is analysed in Chapter 4 of this thesis. A number of experiments which

have already confirmed an interplay of crowding and trapping in membranes

[100, 121, 187, 193, 211–216, 218, 219] open the possibility that crowding-

enhanced diffusion can indeed play a role in the membranes. However,

the experiments to examine this effect specifically are yet to be developed,

while the problem of possible biological function and implications of the

process may have just been posed.
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Chapter3
THE HYPERGEOMETR IC

FUNCT IONS WITH TWO LARGE

PARAMETERS

Physics is mathematical not because we know so much

about the physical world, but because we know so little.

An Outline of Philosophy [274, p. 125]

Bertrand A. W. Russell

3.1 introduction

In the previous chapter it was shown that the partition function of the

lattice gas of Nw identical hard particles performing a random walk in

a two-dimensional lattice with Ng nodes containing Nt randomly dis-

tributed traps, modelled by the probabilities to bind (Pon) and unbind

(Poff) when a particle visits a trap, is given by the Gauss hypergeometric

function F
( a,b

c ; z
)
, defined by the series (2.65). The Gauss hypergeometric
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function will hereafter be abbreviated as the HGF. The specific form of

the resulting partition function took the following form:

Z =

(
Ng − Nt

Nw

)
· F
(

−Nw,−Nt

Ng − Nw − Nt + 1
; 1− δ1,Pon +

Pon

Poff

)
, (3.1)

where δi,j is the Kronecker delta. The example of the partition function

(3.1) resulting in the HGF which arose in the study of the crowded lattice

gas with traps is but just one of the many instances in which the HGF

appears in various fields of physics [275–300] and mathematics [106, 301–

309] in a similar manner.

As the lattice in the lattice gas model is meant to represent the phys-

ical medium, the macroscopic, or realistic limit of the partition function

(3.1) is the one of the large Ng. For instance, if we imagine the lattice

as a membrane, and define the lattice constant to be a0 = 1 nm, we can

approximately consider the lattice sites to be the lipid molecules. The

order of Ng, corresponding to these molecules, is then 106 − 107 per µm2

[310]. The number of proteins, if they are represented by the particles on

the lattice, varies from ∼ 104 [2] to ∼ 107 [311]. The first example, the

VSG protein of a membrane of Trypanosoma brucei, is studied in detail in

[2] and in Chapter 4 of this thesis. In Monte Carlo simulations that have

been performed to simulate the lattice gas model, the number of sites is

∼ 105. Accordingly, the number of both traps (Nt) and particles (Nw) in

(3.1) can also vary from the order of 1 to ∼ 107 (and even to ∼ 1023 for

other systems such as solutions or crystals). This means that at least two

parameters of the HGF in (3.1) may be very large.

Analogously, in many applications of the HGF in mathematics and

physics, one or more of its parameters — a, b and/or c — naturally take

very large values [275–277, 279–282, 284–286, 288, 293, 295–297, 299, 301,

302]. Moreover, the limit of the large value often corresponds to a macro-

scopic limit, as the case is in the lattice gas presented here. For these

reasons it is desirable to evaluate the partition function (3.1), and conse-

quently the HGF, for large parameters.

Regrettably, the calculation of the HGF with large parameters by first

principles is very demanding either analytically or computationally, be-

cause of both a slow convergence of the series (2.65) and a cumbersome
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form of coefficients appearing when the parameters of the HGF are large.

For these reasons it becomes crucial to find the asymptotic expansions

(further abbreviated as the AEs) of the HGF when some of its parameters

are large.

As stated by [1], “the first attempt to find the AE of an HGF with large

parameters was made by Laplace [312] who gave the AE of the Legendre

polynomial for large n:

Pn(cos ϑ) = F
(
−n, n + 1

1
;

1− cos ϑ

2

)
∼
√

2
nπ sin ϑ

cos
[(

n +
1
2

)
ϑ− π

4

]
as n→ ∞, (3.2)

which was a special case of an HGF with two large parameters. The

first extensive study of the AEs of the HGF in general was performed by

Watson [313], who used the method of steepest descent (hereafter in this

chapter denoted as the MSD1) to evaluate the general asymptotic form of

the HGF,

F
(

a + ε1λ, b + ε2λ

c + ε3λ
; z
)

as |λ| → ∞ for εi ∈ {0, 1,−1}, (3.3)

for the cases (ε1, ε2, ε3) = (0, 0, 1), (1,−1, 0) and (0,−1, 1). He then used

the transformation formulae of the HGF to express the remaining cases

of εi ∈ {0, 1,−1} in terms of the evaluated ones.”

Watson’s expansions appear to have two problems. The first was is

their narrow region of validity in the z–complex plane. For example, they

are not valid in the vicinity of the critical points of the HGF. Furthermore,

the conditions on the parameters strongly restrict the expansions obtained

after using the transformation formulae of the HGF. As reviewed in [1],

“after some advances in [276] and [277] for particular HGFs occurring in

fluid flow theory, the most exhaustive treatment of cases εi ∈ {0, 1,−1} in

(3.3) was provided recently by Olde Daalhuis [314–319] and Jones [320].

The resulting AEs took the form of series of Airy [315, 316, 318], parabolic

cylinder [314, 316, 318], Bessel [318, 320], Hankel [318], and/or Kummer

[317–319] functions, depending on the value of εi.

1 In other chapters of the thesis (Chapters 1, 2, 4 and 5), MSD is used as the abbreviation

for the mean square displacement.
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The AEs of the HGF with more general values of εi have been stud-

ied only for particular HGFs appearing in different problems in physics.

Some examples are the solution of the compressible gas flow dynam-

ics problem [275], the persistence problem of the solutions of the sine-

Gordon equation in [302], the Legendre functions P−m
n (z) and Q−m

n (z)

for n, m → ∞ in [301], the plaquette expansion for lattice–Hamiltonian

systems [295], and the quantal description of the scattering of charged

particles in atomic systems in [281, 321].”

Nevertheless, there is a number of physical and mathematical prob-

lems where the AEs of the HGF with large parameters have not been

explored. “Such examples are the scattering of electromagnetic waves on

dielectric obstacles [280] and the hydrogen atom [284], the Schrödinger

equation for smooth potentials and the mass step in one dimension [285],

the dispersion of plasma with high–energy particles [286], the distribu-

tions of mass, pressure and temperature and the total outflow of energy

at some distance from the center of the Sun [288], the envelope of the

Friedel oscillations caused by a simple impurity in a 1–D Luttinger liquid

(g = 1/2) at finite temperature [296], the exact flow in the deterministic

cellular automaton model of traffic [299], and Bekenstein’s description of

the statistical response of a Kerr black hole with a quantum structure to

an incoming quantum radiation [293].

An attempt to find the AEs for a general HGF was made recently by

Paris [322, 323], who reverted to the MSD to obtain the expansion of

F
( a+ε1λ,b+ε2λ

c+ε3λ ; z
)

for |λ| → ∞, with εi taking any finite value. These ex-

pansions, however, have their own restrictions on the regions of validity

in the z–plane (e.g. |z| < 1
ε for the case (1, 0, 0) in [322]), and, as we show

later, these restrictions increase when one uses the stated transformations

to go from the primary parameter set (ε1, ε2, ε3) = (ε, 0, 1) to other cases

in the class ε2 = 0, and analogously in the classes ε3 = 0 and ε3 = ±1”

[1].

Obviously, a lot of effort has gone into finding the the general AEs of

the HGF with large parameters, valid for all values of parameter and/or

variable. In spite of that, it turns out that the general AEs of the large-

parameter HGF have remained a challenging problem. We contribute to
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the solution of this problem in this chapter of the thesis. Specifically, we

provide the closed expressions for the AEs of the HGF with any two of the

parameters a, b and c large, that are valid over the entire z–plane except

for a few points.

3.2 asymptotic expansions of the hgf

In order to calculate the AEs of the HGF with any two parameters having

large values, we will apply the method of steepest descents (MSD) to

asymptotically evaluate the following two types of the HGF:

F
(

a + ελ, b
c + λ

; z
)

and F
(

a + ελ, b + λ

c
; z
)

as |λ| → ∞ (3.4)

for both |ε| < 1 and |ε| > 1. Any other combination of (ε1, ε2, ε3) with

one εi equal to 0 is reduced to the two cases (3.4) by the transformation

rules of the HGF.

In general, as defined in [1], “the HGF is the solution of the hypergeo-

metric differential equation [106, p. 394; 64, p. 562]

z(1− z)
d2F(z)

dz2 +
[
c− (a + b + 1)z

]dF(z)
dz

− abF(z) = 0. (3.5)

For c 6= 0,−1,−2, . . . , the HGF is defined on the disk |z| < 1 by the

series (2.65). Outside the disk |z| < 1, the HGF is defined by analytic

continuation of (2.65). F is a multivalued function of z and is analytic

everywhere except possibly at z = 0, z = 1 and z = ∞, which may be

branch points [106, p. 384]. The principal branch is the one obtained by

introducing a cut from 1 to +∞ along the real axis, i.e. the one in the

sector |arg(1− z)| ≤ π. In this paper we assume that z belongs to the

principal branch if |z| ≥ 1 and z lies on the branch cut of the HGF, i.e. we

assume in that case that arg(z) = 0.
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In all the cases we consider, we will assume that Re(z) ≥ 0. The case of

Re(z) < 0 can then be easily handled by using a transformation formula

of the HGF [64, §15.3.3–15.3.5]

F
(

a, b
c

; z
)
=

1
(1− z)b F

(
c− a, b

c
;

z
z− 1

)
= (1− z)c−a−bF

(
c− a, c− b

c
; z
)

(3.6)

to convert the variable z to z(z − 1)−1. Additionally, a straightforward

manipulation of [64, §15.3.6] using (3.6) and [64, §15.3.9], given c− a− b /∈
Z and c /∈N0

2, yields a formula

Γ(1− c) F
( a,b

c ; z
)

Γ(a− c + 1)Γ(b− c + 1)
=

1
Γ(a + b− c + 1)

F
(

a, b
a + b− c + 1

; 1− z
)

− Γ(c− 1)
Γ(a)Γ(b)

z1−c

(1− z)a+b−c F
(

1− a, 1− b
2− c

; z
)

(3.7)

that will be used later.”

In order to be able to apply the MSD, we express the HGF by its integral

representations [106, p. 388, §15.6]. Due to distinct restrictions on the

parameters and the variable z, the following three representations will be

used to derive the AEs of the specific HGFs considered here:

F
(

a, b
c

; z
)
=

Γ(c)
Γ(a) Γ(c− a)

1∫
0

ta−1(1− t)c−a−1

(1− zt)b dt, (3.8)

if Re(c) > Re(a) > 0,

F
(

a, b
c

; z
)
=

Γ(a− c + 1) Γ(c)
2πi Γ(a)

(1+)∫
0

ta−1(t− 1)c−a−1

(1− zt)b dt, (3.9)

if c−a /∈N and Re(a) > 0, and

F
(

a, b
c

; z
)
= e−aπi Γ(1− a) Γ(c)

2πi Γ(c− a)

(0+)∫
1

ta−1(1− t)c−a−1

(1− zt)b dt, (3.10)

if a /∈ N and Re(c−a) > 0. “The region of validity for each of these

equations is |arg(1− z)| < π. In (3.9), the integration path is the loop that

2 Here the convention is adopted that 0 /∈N and N0 = N∪ {0}.
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starts at t = 0, encircles the point t = 1 in the anti-clockwise direction,

terminates at t = 0, and excludes the point t = 1/z. This loop is denoted

by “(1+)” (see dashed black path in figures 3.4(b), 3.5 and 3.9(a)). In

(3.10) the integration path is similar, but with the points t = 0 and t = 1

swapped (dashed black path on Fig. 3.9(b)).

In each case, we express the contour integral from an appropriate repre-

sentation of the HGF above as
∫

C f (t) eλg(t) dt, and deform the contour of

integration C so that it passes through the saddle point t0 of λg(t) along

the steepest descent path. Then we expand g(t) in a Taylor series up to

the second order. With this approximation, eλg(t) becomes a Gaussian,

which becomes narrower as |λ| gets larger. In the limit |λ| → ∞, f (t)

varies very slowly in comparison to eλg(t), i.e. f (t) ≈ f (t0), and the vicin-

ity of the saddle point of λg(t) provides the dominant contribution to the

integral, which by evaluation of the Gaussian integral approximates to

[324, p. 108]

∫
C

f (t) eλg(t) dt ∼ eλg(t0)+iϑ√
|λ|

(
f (t0)

√
2π

|g′′(t0)|
+O

(
λ−1)) as |λ| → ∞

(3.11)

for the second–order saddle point. Here ϑ is the angle that the path of

steepest descent makes with the real axis, given by the equation

Im(λg(t)) = Im(λg(t0)). (3.12)

For a general–order saddle point, this yields [324, p. 105]

ϑ =
(2k + 1)π − α

N + 1
, (3.13)

where α = arg(λg(N)(t0)), N is the order of the saddle point, and k =

0, 1, . . . , N” [1]. More extensive and detailed overview of the MSD can be

found in [324–328].

Let us remark that we will express the accuracy of the AEs by the

relative error R, defined as

R = 100 ·
∣∣∣∣1− AE

HGF

∣∣∣∣ . (3.14)
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3.2.1 Asympttic expansions of the HGF for large a and c

3.2.1.1 Case |ε| ≤ 1

In further calculus, we will assume that ε ≥ 0, and then connect this

case to that of negative ε later by the transformation formulae of the HGF.

Cvitković et al. [1] showed that “the representation suitable for F
( a+ελ,b

c+λ ; z
)

when ε ≤ 1 is (3.8), in which the HGF reads

F
(

a + ελ, b
c + λ

; z
)
=

Γ(c + λ)

Γ(a + ελ) Γ(c− a + (1− ε)λ)

1∫
0

f (t) eλg(t)dt, (3.15)

with

f (t) =
ta−1(1− t)c−a−1

(1− zt)b , (3.16)

g(t) = ln
[
tε(1− t)1−ε

]
, (3.17)

and lim|λ|→∞ | arg(λ)| < π
2 in order to satisfy the condition of (3.8). The

function g(t) has two branch cuts on the real axis given by (−∞, 0] and

[1,+∞). For b 6= 0 the function f (t) has the critical point tc = 1/z whose

nature depends on b: for b ∈ Z\N0 it is a zero of f (t), for b ∈ N it is a

pole of order b, and for b ∈ R\Z it is a branch point giving a branch cut

from tc to infinity in a suitable direction.

The condition to find the saddle point, λg′(t0) = 0, has the solution

t0 = ε. Consequently,

f (t0) =
ε(a−1)(1− ε)c−a−1

(1− εz)b , (3.18)

eλg(t0) = ελε(1− ε)(1−ε)λ, (3.19)

g′′(t0) =
1

ε(ε− 1)
, (3.20)

for ε 6= {0, 1}, which shows that t0 is a simple saddle point (λg′′(t0) 6= 0).

For ε = 0, the only large parameter in F
( a+ελ,b

c+λ ; z
)

is c + λ, and then (2.65)

yields trivially that the asymptotic expansion of the HGF is

F
(

a, b
c

; z
)
∼ 1 +

ab
c

z as |c| → ∞ (3.21)
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to the first order in c. Secondly, the case ε = 1 has been treated in the

literature in a satisfactory manner [313–319, 329–331].

For ε /∈ {0, 1}, g′′(t0) = [ε(ε − 1)]−1 is purely real and negative and

α = π + arg(λ). This means that the two steepest descent curves emanate

from the saddle point t0 = ε with the angles ϑ = − arg(λ)/2 and ϑ =

π − arg(λ)/2 to the real axis (see (3.13) and Fig. 3.1). The steepest ascent

(a)

-1 1 2

-2

-1

1

2

0

ε=0.1

ε=0.3 ε=0.5 ε=0.7

ε=0.9

Re(t)

Im(t)

(b)

Figure 3.1: (a) The plot of Im(g(t)) over the t–complex plane for ε = 0.3. Two

branch cuts, (−∞, 0] and [1, ∞), lie on the real axis. (b) The steepest descent (lines

on the real axis from 0 to 1) and ascent (hyperbolic) curves of (3.15) for λ = 1 and

different values of ε (solid blue) and for λ = 1 + i and ε = 0.7 (dashed orange). Curly

red: the branch cuts. Figure taken from [1].

curves are perpendicular to the steepest descent curves. We therefore

deform the original integration path of (3.15) so that it makes an angle of

ϑ = − arg(λ)/2 to the real axis at the saddle point ε. The integral in (3.15)

then, using (3.18)–(3.20) and (3.11), reads∫
C

f (t) eλg(t) dt ∼
√

2π

|λ|
(1− ε)c−a+(1−ε)λ− 1

2

ε
1
2−a−ελ (1− εz)b

e−
i
2 arg(λ) as |λ| → ∞.

(3.22)

Finally, using Stirling’s approximation for Γ-functions in the prefactor in

(3.15) to the leading order, the expansion reduces to

F
(

a + ελ, b
c + λ

; z
)
∼ 1

(1− εz)b as |λ| → ∞. (3.23)
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The AE (3.23) was previously developed for |z| < 1/ε [322]. It also fol-

lows directly upon using (2.65) and approximating the relevant Pochham-

mer symbols for large λ, which gives |εz| < 1 as the condition for the

convergence of the series. Here we show that the AE (3.23) is valid not

only for |z| < 1
ε , but for all z except in the vicinity of z = 1/ε. The valid-

ity of the AE is only restricted by the requirement that the critical point

tc = 1/z lies outside the integration loop if tc is a pole or a branch point

(i.e. if b /∈ Z\N). As the integration path here is not closed, difficulties

emerge only if tc lies right on the deformed integration path described

above. In this case, we need to deform the path further to avoid tc, and

include the contribution to the integral arising from the half-turn around

tc.” For example, when tc is a pole, the contribution of the turn around

the pole to the path integral is πi Res1/z f (t)eλg(t).

Apart from calculating the contribution due to tc, it is possible to elim-

inate it completely in some cases. Namely, if the contribution of tc is

smaller than the contribution due to the saddle point t0, the smaller of

the terms eλg(t0) and eλg(tc) vanishes in the limit |λ| → ∞. “The contribu-

tions from t0 and tc can be compared by checking the difference between

the real parts of g(t) at these two points [324, p. 132] which evaluates to

Re(g(tc))− Re(g(t0)) = −
Im(g(tc))

tan(arg(λ))
(3.24)

directly from the definition of the steepest descent curve, Im(λg(t)) =

Im(λg(t0)), on which tc is assumed to lie” [1]. This comparison is differ-

ent for Im(λ) 6= 0 and for Im(λ) = 0.

In case Im(λ) 6= 0, let g(t) be the function defined in (3.17) and define

fε(r, ϑ) = Im(g(tc)). The critical point is tc = 1/z, and the parameter

ε satisfies ε ∈ R, 0 < ε < 1. We write z as z = r eiϑ with r ∈ R and

ϑ ∈ (−π
2 , π

2 ), i.e.

fε(r, ϑ) = Im
[

ln
(
(z− 1)1−ε

z

)]
= (1− ε) arctan

(
r sin ϑ

r cos ϑ− 1

)
− ϑ.

(3.25)

Here we prove that for r > 1
ε , fε(r, ϑ) > 0 if ϑ ∈ (−π

2 , 0), and fε(r, ϑ) < 0

if ϑ ∈ (0, π
2 ). These two conditions on ϑ correspond to tc that lies on
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the deformed integration path of (3.15) for arg(λ) > 0 and arg(λ) < 0,

respectively. The derivative of fε(r, ϑ) with respect to r

d
dr

fε(r, ϑ) =
−(1− ε) sin ϑ

(r− 1)2 + 2r(1− cos ϑ)
, (3.26)

shows immediately that

d
dr

fε(r, ϑ)

> 0 for ϑ ∈ (−π
2 , 0),

< 0 for ϑ ∈ (0, π
2 ).

(3.27)

If we look at the function on the boundary, i.e. at r = 1
ε , we see that

d
dϑ

fε(
1
ε , ϑ) =

−(ε + ε2)(1− cos ϑ)

(1− ε)2 + 2ε(1− cos ϑ)
< 0 for ϑ ∈

(
−π

2
,

π

2

)
. (3.28)

Since fε(
1
ε , 0) = 0, this immediately shows that

fε(
1
ε , ϑ)

> 0 if ϑ ∈ (−π
2 , 0),

< 0 if ϑ ∈ (0, π
2 ).

(3.29)

By combining this with (3.27), Cvitković et al. [1] prove the statement and

show that “for 0 < |tc| = 1/|z| < ε, i.e. for |z| > 1
ε , such that tc lies on the

deformed integration path, Im(g(tc)) > 0 if arg(λ) > 0 and Im(g(tc)) < 0

if arg(λ) < 0, that is, Re(g(tc)) < Re(g(t0)) for any λ.

In the other case, that Im(λ) = 0, the steepest descent path is real and

(3.24) is inconclusive. In this case tc, which lies on the path, is real and

satisfies the relation tc < 1 (z > 1), and the difference is

Re(g(tc))− Re(g(t0)) = ln

(
1

εεx

∣∣∣∣x− 1
1− ε

∣∣∣∣1−ε
)

= ln hε(x), (3.30)

where x = Re(z)” [1] and the argument of the logarithm is denoted as

hε(x).

The behaviour of hε(x) can be simply explored for different ε and x, in

particular the ranges when it is larger and smaller than 1. One solution

to the equation hε(x) = 1 is xc =
1
ε , which is also a solution of

h′ε(x) = hε(x)
1− εx

x(x− 1)
= 0. (3.31)
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As h′′ε (xc) evaluates to ε3/(ε− 1) and hε(xc) = 1, xc =
1
ε is a maximum of

hε(x) for ε < 1 and a minimum for ε > 1.

For ε < 1, we see from (3.31) the following:
h′ε(x) < 0, 0 < hε < ∞ for 0 < x < 1,

h′ε(x) > 0, 0 < hε(x) < 1 for 1 < x < 1
ε ,

h′ε(x) < 0, 0 < hε(x) < 1 for 1
ε < x < ∞.

(3.32)

This is shown in Fig. 3.2(a). For ε > 1, we have analogously:
h′ε(x) < 0, 1 < hε < ∞ for 0 < x < 1

ε ,

h′ε(x) > 0, 1 < hε(x) < ∞ for 1
ε < x < 1,

h′ε(x) < 0, 0 < hε(x) < ∞ for 1 < x < ∞,

(3.33)

with hε(x) passing through another root of the equation hε(x) = 1. This

is shown in Fig. 3.2(b). Finally,{
hε(x) ≤ 1 ∀ ε < 1 and x > 1;

hε(x) ≥ 1 ∀ ε > 1 and x < 1.
(3.34)

The above analysis shows that Re(g(tc)) < Re(g(t0)) for purely real λ as

well.
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Figure 3.2: The plots of hε(x) for various ε, showing that (a) hε(x) ≤ 1 if ε < 1 and

x > 1, and (b) hε(x) ≥ 1 if ε > 1 and x < 1. This implies that Re(g(tc)) < Re(g(t0))

for Im(λ) = 0.
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Based on these arguments, one can deduce that for the critical point tc

on the integration path, its contribution to the integral in (3.15) is negligi-

ble for any λ and z except in the vicinity of z = 1/ε. The latter is expected

since z → 1/ε means that the critical point tc = 1/z → ε approaches the

saddle point t0 = ε. This is when the saddle–point approximation does

not work by definition. On the other hand, as stated by [1], “the expan-

sion (3.23) is valid for 0 < ε < 1, for any a, b, c, Re(λ) > 0, and for any

z except in the vicinity of 1
ε . One notes that the imaginary part of the

HGF for real z > 1, as well as of the AE (3.23) for real z > 1
ε , becomes

non–zero, so from (3.23) one can directly determine the limiting value of

the imaginary part to be − sin(πb) |1− εz|−b for z > 1
ε .

The comparison of the HGF and its AE (3.23) is shown in Fig. 3.3. The

insets in the plots show the relative error R, defined in (3.14). It is clear

that the AE works perfectly for any z except in the close vicinity of z =

1/ε, both for real (Fig. 3.3(a)) and complex (Fig. 3.3(b)) z, and for any b.

To allow ε to assume negative values, we employ the transformation

formulae (3.6) and (3.7). In particular, the case (−ε, 0, 1) can be trans-

formed to (ε, 0, 1) by application of (3.6), while the cases (±ε, 0,−1) can

be transformed to (ε, 0, 1) by successive application of (3.6) and (3.7).”
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Figure 3.3: Graphs of the HGF for a = 1, c = 2, ε = 0.5, λ = 400(1 + i/2). (a)

b = 1, z ∈ R. (b) b = 3/4, z = x + i/4, x ∈ R. The insets in the plots show the

relative error R between the HGF and its AE. Note that in part (a) the HGF looks

bounded at z = 1
ε = 2 because of the finite value of λ used; in the limit λ → ∞ the

HGF diverges. Figure taken from [1].
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The latter, together with the generality of the AE (3.23) demonstrated in

this section, proves that the AE (3.23) covers all the possibilities of large a

and c parameters of the HGF for −1 ≤ ε ≤ 1.

3.2.1.2 Case |ε| > 1

Analogously to the previous section, we will assume ε > 1 instead of

|ε| > 1. The case of ε < −1 will be connected to the case ε > 1 at the

end by the transformation formulae of the HGF. As referred in [1], “the

suitable representation of the HGF in the case (ε, 0, 1) and ε > 1 is (3.9),

giving

F
(

a + ελ, b
c + λ

; z
)
=

Γ(c + λ) Γ(a− c + (ε− 1)λ + 1)
2πi Γ(a + ελ)

(1+)∫
0

f (t) eλg(t)dt (3.35)

where we have redefined f (t) and g(t) to be

f (t) =
ta−1(t− 1)c−a−1

(1− zt)b , (3.36)

g(t) = ln
[
tε(t− 1)1−ε

]
. (3.37)

In addition we must have lim|λ|→∞ | arg(λ)| < π
2 in order to satisfy the

conditions under which (3.9) is valid. The branch cut of g(t) is now

(−∞, 1] (equalling (−∞, 0] ∪ (−∞, 1]), and for b 6= 0, f (t) has the critical

point tc = 1/z.” The nature of the critical point tc is determined by b in

an analogous manner as in the section 3.2.1.1.

The representation of the HGF (3.35) is now suitable for the application

of the MSD. It has been shown [322] that the expansion (3.23) holds as

long as the point tc lies outside the loop of the deformed integration path.

“This integration path, as before, is that of the steepest descent through

the saddle point, which is again t0 = ε, but now g′′(t0) = [ε(ε− 1)]−1 is

real and positive, so that the steepest descent path makes the angle ϑ =
π
2 − arg(λ)/2 (and ϑ = 3π

2 − arg(λ)/2) with the real axis (see Fig. 3.4).

The restriction of tc to the region outside the loop of integration how-

ever strongly limits the validity of the resulting AE. For instance, for real z

this condition implies z < 1
ε < 1. Here we show that it is possible to over-

come this limitation, by allowing tc to lie within the loop and calculating

the resulting contribution from tc to the integral in (3.35)” [1].
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Re(t)
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Figure 3.4: (a) The plot of Im(g(t)) over the t–complex plane for ε = 3. Two

branch cuts, (−∞, 0] and (−∞, 1], overlap on the real axis. (b) The steepest descent

(perpendicular to the the real axis) and ascent (lying on the real axis) curves for λ = 1

and different values of ε (solid blue) and for λ = 1 + i/3 and ε = 3 (dashed orange),

to which the original integration path of (3.35) (dashed black) is deformed by making

use of the Cauchy theorem. Curly red: the branch cut. Figure taken from [1].

In the case |z| < 1
ε , tc = 1/z lies outside the integration loop used in the

MSD and tc = 1/z does not contribute to integral (3.35). This is depicted

in Fig. 3.4(b), where the solid paths represent different integration loops

for different values of ε. “If |z| > 1
ε , then tc may lie within the loop

depending on the exact value of z. If it does then its contribution must be

considered.

The contribution to the AE due to the critical point tc, in the cases where

it lies within the integration loop, depends on the nature of tc which is

defined by b. If b = 0, tc is not a critical point. When b ∈ Z\N0, tc is

the zero of the integrand, and makes no difference to the integral (3.35).

The other possibilities are (i) b ∈ N, meaning tc is a pole of order b, and

(ii) b ∈ R\Z, meaning tc is a branch point giving a branch cut to infinity

in a suitable direction. We will consider these last two nontrivial cases

separately.

Let us first assume that b ∈N. Because tc = 1/z is outside the original

integration path from the definition of the HGF (3.35) (denoted by C,
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dashed black path in Fig. 3.4(b)) and inside the deformed integration path

through the saddle point (made for the application of the MSD, denoted

by C′, solid paths in Fig. 3.4(b)), the residue theorem gives

∫
C′

f (t) eλg(t)dt =
∫
C

f (t) eλg(t)dt + 2πi Res
1/z

f (t) eλg(t). (3.38)

If we multiply (3.38) by the prefactor of the integral on the right hand

side of (3.35), then the integral over C becomes the HGF. Futhermore, as

|λ| → ∞, the integral over C′ attains the limiting value of (1− εz)−b (by

the application of the MSD)” [1]. Hence the only unknown in the relation

(3.38) is the residue of the function

h(t) = f (t)eλg(t) =
ta−1+ελ(t− 1)c−a−(ε−1)λ−1

(1− zt)b . (3.39)

This residue is to be calculated as follows.

Let us abbreviate (ε− 1)λ as λ̄. Given that the pole at 1/z is of order b,

the residue formula reads

Res
1/z

h(t) =
1

(b− 1)!
lim

t→1/z

db−1

dtb−1

[(
t− 1

z

)b
h(t)

]
(3.40)

=
(−z)−b

Γ(b)
lim

t→1/z

db−1

dtb−1

[
ta−1+ελ(t− 1)c−a−λ̄−1

]
. (3.41)

A useful relation to evaluate the derivative in (3.41) is a simple general

property:

dn

dxn xα(x− 1)β =
n

∑
k=0

(
n
k

) k

∏
i=1

(α− i + 1)
n−k

∏
i=1

(β− i + 1) xα−k(x− 1)β+k−n.

(3.42)

The products in (3.42) can be recognized as the Pochhammer symbols:

n

∏
i=1

(x− i + 1) =
Γ(x + 1)

Γ(x− n + 1)
= (−1)n(−x)n. (3.43)
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Using both (3.42) and (3.43), Cvitković et al. [1] “get:

Res
1/z

h(t) =
(−z)−b

Γ(b)
lim

t→1/z

b−1

∑
k=0

(
b− 1

k

)
ta−1+ελ−k(t− 1)c−a−b−λ̄+k·

· (−1)b−1(1− a− ελ)k(a− c + λ̄ + 1)b−k−1

=
−(1− z)c−a−b−λ̄

Γ(b) zc+λ−1

b−1

∑
k=0

(
b− 1

k

)
(1− a− ελ)k·

· (a− c + λ̄ + 1)b−k−1(1− z)k

=
(−1)b

Γ(b)
(c− a− b− λ̄ + 1)b−1

zc+λ−1(1− z)a+b−c+λ̄
·

·
b−1

∑
k=0

(−1)k(b− 1)!
(b− 1− k)!

(1− a− ελ)k(1− z)k

(c− a− b− λ̄ + 1)kk!
. (3.44)

There we have used another property of the Pochhammer symbol, namely

(1− x)m+n =
Γ(x)

Γ(x−m)

(−1)m+n

(x−m)−n
= (−1)m+n (x−m)m

(x−m)−n
(3.45)

to evaluate the factor (a− c + λ̄ + 1)b−k−1. The first factor under the sum

in (3.44) allows us to replace b − 1 in the upper limit of the sum by ∞;

from (3.43), that factor can be recognised as (1− b)k. The sum in (3.44)

then is another HGF:
∞

∑
k=0

(1− a− ελ)k(1− b)k

(c− a− b− λ̄ + 1)k

(1− z)k

k!
= F

(
1− a− ελ, 1− b
c− a− b− λ̄ + 1

; 1− z
)

. (3.46)

Using the following transformation formula [106, §15.8.6],

F
(
−m, b

c
; z
)
=

(b)m

(c)m
(−z)mF

(
−m, 1− c−m

1− b−m
;

1
z

)
, (3.47)

we get

F
(

1− a− ελ, 1− b
c− a− b− λ̄ + 1

; 1− z
)
=

(−1)b−1(1− a− ελ)b−1

(c− a− b− λ̄ + 1)b−1
(1− z)b−1·

· F
(

a− c + λ̄ + 1, 1− b
a− b + ελ + 1

;
1

1− z

)
.” (3.48)

We introduce

a′ = a− c + 1, b′ = 1− b c′ = a− b + 1 (3.49)

ε′ = 1− 1
ε

λ′ = ελ z′ =
1

1− z
(3.50)
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so that λ̄ = ε′λ′ and the HGF from (3.48) becomes F
( a′+ε′λ′,b′

c′+λ′ ; z′
)
, which

is just the parameter set that is discussed in sec. 3.2.1. As concluded in

[1], “here, since 0 < ε′ = 1− 1/ε < 1 (as ε > 1), and 1/z′ is neither a pole

nor a branch point of the HGF (as b′ ∈ Z\N), we can use the result of

section 3.2.1.1 (for ε < 1) to write the AE of F
( a′+ε′λ′,b′

c′+λ′ ; z′
)

as (1− ε′z′)−b′ .

In terms of the original variables, this gives

F
(

a− c + λ̄ + 1, 1− b
a− b + ελ + 1

;
1

1− z

)
≈
[

1−
(

1− 1
ε

)
1

1− z

]b−1

=

(
1
ε − z
1− z

)b−1

.

(3.51)

The factor (1 − a − ελ)b−1 on the right side in (3.48) can be simplified

using the Stirling approximation. In general, if arg(w) < π and a < 0,

this approximation gives

(b− aw)n =
(−1)nΓ(aw− b + 1)
Γ(aw− b− n + 1)

∼ (−1)n
√

2πe−aw(aw)aw−b+ 1
2

√
2πe−aw(aw)aw−b−n+ 1

2

= (−aw)n (3.52)

as w → ∞. This means (1 − a − ελ)b−1 ∼ (−1)b−1(ελ)b−1 as λ → ∞.

Combining this with the results from (3.44) to (3.51), we obtain

Res
1/z

h(t) ∼ − λb−1 z1−c−λ

Γ(b) (1− z)a+b−c+(ε−1)λ
(εz− 1)b−1 as λ→ ∞.” (3.53)

In the limit λ→ ∞, the prefactor of the integral in (3.35) can be evaluated

“by the Stirling approximation for λ→ ∞:

Γ(c + λ) Γ(a− c + (ε− 1)λ + 1)
2πi Γ(a + ελ)

∼ −i

√
λ

2π

(ε− 1)a−c+(ε−1)λ+ 1
2

εa+ελ− 1
2

. (3.54)

From (3.35) and (3.38)–(3.54) we finally find the asymptotic expansion of

the HGF to be

F
(

a + ελ, b
c + λ

; z
)
∼ 1

(1− εz)b +

√
2π

Γ(b)
(ε− 1)a−c+ 1

2

εa− 1
2

z1−c (εz− 1)b−1

(1− z)a+b−c λb− 1
2 ·

·
[

1
εεz

(
ε− 1
1− z

)ε−1
]λ

as |λ| → ∞. (3.55)

The last factor on the right hand side above can be written as hλ
ε (z) with

hε(z) as defined before” [1].
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The only case left to be discussed is the case is when b is real and non-

integer. Then, tc is not the pole, but a branch point. As suggested in

[1], “in this case, if we were to deform the path as in Fig. 3.4(b), then we

would pass over the branch point at tc and the branch cut emanating from

tc. To avoid this, we deform the integration path additionally in order to

bypass the branch cut (see Fig. 3.5), by placing part of it along the branch

Re(t)

Im(t)

1

1

1

2 3

Figure 3.5: Integration path in the t–plane when b /∈ Z, ε = 3 and z = 1/2. Curly

red: the branch cut from −∞ to 1. Curly green: the branch cut from tc aligned along

the steepest descent curve through tc. Dashed black: the integration loop of (3.9) and

(3.35) by definition. Solid blue: the steepest descent curve through t0 = ε, deformed

additionally to avoid the branch cut. Figure taken from [1].

cut and around the branch point. The branch cut itself is chosen to lie

along the path of steepest descent through the point tc. The additional

contribution to the integral from this additional deformation can then be

found by applying Watson’s lemma to this augmented part of the path C′

[324, pp. 125-147].”

Let us calculate this contribution for a function f (t) that has an alge-

braic branch point of the type f (t) = (t− tb)
ν f̄ (t), where ν ∈ C\Z and

f̄ (t) is an analytic function of t near t = tb for which f̄ (tb) 6= 0. Let us as-

sume that g(t) is an analytic function of t near t = tb for which g′(tb) 6= 0.

“Then the AE of the integral Fb(λ) =
∫

C′′ f (t)eλg(t) dt along C′′, which is
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the path along the two sides of the branch cut emanating from tb, reads

[324, p. 131]

Fb(λ) ∼ s(1− e−2πiν)eλg(tb)
∞

∑
n=0

Γ(n + ν + 1)β(n)(0)
n!λn+ν+1 as λ→ ∞. (3.56)

Here the change of variables g(t)− g(tb) = −τ was introduced and

β(τ) = f̄ (t(τ))
[

t(τ)− tb

τ

]ν

t′(τ) (3.57)

was defined; also s was introduced such that s = −1 if C′′ lies to the

right, and s = 1 if C′′ lies to the left of the original integration path,

when situated on the path and looking in the direction of integration.

Comparing to (3.36) and (3.37), we see that s = −1 (see Fig. 3.5), ν = −b,

and

f̄ (t) = (−z)−bta−1(t− 1)c−a−1, (3.58)

g′(t) =
ε

t
− ε− 1

t− 1
, (3.59)

β(0) = f̄ (tb)

[
−1

g′(tb)

]ν+1

= (−1)−b z1−c(εz− 1)b−1

(1− z)a+b−c . (3.60)

Here, we have recognised that t(0) = tb = 1/z and t′(0) = −1/g′(tb).

Combining the above expressions with (3.56), the first-order contribution

to Fb(λ) reads

Fb(λ) ∼ (−1)−b e2πib − 1
zλ(1− z)(ε−1)λ

Γ(1− b)
λ1−b

z1−c(εz− 1)b−1

(1− z)a+b−c as λ→ ∞.

(3.61)

As (−1)−b = e−iπb, i.e.

(−1)−b
(

e2πib − 1
)
= 2i sin(πb) =

2πi
Γ(b)Γ(1− b)

, (3.62)

one can use the reflection formula of the Γ–function [64, p. 256] to obtain

Fb(λ) ∼
2πi

Γ(b)λ1−b
z1−c−λ(εz− 1)b−1

(1− z)a+b−c+(ε−1)λ
as λ→ ∞. (3.63)

Finally, multiplying (3.63) by (3.54) to find the contribution of the branch

cut to the HGF expansion yields

(3.54)Fb(λ) ∼
√

2π

Γ(b)
(ε− 1)a−c+ 1

2

εa− 1
2

z1−c(εz− 1)b−1

(1− z)a+b−c λb− 1
2

[
1

εεz

(
ε− 1
1− z

)ε−1
]λ

(3.64)
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as λ→ ∞. This is exactly the same as the second term of (3.55)” [1]. This

shows that, when deforming the integration path in (3.35), the analytic

expressions for the contribution due to the enclosed branch point and the

contribution due to the enclosed pole are the same.

As a remark, when z → 1, hε(z) > 1. Actually, as shown in 3.2.1.1, the

same holds for real z such that z < 1. But hε(z) > 1 implies that the AE

(3.55) diverges as |λ| → ∞, and it diverges faster, the closer |z| gets to 1.

Since this asymptotic behaviour is the same as that of the HGF itself, the

AE (3.55) reproduces the divergent behaviour of the HGF in the domain

1/ε < |z| < 1.

Comparison of the derived AE (3.55) and the corresponding HGF eval-

uated from its definition directly is shown in figures 3.6, 3.7 and 3.8. The

HGF is represented by dashed blue, and the AE (3.55) by solid orange

curves. The excellent overlap between the HGF and the AE (3.55) veri-

fies the accuracy of the AE developed here. This accuracy is further high-

lighted by the diminishing relative error between the two curves (3.14),

plotted in the right insets in figures 3.6, 3.7 and 3.8. Remarkably, the

relative error remains small even near the point z = 1 where the HGF

diverges. It becomes significant only in the neighbourhood of z = 1
ε . Con-

clusively, the expansion (3.55) is valid for any |z| > 1
ε when ε > 1 and

b /∈ Z\N, while for |z| < 1
ε it reduces to a simpler form given by (3.23).

As asserted in the beginning of this section, negative values of ε can be

covered by the use of transformations of the HGF. Specifically, one can

use the formulae (3.6) and (3.7) to straightforwardly transform the cases

(−ε, 0, 1) and (±ε, 0,−1) to (ε, 0, 1), as analogous to the section 3.2.1.1.

3.2.2 Expansions of the HGF for large a and b

In order to apply a specific integral representation of the HGF for the

MSD, we again assume ε > 0. The case ε < 0 will be handled by applying

the transformation formulae in (3.6) and (3.7) on the final result for the
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Figure 3.6: Graphs of the HGF for a = 0, c = 1, and different b, ε and λ: (a)

(b, ε, λ) = (2, 3
2 , 50(1 + 3i/2)), (b) (b, ε, λ) = (−2, 2, 100), (c) (b, ε, λ) = ( 5

2 , 3
2 , 50),

(d) (b, ε, λ) = (− 1
2 , 2, 100(1 + i/2)). The following description is common to all

the plots. Dashed blue: the corresponding HGF. Solid orange: the AE (3.55) with

pole/branch cut contribution included. Dot-dashed green: the AE (3.23). Left inset:

the vicinity of z = 1/ε enlarged. Right inset: the relative error of limited (eq. 3.23,

dashed orange) and full (eq. 3.55, solid blue) expansions. Note the logarithm of the

absolute values of the HGFs in the plots, which in part (b) results in two spikes at the

points where the HGF changes sign (see Fig. 3.8). Figure taken from [1].

AE valid for ε > 0. As stated by [1], “the integral representation suitable

for large a and b is (3.9), which in this case reads

F
(

a + ελ, b + λ

c
; z
)
=

Γ(c) Γ(a− c + ελ + 1)
2πi Γ(a + ελ)

(1+)∫
0

f (t) eλg(t)dt, (3.65)
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Figure 3.7: Graphs of the HGF for a = 0, c = 1, and different b, ε and λ 6= N: (a)

(b, ε, λ) = (2, 3
2 , 50.5), (b) (b, ε, λ) = (−2, 2, 100.25), (c) (b, ε, λ) = ( 5

2 , 3
2 , 50.25), (d)

(b, ε, λ) = (− 1
2 , 2, 100.25). The description is the same as in Fig. 3.6.
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Figure 3.8: The HGF from Fig. 3.6(b) and 3.7(b) on linear (blue axis and curve) and

logarithmic (red axis and curve) scale, and the corresponding AE (3.55) (solid orange

and dotted green).
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where f (t) and g(t) are defined to be

f (t) =
ta−1(t− 1)c−a−1

(1− zt)b , (3.66)

g(t) = ln
(

tε

(t− 1)ε(1− zt)

)
. (3.67)

One branch cut is (−∞, 1]. Another branch cut, if (b + λ) ∈ R\Z, is from

1/z to ∞ in a suitable direction. The condition g′(t) = 0 yields as the

saddle points

t± =
1− ε

2
± |1− ε|

2
σ(z), σ(z) =

√
1 +

4ε

(ε− 1)2z
. (3.68)

If Im(z) 6= 0, then z as well as t± lie off the real axis, meaning that one

can deform the integration path to coincide with the steepest descent

path through t± without passing over the branch cut from 1/z to ∞ (see

Fig. 3.9 and Appendix A (Chapter 7), figures 7.1, 7.2 and 7.3). In this case,

therefore, the MSD can be applied directly. Using the fact that g′(t±) = 0,

the second derivative at t± reads

g′′(t±) =
±ε|1− ε|σ(z)
t2
±(t± − 1)2

, (3.69)

and the MSD results in the following AE:

F
(

a + ελ, b + λ

c
; z
)
∼ Γ(c)(ελ)

1
2−c√

2π|ε− 1|σ(z)

(
ta+ελ
+ (t+ − 1)c−a−ελ

(1− zt+)b+λ
+

+
ta+ελ
− (t− − 1)c−a−ελ

(1− zt−)b+λ

)
, as |λ| → ∞, (3.70)

which is valid for any z and λ such that Im(z) 6= 0 and Im(λ) 6= 0.

Here we have used the Stirling approximation to write the prefactor of

the integral in (3.65) as Γ(c)(ελ)1−c/(2πi). For real λ and Im(z) 6= 0, only

the saddle point at t+ contributes in the MSD, resulting in the AE (3.72),

i.e. (3.70) without the second term.

If z is real, then t± are real, with t− negative and t+ positive for all

z > 0. (The only possible case for concern here would be if t± coalesced,

which only happens for z = −4ε/(ε− 1)2 < 0 and is ruled out since we
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Figure 3.9: The steepest descent paths through the dominant saddle point for different

ε and z and real λ. Thick blue: the integration path for chosen ε. Curly red: the

branch cut (−∞, 1]. Curly green: the branch cut [1/z,+∞). Dashed black: the

original integration paths of (3.9) and (3.10). Blue triangles: t+(ε, z). Black diamonds:

t−(ε, z). Figure taken from [1]. Analogous paths in a general case of complex λ and z

are shown in Appendix A in Chapter 7.

assume in this derivation that Re(z) > 0.) Since in this case all the branch

cuts lie on the real axis, we have to inspect the applicability of the MSD

for real z. The comparison of the real parts of g(t) at t± yields

Re(g(t+))− Re(g(t−)) = ln
(∣∣∣∣ t+(t− − 1)

t−(t+ − 1)

∣∣∣∣ε ∣∣∣∣1− zt−
1− zt+

∣∣∣∣) > 0 (3.71)

so that the saddle point t+ dominates the contribution to the path integral,

while the contribution of t− can be neglected. For z < 1, 1 < t+ < 1/z

and t+ lies between the branch cuts (−∞, 1] and [1/z,+∞) (shown as

red and green curly curves, respectively, in Fig. 3.9(a)), meaning that one

can again easily deform the integration path to coincide with the steepest

descent path through t+.

In contrast, for z > 1, since 1/z < t+ < 1 (see Fig. 3.9(b)), one cannot

enclose the point 1 without passing over the branch cut from 1/z to ∞.

This inability to deform the path to go through t+ when z is real and

larger than 1 means that the integral representation (3.65) cannot be used

in this case, which must therefore be treated differently. We note paren-
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thetically that it is not possible to avoid this difficulty by orienting the

branch cut from 1/z in some direction other than the positive real axis,

as in section 3.2.1.2, since the branch point is now logarithmic and the

procedure therein is valid for algebraic branch points” [1]. It seems that

the possible way out could be to transform the HGF with z > 1 to an

HGF with z < 1 using the transformation formulae (e.g., [64, §15.3.7 or

§15.3.9]). However, this results in the HGF with all the three parameters

large, which is beyond the applicability of the here presented AE and

beyond the scope of this work.

In order to address the case of real z, the subcases z < 1 and z > 1 will

be treated separately, using different integral representations to evaluate

the AE in each case.

3.2.2.1 Case z < 1

From (3.69) it follows that for real z, a case discussed here, Im(g′′(t±)) =

0. This implies that α = arg(g′′(t±)) = 0 or π, depending on the sign of

g′′(t±). According to (3.13), the angles at which the steepest descent paths

pass through the saddle points are thus ϑ(t+) ∈
{

π
2 , 3π

2

}
and ϑ(t−) ∈

{0, π}. The paths of steepest ascent are thereat perpendicular to the paths

of steepest descent. “As the saddles are connected by each path, this

means that the steepest descent curve at one saddle becomes the steepest

ascent one at the other, and vice versa. Application of the MSD then gives

for this case

F
(

a + ελ, b + λ

c
; z
)
∼ Γ(c)(ελ)

1
2−c√

2π|ε− 1|σ
ta+ελ
+ (t+ − 1)c−a−ελ

(1− zt+)b+λ
as λ→ ∞.

(3.72)

As shown in Fig. 3.10, the agreement of (3.72) and the full HGF is ex-

cellent, as seen by examining the relative error (inset, Fig. 3.10), which

continually and rapidly decreases to 0, even at the singularity z = 1. Un-

like for the case (ε, 0, 1) in section 3.2.1, this expansion works even at

z = 1/ε” [1].
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3.2.2.2 Case z > 1

As compared to the antecedent cases, the case of real z > 1 is the most

specific. Namely, the integral representation (3.9) cannot be applied to the

case of real z > 1, whereas the conditions on the parameters in (3.8) and

(3.10) are not satisfied. To address this, the best approach is to find the AE

of the HGF for (−ε,−1, 0), and then transform this to the AE for (ε, 1, 0)

using (3.6). In [1], Cvitković et al. show that “the integral representation

suitable for this case is (3.10), in which the HGF reads

F
(

a− ελ, b− λ

c
; z
)
= e(ελ−a)πi Γ(1− a + ελ) Γ(c)

2πi Γ(c− a + ελ)

(0+)∫
1

f (t) eλG(t)dt, (3.73)

with

f (t) =
ta−1(1− t)c−a−1

(1− zt)b , (3.74)

G(t) = ln
[(

1
t
− 1
)ε

(1− zt)
]

. (3.75)

The branch cuts in the t–plane are (−∞, 0] and [1,+∞) on the real axis,

and from 1/z to ∞ in a suitable direction, which we choose to be along

the positive real axis. Since G(t) = επi− g(t), where g(t) is as defined
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Figure 3.10: The HGF (dashed blue and long–dashed red) and expression (3.72) (solid

orange and dotted cyan) for ε = 1/2 and ε = 5/2, respectively: (a) (a, b, c, λ) =

(2, 1, 3, 100), (b) (a, b, c, λ) = ( 2
3 , 4

3 , 7
3 , 100 + 50i). The contribution of t− (double–

dot–dashed magenta and dot–dashed green) is negligible as compared to that of t+.

Figure taken from [1].
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in (3.67), the saddle points, satisfying G′(t) = 0, are the same as in (3.68).

But as G′′(t±) = −g′′(t±), the angles of the steepest descent path at the

saddle points are swapped in comparison to the previous section, so that

ϑ(t+) ∈ {0, π} and ϑ(t−) ∈ {π
2 , 3π

2 }. It is moreover clear that (3.71)

implies Re(G(t−)) > Re(G(t+)). Therefore, this case can be viewed as a

reflection of the previous case about the imaginary axis, i.e., the saddle

point t− dominates and is crossed by the steepest descent path at ϑ = π
2 .

Now, since Re(G(t)) → −∞ at t = tc and t = 1, the contribution of these

two points in comparison to the saddle point t− is negligible. Therefore

we can let the integration path turn about 1/z without incurring any cost;

an example of such a path is shown in Fig. 3.9(b) (thick blue curve). The

Stirling approximation gives

Γ(1− a + ελ) Γ(c)
2πi Γ(c− a + ελ)

=
Γ(c)
2πi

(ελ)1−c (3.76)

for the prefactor of (3.73), and the application of the MSD then yields

F
(

a− ελ, b− λ

c
; z
)
∼ Γ(c)(ελ)

1
2−c√

2π|ε− 1|σ
(1− t−)c−a+ελ

(−t−)ελ−a(1− zt−)b−λ
as λ→ ∞.

(3.77)

Using (3.6), we can transform from (ε, 1, 0) to this case of (−ε,−1, 0) so

that

F
(

a + ελ, b + λ

c
; z
)
= (1− z)c−a−b−(ε+1)λF

(
c− a− ελ, c− b− λ

c
; z
)

∼ Γ(c)(ελ)
1
2−c√

2π|ε− 1|σ
(−t−)c−a−ελ(1− t−)a+ελ

(1− zt−)c−b−λ(1− z)a+b−c+(ε+1)λ

(3.78)

as λ→ ∞ . This expression can be simplified with the help of the follow-

ing relation

(−t−)c−a−ελ(1− t−)a+ελ

(1− zt−)c−b−λ(1− z)a+b−c+(ε+1)λ
=

ta+ελ
+ (t+ − 1)c−a−ελ

(1− zt+)b+λ
, (3.79)

using which (3.78) reduces to (3.72)” [1]. Based on the presented argu-

ments, we conclude that in the case (ε, 1, 0) with ε > 0, a, b and c real

and any z, the relation (3.72) is a general asymptotic expansion of the HGF.
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Comparison between the HGF and the general AE (3.72) for real z is de-

picted in Fig. 3.10(a). Both from the graphs of the HGF and AEs, and

especially from the relative errors presented in the inset, it is evident that

the agreement is excellent for any z, even at the singularity z = 1.

3.2.2.3 Remark on z = 1 and z→ ∞

Cvitković et al. [1] note that “there are some cases where the MSD proce-

dure breaks down. These are (i) z = 1, and (ii) z → ∞ with ε < 1 (and

with z ∈ R). In (i), we have t+ = 1 and t− = −ε, so that t+ coalesces

with the critical point tc = 1 as well as tc = 1/z = 1, at which both the

HGF and its integral representation (3.65) diverge. Similarly, in (ii) the

critical point tc = 0 coalesces with the saddle point t− = 0 (and with the

saddle point t+ = 0 if ε > 1, but that is not a problematic case since the

dominant saddle point is t−). In neither of the two cases do the saddle

points t+ and t− coalesce with each other. We exclude both cases (i) and

(ii) from the present study, but note that even then the AEs (3.70) and

(3.72) provide good approximations to the HGF. This is because, in the

limit z → 1, both the HGF and the AE (3.72) diverge as ∼ 0−λ, while in

the limit z→ ∞, the limit of the HGF is 0, as well as that of the AE.

A rigorous treatment of these cases would require the use of methods

proposed by Chester, Friedman, and Ursell [332] for the coalescence of

two saddle points, and by Bleistein [333] for the coalescence of a saddle

point and a singularity. In both the methods a change of variables is intro-

duced that simplifies the phase function g(t) in the integral
∫

f (t)eλg(t)dt

such that the evaluation is not influenced by the proximity of a saddle

point and a singularity. The integrals so attained result in special func-

tions such as Airy and Bessel functions. (For a review, see [317, 334,

335].) Bleistein’s method was used by Olde Daalhuis to derive the gen-

eral uniform AEs of integrals with N coalescing saddle points [319, 336].

In several recent works this approach was applied to find the uniform

AEs of F( a,b−λ
c+λ ;−z) [314], F( a+λ,b+2λ

c ;−z) [315], F( a±λ,b±λ
c±λ ;−z) [316, 318],

F( a,b
b+λ ;−z) [317] and F( a+λ,a−λ

c ; 1−z
2 ) [318, 319]. All these studies had a

saddle point coalescing with either a singularity or another saddle point

in the integral representation of the HGFs.
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However, in the cases treated in [314–319], ε was assumed to take some

of the values from {0,±1, 2}. Since these values of ε are excluded from the

present study, treatment of the problematic cases (i) and (ii) listed above

would need a generalisation of the expressions from [314–319] for ε 6= ±1

by the use of Bleistein’s method. This is expected to result in expansions

which reduce continuously to (3.72) for z ≷ 1 (except for z → ∞), since

the AE (3.72) is valid for all values of z ∈ R except the problematic points

of z = 1 and z → ∞” [1]. These cases, however, do not emerge in the

applications of the interest in this thesis. Therefore they are left for the

future work.

3.3 discussion and conclusion

This chapter presents the asymptotic expansions (AEs) of the Gauss hy-

pergeometric function (HGF) with one or two large parameters, which

emerged as a closed functional form of the partition function of a gas

on a 2D lattice interspersed with traps (eq. (3.1)). “The main problem in

finding the AEs is the presence of poles or branch cuts in the integral rep-

resentations of the HGF, avoidance of which shrinks the sectors of validity

of the AEs. Here the MSD has been used to calculate the AEs of the HGF

F
( a,b

c ; z
)

when any two of the parameters a, b and c are large, which are

valid for the entire z-plane except for a few points, as well as for a much

wider range of the parameters than in the existing expressions” [1]. The

problem of poles and branch points was overcome by estimating their

contribution to the path integral relative to that of the saddle point(s),

and by determining when they actually contribute to the integral. In the

relevant cases, these contributions have been calculated exactly.

As concluded in [1], “for large a and c, we have shown that if |ε| < 1,

the pole or branch cut contribution is negligible, while for |ε| > 1 the

contribution is identical for every case in which it exists, and evaluates

to the expression (3.55). The AE (3.55) works well in the limit ε → 1 and

exactly at ε = 1, when the limit from both sides amounts to (1− z)−b. For
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large and complex a and b and complex z, the MSD yields the AE (3.70)

for any ε > 0, including ε = 1. If either a and b (that is to say λ) or z is

real, the AE reduces to (3.72).

The resulting AEs in all the various cases considered have been com-

pared with the corresponding exact HGFs for different values of the pa-

rameters and the variable. All the AEs show excellent agreement with

the corresponding HGFs. Moreover, the AEs work better as the expan-

sion parameter λ gets larger, as can be seen in Fig. 3.11, which shows the
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Figure 3.11: The λ–dependence of the relative error R for the cases plotted throughout

the article for two different z values. Figure taken from [1].

λ-dependence of the relative error between the AE and the HGF for the

different cases considered.”

The AEs of the HGF developed here have already been used in the

previous chapter to calculate the partition function of the lattice gas with

traps in the limits of low and high concentrations of particles and of traps.

That is but one application of the AEs for the HGF with two large param-

eters. The “expressions for the AEs prove equally useful in many other

physics problems. To name a recent example, which comes from a differ-

ent branch of physics but where the mathematical expressions involved

turn out to be similar, the conditional probability p(m|n) of emitting m

quanta of radiation when n quanta of frequency ω and azimuthal quan-

tum number m̃ are incident on a Kerr black hole with Hawking temper-
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ature TH, rotational angular frequency Ω and absorptivity Γ evaluates to

[293]

p(m|n) = (ex − 1) enx Γm+n

(ex − 1 + Γ)m+n+1 F
(
−m,−n

1
; (eβ − 1)(eµ − 1)

)
, (3.80)

where e−β and e−µ are the elementary probabilities to jump down and

up, respectively, between two adjacent states, and x = h̄(ω − m̃Ω)/TH is

the characteristic parameter of transition. Macroscopic black holes corre-

spond to the limit of large m and n. Since the HGF in (3.80) is precisely

the same as the one in (2.77), the form (2.78) can be directly applied to

get the algebraic asymptotic form of the main result of [293] for a macro-

scopic black hole” [1]. There are many older examples in physics where

the HGFs with non-integer large parameters have appeared as solutions.

Our AEs also provide a route to evaluate these HGFs. “Examples of such

HGFs are:

F
( n

2 + s+, n
2 + s−

n + 1
; x
)

, s± =
b±

√
1 + (a2 − 1)n2

2(a− 1)
(3.81)

for real a, b, x and n→ ∞ in [275];

F

(
n+is

2 , n−is
2

n + 1
;

c
n2/3 −

b2

a2

)
, s =

√
a2n2 − 1

b
(3.82)

for real a, b, c and n→ ∞ in [302];

F
(

n− n, n + 1
m + 1

;
1− z

2

)
and F

(
n−m

2 + 1, n−m+1
2

n + 3
2

;
1
z2

)
(3.83)

for z complex, n, m→ ∞ and m/(n + 1
2) constant in [301]; F

(−an,−bn
1−an ;−x

)
for real a, b, x and n → ∞ in [295]; and F

( a,b
c+1 ;− z

4ab
)

for complex z

and |a|, |b| → ∞, in [281, 321]. All of these can be mapped to the cases

evaluated here by substitutions for the parameters and/or the variable”

[1].

The specific example of the partition function, as well as the various ex-

amples discussed above give an evidence that the asymptotic forms of the

large-parameter hypergeometric function can be of general importance in

many fields of contemporary physics.
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Chapter4
STRUCTURE DEF INES D IFFUS ION :

TRYPANOSOME VAR IANT

SURFACE GLYCOPROTE IN

It is a capital mistake to theorise before one has data.

The Adventures of Sherlock Holmes [337, p. 119]

Sir Arthur Conan Doyle

4.1 introduction

The variant surface glycoprotein (VSG) constitutes at least 95% of proteins

on the cell surface of the parasite Trypanosoma brucei [338, 339], which

causes the African sleeping sickness or the trypanosomiasis. A dense

coat of the VSG in a membrane of the bloodstream form of trypanosomes

disturbs the identification of epitopes of invariant surface proteins by the

immune system [2, 340–343], mediating the mechanism of the antigenic

141
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variation in a following manner. The immune system of the host organ-

ism recognizes the trypanosomes by the highly immunogenic VSG on its

surface. Once the VSG is detected, the infection is rapidly cleaned by the

antibodies specific for the expressed isoform of the VSG [344, 345]. In

order to maintain the infection, the aparasite switches the expression of

proteins to an antigenically distinct isoform from a genomic library that

encodes several hundred forms of VSGs [346]. Because of such a contin-

ual variation of the VSG forms, the immune system of the host is forced

to fabricate novel antigen types all the time.

So far, the shielding function of the VSG has been addressed only phe-

nomenologically. A complete structural model of the VSG as well as

the physical processes underlying its behaviour in a membrane of try-

panosomes, which would provide a clue to understand the function of

the VSG, remained unclear. Until recently, one difficulty in studying the

VSG was the lack of the complete structure of the VSG although a lot of

partial details have been unveiled. Specifically, VSGs are homodimers of

the mass of 100–120 kDa [347, 348]. They are anchored in the outer leaflet

of the membrane by glycosylphosphatidylinositol (GPI). Each monomer

of the VSG consist of the larger N-terminal domain (NTD) and a small

C-terminal domain (CTD), connected via an unstructured region, called

Linker 1 (L1) [341, 348–353]. The complete detailed structure of the VSG

has been experimentally derived only last year [2], using the small-angle

X-ray scattering (SAXS) in combination with known high-resolution do-

main structures of MITat1.1 (VSG M1.1) and VSG I1.24 [349, 350].

One of the basic physical mechanisms employed in the VSG dynamics

in the membrane is lateral diffusion over the surface of the trypanosome.

To reconstitute this behaviour, the single–particle tracking of the VSG

M1.1 from T. brucei in artificial supported membranes was employed.

However, the analysis of the data required the development of a sophisti-

cated analysis method presented in this chapter. This method permitted

the establishment of the link between the structure and transport proper-

ties of the VSG.
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4.2 the structure of vsg

The entire structure of the VSG M1.1, schematically presented in Fig. 4.1,

was revealed in [2] by a combination of the crystal structure analysis of

the NTD, solution structure analysis of the CTD and SAXS to provide the

envelope of the whole molecule.

The NTD was shown to form a homodimer, whose each monomer is a

coiled coil of two anti-parallel α-helices, additionally flanked by shorter

α-helices extending perpendicular to the central coil (Fig. 4.1(b)). The ter-

tiary structure of NTDs is thought to be conserved at least within each

type of the VSG [349, 351]. Therefore, the structure of the NTD is con-

sidered to be general in spite of a significant variation of the sequences

between VSGs. The core structure of the CTD is constituted of two α-

helices separated by a turn and two short antiparallel β-strands, while

these four structure elements are fixed by two disulfide bonds [2]. It was

shown that the structured domain of the CTD of each monomer of the

L1 S

L2

G

NTD

CTD

(a) (b)

121°

L1 90°

(c)

Figure 4.1: Crystal structure of VSG M1.1. (a) Schematic view of the architecture

of the VSG M1.1. In each monomer, the structured region S of the CTD is connected

by L1 to NTD, and by L2 to the GPI anchor G. (b) The scheme of the NTD of the

VSG M1.1. The NTD is a rigid homodimer: one monomer is coloured in dark blue

and the other in light blue. The antiparallel β-sheet is coloured in orange. (c) The

superimposed models of the NTDs of VSG M1.1. The position along the interdomain

axis can vary by up to 121◦. Figure adapted from [2].
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VSG is connected to the NTD on one side, and to the GPI anchor on the

other side by the unstructured linkers L1 and L2, respectively [350, 352]

(see Fig. 4.1(a)).

Further modelling unveiled four possible models which fit good the

experimental data, but differ in elongation and the axial placement of the

CTD relative to the NTD such that the position of the CTD shifts between

the models up to 121◦ along the longer axis of the molecule (Fig. 4.1(c)) [2].

These differences, shown in Fig. 4.2, suggest that linker L1 mediates the

interdomain freedom within the VSG, which results in the high degree of

flexibility of the VSG.
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Figure 4.2: Models of conformations of the complete VSG. Side and top-down

view of four models (1–4) of VSG M1.1. Bar lengths display protein dimensions (width,

W, depth, D, and height, H). The monomers in each dimer are shown in light and

dark blue, and the N-glycan and GPI anchor in yellow. Figure adapted from [2].

In addition to the VSG structure in solution, imposing a two-fold sym-

metry of the VSG to approximate the conditions conferred by the lipid

membrane when the VSG is anchored on it resulted in models in which

the CTDs and GPI anchors fold towards the membrane [2]. Hence, an in-

teraction with the membrane significantly contributes to the overall VSG

structure, which features two groups of different conformations: a com-

pact conformation, which is vertically extended and slim (models 1, 3 and
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4 in Fig. 4.2), and a relaxed conformation, which is less extended and wider

(model 2 in Fig. 4.2).

It is proposed in [2] that the protein can alter the compact and relaxed

conformation dynamically in response to changes in protein density on

the membrane. However, such a hypothesis is based on filtered SAXS

data on VSGs in solution, which could only underestimate the constraints

of the membrane when the protein is anchored to it.

4.3 diffusion of vsg in membranes

Motivated by the hypothesis that the two conformations of the VSG sho-

uld have different diffusion in the membrane, single-molecule diffusion

experiments were performed on membrane-bound VSG M1.1 by M. Glog-

ger and S. Fenz (for details, see [2]). In order to clearly observe only dif-

fusion of the VSGs, “a well-defined solid-supported lipid bilayer system

that guaranteed a uniform membrane composition and the presence of

only one protein species, the membrane form of the VSG (mfVSG) M1.1

was chosen. In addition, the low concentration of proteins (0.0897 ±
0.0003 µm−2) used in this experiment ensured diffusion measurements

of single M1.1 mfVSG molecules. The quality of the lipid bilayer was

validated by analysing the diffusion of individual lipids. After excluding

data that showed non-Brownian statistics from the 1,890 lipid traces ac-

quired (minimum and average trace length of nine and 13, respectively),

a single lipid population that exhibited Brownian motion was found. A

diffusion constant of Dlipids = 2.688± 0.005 µm2 s−1 was obtained from

time averaging (see sec. 4.4.6)” [2]. The uncertainty here and henceforth

means the standard error as defined in sec. 4.4.6, equations (4.19) and

(4.20), unless stated otherwise.

In the measurements of diffusive behaviour of individual VSG molecu-

les, “a total of 2,969 trajectories were collected, with a minimum and

average trace length of 20 and 49, respectively. Non-Gaussian stretches of

protein trajectories were filtered and excluded from analysis. The immo-
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bile fraction of the VSG was in the same order of magnitude as for the

lipids” [2]. This is represented by an excerpt of traces in Fig. 4.3(a). The

traces which remained after the extraction of the non-Gaussian parts per-

formed Brownian motion. Yet, among these freely-diffusing traces, two

families of diffusing species could be observed (brown and green colour

in Fig. 4.3 and in further figures).
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Figure 4.3: The square of measured step length as a function of time for

mfVSG M1.1 in a solid supported lipid bilayer. (a) Unfiltered set of 73 traces

reveals normal (green and brown) and non-Gaussian (black) diffusion, with the mean

square step length of the non-Gaussian (black) stretches being about two orders of

magnitude smaller than that in the remaining data (brown and green together). (b) A

representative set of 32 traces associated with two families of traces featuring normal

diffusion, after filtering for Brownian diffusion. In both (a) and (b), individual traces

are separated by purple dots on the abscissa. Figure adapted from [2].

The representative traces taken from two families appeared to have sim-

ilar statistics, differing only in the mean length of the square step and the

variance of its distribution. Moreover, these differences were in the same

order of magnitude. Therefore, a a sophisticated statistical method was

required to systematically separate these two families of normal diffusion.
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4.4 likelihood-based analysis method

A new algorithm, developed to clearly distinguish the presumably slower

(brown in Fig. 4.3) and faster (green in Fig. 4.3) normal diffusion, is based

on the iterative estimation of the likelihood that a given trace belongs to

any of these distributions.

4.4.1 Single-molecule data

From the experimental procedures developed to investigate single-particle

motion of VSGs in membranes, discussed above and in detail referred

in [2], “a total of Nt = 2, 969 trajectories of variable length ni (20 ≤
ni ≤ 1263, 〈ni〉 = 49) and Nt = 1, 890 trajectories of variable length ni

(9 ≤ ni ≤ 84, 〈ni〉 = 13) were extracted for proteins and lipids, respec-

tively. Each is denoted with an index i, and consists of a sequence of

positions {xi(tj), yi(tj)} recorded at discrete times tj. The postprocessing

and analysis of data was performed in MATLAB R© [354].

To analyse the traces, sequences of squared step length (li
j)

2 were con-

structed by calculating:

(li
j)

2 =
(

xi(tj)− xi(tj−1)
)2

+
(

yi(tj)− yi(tj−1)
)2

, (4.1)

in every time step for each trace. A subset of such unfiltered sequences

is shown in Fig. 4.3(a).” Presumably, the distribution of displacements

for normal diffusion in a two dimensional plane is Gaussian (compare eq.

(1.47) in Chapter 1):

P(∆ri
j) =

1
4πDit

exp

(
−
(∆ri

j)
2

4Dit

)
, (4.2)

where we are by notation cautious about the notion that (4.2) gives the

probability density to be found at position ri
j = ixi(tj) + jyi(tj), having

been at the position ri
j−1 one step earlier, such that the orientational dis-

placement is

∆ri
j = ri

j − ri
j−1 = li

j(i cos ϕ + j sin ϕ), (4.3)
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where ϕ is the polar angle of ∆ri
j. The probability for the absolute displace-

ment li
j = |∆ri

j|, defined in (4.1), to take a value between r and r + dr

regardless of ϕ is then obtained by integration over ϕ and it is

P(li
j = r)dr =

2ϕ∫
0

rdϕ P(∆ri
j)dr =

1
4Dit

exp
(
− r2

4Dit

)
d(r2). (4.4)

Finally, the probability to have squared displacements (li
j)

2 (4.1), taking a

value between x and x + dx is obviously exponential,

P
(
(li

j)
2 = x

)
=

1
4Dit

exp
(
− x

4Dit

)
dx = ai e−aix, (4.5)

with the abbreviation 1
ai
= 4Dit. The fact that the ϕ–dependence should be

integrated out, cancelling the factor π from (4.4) and (4.5), is often disre-

garded in the literature, leading to a fit of the proper form, but incorrect

coefficient.

4.4.2 Filtering non-Gaussian behaviour

As stated by [2], “the strong separation in the characteristic step length

is used as a main criterion to filter this type of motion. Furthermore, as

transitions from and into this slowest behaviour are commonly observed,

the following procedure was adopted. First, the mean step length 〈L2〉
was calculated over the entire set of data:

〈L2〉 = 1

∑Nt
i=1 ni

Nt

∑
i=1

ni

∑
j=1

(li
j)

2. (4.6)

In the second step, a threshold T was set to T = 0.15〈L2〉, and, from

the whole set, all sequences of at least ten successive steps with a square

length smaller than T were extracted. As a result of such filtering, se-

quences were obtained that were either segments of the initial traces or

whole trajectories. In the next step, a new Nt was calculated together with

its respective 〈L2〉, and the extraction was repeated. The procedure was

reiterated until the value of 〈L2〉 saturated (to the value of 0.06 µm2 for

the current data). The obtained sequences form a set (black) with a purely
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exponential distribution of displacements (Fig. 4.6(c)). Owing to its non-

Gaussian nature, this subclass of trajectories was removed from the cur-

rent analysis. The remaining set is characterized by 〈L2〉 = 〈L2
Gauss〉.”

The non-Gaussian subclass of the trajectory stretches is associated with

at least an order of magnitude smaller step length than either of the re-

maining Gaussian processes (Fig. 4.3(b)). This non-Gaussian behaviour is

most likely due to interactions of proteins in the membrane or with the

underlying solid support.

4.4.3 Separating the slow and fast diffusion by likelihoods

The two remaining populations are denoted as slow and fast and shown

by brown and green, respectively, in Fig. 4.3(b). Given that they “have

significant overlap, the separation of slow and fast traces is more delicate.

Therefore, besides thresholding, an additional statistical criterion, based

on the calculation of probability likelihoods, was introduced in the analysis.

Furthermore, as the transitions between the two populations were not

readily observed in this set of data (most trajectories were significantly

shorter than the transition time between the conformations), the analysis

was performed on the entire traces.

Calculation of likelihoods relies on determining the probability density

P(l2) for observing a particular square step length l2, and then finding the

likelihood for a given sequence of step lengths to belong to that distribu-

tion” [2]. In general, given some distribution Pα(x) of a random variable

X, dependent on parameter α, the likelihood function

L(Pα|x) = Pα(x) (4.7)

is a function of α giving the likelihood that a parameter of the distribution

takes value α, given the value x of variable X. Now, each sequence of the

squared step lengths (basically, the trajectory), defined as

{(li)2} = {(li
1)

2, . . . , (li
ni
)2}, (4.8)

is a set of values of ni independent identical variables with an exponential

distribution (4.5) depending on parameter a. Given such a sequence, the
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likelihood to have a distribution with parameter a is given by the product

of likelihoods L(Pa|(li
j)

2) to have that distribution for each of the elements

of the sequence (4.8) independently:

L
(

Pa|{(li)2}
)
=

ni

∏
j=1
L
(

Pa|(li
j)

2) = ni

∏
j=1

Pa
(
(li

j)
2). (4.9)

Finally, calculating the ratio of likelihoods for each sequence to belong

to hypothetical distributions PA and PB:

Ri(PA, PB) =
L
(

PA|{(li)2}
)

L (PB|{(li)2})
=

ni

∏
j=1

PA
(
(li

j)
2)

PB
(
(li

j)
2
) , (4.10)

provides a unique criterion to determine to which distribution the se-

quence is more likely to belong, i.e. to separate two populations of se-

quences by affiliation to one of given distributions. As concluded in [2],

“Ri = 1 signifies that the probability to belong to both distributions is the

same. On the other hand, Ri > 1 means that it is Ri times more likely to

belong to the distribution PA. In an analogous way, Ri < 1 suggests that

it is 1/Ri more likely that a sequence belongs to PB than to PA.”

The presented analysis is manifestly appropriate to separate slow and

fast diffusion in the single-particle diffusion data. The algorithm to make

this analysis self-improving and uniquely convergent is the following [2].

“In the first step each trace with a mean step length 〈(li)2〉 < 2
3〈L2

Gauss〉 =
0.19 µm2 was considered to belong to the population of slowly diffusing

proteins. The remaining sequences were used as the initial set associ-

ated with proteins that exhibited fast diffusion. In the second step, dis-

tributions of square step lengths Pfast(l2) and Pslow(l2) were constructed.

Both distributions showed a simple exponential behaviour, as expected

for simple Gaussian diffusion, with the fast process having a fourfold

larger decay length. The ratio of likelihoods Ri was extracted for each

trace i, and the traces were reassigned to the appropriate family with

Ri(Pfast, Pslow) = 1 as the threshold”: every trace i was assigned to be

’fast’ if Ri > 1, and ’slow’ if Ri < 1. “In the next step, the probability

distributions Pfast and Pslow were re-evaluated and Ri values recalculated.

This step was reiterated until no further swaps between families occurred”

[2].
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Using the ratio of likelihoods to belong to either family as an additional

sorting criterion in the above described manner, two families clearly sep-

arated among the traces featuring free diffusion. This is best seen in the

plot of Ri(Pfast, Pslow) versus
〈
(li)2〉 for each trace i, shown in Fig. 4.4.
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Figure 4.4: Two populations of traces in a scatter plot of the ratio of likelihoods

for a trace to belong to the fast and the slow diffusing population (ordinate) versus

the mean square step length in the trace (abscissa) for each of the 1,602 traces. The

mean square step lengths for the two populations are indicated with vertical dashed

lines. The horizontal dashed line indicates equal likelihood. Figure adapted from [2].

4.4.4 Why does the likelihood ratio have the limit?

The scatter plot of likelihood ratios for the data analysed here, shown in

Fig. 4.4, apparently has a pronounced upper limit for ratios Ri smaller

than 1 and lower limit for ratios larger than 1, as the line labelled “Limit”

in Fig. 4.4 indicates. This virtual ambiguity is actually simply explained

by a more detailed analysis of Ri.

The two exponential distributions—one of the slow and one of the fast

population of proteins—that enter the definition of the likelihood ratio

(4.10) in the analysis are

Pfast((li
j)

2) = afast e−afast(li
j)

2
, (4.11)

Pslow((li
j)

2) = aslow e−aslow(li
j)

2
. (4.12)
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The likelihood ratio for a trace i is therefore

Ri(Pfast, Pslow) =
ni

∏
j=1

afast e−afast(li
j)

2

aslow e−aslow(li
j)

2

=

(
afast

aslow

)ni

exp

(
−(afast − aslow)

ni

∑
j=1

(li
j)

2

)

=

(
afast

aslow

)ni

exp
(
−(afast − aslow) ni

〈
(li)2〉) , (4.13)

where we used the mean square step length of ith trace:

〈
(li)2〉 = 1

ni

ni

∑
j=1

(li
j)

2 (4.14)

in the last step. This gives precisely Ri(Pfast, Pslow) as a function
〈
(li)2〉,

which is shown in Fig. 4.4 on the logarithmic scale:

log10 Ri(Pfast, Pslow) = ni log10

(
afast

aslow

)
− log10(e) (afast − aslow) ni

〈
(li)2〉.
(4.15)

Therefore, all the points in the scatter plot in Fig. 4.4 actually lie on the

lines, determined by different values of ni, i.e. the lengths of traces, such

that all the traces from the sample that happen to have the given length

ni, will have the likelihood ratio somewhere on particular line (4.15) of

that ni, depending on its value of
〈
(li)2〉. As we change ni, the slope of

the line, given by ni(aslow − afast) log10(e), will change, and the lines will

“rotate” around the point

(〈
(li)2〉, log10 Ri

)
=

(
log10

( afast
aslow

)
(afast − aslow) log10(e)

, 0

)
. (4.16)

This point is independent of ni, so it is fixed on the scatter plot (the

intersection of dashed black and solid blue line in Fig. 4.4). Ultimately,

the limiting Ri “cut-off line” on the scatter plot is given by the minimal

ni in the sample, and that is min(ni) = 19 because minimal trace length

analysed is 20, and we slot 1 when making the step lengths. The “Limit”

blue line in Fig. 4.4 is precisely the line (4.15) for ni = 19.
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4.4.5 Remark on possibility of unique distribution description

As noted by [2], “the described procedure allowed the characterization

of each trace i by the set
{〈

(li)2〉, Ri
}

, as shown in Fig. 4.4, where the

slow and fast processes are clearly separated into two clusters. Impor-

tantly, the same clustering would take place if the data were sorted by

Ri(Ptotal, Pslow) = 1 as the threshold, where Ptotal signifies an exponential

fit to the entire ensemble of step lengths. This last finding was consistent

with the observation of two distinct subclasses of trajectories.”

4.4.6 The mean square displacements.

The MSD and diffusion coefficients were calculated as described in [2]:

“To generate the distribution of diffusion coefficients Di for each trace, the

mean square displacement MSDi = 〈r2
i (t)〉 was calculated as a function

of time:

〈r2
i (t)〉 =

1
ni − t/∆t

ni−t/∆t

∑
j=1

((
xi(tj + t)− xi(tj)

)2
+
(

yi(tj + t)− yi(tj)
)2
)

= 4Dit. (4.17)

Here t is a discrete time defined as t = N∆t, where N ∈N. Owing to the

limited size of each trajectory only the first three points were considered

statistically relevant and used for linear regression, with Di being a fit

parameter. The distribution of Di is shown for both families of traces in

Fig. 4.7.

A more-detailed analysis of the properties of the distribution allowed

the calculation of the mean 〈D〉, standard deviation σD and standard error

SED:

〈D〉 = 1
Nt

Nt

∑
i=1

Di, (4.18)

σD =

√√√√ 1
Nt

Nt

∑
i=1

(Di − 〈D〉)2, (4.19)

SED =
σD√

Nt
. (4.20)
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Analogous results (shown in the inset of Fig. 4.7) were obtained by calcu-

lating the time-averaged MSD on the cumulative trajectory for each pop-

ulation. The latter was constructed by concatenating all the trajectories

that belonged to a population and creating a single long trace of length

Nc. In this case, the MSD was calculated as

MSD =
1

Nc − t/∆t

Nc−t/∆t

∑
j=1

((
x(tj + t)− x(tj)

)2
+
(
y(tj + t)− y(tj)

)2
)

= 4Dt.” (4.21)

4.5 results of the likelihood analysis

The application of the described likelihood-based iterative algorithm on

the set of 1602 experimental traces after filtering out the non-Gaussian

stretches converged in four iterations in 3.54% slow and 96.46% fast traces

(Fig. 4.4). The converged, purely exponential distributions are shown in

Fig. 4.5. The lines in Fig. 4.5 are the exponential fits to the distribution,
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Figure 4.5: The histogram represents the distribution of square step lengths for the

population of fast (Pfast) and slow (Pslow) proteins from 1602 traces. Figure adapted

from the SI of [2].
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with the values of parameters

afast = (2.33± 0.02) µm−2, (4.22)

aslow = (10.2± 0.3) µm−2. (4.23)

The mean square step length for each population obtained from distribu-

tions is

〈l2
fast〉 = (0.402± 0.004) µm2, (4.24)

〈l2
slow〉 = (0.128± 0.004) µm2, (4.25)

and they are indicated by arrows in Fig. 4.5.

The probability distributions of the one-dimensional displacements of

the two families are shown in Fig. 4.6, (a) and (b). Both distributions

are Gaussian, with distinct mean square step lengths, given by (4.24) and

(4.25), and standard deviations

σfast = 0.46 µm, (4.26)

σslow = 0.24 µm. (4.27)

Expectedly, a significantly smaller standard deviation of slow population

is consistent with a smaller average step size. All distributions have a zero

mean, confirming the directional symmetry assumed in the experiments.
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Figure 4.6: Distributions of 1D-displacements constructed after separating the

three families of data. Fitted distributions are shown with solid lines in the histograms.

(a) Gaussian distribution for fast diffusion (102174 data points). (b) Gaussian distri-

bution for slow diffusion (3574 data points). (c) The exponential distribution, charac-

teristic for non-Gaussian diffusion (142138 data points, standard deviation 0.23 µm).

Figure adapted from the Supplementary Information (SI) of [2].
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As discussed in [2], “following this grouping into families of slow

(3.54%) and fast (96.46%) traces (Fig. 4.4), probability distributions of the

diffusion coefficients were generated by independently fitting the time

evolution of mean square displacement for each trace (Fig. 4.7). The aver-
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Figure 4.7: A histogram that displays the distribution of diffusion coefficients for the

population of fast and slow proteins shown in Fig. 4.4. The inset shows the mean

square displacement as a function of time, calculated from the cumulative trace of the

two populations. Every fifth lag-time point is displayed. Error bars are standard errors.

Figure adapted from [2].

age over the ensemble of these diffusion coefficients provided the mean

coefficients for fast and slow diffusion, which are

Dfast = 2.87± 0.03(1.08) µm2 s−1, (4.28)

Dslow = 0.81± 0.05(0.3) µm2 s−1. (4.29)

The numbers in brackets comprise the width or standard deviation of

the distribution. As expected for Brownian diffusion, these results corre-

sponded well to the diffusion coefficients obtained from time averaging,

in which a single mean square displacement curve was constructed from

concatenated trajectories. Here, the respective diffusion coefficients were

2.716± 0.005 µm2 s−1 and 0.848± 0.002 µm2 s−1 (Fig. 4.7). Notably, the

diffusion of the fast family was very similar to the diffusion of the lipids

in the membrane.
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The overall statistical analysis performed here shows that two distinct

populations of proteins exist in the membrane. Both families exhibited

Brownian diffusion with coefficients that were in the same order of mag-

nitude. These diffusion coefficients are, however, significantly distinct”

[2]. Hence, we identified two freely diffusing populations of VSG in an

artificial lipid bilayer system, which supports independently the hypoth-

esis that two major VSG conformations coexist in the membrane.

4.6 conclusion: structure reflected in

diffusion

The structure of the VSG M1.1 from T. brucei obtained from combined

high-resolution X-ray crystal structure analysis, high-resolution NMR and

low-resolution SAXS on the solution-form of VSG proposed [2] that the

two different main conformations of the VSG coexist in the membrane

environment and that they can alter dynamically due to a change in pro-

tein density in a membrane (see Fig. 4.8). Two conformations are enabled

by the presence and flexibility of the CTD of the VSG, a unique feature

of functional importance that sets VSGs apart from structurally similar

proteins [355, 356].

Since the solution form of the VSG doesn’t reproduce the constraints on

the VSG conformation originating in the interactions with the membrane,

the hypothesis was tested by independent measurements on the VSG dif-

fusion in supported lipid bilayers. In order to discriminate between two

distinct processes of crowded free diffusion on the membrane surface ob-

served in the experiments, a statistical, likelihood-based method for the

analysis of single particle trajectories was constructed and applied on the

experimental data. Two types of free diffusion of the VSG were statisti-

cally proven to coexist in a membrane. An obvious conclusion is that they

correspond to the two conformations of the protein.

Two possible relations of the unveiled structure and diffusion proper-

ties of the VSG to its functions could be intuitively speculated based on
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the results presented here. Firstly, the data suggest that different con-

formations may occupy different surface areas on the membrane (see

Fig. 4.2); the same was indicated by two families of freely-diffusing VSGs.

Hence, the flexible conformations can enable an adaptation of the VSG

to various changes in protein density and thereby enhance functioning of

the protein in different environments (Fig. 4.8). This could compensate
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Figure 4.8: VSG packing on the cell surface. Side-view illustration VSGs which

occupies membranes at two different densities. The conformation of tightly packed

VSGs (left) can elevate the VSG above the transmembrane proteins (dark blue, red),

whereas the relaxed conformation (right) could allow the maintenance of a protective

coat on the cell surface even at a reduced protein density. Figure adapted from [2].

for the fluctuations of density and ensure a robust function of the VSG

via its structure. Secondly, a number of other transmembrane proteins

such as receptors and channels may influence the mobility of the VSGs,

which is crucial for their coating function. The compact form of the VSG

may allow for easier floating over and between other proteins by lifting

the protein more above the membrane and amortizing the influence of

the obstacles.

In summary, the VSG constitutes a highly mobile and structurally flex-

ible molecular shield of T. brucei. The two conformations in the structure

of the VSG reflected in two types of membrane free diffusion appear to

maintain the shielding function of the VSG at different protein densities,

as well as the high mobility in the presence of obstacles.



declaration

The experimental results reported in section 5.2 of the following chapter

and used as a basis for theoretical model are in one part consisted in the

doctoral thesis of Gleb Grebnev [357], entitled Characterization of membrane

dynamics at the tip of growing Nicotiana tabacum pollen tubes and defended

on April 20 2018 on Friedrich-Alexander-Universität Erlangen-Nürnberg

under the supervision of Benedikt Kost, while in other part they represent

new and yet unpublished experimental data of the group of Benedikt

Kost.

Correspondingly, the experimental results reported in the section 5.2 of

the following chapter were provided by G. Grebnev and B. Kost. They

are herein reviewed by the author of the thesis as a basis for the the-

oretical model. The original contribution of the author of the thesis is

the analysis of the experimental data, the physical model for the pollen

tube tip growth, and modelling of the experimental data using the same

model, presented in sections 5.2.3 and 5.3 of this chapter, which enabled

the identification of the conclusions referred in section 5.4. This work was

supervised by Ana-Sunčana Smith.
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Chapter5
THE D IFFUS ION MODEL OF THE

POLLEN TUBE T IP GROWTH

The discovery of appropriate variables for biology is itself

an act of creation.

Brian C. Goodwin [358]

5.1 introduction

Growth in one pronounced direction appears to be substantial to a num-

ber of cell types [359], for example plant root hairs, moss protonemal cells,

fungal hyphae, algal rhizoids, and animal neurites [359–362]. During the

past decades, pollen tubes have emerged as an important model system

to investigate this form of directional cell expansion [363–365], which is

generally referred to as tip growth [359, 363, 365–369].

The pollen tube is a highly elongated tubular outgrowth produced

upon germination of pollen grain. Pollen tubes expand rapidly and exclu-

161
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sively in one direction. They have a crucial role in fertilization of higher

plants during which they serve for delivery of genetic material from the

site of pollination through the transmitting tract of the style to ovules

[369]. The rapid growth is generated by the massive delivery of both

membrane and cell wall material by vesicles and secretion at the very tip

of the tube, usually called apex [363, 369]. In doing so, secretory vesicles

are supplied by the Golgi complex, then carried by cytoplasmic streaming

[370] along the actin filaments that are parallel to the pollen tube [371],

and finally deposited into the membrane at the apex, giving a surplus of

material that results in growth. At the same time, supply of sufficient cell

wall material requires vesicle fusion at a high rate, at which the excess

material is incorporated into the plasma membrane, which then needs to

be re-internalized/recycled through endocytosis [369].

For such a complexity of biological, chemical and physical processes oc-

curring in the growth, tobacco pollen tubes are an excellent experimental

system not only to investigate the macroscopic biology of plant morpho-

genesis, critically dependent on directional cell expansion, but also to

explore an interplay between different microscopic physical processes in

the membrane and cytoplasm. Lateral transport in the membrane of the

tube is a fundamental process underlying all other higher–level processes.

The key physical parameter that characterizes the tip growth is the

speed of linear growth. It is constant in time and varies among different

species. However, it has a common feature that it is rather large for all

of them. Examples of the growth rates measured so far in experiments

are listed in Table 5.1. The central fundamental question of the inquiry

of the pollen tube tip growth is then the mechanism which gives rise to a

directional growth of the tube on a molecular scale. Experiments trying

to answer that question were rooted in the investigation of the relations

of different structures and molecules in the tube and on its surface [361,

369, 379–381]

Based on these experiments, the tube is usually divided into three re-

gions shown in Fig. 5.1. The first is the apex that contains a zone exclu-

sively populated by exocytic vesicles [361, 366, 369, 375, 382–385]. The

second is the subapex with the filamentous (F) actin fringe adjacent to the
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Table 5.1: Measured speeds of the linear tip growth for several species.

Species and instance Speed Ref.

Rohon-Beard neurons of the clawed frog
1 µm/min [372]

(Xenopus laevis)

root hairs of thale cress
1− 2 µm/min [365]

(Arabidopsis thaliana)

pollen tubes of cultivated tobacco
5 µm/min [373]

(Nicotiana tabacum)

pollen tubes of Easter lilly
5− 25 µm/min [374–376]

(Lilium longiflorum)

pollen tubes of maize
180 µm/min [364, 377, 378]

(Zea mays)

apex [366, 385, 386] and lateral membrane in which the endocytosis was

observed. The third is the shank containing the rest of the body of the

tube.

The experiments on pollen tubes have revealed a number of findings

that lead to the models of the tip growth. It was already in 1956 [370]

found and later confirmed [361, 367, 387, 388] that the transport by cyto-

plasmatic streaming occurs in two directions simultaneously, namely to-

wards the apex (anterograde) in the cell cortex, and opposite (retrograde)

subapexshank

shank membrane

lateral membrane
apex

apical 
membrane

F-actin fringe

Figure 5.1: The scheme (not to scale) of regions in pollen tube: shank, subapex, and

apex, and accordingly the regions of the tube membrane: shank, lateral and apical.
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in the cell center. The switch of the direction of the flow takes place in

the region of the F-actin fringe, except for vesicles that continue further

to the tip. It was also demonstrated that the growth processes occur only

at the apex and not in the shank.

The cell wall, which mostly controls the shape of the tube [389], was

also shown to have different structure in the shank and in the apex. Cellu-

lose, callose and stiff de-esterified pectin are contained only in the shank,

while the apical cell wall contains only the soft methyl-esterified pectin

[390–392]. As a consequence, the cell wall is rigid in the subapex and

shank, but elastic in the apex. This in turn allows the shank and sub-

apex to withstand the deformations caused by the turgor pressure, while

the apex undergoes them, which drives the directional cell expansion

[369, 391–394]. Furthermore, the pectin methylesterase (PME), which de-

esterifies pectin and makes it stiff, was found in the entire cell wall, while

its inhibitor appeared to not only exclusively accumulate at the apical cell

wall, but also to undergo lateral endocytic recycling, which keeps it in the

apical region [369, 395].

In a like manner, it was reported that the cell wall is thicker at the

apex than in the shank and subapex [396]. On the other hand, the flu-

orescence recovery after photobleaching (FRAP) experiments on pollen

receptor-like kinase 1 (PRK1) [397, 398] and PME [393, 399] tagged by

green fluorescent protein (GFP) in pollen tubes of Nicotiana tabaccum re-

vealed a pronounced recovery of the fluorescence intensity in the apex

and not in the lateral regions and shank. All these results suggest that

the secretion, or exocytosis, happens in the apex.

On the other side, a number of studies demonstrated that the secretion

of vesicles at apical membrane systematically delivered more material

then needed for the given extension of the membrane in the growth pro-

cess [363, 366, 375, 396, 400], which shows that the uptake of the material

from the membrane (endocytosis) must come about on the other site [401]

and via the active transport within the membrane between these two sites

[365, 402, 403]. Independently, different fluorescently labelled markers of

clathrin-mediated endocytosis [366, 404–406] showed exclusive accumu-

lation in lateral membrane region, while the externally applied labelled
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lipids [407], phosphatidic acid [408] and golden nanobeads [409] accumu-

lated pronouncedly in the cytoplasm right beneath the lateral membrane.

This arguably places the endocytosis in the lateral membrane region.

Put together, all these findings give rise to the classical model of tip growth

[363, 365, 366] which proposes the exocytosis at the apical membrane,

from which a part of material is built in the growth, and the another part

actively transported through the membrane in retrograde direction to the

lateral region, where it is recycled by the endocytosis. The scheme of

this model is shown in Fig. 5.2(a). However, an alternative model of the tip

growth was also proposed [375, 388, 402, 403, 409], according to which—

as illustrated in Fig. 5.2(b)—the exocytosis does not occur at the apex, but

in a subapical region adjacent to flanks of apex, and the material is upon

secretion transported in anterograde direction to the apex, where it is

partially built in the tube growth, and partially internalized by the endo-

cytosis at the apex, which happens together with the lateral endocytosis

as in the classical model. This was supported by the observed accumula-

tion of FM4-64 specifically underneath the apical membrane and fusion

of single vesicles into lateral membrane [402, 403].

To delineate between these two conflicting models, a systematic mea-

surement of of growth-related processes in pollen tubes must be sup-

ported by a comprehensive modelling effort. Such a model must account

for physical processes underlying the exocytosis, endocytosis, and mem-

brane transport in the pollen tube growth. This endavour is undertaken in

exocytosis

endocytosis

stream

(a) Classical model.

exocytosis

endocytosis

endocytosis

stream

(b) Alternative model.

Figure 5.2: The schematic representations of classical (a) and alternative (b) model

of the pollen tube tip growth. The figures are not to scale.
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collaboration with Gleb Grebnev and Benedikt Kost who performed the

experiments [357], while the physical theory of pollen tube tip growth is

developed in this chapter.

5.2 the experimental results

5.2.1 The membrane traffic markers related to growth processes

The experimental treatment [357] of the pollen tube tip growth that is

aimed to be modelled here is based on identification of regulatory periph-

eral lipids and transmembrane proteins which are specifically associated

with distinct apical or subapical plasma membrane domains at the tip

of tobacco pollen tubes. These lipids and proteins have important func-

tions in the control of membrane traffic as well as of polar cell expansion

[357, 410–413]. In order to unequivocally identify major sites of secretion

and endocytosis in tobacco pollen tubes and, consequently, to determine

the direction of plasma membrane drift—in a word, to challenge both

present models of the tip growth—several different fluorescent markers

of the apical membrane traffic were further developed, characterized and

employed in the pollen tubes of Nicotiana tabaccum.

The transmembrane proteins used as the markers of membrane traffic

were first analysed in silico to obtain the domain composition and struc-

ture within the membrane, and then the enhanced yellow fluorescent protein

(eYFP) was attached to their N- or C-terminal1. The markers used in

experiments [357] are the following:

• Arabidopsis thaliana pollen receptor-like kinase 1 (AtPRK1::eYFP)

• Arabidopsis thaliana rare cold inducible protein 2a (eYFP::AtRCI2a)

• AtPRK1::eYF after truncation of the long extracellular domain of

leucine–rich repeats

1 The position of label on the protein is denoted by writing the label before the protein

if it is on N-terminal (e.g., eYFP::AtRCI2a) and after if it is on C-terminal (e.g., At-

PRK1::eYFP).
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• endogenous Nicotiana tabaccum inositol transporter 4 (NtINT4::eYFP)

• fluorescent lipophilic styryl dye FM 4-64
2 which is shown to fluo-

resce only when bound to the membrane [414].

The domain composition and membrane topology of the 3 protein mark-

ers was predicted using different bioinformatics tools [357] and it is shown

schematically in Fig 5.3.

(a) AtPRK1 (c) NtINT4

(b) AtRCI2a

Figure 5.3: Domain composition of protein markers of membrane traffic used in exper-

iments [357]. On all 3 schemes, intracellular, transmembrane and extracellular residues

are depicted in regular squares, circles and tilted squares, respectively, and the site of

attachment of eYFP is marked. Figure adapted from [357].

AtPRK1 and NtINT4 are rather large proteins. The first one has the

mass of ≈ 73.5 kDa and 1 transmembrane domain (see Fig 5.3(a)) and

the second has the mass of ≈ 63 kDa and 12 transmembrane domains

(see Fig. 5.3(c)). Both of them have long intracellular and extracellular

tails. On the other hand, AtRCI2a is much smaller (≈ 6 kDa) and consists

of 2 transmembrane domains with short intracellular and extracellular

residues.

2 The trademark abbreviation stands for N-(3-Triethylammoniumpropyl)-4-(6-(4-(Diethyl-

amino) Phenyl) Hexatrienyl) Pyridinium Dibromide.
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5.2.2 Overview of experimental results

In the experiments, YFP labelled markers were expressed in tobacco pollen

tubes and procedures allowing non-invasive FM4-64 labelling of these

cells were established. The aforementioned markers were then observed

by upright and inverted laser scanning confocal microscopy using a color

code based on intensity. More experimental details can be found in [357,

pp. 27–39].

The representative experimental images for all five markers are shown

in Fig. 5.4. Additionally, in order to directly observe the physical im-

pact of extracellular tails on the traffic of AtPRK1::eYFP, the mutants with

truncated leucine-rich repeat (LRR) domain of the AtPRK1 were recorded

(see Fig. 5.4(c)). All the shown and further discussed distributions were

measured after the equilibrium of the traffic pathway in the membrane

and cytoplasm was reached. In all the experiments, the tubes were viable

with the growth rates varying around 4 µm/s. The mean growth rates for

the markers shown in Fig. 5.4 are reproduced in Fig. 5.5.

Together with these fluorescence measurements, a series of FRAP ex-

periments, during which either apical or subapical regions were selec-

tively photobleached, showed a pronounced fluorescence recovery at the

apical membrane, while there was weak recovery in the lateral region

[357, pp. 53]. Moreover, both the truncated AtPRK1 (see also Fig. 5.4(c))

and the tubes treated with brefeldin A, an inhibitor of exocytosis, re-

vealed no recovery at the apex. Independently, the site of endocytosis

has been determined by imaging of FM4-64 distribution in BFA-treated

pollen tubes and of adaptor protein complex 180 (AP180::eYFP), a spe-

cific marker of clathrin-mediated endocytosis. FM4-64 imaging showed

that the endocytic domain stretches from (3.6± 0.6) µm to (12± 2) µm

from the apex, while the analysis of AP180 distribution indicated that the

endocytic domain of the plasma membrane starts at (5.9± 0.9) µm and

ends (15± 3) µm far from the apex.

To sum up, the measurements suggest that the location of exocytosis is

the apex, while the location of endocytosis is lateral. However, although

the steady-state distribution patterns of all 4 markers in living pollen
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(a) AtPRK1::eYFP (b) eYFP::AtRCI2a

(c) AtPRK1::eYFP truncated (d) NtINT4::eYFP

(e) FM4-64 (f) Positions of regions from Fig. 5.1

2550

(g) Colour code for normalized relative intensity.

Figure 5.4: Representative confocal images of N. tabaccum pollen tubes expressing

eYFP-tagged markers, adapted from [357, pp. 50, 72, 199, 208]. Fluorescent intensity

was normalized to highest value measured in the respective pollen tube and colour-

coded as shown on (i). Asterisks denote the vesicle-rich apex, and arrowheads the

apical (a) and lateral (b) accumulation at AtPRK1 and AtRCI2a, respectively. Scale

bar is 5 µm.

tubes were expected to be similar, they were actually found to display

striking differences. AtPRK1::eYFP accumulation was pronounced at the

apical region, eYFP::AtRCI2a accumulated laterally, while NtINT4::eYFP

had a relatively even distribution. The loss of apical accumulation with

truncated AtPRK1:eYFP shows that the interaction of long extracellular
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0

1

2

3

4

5

6

AtPRK1 AtRCI2a AtPRK1
truncated

NtINT4 FM4.64

Figure 5.5: Mean growth rates of transformed N. tabaccum pollen tubes expressing

different markers. Error bars indicate the standard error of the mean, SE = σ√
N
, where

σ is standard deviation, and N is the number of measurements in the sample.

tail (see Fig. 5.3(a)) with the cell wall most probably causes the apical

accumulation by physically slowing down the protein.

5.2.3 Lateral intensity distributions: input for the theory

Finally, if there is a physical model to reproduce and explain all those find-

ings, including the peculiarities such as lateral accumulation of AtRCI2a::-

eYFP (see Fig. 5.4(b)), it should be unified, in a sense that it should govern

all these processes by a same constitutive equation, with different key pa-

rameters. The key physical quantity of such a model is the density of

protein markers within the membrane c(x) as a function of the distance x

from the apex over the surface of the tube, i.e. not geometric, but geodesic

or meridional distance.

In order to extract this function from the measurements representa-

tively shown in Fig. 5.4, a curved segmented line was traced along the

plasma membrane (see Fig. 5.4(h)), and the intensity Fi(x) at the geodesic

distance x from apex was extracted for every measurement i. The resolu-

tion of such extraction was apparently 34 nm for all the markers except

for truncated AtPRK1::eYFP, for which it was 80 nm. The lateral distribu-

tions of intensities obtained for all four protein markers corresponding to
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Fig. 5.4(a)–(d), as well as for the equilibrium stage of FM4-64 correspond-

ing to Fig. 5.4(g), are shown in Fig. 5.6.
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(c) AtPRK1 truncated
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(d) NtINT4
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Figure 5.6: The intesity of membrane associtated fluorescence as a function of surface

distance from the very tip of the tube as measured in experiment. Different colors

represent different measurements. On all the figures, cyan curve is the mean and blue

curve is the standard error, as defined in (5.2).
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Finally, we assume that the concentration of labelled protein ci(x) is

proportional to measured intensity, ci(x, t) = αiFi(x, t), where α is de-

termined by the experimental setup and the details of image acquisition.

In order to remove the relative differences between measurements, every

dataset, corresponding to an independent measurement, is normalized

by its value at the tip (x = 0), so that the normalized intensity is

fi(x) =
Fi(x)
Fi(0)

=
αici(x)
αici(0)

=
ci(x)
ci(0)

. (5.1)

As αi is cancelled out in the definition of fi(x), the concentration is given

by its value at the very tip, ci(x) = fi(x)ci(0). Therefore, the mean nor-

malized intensity and its standard error (SE), calculated for every point

on the membrane of the tube, are further used for the physical model:

f (x) =
1
N

N

∑
i=1

fi(x), SE =
σ√
N

=

√
∑N

i=1
(

fi(x)− f (x)
)2

N(N − 1)
, (5.2)

where N is the number of measurements in the sample. Note that the

observational frame reference is not the laboratory, but the coordinate

system attached to the growing tip of the tube.

5.3 the theory of the tip growth

To enhance our understanding of the distinct steady-state distribution pat-

terns within the pollen tube plasma membrane, which are displayed by

different markers for membrane traffic (Figures 5.4 and 5.6), these distri-

bution patterns were mathematically modelled. To this end, a theoretical

model has been developed based on the general assumptions discussed

below, which are either derived from experimental data reported here, or

have emerged from the process of fitting the model to these data and, as

such, may be considered modelling output.
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5.3.1 The general model

All the biological processes discussed heretofore are, in physical sense,

the transport processes occurring at different places in the tube. The model

divides the plasma membrane into the following four regions, which are

positioned at the indicated meridional distances from the extreme apex:

apex (0− 3.5 µm), F-actin fringe (3.5− 5.5 µm), subapical or endocytic re-

gion (5.5− 15 µm) and shank (> 15 µm). The positioning of these regions

emerged from model fitting and is in close agreement with experimental

data (Fig. 5.4(h)). The model is based on the general assumption that

marker distribution is continuous and smooth at the borders between the

four defined regions. It accounts for four following processes, which to-

gether determine marker dynamics and steady-state distribution within

the plasma membrane.

The simplest is the transport within the membrane, which is a normal

diffusion, but it is not homogeneous over the whole surface of the tube

because in different parts of the tube different interactions with proteins

and lipids take place. The diffusion coefficients of all markers in the endo-

cytic region and in the shank are assumed to be equal, while the diffusion

coefficient in the apex is assumed to be different because of possible inter-

actions of proteins with the outer cell wall and the disturbances arising

from the crowding and a continuous uptake of vesicle material.

The extreme pollen tube apex is defined as a reference point with a

fixed position. Therefore, calculations are made in the frame of the tip,

which moves relative to the tube body with the speed equal to tip growth

rate, denoted as v0. Consequently, all markers of membrane traffic within

each of the four plasma membrane regions are subject to a constant retro-

grade drift at the rate of pollen tube tip growth v0. The rate v0 is equal to

the measured value for every marker (see Fig. 5.5).

The exocytosis of vesicles can be imagined as a constant source of the

material transported from the cytoplasm into membrane. On the other

hand, the endocytosis can analogously be represented as a constant sink

of mater in the region where it happens, accordingly called the endocytic

region. However, the sink in the endocytosis can have a relative meaning,
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since only the selected proteins are recruited into vesicles during the endo-

cytosis, while others are left in the membrane [415]. The endocytosis will

locally reduce the concentration of the uptaken proteins, but also increase

the concentration of the proteins left in the membrane. Therefore the en-

docytic region represents a sink for the lipids and proteins selected for the

endocytic internalization, but an effective source for the proteins left in

the membrane. Finally, selective endocytosis of lipid material within the

subapical endocytic domain locally increases protein marker density with

a rate that is independent of this density (hence, it is constant), whereas

the rate of lipid internalization resulting from the same process obviously

increases with higher lipid concentrations within the plasma membrane

(hence, it is proportional to concentration).

Finally, protein markers in membrane can encounter many random pro-

cesses that can cause their degradation or extract them from a membrane.

In general the fact that they are random means that the probability that

they happen depends on the concentration of proteins regardless of spe-

cific kind of such processes. This is usually accomplished by a first–order

sink, in which the decrease in the concentration of uptaken protein is

proportional to the concentration itself,

dc(t)
dt

= −Kc(t), (5.3)

where K is the rate of degradation or random uptake. In the case of

lipids (e.g., FM4-64), degradation is compensated by ongoing plasma

membrane staining by residual dye present in culture medium. However,

this process depends on the concentration of the lipid in the surround-

ing medium, and not on the concentration of lipids in the membrane.

Therefore it is considered to be constant in the transport equation in the

membrane.

The steady-state distribution profiles of the concentration of transmem-

brane protein markers (TMP) and of FM4-64 within the pollen tube plasma

membrane are mathematically expressed by the following Fokker-Planck

diffusion equation which accounts for the transport processes that can oc-

cur in a membrane—diffusion, drift, source/sink and decay.
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All these transport processes which can occur within the pollen tube

plasma membrane—diffusion, drift, source or sink, and degradation or

membrane staining—are governed by the following Fokker-Planck diffusion

equation (1.30) for the concentration of transmembrane protein markers

(TMP) and of FM4-64 lipid:

∂c(x, t)
∂t

= D
∂2c(x, t)

∂x2 − v0
∂c(x, t)

∂x
− Kc(x, t) + S. (5.4)

The time change of the concentration ∂c(x,t)
∂t = 0 since steady-state marker

distributions are modelled. The first term on the right-hand side (RHS)

accounts for the marker diffusion described by effective marker diffusion

constant D. The second term on the RHS represents constant retrograde

marker drift with respect to the extreme pollen tube apex, which equals

the experimentally determined average pollen tube growth rate v0. The

measured values of the growth rate are shown in Fig. 5.5 and written in

Table 5.2. and will be used as an input parameter of the model. This term

Table 5.2: Measured mean growth rates of transformed N. tabaccum pollen tubes

expressing different markers.

Marker v0 (µm/min)

AtPRK1 4.3± 0.2

AtRCI2a 3.8± 0.2

AtPRK1 Truncated 4.9± 0.5

NtINT4 3.6± 0.6

FM4-64 3.6± 0.2

always has a negative sign, as all markers retrograde drift away from the

extreme pollen tube apex. The third term on the RHS of (5.4) accounts

for two different sources for protein markers and lipids. Neither of them

is dependent on the concentration. For protein markers, it represents a

source caused by directional secretion or by local increase in protein den-

sity rooted in selective endocytosis of lipid material. For FM4-64 lipid, it

represents a source originating in constant plasma membrane re-labelling

by residual FM4-64 present in culture medium. In both cases the source is

independent of concentration, i.e. constant and positive. Finally, the forth
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term on the RHS represents marker degradation which has a negative

sign and is proportional to marker density within the plasma membrane.

For lipids, this is a first-order sink which corresponds to endocytic inter-

nalization.

The Fokker-Planck equation (5.4) was adjusted to account for differ-

ent sets of the processes discussed in the previous paragraph occurring

in each of the four different plasma membrane regions. A schematic

overview of the processes included in different regions is presented in

Table 5.3. The general assumption that marker distribution is continuous

Table 5.3: Processes assumed to substantially contribute to marker distributions within

the indicated regions of the pollen tube membrane (marked by “×”).

Term Meaning
Region

Apical Actin fringe Subapical Shank

D Diffusion × × × ×

v0 Retrograde flux × × × ×

Q Apical source ×

S
Source of proteins ×
Staining by residual lipids ×

K
Marker degradation × ×
Lipid endocytosis ×

and smooth at the borders between these regions is represented by the

boundary conditions between different solutions. The assumptions and

full solutions specific to the four regions are described in the following

paragraphs.

5.3.1.1 The apical region

The apical region is defined by x . 3.5 µm and it is the region where

the exocytosis of vesicles from the cytoplasm into membrane occurs (see

Fig. 5.1 and 5.2(a)). The fusion of vesicles into the tip is constant, so we

assume this to be a constant apical source of matter Q at the very tip
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of apex. This source is modelled by a total flux of the matter over the

border of the apical region, and hence it is included in the model via

the boundary condition, and not directly in the Fokker-Planck equation.

Marker degradation has been assigned the value 0 in the apical region,

in which degradation presumably is irrelevant compared to changes in

marker density resulting from vesicle traffic. As discussed in the previous

paragraph, diffusion and retrograde flux constantly occurs in all plasma

membrane regions. Therefore, the steady–state diffusion equation for the

concentration in apex ca(x) reads

Da
d2ca(x)

dx2 − v0
dca(x)

dx
= 0. (5.5)

It is subject to the boundary conditions of constant concentration and

constant flux (source) at the tip:

ca(x)|x=0 = c0, (5.6)

v0c0 − Da
dca(x)

dx

∣∣∣∣
x=0

= Q, (5.7)

where Da is diffusion coefficient of the protein in membrane of the apex

and Q is the strength of the source (influx) at the apex. The solution of

eq. (5.5) subject to the boundary conditions (5.6) and (5.7) is

ca(x) =
Q
v0

+

(
c0 −

Q
v0

)
e

v0
Da x. (5.8)

This solution clearly expresses the competition of the source and the

drift in the final impact on concentration in apex. Incidentally, there is

a critical source strength Qcrit = c0v0 such that for Q > Qcrit, the burst

of proteins in the apex will outbalance the drift and bring the proteins

to the tip faster then the drift is able to deport; the concentration will

consequently decrease as we move away from the tip. As opposite to that,

if Q < Qcrit, the drift removes the proteins from the tip faster than they

are being brought there by the source, and thus the concentration will

rise as we move away from the tip.

5.3.1.2 Actin fringe

As determined experimentally [357], the actin fringe is a narrow transient

region between the apex and the endocytic region located at 3.5 µm .
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x . 5.5 µm. The F-actin fringe region, in which apart from retrograde

flux only diffusion is assumed to occur, is modelled such that it links

the solutions of the equations describing marker distribution within the

apical and the subapical regions. Hence, within the F-actin fringe region

the diffusion coefficient of each marker undergoes transition from the

apical to the subapical values.

5.3.1.3 The endocytic region

As shown in sec. 5.2.2, the endocytic region is located approximately at 5

µm . x . 12− 15 µm, in which all four processes discussed above and

presented in eq. (5.4) appear. The endocytosis of vesicles into cytoplasm

in this region represents a source (positive S) for the proteins that are

not uptaken by vesicles. Independently, we expect the random decay of

proteins by all the mechanisms of protein degradation or removal in the

membrane in the bulk (subapical and shank) region, which are integrated

in a cumulative rate of decay K. The diffusion equation for concentration

in endocytic region which consolidates all of this is

Der
d2cer(x)

dx2 − v0
dcer(x)

dx
− Kcer(x) + S = 0. (5.9)

It is subject to boundary conditions of continuity and smoothness be-

tween the regions:

ca(a) = cer(a), (5.10)

dca(x)
dx

∣∣∣∣
x=a

=
dcer(x)

dx

∣∣∣∣
x=a

. (5.11)

Here Der is the diffusion coefficient in endocytic region, and a (3.5 µm

< a < 5.5 µm) is a point of transition between the two solutions within

the actin fringe. The solution in this region is

cer(x) = c∞ +
S
K
+ A exp

(
v0(σ + 1)

2Der
x
)
+ B exp

(
−v0(σ− 1)

2Der
x
)

, (5.12)

where c∞ is the equilibrium concentration far in the bulk and σ is the

abbreviation

σ =

√
1 + 4

DerK
v2

0
> 1. (5.13)
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The constants A and B are to be determined from the boundary condi-

tions (5.10) and (5.11).

5.3.1.4 The bulk region

The bulk region includes the membrane of subapex that is not the endo-

cytic region and the shank membrane, i.e. 12− 15 µm . x < ∞. It is the

“body” of the pollen tube, in which apart from diffusion and drift, pro-

teins will undergo only the degradation at rates Kb = Ker = K equal to

those in the subapical region. In addition, the model for lipids implicates

that ongoing plasma membrane staining by residual FM4-64 is compen-

sating degradation of this lipid dye in all plasma membrane regions and

substantially contributes to its distribution profile only in the shank, since

there is no any endocytic internalization of lipids which dominate this ef-

fect in the endocytic region. Furthermore, the diffusion coefficients of all

markers in the subapical region and in the shank are assumed to be equal,

Db = Der. Accordingly, the diffusion equation is

Db
d2cb(x)

dx2 − v0
dcb(x)

dx
− Kcb(x) = 0. (5.14)

This is actually a homogeneous part of the eq. (5.9), so the solution is

equivalent to (5.12) without S/K. Yet, the solution in this region has to be

finite at x → ∞, moreover the limit should be c(x → ∞) = c∞. For that

reason, the constant in front of the exponential with positive exponent has

to be 0 in the bulk region. The solution is also subject to the continuity

and smoothness boundary condition at b ≈ 12 µm:

cer(b) = cb(b), (5.15)

dcer(x)
dx

∣∣∣∣
x=b

=
dcb(x)

dx

∣∣∣∣
x=b

. (5.16)

The solution in the bulk region is then

cb(x) = c∞ + C exp
(
−v0(σ− 1)

2Db
x
)

, (5.17)

with C and c∞ to be determined from boundary conditions (5.15) and

(5.16).
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5.3.1.5 Constants of solutions in endocytic and bulk region

The constants A, B, C and c∞ are now determined from the boundary con-

ditions (5.10), (5.11), (5.15) and (5.16), which are a linear set of four equa-

tions with four unknowns. The solution is cumbersome, but straightfor-

ward, so we bring here the final result. For the ease of read, we introduce

the abbreviations:

q =
Q
v0

τ =
v0

2Der
(σ + 1) (5.18)

µ =
v0

Da
ζ =

v0

2Der
(σ− 1). (5.19)

Note that τ− ζ = v0
Der

and τ + ζ = v0
Der

σ, from which we actually calculate

Der and σ (and K from it) after obtaining τ and ζ from fits by

Der =
v0

τ − ζ
and σ =

τ + ζ

τ − ζ
. (5.20)

With these abbreviations the straightforward calculation of constants from

the boundary conditions yields:

A = − S
K

ζe−bτ

τ + ζ
(5.21)

B = − S
K

τea(τ+ζ)−bτ

τ + ζ
+

q− c0µ

ζ
ea(µ+ζ) (5.22)

C = − S
K

τ

τ + ζ

(
ea(τ+ζ)−bτ + ebζ

)
+

q− c0µ

ζ
ea(µ+ζ) (5.23)

c∞ =
q
µ
+

S
K

(
e(a−b)τ − 1

)
− q− c0µ

ζ

(
1 +

ζ

µ

)
eaµ. (5.24)

Note that for S = 0, i.e. when there is no source or sink, A = 0 and B = C,

which means that cer(x) = cb(x), which is just as expected.

5.3.2 Results of the modelling

We model the five profiles of interest here by taking the three general

solutions ca(x), cer(x) and cb(x) for apex, endocytic region and bulk, re-

spectively, for all the profiles, but having different types of sources and

sinks in the endocytic region and bulk, for different markers, according
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to the experimental observations (Fig. 5.4 and 5.6). By simultaneous fits

in all three regions, we will be able to extract the diffusion coefficients

and the relative strengths of the sources for every profile.

To fit the model to experimental line plots displaying average intensity

of plasma membrane-associated marker fluorescence (Fig. 5.4 and 5.6),

these line plots needed to be normalized based on the values at the ex-

treme apex (Fig. 5.6, values at x = 0). Consequently, the Q, D, K, S and

R values read out for the different markers after model fitting (Table 5.3)

are based on relative levels of plasma membrane associated marker fluo-

rescence, but not on absolute marker density. The strengths of constant

sources or sinks can not be taken absolutely because the quantity that

is modelled is not actual concentration, but its normalized fluorescence

intensity representation, which is proportional to concentration. To as-

sign a physical meaning to it, either αi or c(0) should be determined by

some other, independent technique (see sec. 5.2.3). Hence, only relative

relations between the source constants between different markers make

sense for comparison. However, the terms in the Fokker-Planck equa-

tion (5.4) which are linear in concentration (D, K) are not changed by the

normalisation and therefore maintain an absolute physical meaning.

For all analysed markers, an excellent fit of the model to the experimen-

tal data was obtained, after several adjustments specific to each marker

were made as follows.

5.3.2.1 AtPRK1 Protein

The normalized data for the AtPRK1 protein, together with the mean and

standard error of the mean, are shown in Fig. 5.6(a). It is obvious from the

figure that there is no source after the apex since there is no any increase

of concentration.

Because fitting the model to the AtPRK1::eYFP line plot indicated a

much stronger source of this marker within the apical dome (Q) than

in the subapical region (S), S could not be accurately determined and

was therefore defined to be zero (S = 0) in the endocytic region. This
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yields A = 0 and B = C, i.e. the solution in the endocytic region becomes

specifically

cer(x) = cb(x) = c∞ + C exp
(
−v0(σ− 1)

2Der
x
)

, (5.25)

with c∞ and C given by (5.23) and (5.24) for S = 0.

Hence, for AtPRK1::eYFP only Q and Da within the apical dome could

be read out as independent values after model fitting. The simultaneous

fit of ca to the apical region and cer to endocytic and bulk region is shown

in Fig. 5.7 and results in the following values of physical constants:
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Figure 5.7: The AtPRK1 normalized intensity with the fit to the mean (top) and the

mean overlayed by the fit (bottom).
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Da = (0.045± 0.003) µm2 s−1, (5.26)

Q = (9.4± 0.7) µm−1 s−1, (5.27)
σ− 1
Der

= (15.1± 0.8) s µm−2. (5.28)

As noted above, Der and σ − 1 do not decouple in final expressions, i.e.

they always appear as σ−1
Der

, so we cannot know the values of Der and

K (which is in σ), but only of this product, as is reproduced in (5.28).

However, we see that the diffusion coefficient in the apical region Da is

very small.

5.3.2.2 AtRCI2a Protein

The normalized data for the AtRCI2a protein are shown in Fig. 5.6(b).

Since AtRCI2a is not endocytosed together with vesicles, the extraction

of vesicles in the endocytic region plays a role of a constant source for

this protein, so the value of S in (5.9) is positive. This source causes the

strong increase of concentration in the endocytic region observed in the

experiments.

Now we are fitting simultaneously all the three solutions in the com-

plete form, as stated in section 5.3.1. Although the exponents of the ex-

ponential function in cer(x) and cb(x) do not decouple, the difference of

these two exponents gives the diffusion coefficient Der = Db, while their

sum yields σ (and K from it) on its own (see eq. (5.20)). The fit, shown in

Fig. 5.8, gives the following values of physical constants:

Da = (0.051± 0.003) µm2 s−1 (5.29)

Der = Db = (0.79± 0.05) µm2 s−1 (5.30)

Q = (2.6± 0.2) µm−1 s−1 (5.31)

S = (5.7± 0.4) µm−2 s−1 (5.32)

K = (0.0083± 0.0005) s−1. (5.33)

The only possible concern of the model presented above is the assump-

tion of constant source in the endocytic region. Why would the source

be constant, and not the first–order? Namely, we considered this source

to be the effective source because of the endocytosis of lipids only. In
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Figure 5.8: The AtRCI2a normalized intensity with the fit to the mean (top) and the

mean overlayed by the fit (bottom).

this situation, the bigger concentration of proteins, the larger the change

of concentration because of the loss of the medium, suggesting the first

order source. This also could be the case, but the fact that the effective

source in endocytic region is modelled as a constant source is rather a

result than the assumption of this work.

Namely, we did try to solve the above system analogously with the

first order source in the endocytic region. In this case the solution cer(x)

becomes the one like cb(x), with changed sign of the source rate, i.e. with

σ → σ̄ =
√

1− 4S̄Der/v2
0 < 1. The simultaneous fit of this new solution
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in endocytic region together with ca(x) and cb(x) in the apical and the

bulk regions, respectively, appears to be inherently consistent (for exam-

ple, we can find the same parameter values by independently fitting the

endocytic and the bulk region), but it is strongly physically incoherent

because it yields either negative diffusion coefficient Der or the rate S̄,

i.e. the sink, while we have the source. Therefore this solution is either

non-physical or it is contradictory within itself.

5.3.2.3 AtPRK1 Protein Truncated

The concentration of the AtPRK1 protein after we truncate its extracel-

lular domain (AtPRK1 ∆SP-LRR), as shown in Fig. 5.6(c), starts to grow

after the apex region, in contrary to its behaviour when it does have the

extracellular domain, shown in Fig. 5.6(a). The rise of the concentration in

the endocytic region should mean that there must be a source of proteins.

Additionally, a weaker source at the apex could give another contribu-

tion to appearance of such an increase of concentration from apical to

endocytic region. For that reason we assume a constant source in the en-

docytic region, a situation analogous to one in previous section. Thus the

solution for the concentration profile is also completely analogous to the

solution for AtRCI2a.

The solution fitted to the mean intensity is shown in Fig. 5.9. It gives

the following values of the physical constants:

Da = (0.081± 0.008) µm2 s−1 (5.34)

Der = Db = (0.59± 0.09) µm2 s−1 (5.35)

Q = (8.1± 0.8) µm−1 s−1 (5.36)

S = (1.2± 0.2) µm−2 s−1 (5.37)

K = (0.0047± 0.0008) s−1. (5.38)

These data are but insightful in comparison with the data for full (un-

truncated) AtPRK1 and ATRCI2a. In apical region, we see that the trun-

cated AtPRK1 (Da = 0.063 µm2 s−1) is somewhat faster than the untrun-

cated one (Da = 0.04 µm2 s−1). This is still an order of magnitude smaller

than in the endocytic region, because there is a number of interactions
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Figure 5.9: The normalized intensity for AtPRK1 protein with truncated extracellular

domain (top), with the fit to the mean and the mean overlayed by the fit (bottom).

and crowding coming from the exocytosis happening in the apex environ-

ment apart from the interaction with cell wall which should be excluded

by truncation of extracellular domain. In line with this stays the fact that

the source strength is smaller for truncated (6.3 µm−1 s−1) than for the

full (8.3 µm−1 s−1) protein.

Expectedly, due to its intracellular domain (protein kinase), the trun-

cated AtPRK1 protein (Da = 0.45 µm2 s−1) is slower than the AtRCI2a

protein (Da = 0.79 µm2 s−1) in the endocytic region. The apical source

is considerably stronger, while the effective source in endocytic region is
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weaker in truncated AtPRK1 than in AtRCI2a. This is a reason that the

bell shape in endocytic region is so less pronounced than in AtRCI2a.

5.3.2.4 NtINT4 Protein

The experimental concentration profile of NtINT4 protein, displayed in

Fig. 5.6(d), is the only profile that has the “kink” at the border between the

apex/actin fringe region to the endocytic region. Based on this evidence,

we will not demand the transition from the apex solution (ca(x)) to the

endocytic region solution (cer(x)) to be smooth, but only continual, i.e. we

will impose the boundary condition (5.10) but not (5.11). Other than this,

all other assumptions are the same as for AtRCI2a and truncated AtPRK1

and the solutions in the apical, endocytic and shank region are (5.8), (5.12)

with positive S, and (5.17), respectively.

The simultaneous fit of the three solutions in the three regions is shown

with the data in Fig. 5.10. and yields the following parameters:

Da = (0.08± 0.01) µm2 s−1 (5.39)

Der = Db = (0.36± 0.07) µm2 s−1 (5.40)

Q = (5.7± 0.9) µm−1 s−1 (5.41)

S = (0.30± 0.05) µm−2 s−1 (5.42)

K = (0.007± 0.001) s−1. (5.43)

We see that both diffusion coefficients, at the apex and in the endocytic

region, as well as the source strength at the apex, are in the same order

of magnitude as for the other 3 proteins discussed so far. However, the

strength of the effective source in the endocytic region is an order of

magnitude smaller than, for instance, for AtRCI2a. That is actually the

reason for which the bell shape is so pronounced in AtRCI2a and so

wide here, with the endocytic region (increase of concentration) stretching

up to 25 µm. The rapid growth of the mean concentration after 33 µm

is probably the consequence of bad statistics at the ends, and therefore

dismissed.
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5.3.2.5 FM4-64 Lipid

The concentration profile of the FM4-64 lipid, shown in Fig. 5.6(e) is the

most specific in comparison to the other three. We see from the profile

that in the endocytic region we should have a sink, while the concentra-

tion in the bulk grows, implying a source there.

This is actually just as expected for the lipid. In the endocytic region

lipids are pronouncedly uptaken by vesicle creation in endocytosis. More-

over, we expect that larger the concentration of lipids, larger the proba-

bility of vesicle secretion, and for that we assume the first–order sink,
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Figure 5.10: The normalized intensity for NtINT4 protein with truncated extracellular

domain (top), with the fit to the mean and the mean overlayed by the fit (bottom).
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−Kercer(x), instead of the source in the diffusion equation. Additionally,

we don’t have any random degradation or removal mechanism as we had

for proteins, whereas the ongoing membrane staining by residual FM4-64

present in the culture medium is assumed to be dominated by the endo-

cytic internalization, and hence set to 0 in the endocytic region. Thereby,

the solution for the FM4-64 lipid in the endocytic region is (5.12), adapted

by taking S = 0 and substituting K → Ker in (5.13).

On the other hand, in the bulk region there is no any endocytosis, so

that the residual lipid staining is the only existing contribution besides

diffusion and retrograde flux. An increase of lipid concentration in the

bulk is assumed to come from this uptake of FM4-64 molecules from ex-

tracellular space, which depends before all on the concentration of lipids

outside, and not within membrane. Hence, it is taken to be a constant, yet

small source. Accordingly, the diffusion equation for the FM4-64 lipid in

the bulk is not (5.14) as stated in the general model, but has to be changed

to

Db
d2cb(x)

dx2 − v0
dcb(x)

dx
+ Sb = 0, (5.44)

where Sb is the strength of source in bulk region. The solution to (5.44) is

cb(x) =
Sb

v0
x + Ce

v0
Db

x
+ E. (5.45)

The constants A, B, C and E have now to be re-evaluated, of course from

boundary conditions (5.10), (5.11), (5.15) and (5.16).

In addition to abbreviations in (5.18) and (5.19) (with K → S in eq. (5.13)

for σ), we introduce

ν =
v0

Der
=

v0

Db
and r =

Sb

v0
. (5.46)

The constants A and B in the solution for endocytic region now read

A =
ζe−aτ

τ + ζ

[
q
µ
− c∞ +

(
1 +

µ

ζ

)(
c0 −

q
µ

)
eaµ

]
, (5.47)

B =
τe−aζ

τ + ζ

[
q
µ
− c∞ +

(
1 +

µ

τ

)(
c0 −

q
µ

)
eaµ

]
(5.48)
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and the constants C and E from the solution (5.45) read

C =
e−bν

ν(τ + ζ)

[(
c0 −

q
µ

)
eaµ
(

ζ(µ− τ)e(a−b)ζ + τ(µ + ζ)e(b−a)τ
)
+

+

(
c∞ −

q
µ

)
τζ
(

e(a−b)ζ − e(b−a)ν
)
− r(τ + ζ)

]
, (5.49)

E =
1

ν(τ + ζ)

[(
c0 −

q
µ

)
eaµ
(

τ(τ − µ)e(a−b)ζ + ζ(µ + ζ)e(b−a)τ
)
+

+

(
c∞ −

q
µ

)(
ζ2e(b−a)τ − τ2e(a−b)ζ

)]
+ c∞ +

r
ν
− br. (5.50)

Finally, the solution fitted to the mean intensity is shown in Fig. 5.11. It

gives the following values of the physical constants:

Da = (0.033± 0.002) µm2 s−1 (5.51)

Der = Db = (1.15± 0.07) µm2 s−1 (5.52)

Q = (9.5± 0.5) µm−1 s−1 (5.53)

Ker = (0.20± 0.01) s−1 (5.54)

Sb = (0.38± 0.02) µm−2 s−1. (5.55)

The results for lipid obtained here are also in complete agreement with

an intuitive expectation. Diffusion coefficient at the apex is also small, as

it is for proteins, confirming that not only a cell wall, but also a plenty of

crowd and heterogeneity obstructs the motion in the apex. In the endo-

cytic region, on the other part, diffusion coefficient is 2 to 3 times larger

than for the proteins as it should be. The same holds for the apical source

strength, which is largest for the lipids since they constitute the vesicles

brought to the apex.

Finally, one should compare the sink rate Ker to decay rate K and not

to constant sink strength S from protein models since Ker here is the first–

order sink. As expected, Ker is two orders of magnitude larger than K

because Ker represents an active mechanism, while K stands for a random

(passive) mechanism. Consistently, the constant source Sb in the bulk

coming from random intake of lipids from environment is an order of

magnitude smaller than the active constant sources for proteins in the

endocytic region.



5.4 conclusion 191

Mean
Standard Error
Physical Model

0 5 10 15 20 25 30 35

0.6

0.8

1.0

1.2

1.4

1.6

1.8

Distance from the apex (μm)

N
or

m
al

iz
ed

in
te

ns
ity

Mean
Physical Model

0 5 10 15 20 25 30 35

0.8

0.9

1.0

1.1

1.2

1.3

1.4

Distance from the apex (μm)

N
or

m
al

iz
ed

in
te

ns
ity

Figure 5.11: The FM4-64 lipid data with the fit to the mean (top) and the mean

overlayed by the fit (bottom).

5.4 conclusion

The one-dimensional growth process of the pollen tubes, a representa-

tive of such growth processes in nature, is strongly limited by exocytosis

of membrane and cell wall material, but also by the endocytosis which

emerges from the need of re-internalization of the few-fold excess of ma-

terial deposited by exocytosis. However, the position of exocytic and

endocytic spot on the tube are disputed between the two contradictory

models of pollen tube growth: the classical model postulates the exocyto-
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sis on the apex, and endocytosis in the lateral region, while the alternative

model postulates the opposite, switched places.

In the present study, several different markers of membrane traffic, re-

lated to processes of endocytosis and exocytosis, namely AtPRK1, AtRCI-

2a, NtINT4, AtPRK1 with truncated extracellular tail, were labelled by

eYFP and expressed in pollen tubes, as well as the fluorescent dye FM4-

64. By direct observation of sites of either pronounced accumulation, or

the lack of fluorescent intensity using confocal microscopy, the markers

systematically and consistently supported the apical location of exocyto-

sis and lateral location of endocytosis.

The fluorescence intensity as a function of surface distance from apex,

obtained by additional image analysis from the confocal images, was used

to develop a physical model for the processes specific for different regions

of the tube, and for different markers, based on appropriate modifica-

tions of the Fokker-Planck equation. Underlying process to all regions

and markers was diffusion and the drift. The exocytosis was treated as

the source of matter at the apex, while the endocytosis was treated as a

sink for the proteins and lipids that showed the endocytic uptake in the

endocytosis, or as a source for the proteins that were excluded from the

endocytic uptake.

The fits of analytical solutions yield the main physical quantities as the

parameters of the fit to the fluorescence profiles. The excellent fit of the

model to the experimental data (Figures 5.7–5.11), along with the signs

of the Q and S values read-out for all analysed markers are consistent

with and further support the following key experimental findings: 1) all

markers of membrane traffic are incorporated into the plasma membrane

as a consequence of secretion occurring within the apical dome (positive

Q values), and 2) FM4-64 labeled plasma membrane material is endocyti-

cally recycled within the subapical region (negative sign of K for FM4-64),

whereas transmembrane protein markers are not (positive sing of S). Fur-

thermore, interactions of the extracellular LLR domain of AtPRK1 with

the cell wall, which were proposed to contribute to the experimentally

detected accumulation of this protein to highest levels within the apical

dome, are supported by the observation that AtPRK1 displays the low-
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est Da value, Da = (0.045± 0.003) µm2 s−1, of all transmembrane protein

markers tested, including a truncated from of this protein missing the

extra cellular LLR domain Da = (0.081± 0.008) µm2 s−1.

In addition, model output allows a number of further interesting con-

clusions, which remain to be experimentally verified. As commented in

the previous section, it is not possible to directly compare absolute Q

or S values between markers, as experimental line plots were normal-

ized for model fitting. However, the Q/S ratio, as well as D, K and R

values are not affected by data normalization and can be directly com-

pared between markers. The particularly low Q/S ratio obtained for

eYFP::AtRCI2a (0.4561 µm−1) indicates that this protein is apically se-

creted at a low rate as compared to the rate of the accumulation of

this protein within the subapical region, which is caused by selective

endocytosis of lipid material. Together with relatively fast degradation

in the shank (K = (0.83 ± 0.05) · 10−2 s−1), this may explain the mas-

sive eYFP::AtRCI2a accumulation that is experimentally observed within

the lateral plasma membrane. Furthermore, as discussed above, model

fitting required that all marker proteins are degraded at a low rate in

both the subapical and shank regions, and that constant relabeling of

the plasma membrane by residual FM4-64 in the culture medium com-

pensates degradation of this dye, a process that substantially contributes

to the FM4-64 distribution profile specifically in the shank. Finally and

most interestingly, whereas within the subapical and shank regions of the

plasma membrane the diffusion coefficients of all transmembrane pro-

teins (Der = 0.36− 0.79 µm2 s−1), and of FM4-64 (Der = 1.15 µm2 s−1),

are within the typical range for transmembrane proteins [199, 353, 416]

and membrane lipids [416], respectively, diffusion of all markers appears

to be strikingly slow within the apical dome (0.033 to 0.081 µm2 s−1).

This observation may be a consequence of substantial molecular crowding

possibly resulting from the massive secretory activity within this plasma

membrane region and certainly warrants experimental confirmation.

In summary, here proposed model based on the diffusion equation

gives a remarkably consistent and satisfactory physical description of the

main processes governing the pollen tube tip growth and systematically
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confirms the classical model of pollen tube tip growth. The results of

the theory presented here and the consistency over five different trans-

port markers at the same disregard the alternative model of pollen tube

tip growth since is predicts the opposite signs of all the crucial quanti-

ties (sources and sinks) in the description of transport. Manifestly, lot of

open questions have remained, especially regarding specific protein in-

teractions with membrane wall or other membrane and cell constituents,

or the mechanism of targeted protein uptake in endocytosis. However,

we are prone to believe that the road for such a future research could

be traced by systematic approach developed in this work, that is based

on specific expression of membrane traffic markers specific for endocy-

tosis and the physical reasoning of the related fundamental processes in

membrane diffusion.



Chapter6
CONCLUS ION

Physics is really nothing more than a search for ultimate

simplicity, but so far all we have is a kind of elegant

messiness.

A Short History of Nearly Everything [417, p. 166]

Bill Bryson

Diffusion on a complex two-dimensional interface emerges as a fun-

damental microscopic process underlying a number of important phys-

ical, chemical, and biological processes. A two-century discussion on

the very nature of diffusion, initiated by diligent observations of Robert

Brown and pioneered by Einstein, Smoluchowski, Langevin, Perrin and

other great physicists from the turn of 20
th century already portended

a plethora of possible diffusion processes and theories which will have

explained them.

After the theory of normal diffusion was established, different pro-

cesses of obstructed diffusion have been studied, in which the interactions

of diffusing particles with complex structure of a medium or with other

195
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particles slow down normal diffusion. Due to numerous possible appli-

cations in different diffusion-limited processes on surfaces of materials

and biological cells, the mechanisms that obstruct diffusion have been

particularly studied on the two-dimensional complex interfaces.

A number of different theoretical models and experiments, especially

in the field of biological cells and their membranes, as outlined in the In-

troduction to this thesis (Chapter 1), reveals the two classes of processes

that in general may slow down the random motion of molecules in a two-

dimensional medium such as a membrane. The first one is a hindrance of

the motion of diffusing particles due to existence of dense population of

the same particles on a surface, which is usually referred to as crowding.

The interactions arising from crowding usually have short range, since a

molecule that is blocked to occupy some position by another molecule

usually just continues to meander between the other particles and does

not stop its motion. The second class of processes process causing the

obstruction of diffusion are the interactions of diffusing species with com-

plex structure or another molecules which are comprised in the medium.

The interactions but most often arrest the particle from the motion for

some time, therefore affecting diffusion on much longer time scales. This

is called trapping.

Diffusion in crowded two-dimensional environments with traps has

emerged in different functionalised complex interfaces of newly devel-

oped materials. However, a class of such highly functional surfaces which

reveal a wealth of diffusion-related phenomena are biological membranes.

While some of the earlier experiments assigned the slow-down of diffu-

sion to trapping, the others were proposing the crowding as a dominant

mechanism of obstructed diffusion in membranes. However, the newest

insights converge to a picture in which both crowding and trapping ef-

fect diffusion observed on a macroscopic scale. Moreover, a competition

of these two effects has even led to updates of the earlier picture of a mem-

brane as a continuous and void phospholipid bilayer, to a rather complex

interface including a crowd of different proteins, aggregates, actin fences

and coexisting phases of phospholipid ordering.
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Although both crowding and trapping have been separately studied to

an appreciable extent, the simultaneous influence of these two effects on

diffusion has not been addressed so far in a satisfactory manner. This

was a motivation for a systematic study of these effects in this thesis, ei-

ther in a general model of the lattice gas with traps (Chapters 2 and 3),

or in particular models of two experimental systems, the variant surface

glycoprotein diffusion in supported membranes (Chapter 4), and the fluo-

rescent marker diffusion in membranes of growing pollen tubes (Chapter

5).

In the model of crowded lattice gas with traps (Chapter 2), the random

motion of a number of tracers meandering on a two-dimensional square

lattice through a field of immobilized traps has been characterised by the

mean number of bound particles and the effective diffusion coefficient in

the long time limit. The tracers in the model were mutually avoiding,

while the interaction with the traps was modelled as a stochastic binding

and unbinding process described by the associated rates.

Diffusion was first studied in a regime when only crowding is present.

Although several theoretical treatments of the problem of crowded lattice

gas have been available, a yet another, rather simple and probabilistic

approach was proposed here. The diffusion coefficient of crowding is

rescaled by the effective probability of the jump on a lattice with given

concentration of sites occupied by other particles, which was in turn eluci-

dated from the short-range correlations of particle jumps. Notwithstand-

ing the simplicity of this approach, the verification of this diffusion co-

efficient against simulations has been shown to outperform the models

available in the literature.

In more general case of the crowded lattice gas in presence of the traps,

the average number of bound particles and diffusion coefficient were de-

rived in a closed analytical form, as functions of concentrations of dif-

fusing species and fixed traps, and complexation rates. The key steps in

the derivation of the effective diffusion coefficient were identification of

the scaling relation for the effective time of jump between the two traps

on the lattice, and determination of the concentration of bound particles

from the partition function of the system. The partition function was an-
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alytically shown to evaluate to the Gauss hypergeometric function with

extremely large parameters, which could be so far only evaluated numer-

ically.

Using the method of steepest descent, the asymptotic expansions of

the hypergeometric function of two arbitrary large parameters have been

determined. This was a separate mathematical problem solved in Chapter

3. The newly developed asymptotic expansions appear to be useful in a

broad range of physical problems in almost all fields of physics, where

the analogous hypergeometric functions with two large parameters are

found to arise.

The analytical form of the diffusion coefficient derived here revealed

a remarkably interesting and seemingly unexpected type of behaviour.

Regardless of the changes of the other parameters, we have found that the

diffusion coefficient in presence of traps increases with the increase of the

concentration of walkers on the lattice. It features a maximum at a given

concentration and only on higher concentrations than the concentration

of maximum does it fall down. Such a bell-shaped curve displaying the

range of parameters in which the crowding appears to speed up diffusion

is recognized as a new phenomenon, crowding-enhanced diffusion.

The phenomenon originates in the effective decrease of the concen-

tration of unoccupied traps in the system—which are the only effective

traps—emerging when more traps are occupied. This is in turn given by

the mean concentration of bound tracers. Expectedly, in the limit of ei-

ther low concentration of traps, or small binding rate, or large unbinding

rate, the traps become non-effective and the effective diffusion coefficient

approaches the one derived for the lattice gas with crowding only.

The existence of crowding-enhanced diffusion gives a new insight into

an interplay between crowding and trapping on the two–dimensional in-

terfaces. At this level of abstraction, possible technical implications of

such a process on functionalized surfaces where the diffusive processes in

work are trapping-obstructed could be only imagined. Given a strong ex-

perimental evidence that both crowding and trapping affect diffusion on

a membrane, the crowding-enhanced diffusion could also be a possible

explanation for the extremely large concentrations of some proteins ob-
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served in membranes of different organisms, where the crowding could

obviously help the cell to modulate the transport processes within and

over the cell surface. These speculations may set a future road for the

experiments, while possible biological functions and implications of such

a regime have yet to be discussed.

A prototypic example of such a highly crowded interface is a biological

membrane of the parasite of Trypanosoma brucei densely decorated with

densely decorated with the variant surface glycoproteins (VSGs) respon-

sible for the defence of the parasite by the antigenic variation. In order

to mimic a dense VSG coat of T. brucei, a supported biological membrane

crowded by the VSG of Trypanosoma brucei was investigated in collabora-

tion with experimental partners and discussed in Chapter 4 of the thesis.

The two conformations of the VSG structure identified by our collabo-

rators using the crystallographic methods have proven to coexist upon

incorporation of the protein into a supported lipid bilayer. They were

proven to map into the two types of diffusion, the slow and fast, yet

both normal. Discrimination between the two families of single-particle

traces recorded in experiments was enabled by the likelihood-based al-

gorithm developed herein. Prospectively, an analogous system modified

for a systematic inclusion of traps and a systematic control of the surface

coverage of the proteins would represent a suitable experimental way to

test the possible existence of crowding-enhanced diffusion in biological

membranes and could provide more insight in behaviour and function of

large crowding concentrations of proteins in the membranes.

Besides crowding and trapping observed in vitro, typical living cells also

have another, active mechanisms of the membrane material recovery as a

part of the overall metabolic pathway of the cell. The effects of sources

and sinks of matter which also consist the diffusion on membranes of

living cells were studied in the Chapter 5 of this thesis in the context

of endocytosis and exocytosis on a membrane of the growing tip of the

pollen tubes of Nicotiana tabaccum. The fluorescent densities of four dif-

ferent markers of membrane transport in pollen tubes, measured by our

experimental collaborators as a function of distance from the tip of the

pollen tube, have shown distinctly different steady state patterns. The
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profiles of all four protein markers and a control lipid marker were repro-

duced and explained simultaneously by a physical model based on one

common Fokker-Planck equation in which the strengths of the sources

and sinks and the diffusivity of the markers were modulated specifically

for different regions of the pollen tube and different fluorescent markers.

Assuming the exocytosis on the very tip and the endocytosis in the lat-

eral region, the model is consistent in description of different membrane

regions for each protein and in inclusion of marker-specific properties in

membrane diffusion. Therefore, the model strongly supports the classical

model for pollen tube tip growth and disregards the alternative model of

the tip growth. Hence the model resolves a debate on the appropriateness

of the two models which has been standing in the literature for several

decades.

While the values of diffusion coefficients and source and sink rates pre-

dicted by the theory are consistent with the intuitive expectations based

on the assumed processes and structural properties of the proteins, the

model could be tested with an independent experimental prediction of

some of the parameters of the theory, such as the rate of the material de-

livery to the apex or the recycling rate in the lateral region. This is left

for the future studies. In any case, one-dimensional diffusion enriched by

sources on one side and sinks on another side of the tube, coupled with

the drift, represents a newly proposed physical model for the molecular

pathway of the pollen tube growth.

In summary, an obstructed diffusion on a two-dimensional membrane

environment with crowding and trapping is studied in several analogous

systems in this thesis. In a crowded lattice gas with traps, an analyti-

cal study reveals a rich parameter space, in which the new, unpredicted

feature of diffusion emerges: the competition of crowding and trapping

yield a universal regime where the crowding enhances diffusion. Not

only does this shed the light to the existing experiments exposing the

diffusion on large concentrations in membranes, but also paves the way

for new directions in understanding possible biological functions of pro-

tein crowding in membranes, a discussion that has just begun and will

obviously fire up in short future.
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If such a virtually simple systems encompass such a wealth of features

and physical implications, an insight into yet more properties and phe-

nomena related to a two-dimensional diffusion will surely be deepened

by future theoretical studies of analogous systems with a larger level of

complexity. These more complex systems could, for instance, prospec-

tively account for the mobile traps, or the traps which could additionally

bind together in clusters corresponding to lipid rafts, or the ability of the

tracer–trap complex to move, or finally a random swallow of the particle

or trap by the lattice which is a typical membrane situation. No further

listing is needed to recognize that the phenomena unravelled by this work

could represent a starting point for further theoretical developments of

systems with obstructed two-dimensional diffusion in more complex en-

vironments. Given the generality of the problem solved here and of the

class of problems emanating from it, only a vivacious end exciting future

for both the theory and experiment could be foretold.





Chapter7
APPEND ICES

appendix a: paths of the steepest de-

scent in the section 3.2.2

Here we show a set of representative examples of steepest descent paths

through t+ and t− from sec. 3.2.2 systematically for different general pos-

sibilities of ε, λ and z, as a generalized supplement to Fig. 3.9.
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Figure 7.1: The steepest descent and ascent paths through t− (black diamond, blue

line) and t+ (blue triangle, magenta line). λ is real. Orange square: the point z. Curly

red: the branch cut (−∞, 1]. Curly green: the branch cut [1/z,+∞).
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Figure 7.2: The steepest descent and ascent paths through t− and t+ for real λ, ε = 2

and Re(z) = 2/3, while varying Im(z). Legend: same as on Fig. 7.1.
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Figure 7.3: The steepest descent and ascent paths through t− and t+ for ε = 2,

z = 2/3 + i, and Re(λ) = 1, while varying Im(λ). Legend: same as on Fig. 7.1.
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Movement of proteins in an environment crowded by surfactant

micelles: Anomalous versus normal diffusion, J. Phys. Chem. B 110,

no. 14 (2006), pp. 7367–7373, doi: 10 . 1021 / jp055626w (cit. on

pp. 56, 60).

[158] J. Szymański, A. Patkowski, A. Wilk, P. Garstecki, and R. Hołyst,

Diffusion and viscosity in a crowded environment: From nano- to

macroscale, J. Phys. Chem B 110, no. 51 (2006), pp. 25593–25597, doi:

10.1021/jp0666784 (cit. on pp. 56, 60).

[159] F. Roosen-Runge, M. Hennig, T. Seydel, F. Zhang, M. W. A. Skoda,

S. Zorn, R. M. J. Jacobs, M. Maccarini, P. Fouquet, and F. Schreiber,

Protein diffusion in crowded electrolyte solutions, BBA – Proetins

Proteom. 1804, no. 1 (2010), pp. 68–75, doi: https://doi.org/10.

1016/j.bbapap.2009.07.003 (cit. on pp. 56, 58).

[160] F. Roosen-Runge, M. Hennig, F. Zhang, R. M. J. Jacobs, M. Sztucki,

H. Schober, T. Seydel, and F. Schreiber, Protein self-diffusion in

crowded solutions, Proc. Nat. Acad. Sci. U.S.A. 108, no. 29 (2011),

pp. 11815–11820, doi: 10.1073/pnas.1107287108 (cit. on pp. 56,

58).

http://dx.doi.org/10.1073/pnas.84.14.4910
http://dx.doi.org/10.1063/1.1834895
http://dx.doi.org/10.1529/biophysj.104.051078
http://dx.doi.org/10.1021/jp055626w
http://dx.doi.org/10.1021/jp0666784
http://dx.doi.org/https://doi.org/10.1016/j.bbapap.2009.07.003
http://dx.doi.org/https://doi.org/10.1016/j.bbapap.2009.07.003
http://dx.doi.org/10.1073/pnas.1107287108


bibliography 225

[161] Y. Wang, C. Li, and G. J. Pielak, Effects of proteins on protein

diffusion, J. Am. Chem. Soc. 132, no. 27 (2010), pp. 9392–9397, doi:

10.1021/ja102296k (cit. on p. 56).

[162] O. Seksek, J. Biwersi, and A. S. Verkman, Translational diffusion

of macromolecule-sized solutes in cytoplasm and nucleus, J. Cell

Biol. 138, no. 1 (1997), pp. 131–142, doi: 10.1083/jcb.138.1.131

(cit. on pp. 56, 59).

[163] M. Arrio-Dupont, G. Foucault, M. Vacher, P. F. Devaux, and S. Cri-

bier, Translational diffusion of globular proteins in the cytoplasm

of cultured muscle cells, Biophys. J. 78, no. 2 (2000), pp. 901–907,

doi: 10.1016/S0006-3495(00)76647-1 (cit. on p. 56).

[164] T. Kalwarczyk, K. Kwapiszewska, K. Szczepanski, K. Sozanski, K.

Szymanski, B. Michalska, P. Patalas-Krawczyk, J. Duszynski, and

R. Holyst, Apparent anomalous diffusion in the cytoplasm of hu-

man cells: The effect of probes’ polydispersity, J. Phys. Chem B 121,

no. 42 (2017), pp. 9831–9837, doi: 10.1021/acs.jpcb.7b07158 (cit.

on p. 56).

[165] A. Caspi, R. Granek, and M. Elbaum, Diffusion and directed mo-

tion in cellular transport, Phys. Rev. E 66, no. 1 (2002), p. 011916,

doi: 10.1103/PhysRevE.66.011916 (cit. on p. 57).

[166] B. Wang, S. M. Anthony, S. C. Bae, and S. Granick, Anomalous

yet Brownian, Proc. Nat. Acad. Sci. U.S.A. 106 (2009), p. 15160, doi:

10.1073/pnas.0903554106 (cit. on pp. 57, 69).

[167] C. Manzo, J. A. Torreno-Pina, P. Massignan, G. J. Lapeyre, M. Le-

wenstein, and M. F. Garcia Parajo, Weak ergodicity breaking of

receptor motion in living cells stemming from random diffusivity,

Phys. Rev. X 5, no. 1 (2015), p. 011021, doi: 10.1103/PhysRevX.5.

011021 (cit. on pp. 57, 69).

[168] S. P. Zustiak, R. Nossal, and D. L. Sackett, Hindered diffusion

in polymeric solutions studied by fluorescence correlation spec-

troscopy, Biophys. J. 101, no. 1 (2011), pp. 255–264, doi: 10.1016/j.

bpj.2011.05.035 (cit. on p. 58).

http://dx.doi.org/10.1021/ja102296k
http://dx.doi.org/10.1083/jcb.138.1.131
http://dx.doi.org/10.1016/S0006-3495(00)76647-1
http://dx.doi.org/10.1021/acs.jpcb.7b07158
http://dx.doi.org/10.1103/PhysRevE.66.011916
http://dx.doi.org/10.1073/pnas.0903554106
http://dx.doi.org/10.1103/PhysRevX.5.011021
http://dx.doi.org/10.1103/PhysRevX.5.011021
http://dx.doi.org/10.1016/j.bpj.2011.05.035
http://dx.doi.org/10.1016/j.bpj.2011.05.035


226 bibliography

[169] I. Bronstein, Y. Israel, E. Kepten, S. Mai, Y. Shav-Tal, E. Barkai, and

Y. Garini, Transient anomalous diffusion of telomeres in the nu-

cleus of mammalian cells, Phys. Rev. Lett. 103, no. 1 (2009), p. 018102,

doi: 10.1103/PhysRevLett.103.018102 (cit. on p. 58).

[170] K. Burnecki, E. Kepten, J. Janczura, I. Bronshtein, Y. Garini, and A.

Weron, Universal algorithm for identification of fractional Brown-

ian motion. A case of telomere subdiffusion, Biophys. J. 103, no. 9

(2012), pp. 1839–1847, doi: 10.1016/j.bpj.2012.09.040 (cit. on

p. 58).

[171] S. C. Weber, A. J. Spakowitz, and J. A. Theriot, Bacterial chromo-

somal loci move subdiffusively through a viscoelastic cytoplasm,

Phys. Rev. Lett. 104, no. 23 (2010), p. 238102, doi: 10.1103/PhysRev-

Lett.104.238102 (cit. on p. 58).

[172] S. C. Weber, J. A. Theriot, and A. J. Spakowitz, Subdiffusive motion

of a polymer composed of subdiffusive monomers, Phys. Rev. E 82,

no. 1 (2010), p. 011913, doi: 10.1103/PhysRevE.82.011913 (cit. on

p. 58).

[173] E. Kepten, I. Bronshtein, and Y. Garini, Ergodicity convergence test

suggests telomere motion obeys fractional dynamics, Phys. Rev. E

83, no. 4 (2011), p. 041919, doi: 10.1103/PhysRevE.83.041919 (cit.

on p. 58).

[174] M. Wachsmuth, W. Waldeck, and J. Langowski, Anomalous dif-

fusion of fluorescent probes inside living cell nuclei investigated

by spatially–resolved fluorescence correlation spectroscopy, J. Mol.

Biol. 298, no. 4 (2000), pp. 677–689, doi: https://doi.org/10.1006/

jmbi.2000.3692 (cit. on p. 59).

[175] T. Kühn, T. O. Ihalainen, J. Hyväluoma, N. Dross, S. F. Willman,

J. Langowski, M. Vihinen-Ranta, and J. Timonen, Protein diffusion

in mammalian cell cytoplasm, PloS one 6, no. 8 (2011), e22962, doi:

10.1371/journal.pone.0022962 (cit. on p. 59).

http://dx.doi.org/10.1103/PhysRevLett.103.018102
http://dx.doi.org/10.1016/j.bpj.2012.09.040
http://dx.doi.org/10.1103/PhysRev- Lett.104.238102
http://dx.doi.org/10.1103/PhysRev- Lett.104.238102
http://dx.doi.org/10.1103/PhysRevE.82.011913
http://dx.doi.org/10.1103/PhysRevE.83.041919
http://dx.doi.org/https://doi.org/10.1006/jmbi.2000.3692
http://dx.doi.org/https://doi.org/10.1006/jmbi.2000.3692
http://dx.doi.org/10.1371/journal.pone.0022962


bibliography 227

[176] M. Guo, H. Gelman, and M. Gruebele, Coupled protein diffusion

and folding in the cell, PLOS ONE 9, no. 12 (2014), pp. 1–17, doi:

10.1371/journal.pone.0113040 (cit. on p. 59).

[177] T. R. Hope et al., Demonstration of non-Gaussian restricted dif-

fusion in tumor cells using diffusion time-dependent diffusion-

weighted magnetic resonance imaging contrast, Front. Oncol. 6 (2016),

p. 179, doi: 10.3389/fonc.2016.00179 (cit. on p. 59).

[178] A. Partikian, B. Ölveczky, R. Swaminathan, Y. X. Li, and A. S.

Verkman, Rapid diffusion of green fluorescent protein in the mi-

tochondrial matrix, J. Cell Biol. 140, no. 4 (1998), pp. 821–829, doi:

10.1083/jcb.140.4.821 (cit. on p. 59).

[179] M. J. Dayel, E. F. Y. Hom, and A. S. Verkman, Diffusion of green

fluorescent protein in the aqueous-phase lumen of endoplasmic

reticulum, Biophys. J. 76, no. 5 (1999), pp. 2843–2851, doi: 10.1016/

S0006-3495(99)77438-2 (cit. on p. 59).

[180] S. J. Singer and G. L. Nicolson, The fluid mosaic model of the

structure of cell membranes, Science 175, no. 4023 (1972), pp. 720–

731, doi: 10.1126/science.175.4023.720 (cit. on p. 60).

[181] P. G. Saffman and M. Delbrück, Brownian motion in biological

membranes, Proc. Nat. Acad. Sci. U.S.A. 72, no. 8 (1975), pp. 3111–

3113 (cit. on p. 60).

[182] A. Stier and E. Sackmann, Spin labels as enzyme substrates hetero-

geneous lipid distribution in liver microsomal membranes, BBA –

Biomembranes 311, no. 3 (1973), pp. 400–408, doi: https://doi.org/

10.1016/0005-2736(73)90320-9 (cit. on p. 60).

[183] K. Simons and G. Van Meer, Lipid sorting in epithelial cells, Bio-

chemistry 27, no. 17 (1988), pp. 6197–6202, doi: 10.1021/bi00417a001

(cit. on p. 60).
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